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1. Introduction. The general study of algebras of operators on Hilbert space has
led to the investigation of rings of operators, also called W*-algebras or von
Neumann algebras. If the center of a ring (center in the algebraic sense) consists
only of scalar multiples of the identity, then the ring is a factor. Since every ring
can be decomposed into factors [6], the study of rings is, in a sense, reduced to a
study of factors. In this paper we are concerned with the maximal abelian sub-
algebras of type II, factors, or continuous factors which have a finite trace defined
on them [2]. For the present, we restrict ourselves to the study of hyperfinite
factors, that is, those which are generated by a sequence of factors M, of type I,
with mnlgmnzg -++. (The factor M, is isomorphic to the algebra of n by n
matrices.) Since all hyperfinite factors are algebraically isomorphic [5, §4.7], while
the concept of a subring of a finite factor is purely algebraic [5, §1.6], any con-
struction used will yield general results.

Dixmier has defined three types of maximal abelian subalgebras R in a factor
UA: regular, semiregular, and singular [3]. These depend on the properties of
N(R), the ring generated by {V : VRV*=R, V unitary, V' € %}. In other words,
N(R) is the normalizer of R in %U. Later, Anastasio defined an additional type,
M-semiregular (M =1, 2, 3,...), which coincides with the semiregular type when
M=1. Extending the notation N(D) to any subring D<%, and letting N’(D)
= N[N?-Y(D)], we have a chain RZN(R)ZN3(R)Z - - - Z NY(R)=U. We say that
a maximal abelian subalgebra R is M-semiregular if N*(R) is not a factor for
k< M, but N¥(R) is a factor [1]. Anastasio constructed infinite sequences of non-
isomorphic 2-semiregular and 3-semiregular subalgebras in a hyperfinite factor.
(The 1-semiregular case had already been done [7].) In this paper we propose to
show the existence of M-semiregular subalgebras for every positive integer M #1.

We use the notation and results of [7]. Let 9, be the full 2° by 27 matrix algebra
over the complex numbers, and {*E; :i,j=0,1,...,2?—1} the matrix units
which generate it. By letting PE;;=P*1Ey o;+7* Eg 11,041, We imbed M, in
M, 1. Then Jg-, M,=M is a *-algebra. The normalized matrix trace on M
makes it into a pre-Hilbert space $: If 4, Be M, let (4, B)=Tr (B*A4), so that
(4, A)'2=[A4]), the Hilbert space or metric norm of 4. If 4 is in M, then A4 acting
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by left multiplication is a bounded operator on $, so it can be extended to the
Hilbert space closure 5 If U is the weak closure of M, then it is well known that
9 is a hyperfinite factor [2].

2. M-semiregular subalgebras. The following general construction leads to a
large variety of maximal abelian subalgebras of .

DEerFINITIONS 2.1. Let {U, : t=1, 2, ...} be a set of selfadjoint unitaries such that:
(1) U, e M,; (2) U, is zero except for 2 by 2 blocks along the main diagonal. Let
Y,=U,U,--- U, and for 4 € U, define A®= Y,4Y* and A¥= Y*AY,. For fixed ¢,
the mappings 4 — A® and A4 — A" are *-automorphisms of A and inverses of
each other. Because of the form of U,, the matrix unit E;; commutes with U,
for all ¢>p. Thus if 4 is a diagonal matrix in M,, p<t, then AP=4**Y, and so
lim,_, , A®= A exists in M, hence in A.

In general, for 4 € %, the limit A does not exist. The mapping 4 — A is
thus an isomorphism of some proper subalgebra of % into 2. This subalgebra,
the domain of the mapping, we call ®. If E is the set of diagonal matrices, then
Ec®, as seen above. The ring (E‘*’)~ is the maximal abelian subalgebra R which
we study in this paper. (Cf. [7, pp. 285-286], for the proof that R is maximal
abelian.) In Lemma 2.2 we will show that E~ <9, and that (E~)*=(E)~ or R.

LEMMA 2.2. If F=E-, then F<®D, and F* =(E)~ =R.

Proof. Suppose A € F. Then there is a sequence 4,€ EN M,, A, — A, with
AL e M. Let >0 be given, and choose » such that [4,— A] <e/2. Consider

[A9—AY] = [Y,AY¥~ YAY#]
= [[ YsA Ys* - YsAn Ys*:l] + [I YsAn Ys* - YtAn Yt*]] + [[ YtAn Yt* - YtA Yt*]]

Choose s, t such that both are greater than or equal to n. Then Y 4, Y¥ =49 =A™
and YA, Y =AP=A™. Hence [ YA, Y*— Y, A4, Y*]|=0 if 5, t=n. Since Y, and
Y, are unitary, the other two norms equal [4—4,], and so the sum is less than e.
Therefore A is Cauchy in the metric topology.

Now A4 €% and so ||4| <oo. Since |A®||=]|A4], A® is a bounded sequence. By
[5, p. 723], A® is then Cauchy in the strong topology also, so its limit exists in 2.
Therefore F=®.

We next show that F>=(E‘)~ or R. Let AcF, A, e ENnM,, A, — A. Let
e>0 be given, and choose n so that both [4,—A]<e/2 and [A™ — AT <¢/2.
Then

U:Asuw)_A(w)]] g [[A;w)_As‘n)l'l+[[A;n)__A(n)H+[[A(n)_A(oo)]]
= [AP - AP+ [ A= A+ [AP - 4]
S 0+¢/24+¢2 = .

Therefore 4’ € (E“*’)~, and so F**>cR.
On the other hand, if G € R, there is a sequence 4, € E N M, A.>’ — G, with
|45 = 4P| = | 4.]| £ | G| [4). Since AL is metrically Cauchy, so is 4,, which
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is also strongly Cauchy because of the bound on the norm. Hence A4, has a limit
A € F. By another standard argument, if ¢>0 be given, there exists N such that
[Y,AY¥*—GT <e when t= N. Therefore G=lim,_,, Y,4Y* and so G € F*, Hence
R<F*, and F®=R.

ReMARK. The normalizer of R in % results in a similar way from the mapping
A — A, The subalgebra r(¢7), to be defined later, has the property that
Ecr(€5)<®, and r(¢5)>= N(R). (It appears that r(¥5)=D, but we do not need
this fact and have not proved it.)

By means of various choices of the sequence {U}, in §3 we construct a maximal
abelian subalgebra R, foreachn=1, 2, 3, . . ., where R, is M-semiregular, M=n+1.
The chain R,ZN(R)=P,ZN*(R)Z -+ ZN"*(R,)=N"(Ry)= is such that
N¥(R,) is not a factor for k=1, 2, ..., n<M, while N¥(R,) is the factor 2.

Furthermore, the subalgebras R, are not conjugate under any *-automorphism
of %A. The integer n determines the number of normalizers between R, and % in
the chain, and this is an automorphism invariant (cf. [7, pp. 282 and 305]).

Note. For convenience of notation, we often work with N*¥(P,)=N**(R,),
k=0,1,...,n

3. Detailed construction of M-semiregular subalgebras. In the construction of
M-semiregular subalgebras, we use the following notations and definitions.
DEerINITIONS 3.1. We regard n=1, 2, 3, ... as fixed, and let

P={p:p=QBc+n,c=0,1,2,...},

an infinite set of positive integers. We define €,={"E,; : p € I'}. In the following
paragraphs, we define a decomposition of %, into 2" disjoint subsets K,
(0<y=2"—1), so that €, =, K,.

Let &, be the set of all n-tuples (ay, ay, . . ., a,), where a,=0 or 1. This is a
commutative group under the operation of coordinate-wise addition modulo 2.
If y=0,1,...,2"—1 and y=2}., a;2"~, we identify it with its binary expansion
(@y, as, . . ., a,), so that we can consider y as an element of &,. The sum y, +y,
is then defined by addition in &,. )

We determine the set K, in which PE,, is contained as follows: For any index r
(0=rg2@e+n 1), let r=23% ¢ k22 12" (Congruence is modulo 3 in this and in
the following summations.) For k=0, we have 0<r,<2" and so r,=27-, k;2"~/
with (k4, . . ., k,) € &,. Designate this element of &, by §(r,). For k=1,0=r,<2%",
and we let o(r,) =2(r, mod 2" 1), so that (a(r})) is defined. Let

M= > W+ S e,

where the addition is coordinate-wise (mod 2), so that A(r)e ®,. Then K,=
{?E,, - A(r)+A(s)=v} and we say that K,=K("E,). Since this is independent of
p, we sometimes write K, =K(r, s).
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DEFINITIONS 3.2. We also define the following sets of matrix units, again subsets
Of@,, . ?0=‘/V;)=K0‘ FOl'j=l, 2, IR (N %.f:UY {Ky . 'y=(a1, ey aj, O, 0, ceey 0)}
and A;=%;~%,_,. If we let

MP = 'EgoM*Ego+ 1 Eyy M Eyy,
then we define 67=%;NMP and AP=A; N MP, while €;=%¢;~¥? and
N =A;~NP. We let r(¢7) be the ring generated by the matrix units in €?,
while R(%7) is the ring generated by {F : F=(PE,)*® with *E,, € €7}.

LemMa 3.3. Suppose peT,?+3"E, e K,. Let r=r'2>*+r.2"+r, and s=s2°%"
+5:2%+5, (0=ry, 5,<2%,0=r,, 5o<2™). Then

y = A(r)+A(s) = (A(r)+ A(s") + 0+ (A(ro) + Also)),
where o =4(a(ry)) +(o(s1)).

Proof. This follows by computation from Definitions 3.1, since A(r) can be
written as A(r")+(o(r,)) +¥(ro), and the same for A(s).

Construction 3.4. In constructing the maximal abelian subalgebra R, according
to §2.1, the sequence {U, : t=1, 2, 3,.. .} is to be as follows: Let

2—1/2 2—1/2
B1 = [ ].
2—1/2 _2—1/2

Let B, be in M,, with all entries zero except for 2 by 2 blocks like B, along the main
diagonal.
For n>1, U;=Iif t<n. If pe T and if A(r)=(ay, as, ..., a,), define:

pErrUp+1 = *E, if a, =0,
= pErer+1 ifa,, = 1,
pErrUp+n-j+1 = *E, ifaj = 0,
=PE Bpin-s+1 ifa; =1,
Up+n+1 =L

pEnUp+n+2 = ?E, ifa; =0,
= pErer+n+2 ifa; =1,
PE Upin+s = PE, ifa; =0,
= pErer+n+1 if a; = L,
pErrUp+2u = pErr if ay, = 0,
= PE,B, . 2n ifa, =1,

Up+2n+1 = "= Up+an-2 =1,

1 -1
EooUp+au-1 = EOO’

1 =1
E11Up+3n—1 - E11Bp+3n-1,

Up+3n =L
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For n=1, pe T, and if A(r) = (a,), define:

PErrUp+1 = pErr if al = 0,
=*E.B,., ifa, =1,

1E00U:u+2 = 1Eoo,

lEuUsz = 1E11Bp+2,

Up+3 = I.

REMARK. With this construction we aim to show that N/*(R)=N’(P)=R(¢?)
for j=0, 1,...,n—1, and that none of these is a factor. However,

N™(P) = A = R(€2 U €.

(For n=1, the following three propositions hold with slight adaptations. Then
nothing else is needed until Theorems 3.14 and 3.15.)

THEOREM 3.5. N(R)=P=R(%?).

Proof. If pe T, PE, € €5, then A(r)+ A(s)=(0, 0, . .., 0). So computation with
‘the definitions of §3.4 shows that

Up+3n T Up+1pErsUp+1 te Up+3n = pErs-

If geT, g>p, then g=p+3hn for some integer . Since PE, is a sum 2, °E, ;,,
with all terms of the sum in €3, we have

Uy UpyiPEgUpsy -+ Uy = PE, € €3.
But if PE,, € A} (j= 1), then
Up+n—!+1 e pErs o Up+n—f+1 = pErsBp+n—-l+1-
Also, if PE,; € €5,
Upian-1--"Ers- - Upsgno1 = PEBpign-1.

Hence our construction satisfies the conditions of [7, §4.1], with €5 taking the
place of K. Also, d<3n—1 is surely sufficient. Thus we can apply [7, Lemma 4.3]
in order to conclude that any unitary V leaving R invariant is the metric limit of a
sequence V,, in M such that if V,eM, (pel), then VI = > o E,,; with
PE.4 € 65. So if V € N(R), then V € R(%7%), and we have N(R)< R(%¥?).

On the other hand, consider a unitary ¥ in M, (p € I') such that VP'=3 +?E_
with PE,, € €5 and signs arbitrary. It is straightforward to show that V leaves R
invariant. Since the collection of all unitaries of this type is sufficient to generate
R(%3), we have R(¥5)< N(R).

Therefore N(R)=P= R(¢?).

ReMARK. The preceding proof also implies that r(¢5) is in ® and that
R(#2)=r(%¢8)™. For if F=3 aFE, with ?E, € %53, then F®=F®*P for any
h>0. Hence lim,_, o, F®=F exists and Fe ®. Using this information about
Fer(¢g) N M, Lemma 2.2 and its proof can be rephrased to show that r(¢5) <D,
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and that R(%D), which is defined as the closure of [r(%€5) N MJ*), can also be
regarded simply as r(¢5).

LemMa 3.6. Let pe T, AP'=3 o PE,, with PE,qin /P (0Zj<n), €, _,, or /.
Then ifqeT, g>p, A9=73 B, E, with °E,; also in /P, €, _,, or N, respectively.

Proof. The case A"} has already been dealt with, since &} =%72.

We first consider g=p+3n. Then A9=U, ,4,--- AP ... U,,3,, and because of
linearity it is sufficient to consider one term of A"}, say PE,,.

If 1£j<n and PE,; € A", then Definition 3.4 shows that

_— +3
Up+an e pEcd e Up+8n = Z Srsp nErs

is in M,,,,; Consider one term 7*3"E . With r=c¢-2**+r2"+r, and
s=d-2°"+5,2"+5,, we thus have ro=s, and r,=s, (mod 2"~’). So o(r,)=oa(s;)
(mod 2"~7*%); and therefore (a(r,))+¢(o(sy))=(ay,...,a;_1,0,0,...), while
W(ro)+¥(s0)=(0,0,0,...). Hence, applying Lemma 3.3, ?*3"E, e A as was ?E,,.
Now the action of the unitaries U, surely preserves €2, and therefore ?*3*E,  is
in A7

Next suppose PE,; € €, _, and consider Uy ,3,- - ?E.y - - - U, .3, The product is
in M,,3,-1, by Definition 3.4, so one term ?*3"E, has r=c-2%"4r,2"+r,,
s=d-2%"+5,2" +5, with ro=s, (mod 2). Thus ¥(ro) +¥(s0)=(. .., a,_1, 0), and we
can have ?*3"E e A, if and only if (o(r,))+¢(o(s1))=(..., a,_;, 1). But by
definition, o(r,)=0 (mod 2), so this cannot happen. As before, the action of the
U;’s preserves %,. Therefore ?*3"E,, is in €, _,.

If ?E_; € A7, then this time the computations of the preceding paragraph lead
to the conclusion that the terms of U,,3,- - ?E,;--- Uy,a, are in A7,. (Here
P(o(r)) +¢(o(s))=(. .., ar-1,0).)

IfgeT, g>p, then g=p+ 3hn for some integer A, and the desired result follows
by induction.

LemMaA 3.7. For j=1,2,...,n, R®?P.,)Z R@P)Z R(E,).

Proof. The inclusions are trivial and we need only show that they are proper
inclusions.

Let F be a matrix unit in A7 (resp. ), so that Fe M, (p e ') and F¥"'="E,,
in A7 (%,). Suppose that F is also in R(¥7-,) (R(¥?)). Then there is a sequence
F,, € M converging strongly to F, such that if F,, e M, (ge ), F'=73 B.,°E,, with
9E.q € €7-1(€¢7). Choose F, such that [F, —F] <1/2? and choose g € I" such that
F,, Fe M, Then by Lemma 3.6, F'¥=3 a,,°E,, with E,, € #? (€}).

Case 1. Fe A7. Since (F}, F\9)=(F,, F)=0, we have 1/2%" > [F,,— F]?=[F,]?
+[FJ?>1/2?, a contradiction. Therefore F ¢ R(¢7-,).

Case 2. Fe¥,. Here

( F’[':I]’ F[q]) —_ (1 E“ F’[':u 1 E“ +1 Ejj F’w] 1 E”, 1 Eu Fla1 Ejj)
=0 wherei,j=0o0r1,i#j.

So again 1/2%" > [[F,,— F]?>1/2%, a contradiction, and therefore F ¢ R(%?).
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DEFINITION 3.8. We define the following projections in €§: For k=2, ...,nand
5=0,1,...,27—1, let P,(s) be the operator such that P,(s)P*30 =3, P*3"E. ., v ins
where s”=23%"s, h=0 (mod 22" ~*+*!) and 0<h=2%"—1. Let P'(s) be the operator
such that P'(s)?+3M=3, P*3"E, ., w.n, Where s"=2%s, h=0 (mod2%) and
0<hg23m—1.

LeMMA 3.9. Suppose WeMk, (pel) is such that W=V 4 X with
V=3 B.PE,(PE, € €°) and X' =3 o, PE,(*E,; € €,). Let PE,; be a fixed matrix
unit in €2 with K(r, t)=K,. Then

2P -1
pErr[Up+3n oW Up+8n] z P'(s)[p+3n][Up+3n cee R Up+3n]pEtt
(*%) §=0
= A(r, t)P 3L Q(r, t)P+3M,
where (A, Q)=0 and

2P -1

Q[p o = Z 0 C(y) P * " Eap
§=0

with ?*3*E_, in #'P_, or A2, C(y) a nonzero integer.

Proof. The following statements are verified by calculations similar to those of
[7, pp. 295-301].

Suppose K(*E,)=K, and K(PE;)=Kj, with both matrix units in €;, «+8=y.
If e=(ay, ay, . . ., a,) and B=(by, b,, ..., b,), define w;, =w(x)=2(3r-;a)+a, +1,
wy=w(B), and u(e, B)=2(3}- 2 aib;)) +a;b;. Then the nonzero entries of the product
Upian-+-PE,- - Uys, have numerical value +(2-1%)%:, and similarly for PE,.
Let ro=2%""2r, 5,=2%""25, t,=23""2¢, Then 2* is the number of distinct &’s such

that

+3n-2 +3n-2
P ErorOIUp+3n e pErs e Up+3n]p Eso +6,80 +6
and
+3n-2 +3n-2
pran Esoso[Up+3n e pErs e Up+3n]p " Eto +6,tg +0

are both nonzero.
Using the preceding, a matrix calculation shows that

(*) [Up+3n e ﬂErs e Up+3n]P,(s)[p+3"][Up+an e pEr e Up+3n]

has a term of the form C(y)?*3"E,. ; , ; and a term of the form C(y)?*3*E,. , g 4~ 13,
where r”=23%"r, t"=2%", and C(y)=2*(2"1%)®1*%2, It is straightforward to show
that C(y) depends only on y and on the fact that PE,, and PE;; are in €;. By Lemma
33, if K,<%,_,, then K(r",t"+2) is in A, _,. If K,© A _, or A, then so is
K(r"+2, t"+2). Also, since PE,, € €2, so are these matrix units.

Now the product (**) of the lemma equals

29 -1

Z [Up+3n et 8rspErs e Up+3n]PI(s)[p+3n][Up+3n tc -S,,”E,, et Up+3n]°

8=0
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Suppose K,<=%,_, and s such that ?E,; and PE, are both in %¥,. The summand
corresponding to this s includes the term o,G;;C(y) ? *3"E, ;» , 5, Which is in A, _;.
Considering the summands corresponding to other s, we could not have one matrix
unit in €, the other in €2, since PE,, € €2. But if both are in €2, then the product
is in M, , 54, SO there is no element in position (r”, " +2).

Suppose K, <4, or A, _;. If s is such that PE,; and PE,; are both in €, then the
summand includes the term o,6;,C(y)?*3"E,~ , 5 1+ 4 5, Which is in the same class as
K,. Again, if s is such that both matrix units are in €72 there is no element in
position (r"+2, t"+2).

So if we let Q be as stated in the lemma, with (a, b)=(r", t"+2) or (r"+2, t"+2)
according to K,, then (4, Q)=0 and ?*3"E,, e #'2_; or #D,

LemMA 3.10. Suppose WeM, (peT) is such that WP=VlL X with
yw= Z BrspErs (pErs € gllc) - 1) and X'"1= Z o PE (pErs € .A/;‘D) Let PE,, be a ﬁxed
matrix unit in €2_, with K(r, t)=K,. Then

2p—1
FErr[Uv+3n e W Up+3n] z Pk(s)[p+3n][Up+3n oo AL Up+3n]pEtt
(%) s=0
- A(r, t)[P+3n] + Q(r, t)[P+3nl’
where
2P -1
Qi = Z rs@s Di(y) P 2" Egy
$=0

with **3"E,, in #'2_,, D,(y) a nonzero integer.

Proof. The proofis like that of the preceding lemma, with the following changes:
w;=w(e)=2(3"-, a)+a, (and a similar change in w,), uw(e, B)=2C¥-7 ab,) +a,b;
+ayby, ro=2"**"1p, s5o=2"*+k"1g t,=2"*k-1t Then 2* is the number of distinct &’s
such that

+n+k-1 tn+k-1
? Eroro[Up+3u e pErs e Up+3n]p Eso +06,80 +0
and

P+n+k—1E

+n+k-1
soso[Uﬂ+3n e pEst ot Up+3n]p " Eto +8,tg +6

are both nonzero. The expression
(*) [Up+3n Tt z’Er e Up+3n]Pk(s)[p+3n][Up+3n e pEst et Up+3n]

has a term of the form D(y) ?*3"E,. ;», . and a term of the form D,(y) ?*3"E,. ., w1y
where r" =23, t" =23, 7#=22""% and D,(y)=2%(2-1/2)*1*%2, Here D,(y) depends
only on y and on k. By Lemma 3.3, if K, <%, _,, then K(r", t"+) isin A}, _,; if
K,© N1, then K(r"+m, t"+m) is in A _ ;.

It can be verified, as in the preceding lemma, that (4, Q)=0 if we take Q as
stated, with (a, b)=(r", t"+=) or (r"+m, t" +m) according to K,.
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LeEMMA 3.11. If the results of Lemmas 3.9 and 3.10 hold for q=p+ 3n, then they
hold for any g=p+3hn (i.e., q € I). Also,

2P -1

Z CpsQis

s=0

2

[[Q:D2 ; /2p + 5n'

Proof. We first obtain bounds for C(y) and D,(y). In both cases, we have p=0
and w; +w;<2(2n—1)+2=4n. Hence C(y) or Dy(y)=24(2"12)@1*+@2>(2-1/2)tn
=1/2%",
2 27 +3n

[Q®*3M2 2 |C)I?D, arstis
>4 |Z “rs‘itslz/ 2p+5n’
and similarly in the case of D,(y).
Now the unitaries U, 3541, - - -5 Up+ann Dreserve the orthogonality of 4 and Q

and the norm of Q. Also, by Lemma 3.6, matrix unitsin #/? (j=1, 2, ..., n) are
left in that class under the action of the unitaries U,.

LEMMA 3.12. For j=1,2,...,n—1, let ¥V;={V : V[R(EP.)IV*=R(¥?_.,), V
unitary, V € }. If V € ¥}, then there is a sequence V, € M converging metrically to
V such that if Ve M, (pel), ViIP'=3 B, PE,, with *E,; in €?. Thus, N(R(¥7-1))
< R(%?).

Proof. (i) Since Ve %, | V| <1, there is a sequence W, € M, | W,| <1, converg-
ing strongly and metrically to V [4]. If W,eM,, let W=V + X[, where
Vil=> B, PE, (PE, € ¢?) and X¥'=> o, E,; (°E,;€¥%,). Because of the ortho-
gonality of V,, and X, X, itself is Cauchy in the metric topology. Now | W] <1
implies |V,]| <1 because of the definition of 2. Since X,=W,—V,, we have
| Xmll £2, and so X, is also Cauchy in the strong topology [5, p. 723]. Let
X,, — X € A. Suppose lim,, [ X,,]]#0; then lim,, [ X,, X¥]+#0 also. Hence [X,XX*]?
> 2572 for all m and some ¢>0. (Recall that » is fixed and related only to R=R,.)

Choose W, so that [W,,— V] <e/4. Suppose W, € IM,. Then

2P -1

2
Z OpsGiys
s=0

(The outer summation is over pairs (r, t) such that ?E,, € €2, since *E,,, E, € €,.)
Fix p from here on.

Consider 3225 P’(s)®*3™, which has its matrix units in €. Then >; P'(s) is in
R(¥?_,) for any j=1, and if Ve ¥}, VO, P'(s))V*=Te R(#?-,). So there exists
a sequence T, € M, [T,—T] — 0, and T, € M, (g € T') implies TV =73 =, °Ey, with
9E,, in €P_,. Choose T, such that [V(3, P'(s))V*—T,]<e/2. Since X, P'(s) is a
projection, of norm at most one,

[[ W,,,(Z P’(s)) wE_v (Z P’(s)) V*]] <2,

[XPXP*]? = (1/2°) D > 2572,
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and thus it follows that
l[ W, (Z P’(s)) W — Tv]] <e

On the other hand, we can apply Lemmas 3.9 and 3.11 with W, replacing W.
Take g to be such that geT', g=2p+3n, and T,eM,. Since QW=> A E,
(E,ye #'P_, or #'D)and TO=3 4,°E;, ("E,, € ¢7_,, where j—1<n—1), we have
(T, QW)=0 also. Therefore

[PE, Wi Z P'(s) WA E, —?E, TIW?E,])?
= [AG 01+ Q(r, 1) —E, T E,]?

z OpgCits
s

2
/211 +5n_

2 [O(r, )] 2

Finally, we have:
2
ez > [[PE"(WWZP'(s)W:M—T&ﬂ)PEu]] . PEc€?

(r,t)
2 Z Zars‘its
s

(r,t)

2
/2P+5n > 62,

which is a contradiction.

Therefore lim; [X,]=0 and so lim, [¥,—V]=0, where |V;|<1 and V,e M,
(z e T) implies V®'=3 B, E,, with ?E,; € €.

(ii)) To show: Suppose j<k=<n and suppose there exists W, € M such that
Wl £1, lim, [W,—V]=0, and W, € M, implies WP =3 §,E,, with ?E,, in
%r. Then there exists V,, with the same properties except that VP'=> B, PE,, with
PE,.in €2_,.

We let the assumed WP'= V¥ 4+ XP) where the matrix units of the two sum-
mands are in €¢_, and AP respectively. The argument proceeds much as in part
(i), with > P,(s) replacing >, P'(s), so that Lemmas 3.10 and 3.11 apply. Since
V(G P(s))V*=Tin R(¥7-,) and since j— 1 <k —1, the desired orthogonality holds
between Q (in A7¢_;) and T, (the sequence of matrices converging to 7). We are
led to conclude that lim,, [X,,]=0, and that ¥V is the metric limit of ¥/,

Since we can extend this as far as k=j+1 by a finite induction process, the lemma
is proved.

THEOREM 3.13. For j=1,2,...,n—1, if R(¥)) is the ring generated by ¥ as
defined in Lemma 3.12, then R(¥;)=R(%7). Thus, N(R(¥7?-1))=R(%?).

Proof. By Lemma 3.12, R(¥;) < R(%7).
For the reverse inclusion, take T e R($7-,). Let Vi'=3 +?E, with ?E, in
€7-. and signs arbitrary. Then V,TV# is in R(¢7-,) since all three operators are.
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Next let V¥'=3 +?E,, with PE, in #'P. Take a sequence T, € M, T,, > T, and
if Te M, TW=3 B.4°E,q With °E,; in €7_;. If z=max [p, q], then

VITIVED = [2, 8°En] [, BeaEea] [2, 8°En],
where the matrix units of the first sum are in 47, those of the second in ¥?_,, and
those of the third in 4P, by Lemma 3.6. Calculating by means of §3.1, we see
that each matrix unit of this product is in €7-,. Hence V,T,, V¥ is in R(¢?_,), and
so is its strong limit V,TV¥.
But all unitaries of the form V; or V, are sufficient to generate R(%¢7). Therefore
R(¥?)< R(¥7), and hence R(¥;)=R(%7).

THEOREM 3.14. If ¥, ={V : V[R(€R_-)1V*=R(¥2_,), V unitary, V €U}, then
R(7;)=R(€,)=U. Thus, N(R(%2_,))=%.

Proof. Obviously R(¥;)< R(%,).

For the reverse inclusion, let T be in R(¥7%_,). Consider in turn four types of
unitaries V{P'=> +?E. (i=1, 2, 3,4 and signs arbitrary). For i=1, the matrix
units are to be in €7_;; for i=2, in #2; for i=3, in €, _,; for i=4, in A7,. By
Lemma 3.6, these classes are preserved under the unitaries U,. So calculations like
those in the proof of Theorem 3.13 show that ¥;TV* is in R(¢2_,) for i=1, 2, 3, 4.

But all unitaries of these types are sufficient to generate R(%,), or UA. Therefore
R(%,)=R(¥), and R(¥;)=4.

ReEMARK. Theorems 3.13 and 3.14, together with Theorem 3.5 and Lemma 3.7,
show that for each R,, n=1,2,3,..., we have R, ZN(R,)Z - - - Z N**(R,)=%. In
order to prove that R, is M-semiregular (n+1=M), we need only show that
N(R,), N%R,), ..., N*(R,) are not factors. (N"**(R,)=N™(R,) is the factor 2.)

THEOREM 3.15. For k=1,2,..., n, NXR,) is not a factor.

Proof. If k#n, N*(R,)=N*"Y(P,)=R(¥:-1)=R(®2_,). Consider the pro-
jection 'Ey='E{3’ € R,<N*R,). If A is any operator in N*(R,), there is a
sequence 4, — A such that if 4, e M, A= «,PE,; with PE,; € €2_,. Then

(*EoodnEoo)™ = EqoAF' *Eqo = Z atrs* Eoo”Eqs* Eqo
= > o2E,,  (by definition of €2_,)
= AP,
Thus Ey A,  Ego= A, and taking strong limits, *Eq A 1Egy=A.

Therefore *Eo, commutes with N*¥(R,), *Eq#ol, *Eqo € N¥(R,), and so N*(R,)

is not a factor.
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