LOCALLY COMPACT VECTOR SPACES AND
ALGEBRAS OVER DISCRETE FIELDS(})

BY
SETH WARNER

The structure of locally compact vector spaces over complete division rings
topologized by a proper absolute value (or, more generally, over complete division
rings of type V) is summarized in the now classical theorem that such spaces are
necessarily finite-dimensional and are topologically isomorphic to the cartesian
product of a finite number of copies of the scalar division ring [9, Theorems 5
and 7], [6, pp. 27-31].

Here we shall continue a study of locally compact vector spaces and algebras
over infinite discrete fields that was initiated in [16]. Since any topological vector
space over a topological division ring K remains a topological vector space if K
is retopologized with the discrete topology, some restriction needs to be imposed
in our investigation, and the most natural restriction is straightness: A topological
vector space E over a topological division ring K is straight if for every nonzero
acE, f,: A — Aais a homeomorphism from K onto the one-dimensional subspace
generated by a. Thus if K is discrete, a straight K-vector space is one all of whose
one-dimensional subspaces are discrete. Any Hausdorff vector space over a
division ring topologized by a proper absolute value is straight [6, Proposition 2,
p. 25].

In §1 we shall prove that if E is an indiscrete straight locally compact vector
space over an infinite discrete division ring K, then K is an absolutely algebraic
field of prime characteristic and [E : K]>X,. In §2 we shall see that finite-
dimensional subspaces of straight locally compact vector spaces need not be
discrete. In §3 we shall see that the validity of the Open Mapping and Closed Graph
theorems for straight locally compact vector spaces depends on whether those
spaces are generated by compact subsets. In §4 we shall study locally compact
algebras of linear operators. In §5 we shall obtain structure theorems for a com-
mutative semisimple straight locally compact algebra over an infinite discrete
field; such an algebra is the topological direct product of a discrete algebra and a
local subdirect product of a sequence of algebras, each discrete and algebraically
the cartesian product of a family of fields, relative to finite subfields.

1. Straight locally compact vector spaces over infinite discrete fields. First we
shall determine which infinite discrete division rings admit indiscrete straight
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locally compact vector spaces. We recall that an absolutely algebraic field is a
field algebraic over its prime subfield.

Thus the absolutely algebraic ficlds of prime characteristic are the subfields
of the algebraic closures of the prime fields Z,, p is a prime; such fields are neces-
sarily countable.

THEOREM 1. If K is an infinite discrete division ring, then there exists an indiscrete
straight locally compact vector space over K if and only if K is an absolutely algebraic
field of prime characteristic.

Proof. In [16, Example 1] the existence of an indiscrete straight locally compact
vector space over a discrete infinite absolutely algebraic field of prime characteristic
was shown. Conversely, let E be an indiscrete straight locally compact vector space
over an infinite discrete division ring K. By [16, Theorem 5], the characteristic
of Kis a prime. Let P be the prime subfield of X, let « € K, and let ¥ be a compact
neighborhood of zero in E. Suppose that o were transcendental over P. Then
(«"),=, would be an infinite sequence of distinct scalars, so by [16, Theorem 3],
there would exist n=1 such that W=aV N2V N---Na"V<V. Then « WS W,
for if y € W, then y € V, whence ay € ¢V, and also ye eV N --- N a1V, whence
ayea?V N---Na*V. As E is indiscrete, the neighborhood W of zero contains a
nonzero vector w. Consequently, aw, «?w, o®w, ..., would all belong to W by
what we have just proved, in contradiction to [16, Lemma 5]. Thus every element
of K is algebraic over P, so by a theorem of Jacobson [8, p. 183], K is commutative
and hence is an absolutely algebraic field.

If K is a ring, we shall denote by K* the set of nonzero elements of K.

LEMMA 1. Let K be a division ring, and let E be a K-vector space. If V is an additive
subgroup of E, then {\\V N--- NNV : Ay, ..., A\, € K*} is a fundamental system
of neighborhoods of zero for a topology on E that makes E a topological vector space
over the discrete division ring K.

Proof. Addition is continuous in both variables as A,V N ---N A,V is a sub-
group. Also if « € K*, then a(c™ AV N .- - Na A, V)=,V N---NAV; conse-
quently, x — «x is continuous at zero. As K is discrete, (A, x) — Ax is continuous
at (0, 0) and for each a € E, A — Aa is continuous at zero. Hence E is a topological
vector space over K.

We shall call the topology defined on E in Lemma 1 the V-topology on E.

THEOREM 2. Let E be a straight locally compact vector space over an infinite
discrete field K. Then E is totally disconnected and hence contains a compact open
additive subgroup. For any compact open subgroup V of E, the topology of E is the
V-topology.

Proof. Since the connected component F of zero in E is a closed subspace,
F is a straight locally compact connected K-vector space. If F were not the zero
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subspace, then F would not be compact since it would contain an infinite discrete
(and therefore closed) subspace, so by a theorem of Pontrjagin [13, Lemma 2,
p. 153], F would contain a nonzero element whose additive order is infinite, in
contradiction to Theorem 1. Therefore F={0}, so E is totally disconnected.
Consequently, the compact open additive subgroups of E form a fundamental
system of neighborhoods of zero [3, Corollary 1, p. 58]. The final assertion follows
from [16, Theorem 3].

If u is a linear form on a topological vector space over a topological division
ring whose topology is given by a proper absolute value and if the kernel of u is
closed, then u is continuous [6, Theorem 1, p. 26]. The corresponding assertion
for linear forms on straight locally compact vector spaces over infinite discrete
fields is a consequence of the following theorem.

THEOREM 3. Let E be a straight locally compact vector space over a discrete
infinite field K. If M is a closed subspace of E satisfying codim M < R,, then M is
open.

Proof. As Kis countable by Theorem 1, E/M is a countable set. As M is closed,
E|M is locally compact and hence a Baire space [4, Theorem 1, p. 110]. Therefore
the locally compact vector space E/M has an isolated point and hence is discrete.
Consequently, M is open.

COROLLARY 1. If dim ES N, then E is discrete.
Proof. We need only apply the theorem to the zero subspace.

COROLLARY 2. If u is a linear form on E, then u is continuous if and only if the
kernel of u is closed.

Proof. The kernel of u is a subspace of codim =1.

COROLLARY 3. If M is a closed subspace of E satisfying codim M <X, and if N
is any algebraic supplement of M, then N is discrete and E is the topological direct
sum of M and N.

Proof. Let p be the projection on N along M. As p~(0)= M is open by Theorem
3, pis continuous. Hence E is the topological direct sum of M and N [6, Proposition
12, p. 16]. As {0}=M N Nis open in N, N is discrete.

2. Finite-dimensional subspaces. If {e;,.. ., e,} is a basis of a finite-dimensional
Hausdorff vector space E over a complete division ring K topologized by a proper
absolute value (or, more generally, over a complete division ring K of type V),
then (A, ..., A) —>%_, Ae, is a topological isomorphism from K™ onto E
[6, Theorem 2, p. 27], [9, Theorem 5]. The corresponding statement for finite-
dimensional straight locally compact vector spaces over infinite discrete fields is
also true (Corollary 1 of Theorem 3). Our primary purpose here is to show that the
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corresponding statement for finite-dimensional subspaces of straight locally com-
pact vector spaces over infinite discrete fields is not true in general.

To establish a criterion for the completion of a topological vector space to be
straight and locally compact, we need the following lemma. (We shall denote the
closure of a set G by G~.)

LEMMA 2. Let G be a dense subgroup of a compact group G=. If H and K are
normal open subgroups of G, then ( HN K)"=H~ N K"

Proof. The kernel of the homomorphism x — x(H~ N K~) from G into
G [H-NK)isGNH NnK =HnN Kas Hand K are open and hence closed
subgroups of G. Consequently, G/(H N K) is isomorphic to a subgroup of
G |(H NK),s0(G :H NK)2(G: HNK). Buth: x(HNK)—>x(HNK)~
is an isomorphism from G/(H N K) onto a dense subgroup of G~/(H N K)~
[3, Proposition 21, p. 27]. As (H N K)~ is a neighborhood in G~ of the neutral
element [3, Proposition 7, p. 43], G~ /(H N K)~ is compact and discrete and hence
finite. Therefore A is bijective,so (G~ : (HN K)")=(G: HN K)S(G~ : H- N K").
As(HNK)"cH NK ,(G:H NK)S(G :(HNK) );thus(G: (HNK)")
=(G:H NnK)<+4+w,s0(HNK)"=H NnK".

THEOREM 4. Let K be an infinite discrete field, let E be a vector space over K,
let V be an infinite additive subgroup of E, and let E be topologized by the V-topology.
The completion E™ of E is an indiscrete straight locally compact K-vector space and
V- is a compact neighborhood of zero in E™ if and only if the following three
conditions hold:

1°. NV{A\V: Ae K*}={0}.

2°. If (\)kz1 is any infinite sequence of distinct scalars, then there exists nz1
such that \Vn---n VeV

3° For all A\e K*, V|(V N AV) is a finite group.

Proof. Sufficiency. The V-topology is Hausdorff by 1°, so £~ is Hausdorff.
To show that V is precompact, it suffices to show that for any A, ..., A, € K*,
VIV MYV NO---N V) s finite, for then V is the union of finitely many cosets
of VnauVn...n MV [2, Theorem 3, p. 229]. But the kernel of the homo-
morphism x — (x+ VN ANV, ..., x+ VN AV) from Vinto [T-; (VI(V N AV)),
a finite group by 3%, is VN A,V N---N A V. Consequently, V/(V NV N---NA V)
is isomorphic to a subgroup of a finite group and hence is finite. Therefore V'~ is
a compact neighborhood of zero in E~. Moreover, E is indiscrete, for as V is
infinite and V/(V N AV N---NNY) finite, VN AV N --- N0 X V#{0}. Conse-
quently E” is indiscrete.

Next we shall show that for any infinite sequence (B,),z1 of nonzero scalars,
BV N---NB V)= is a fundamental system of neighborhoods of zero in E.
Indeed, for any o € K* there exists m=1 such that =8,V N..-Na B, VSV
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by 2°, whence B,V N --- N B, V<aV. Consequently for any oy, ..., ¢, € K*, there
exists n=1 such that B,V n---NnB Vo, V- -Nal.

To show that E™ is straight, let z e E™, and assume that there exist infinitely
many nonzero scalars, A;, Ay, .. .,suchthat A,z € ¥~ forall k= 1. Then by Lemma 2,
applied to G- =7V + -+ A7),

zZE 61 AW N AW = fi((,\;lV)— NN AT

A ATV -0 A7) = (o)

as E~ is Hausdorff and as ((AT1V N .- N A;1V) 7).z, is a fundamental system
of neighborhoods of zero in E~ by what we have just proved and [3, Proposition 7,
p. 43]. Consequently, if z is a nonzero vector of E~, then K.z N V'~ is finite; hence
E” is straight.

Necessity. Condition 1° holds as £~ is Hausdorff. By [16, Theorem 3], if (A)z;
is any infinite sequence of distinct scalars, there exists n=1 such that A, V'~ N ...
NAV-<V-, whence (V- N---N AV )NESV- N E=V. But by Lemma 2,
applied to G- = V+---+AV)7, Nt AV =Nk AWV)"=(Ni-1 AV)7,
whence (=1 AV™) N E=(Ny AV)™ N E=N, A V. Thus 2° holds. To show
that 3° holds, it suffices to note that V/(V N AV) is isomorphic to a subgroup of
V=|/(V 0 AV)~ [3, Proposition 21, p. 27] and that ¥~ /(V N AV)~ is compact and
discrete and hence finite since (V' N AV~ is a neighborhood of zero in E™.

Let K be an infinite absolutely algebraic field of prime characteristic p, equipped
with the discrete topology. To show that there exists a straight locally compact
K-vector space having a dense two-dimensional subspace, we need only find a
subgroup ¥V of a two-dimensional K-vector space E satisfying the conditions of
Theorem 4. To do so we shall first construct an automorphism o of the additive
group K.

As K is absolutely algebraic of prime characteristic, K is the union of a strictly
increasing sequence (K,),z, of finite fields. We may assume that K, has more
than two elements. For each n>1, there exists «, € K, such that K,=K,_,(e,)
by the Theorem of the Primitive Element [15, Theorem 49.9, p. 546].

We define recursively a sequence of mappings (o,),z, such that each o, is an
automorphism of the additive group K, and, if n=1, o, is an extension of o, _,.
Let o, be the identity automorphism of K,. Assume that o,_, is defined. As
B~ 1o, _1(B)=B"too(B)=1 for all B e K¢, a set having more than one element, the
function B — B~ g, _,(B) on K¥_, is not injective and hence not surjective, so there
exists y,_, € K¥_, such thaty, _, #B 'o,_1(B) forall Be K¥_,. Letq=[K, : K,_,].
Then 1, «,, ..., 2~ is a basis of the K, _;-vector space K,. We define o, on K, by

g-1 q-1
Un(z ’\k“ﬁ) = an—l()‘o)‘l")’n—l(z )‘k“ﬁ)
k=0 k=1
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for all Ay, ..., A1 € K, _;. Clearly o, is an automorphism of the additive group
K, that extends o,_;. Consequently we may define o on K by o({)=0,({) where n
is such that { € K,. Then o is clearly an automorphism of the additive group K.
Also, we define L, to be the additive subgroup K,_je,+ - +K,_ 02" ! of K.
Thus the additive group K, is the direct sum of X, _; and L,, and for each n>1,
the additive group K is the direct sum of K,,_; and >,.>, L.

LEMMA 3. Letnz1,andlet {,BeK,. If{ ¢ K,_, and if B ¢ L,, then o(BL)# a{B)L.
Proof. Letg=[K, : K,_,]. Foreach ke [1,q—1] let
L T A R SR ) MY e
where A, ..., Ay q-1 € K, _;. Similarly, let
0 =lotliont - +Ly0d™
B =BotBront - +By-1087Y,
where Lo, ..., {g—1, Bos - - -» Ba~1 € K, —1. By hypothesis, B,#0 and {,,#0 for some

mz1. The coefficient of o in B¢ is

q-1
BolmtBilm-1t - +Bnlo+ Z (Bela-1+Br+1lg-2+ - +Be- 18N ms
k=1
so the coefficient of o in o(BZ) is y,_, times that scalar. Also, the coefficient of
o™ in o(B) is
q-1
o(ﬁo)gm"")’n—lﬁlgm—l'l' T +7n—lﬁm€0+ Z Yn-l(pkgq-l"' e +Bq—1€k))‘k.m-
k=1

Therefore the coefficient of «® in o(BL) —o(B) is ¥, _1B0lm— (Bo)lm, Which is not
zero since {,#0 and since y, 18,7 o(By) as B, #0. Therefore o(BL)# o(B)L.

LeMMA 4. If (e K, and if B € D pnzns1 L, then o(BL)=0o(B)L.

Proof. By the additivity of o, it suffices to prove that for each m=n+1,
o(BY)=0(B)¢ for all BeL,. Let B=12} Bk € L,, where g=[K, : K,_,] and
Bis...sBy-1€ Ky-1. Then e K, _;, 5O

o(B) = o(z ﬂkza';) - y(z Bkza';.)

q—1
= trnea(2, Buck) = 2060
k=1
Let {e,, e,} be a basis of a two-dimensional K-vector space E, and let

V = {Be;+o(B)e, : B K}.

Clearly V is an infinite additive subgroup of E. Also, for each n>1 let

V, = {ﬁe1+o(ﬁ)e2 :Be z L,,.}.

mzn
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LEMMA 5. Let n=1,and let (e K,. If { ¢ K, _,, then
Vasi S VNIV SV,

Proof. To show that V,.,SV NV, let B€2ns1 Ln. By Lemma 4,
a(B0)=0(B)L, so Be,+a(B)e;=L"1[Ble; +o(Bl)es] € {1V, To show that V' N {1V
cV,, let Be;+o(B)e; € L~1V. Then [Be,+ lo(B)e;=ye,+o(y)e; for some y e K,
whence 8=y and {o(B)=o(y). Therefore o(B0)=0(B){. Let B=pB,+p. where
Bi€K,, B2 € Zmzn+1 Ln- By Lemma 4, o(B:0)=0(B2){, so by the additivity of o,
o(B,{)=0(B,){. By Lemma 3, B8, € L,. Therefore B € > 2, Ly, 50 Pe; +0(B)es € V.

We may now show that V satisfies the three conditions of Theorem 4. By Lemma
5, 1° holds. We observe also that if { € K§, then V< {~'V. Indeed, for any B € K,
Bey+o(B)ea={"[(B+lo(B)ez]. If Be 21 Ly, then {o(B)=0({) by Lemma 4,
and hence Be,+o(B)e; € {~1V; if Be K,, then o(B)=B and o({B)={B, whence
{o(B)=0(LB) and thus Be; +o(B)e, € {~V; therefore by additivity, ¥<={~'V. To
prove 2°, let (A\,),z, be an infinite sequence of distinct nonzero scalars, and let
{=MX, Le=MA7} for all k=21. We shall prove that V¥ N{TVn.-..Nn WV
SV NV for some m=1. By the preceding, we may assume that { ¢ K,. Let
n=1 be such that {e K,—K,,_,. As K, ., is finite, there exists m=1 such that
{n€ K;—K,_, for some s=n+ 1. Consequently,

VoliftVon.--n{g Ve vVvni'VeVvVic VoS VNL-WY
by Lemma 5. Thus VN ATV N - N AT, 1V S VN ATV, whence
AlVﬁ Ar_,Vf\”-ﬁ)tm.,,lVE Aan V.

Therefore 2° holds. To prove 3°, let A € K*. By the preceding, we may assume that
A¢ K. Let n=1 be such that A e K, — K, _;. As B — Be; +a(B)e, is an isomorphism
from Konto ¥, by Lemma Sweobtain(V : VN AV)S(V : Vo) =K : Spzns1Ln)
=cardinality of K, <co. Thus we have proved:

THEOREM 5. If K is an infinite absolutely algebraic field of prime characteristic,
equipped with the discrete topology, then there is an indiscrete straight locally compact
K-vector space that contains a dense two-dimensional subspace.

A general question of interest is the following: If K is a topological division
ring, is every straight Hausdorff two-dimensional vector space all of whose one-
dimensional subspaces are closed isomorphic to K2? By [17, Theorem 6] the
answer is yes if every Hausdorff K-vector space is straight, and in particular if K
is of type V [17, Theorem 2]; we have just seen that it is no if K is an infinite
discrete absolutely algebraic field of prime characteristic.

If E is a topological vector space, the topological dual E* of E is the space of all
continuous linear forms on E; E* is total if for every nonzero x € E there exists
u € E* such that u(x)#0.

THEOREM 6. If E is an indiscrete straight locally compact vector space over an
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infinite discrete field K and if E contains a dense subspace M every proper subspace
of which is discrete, then E* ={0}.

Proof. It suffices to show that M*={0}. Suppose that there existed a nonzero
u € M*; then the kernel of  would be a proper open subspace of M and hence
would be discrete and open; thus M itself would be discrete and hence closed, so E
would be M and hence would be discrete, a contradiction.

Thus, for example, there are no nonzero continuous linear forms on the spaces
mentioned in Theorem 5.

THEOREM 7. If E is a straight locally compact vector space over an infinite discrete
field K and if E* is total, then every finite-dimensional subspace of E is discrete.

Proof. If not, there would exist an indiscrete finite-dimensional subspace M
each of whose proper subspaces was discrete; consequently M ~*={0} by Theorem
6, so E* would not be total, a contradiction.

It is an open question whether the converse of Theorem 7 holds, that is, whether
the topological dual of a straight locally compact K-vector space all of whose
finite-dimensional subspaces are discrete is total. The space E constructed in
[16, Example 1] has a total topological dual, for the projection functions e,:
(A,) = A, are clearly continuous; thus every finite-dimensional subspace of E
is discrete.

3. Compactly generated locally compact vector spaces. For what pairs of
straight locally compact vector spaces over infinite discrete fields are the Open
Homomorphism Theorem and the Closed Graph Theorem valid? The answer
concerns compactly generated vector spaces.

DErFINITION. A topological vector space is compactly generated if it contains a
set of generators that is compact.

Thus every Hausdorff finite-dimensional vector space is compactly generated,
and a discrete vector space is compactly generated if and only if it is finite-
dimensional.

THEOREM 8. Let K be a topological division ring of prime characteristic. If S is a
compact subset of a locally compact, totally disconnected K-vector space E, then
there is a compact open subgroup V of E that contains S. In particular, if E is a
compactly generated, locally compact, totally disconnected K-vector space, then E
contains a compact open subgroup V that generates E.

Proof. Let P be the prime subfield of K. By [3, Corollary 1, p. 58], E contains
a compact open subgroup W. As S is compact, there exist ay, ..., a, € E such
that Sc\U?r-, (@+ W). Then V=P.a;+---+P.a,+ W is a compact open sub-
group of E that contains S.

Theorem 8 applies, of course, to straight locally compact vector spaces over
infinite discrete fields by Theorem 2.
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THEOREM 9. Let E and F be straight locally compact vector spaces over an infinite
discrete field K, and let u be a linear transformation from E into F. If F is compactly
generated and if the graph of u is closed, then u is continuous. If E is compactly
generated and if u is a continuous epimorphism, then u is open.

Proof. By Theorem 2, E and F are complete and metrizable. If F is compactly
generated, by Theorem 8 F contains a compact open subgroup ¥ that generates E;
thus

F=U{NV+---+0V A, ., €K},

a countable union of compact sets since K is countable by Theorem 1 ; consequently,
F is o-compact and hence is a Lindelsf space. Therefore the two assertions follow
from versions of the Closed Graph and Open Homomorphism Theorems for
topological groups [11, p. 213].

The hypothesis in Theorem 9 that the spaces be compactly generated cannot be
omitted, even if we assume further that the spaces are indiscrete. Indeed, let E
be an indiscrete straight locally compact K-vector space, and let E, be E equipped
with the discrete topology. Then the graph of the identity mapping u from Ex E
into E x E, is closed, but u is not continuous; also #~! is continuous but not open.

THEOREM 10. A straight locally compact vector space E over an infinite discrete
field K is the topological direct sum of a compactly generated locally compact subspace
and a discrete subspace. Indeed, if F is the subspace generated by a compact neighbor-
hood of zero and if M is any algebraic supplement of F, then F is locally compact,
M is discrete, and E is the topological direct sum of F and M.

Proof. Let p be the projection on M along F. Then p~!(0)= F, a neighborhood
of zero, so p is continuous. Consequently, E is the topological direct sum of F
and M [6, Proposition 12, p. 16]. Also as Fn M={0}, M is discrete. Clearly F
is locally compact.

THEOREM 11. Let E be a compactly generated straight locally compact vector
space over an infinite discrete field K, and let M and N be supplementary subspaces
of E. Then E is the topological direct sum of M and N if and only if M and N are
closed and compactly generated.

Proof. Necessity. The projection p on M along N is continuous. Consequently,
if E is generated by the compact set V, then M is generated by the compact set
p(V). Similarly, N is compactly generated. Sufficiency. Let A be the algebraic
isomorphism (x, y) > x+y from M xN onto E. As M and N are compactly
generated straight locally compact spaces, so is M x N. Consequently as A4 is
continuous, 4 is open and hence a topological isomorphism by Theorem 9.
Thus E is the topological direct sum of M and N.

THEOREM 12. Let V and W be compact open subgroups of a straight locally
compact vector space E over an infinite discrete field K, and let E, and Ey, be the
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subspaces of E generated by V and W respectively. If V= W, then Ey|Ey is finite-
dimensional.

Proof. As W is compact and V open, W[V is a compact discrete group and
hence is finite. Thus there exist a;,...,a, € W such that W = U, (a+ V).
Let M be the subspace generated by ay, . . ., a,,. It suffices to show that Ey, =M+ E;,.
Let ze Ey. Then there exist A, ..., A, € K such that ze A\ W+ .- -+, W, so
z=Mw,+ - +Aw, where A, € K, w; € W for all i €[1, n]. For each i€ [l, n} let
W, =a,q+v; where g(i) € [1, m] and v; € V; then

n n
z= z Mg+ z Av € M+ Ey.
i=1 i=1
THEOREM 13. If E is a straight locally compact vector space over an infinite discrete
field K, then E is compactly generated if and only if E* is countable.

Proof. Necessity. By Theorem 8, E is generated by a compact open subgroup,
and by Theorems 1 and 2 there is a sequence (V,),z; of compact open subgroups
that is a fundamental system of neighborhoods of zero. For each n=1 let E, be
the subspace generated by V,. By Theorem 12, E/E, is finite-dimensional. Conse-
quently, as K is countable, the space of all linear forms whose kernel contains E,
is countable as it is isomorphic to the dual of E/E,. But the kernel of a continuous
linear form on E is an open subspace and hence contains E, for some n= 1. Thus
E* is countable.

Sufficiency. By Theorem 10, E is the topological direct sum of a compactly
generated subspace F and a discrete subspace M; let p be the projection on M
along F. Then u — up is a monomorphism from the space M* of all linear forms
on M into E*. If M were infinite-dimensional, then M * and hence also E* would
be uncountable, a contradiction. Therefore M is finite-dimensional. Consequently
if C is a compact set of generators for F and if B is a basis of M, then CU Bis a
compact set of generators for F.

4. Locally compact algebras of linear operators. For any topological vector
space E it is natural to inquire whether the algebra of all continuous linear operators
on E is dense. One answer to this question involves straightness and the totality
of the topological dual.

THEOREM 14. Let E be a nonzero topological vector space over a topological
field K, and let A be the algebra of all continuous linear operators on E. The following
Statements are equivalent:

1°. E* is total.

2°. Eis straight, and A is a dense algebra of linear operators that contains nonzero
linear operators of finite rank.

3°. E is straight, and every finite-dimensional subspace of E has a topological
supplement.
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Proof. For each ae E let f,: A — Aa, A € K. To show that 1° implies 2° let a be
a nonzero vector of E. By 1° there exists ¥ € E* such that u(a)=1. Then the re-
striction of u to K.a is f;"%, so f; is a homeomorphism from K onto K.a; therefore
E is straight. Moreover, for any b€ E, v, ,=f, o u € A, the range of v,, is K.b,
and v, ,(a)=>. Thus 4 is a primitive algebra of endomorphisms of the abelian
group E. Let g belong to the centralizer of A in the ring of all endomorphisms of the
abelian group E. As go v, ,=0,,° g for all nonzero a € E, for each a € E there
exists A, € K such that g(a)=2A.a. If b is a scalar multiple of a, clearly A,=A,;
if {a, b} is linearly independent, then A,a+Ab=g(a)+g(b)=gla+b)=2,.,a
+Ag 4D, 50 Ay=A,,,=A,. Therefore g is a scalar multiple of the identity linear
operator. Consequently by the Chevalley-Jacobson Density Theorem [14, p. 344],
A is a dense algebra of linear operators, and we have already seen that 4 contains
nonzero linear operators of finite rank.

By a well-known theorem of algebra [14, Exercise 32.27, p. 354], 2° implies
that if M is a finite-dimensional subspace of E, there is a continuous projection
from E onto M, whence M admits a topological supplement [6, Proposition 12,
p. 16].

To show that 3° implies 1°, let a be a nonzero vector of E. By 3°, K.a has a topo-
logical supplement, and hence by the theorem just cited there is a continuous
projection p from E onto K.a. Then u=f;'0p is continuous as E is straight,
sou e E* and u(a)=1.

COROLLARY. Let E and F be topological vector spaces over a topological field K,
and let M be a finite-dimensional subspace of E. If E* is total and if u is a continuous
linear transformation from M into F, then there is a continuous linear transformation
v from E into F that extends u.

Proof. By 3° of Theorem 14 there is a continuous projection p from E onto M.
Consequently, v=u o p is the desired extension of u.

THEOREM 15. Let E be a straight locally compact vector space over an infinite
discrete field K, and let A be the algebra of all continuous linear operators on E,
equipped with the compact-open topology.

1°. A is a complete, straight topological K-algebra.

2°. A is locally compact if and only if E is compactly generated.

3°. If E is compactly generated, then A is separable and metrizable.

4°, If E is indiscrete and if E* is total, then A is indiscrete.

Proof. As Eis complete and as A is closed in the space of all continuous functions
from FE into E, equipped with the compact-open topology, 4 is a complete topologi-
cal algebra by well-known theorems [5, Proposition 9, p. 47, Corollary 3, p. 20].
To show that A is straight, let ¥ be a nonzero linear operator in 4, and let x € E
be such that u(x)#0. If V is a compact neighborhood of zero in E, then Ku
N{veAd: v(x)e V}i={lu: au(x) e V}is finite by [16, Lemma 5], so K.u is discrete
as {ve 4 : v(x) € V} is a neighborhood of zero in A.
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Assume next that 4 is locally compact. By Theorem 8, every compact subset
of E is contained in a compact open subgroup; hence there exist compact open
subgroups U and V of E such that W={ue A : u(U)< V'} is compact. Let F be the
subspace of E generated by U, and let M be an algebraic supplement of F. Then E
is the topological direct sum of F and M by Theorem 10, and consequently the
projection p on M along F is continuous. Clearly Ap € W for all A€ K, so p=0
by 1° and [16, Lemma 5], and hence M={0}. Thus F=E, so E is compactly
generated.

Next, suppose that E is compactly generated, and let ¥ be a compact open
subgroup that generates E. Then E=\J,z; (A,V+--- + A, V) where (A),z, is an
enumeration of the elements of K, so E'is locally compact, metrizable and o-compact ;
hence E is also separable [4, Corollary, p. 43], and consequently 4 is separable and
metrizable [5, Corollary, p. 34, and Corollary, p. 41). Let W={ue 4 : u(V)< V}.
Then W is a closed neighborhood of zero in 4. Also W is equicontinuous since
waVn---nx)envVn...n )V forall A, ..., A, € K* To show that W
is compact, therefore, it suffices by Ascoli’s Theorem [5, Corollary 3, p. 32] to
show that W (x) is relatively compact for each x € E. But if x € E, then there exist
AL ..., Ay € K* such that xe ,,V+--- +A,V, whence W(x)sAV+---+2,V, a
compact set. Therefore 4 is locally compact.

To prove 4°, let U be a compact subset of E, V' a neighborhood of zero in E,
and let W={ue A : (U)< V'}. By Theorem 14, 4 is dense and contains a projection
p on a one-dimensional subspace K.c. As K.c is discrete, p(U) is finite; let
p(U)={Bic, . . ., Bnc}. The function x — (B,x, ..., B,x) from E into E™ is continu-
ous, and hence as E is indiscrete, there exists a nonzero vector b € E such that
Bib,...,B.be V. Also as A is dense there exists u € A4 such that u(c)=». Conse-
quently, # o p is a nonzero member of W.

We recall briefly the basic facts concerning primitive rings having minimal left
ideals. If A4 is such a ring, then 4 contains a minimal idempotent e, e4e is a division
ring, the additive group Ae becomes a right ede-vector space by defining scalar
multiplication to be the restriction of multiplication on 4 to 4e x ede, and simi-
larly the additive group ed becomes a left ede-vector space by defining scalar
multiplication to be the restriction of multiplication on 4 to ede x e4. For each
ac A, a,: x — ax is a linear operator on the right vector space Ae, and ag: x — xa
is a linear operator on the left vector space eA; finally, @ — a; is an isomorphism
from A onto a dense ring A, of linear operators on Ae, and a — a; is an anti-
isomorphism from A4 onto a dense ring Ay of linear operators on e4, and both
A, and Ay contain nonzero linear operators of finite rank [8, Chapters 2 and 4].
If in addition A is a locally compact ring, then the induced topology on eAde
makes ede a locally compact division ring [12, Theorem 3], [10, Theorems 7-9],
and the induced topologies on Ae and e4 make them straight locally compact
vector spaces over ede [16, Lemma 1]. If A, and A, are topologized so that a — a,,
and a — ay respectively are homeomorphisms, then 4, and 4, are locally compact
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rings whose topologies are stronger than the compact-open topology, since
(#, x) — u(x) is continuous from A, x Ae into Ae and also from Ay x ed into eA
[5, Corollary 1, p. 46].

Before giving examples of compactly generated locally compact primitive
algebras having minimal left ideals, we recall that by a theorem of Kaplansky
[9, Theorem 8], the topology of an indiscrete locally compact division ring D is
defined by an absolute value, its center C is indiscrete, and [D : C]< +o00. Conse-
quently, if K is an infinite subfield of D, then K is indiscrete; for if there exists
z e K* such that |z| 51, then either z" — 0 or z™" — 0, and thus KX is indiscrete;
hence if K were discrete, K would be a closed subset of the closed unit ball, a
compact set, which is impossible.

Let D be an indiscrete locally compact division algebra over an infinite topologi-
cal field K, and let 4 be the ring of all linear operators on a finite-dimensional
topological D-vector space E. As D is finite-dimensional over its center C, 4 is a
finite-dimensional C-algebra, and hence as C is indiscrete, 4 has a unique Haus-
dorff topology making it a topological C-algebra, namely, the compact-open
topology. As K is algebraically isomorphic to a subfield K’ of C, 4 is in a natural
way a locally compact K-algebra. Moreover, A4 is a compactly generated K-algebra,
for as K’ is indiscrete, K’ contains scalars of arbitrarily large absolute value, so
the closed unit ball B of Cis a compact set of generators of the K-division algebra C,
and consequently B.S is a compact set of generators of the K-algebra 4, where
S is a basis of the C-algebra 4. In sum, 4 is an indiscrete, compactly generated,
locally compact primitive K-algebra having minimal left ideals. Actually, every
indiscrete, compactly generated, locally compact primitive K-algebra having
minimal left ideals arises in this manner:

THEOREM 16. Let K be an infinite topological field, and let A be a locally compact
primitive K-algebra having minimal left ideals. Then A is compactly generated if
and only if one of the following two possibilities holds:

1°. A is topologically isomorphic to the locally compact K-algebra of all (continu-
ous) linear operators on a finite-dimensional locally compact vector space over an
indiscrete locally compact K-division algebra D.

2°. A is discrete and algebraically is isomorphic to the K-algebra of all linear
operators on a finite-dimensional vector space over a K-division algebra D satisfying
[D: K]< +c0.

Proof. To complete the proof that the condition is sufficient, we need merely
observe that if A4 is the algebra described in 2°, then 4 is finite-dimensional over K
and hence is compactly generated. Necessity. Let e be a minimal idempotent of 4.
Then D=ede is a locally compact K-division algebra whose topology is thus
defined by an absolute value. If D is indiscrete, the vector spaces Ae and eA are
finite-dimensional, and 1° follows. We shall assume, therefore, that D is discrete.
If V is a compact set that generates the K-vector space A4, clearly Ve is a compact
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set that generates the K-vector space Ae and hence also the right D-vector space
Ae, and similarly eV is a compact set that generates the K-vector space e4 and
hence also the left D-vector space e4. Thus Ae and ed are straight compactly
generated locally compact vector spaces over the infinite discrete division ring D.
By Jacobson’s theorem [8, p. 77], the restriction of multiplication to e4 x de is a
nondegenerate bilinear form. Suppose that Ae were indiscrete, whence D would be an
absolutely algebraic field of prime characteristic by Theorem 1; then Ae would be
isomorphic to a subspace of the topological dual of the D-vector space e4 and
hence would be countable by Theorem 13. But a countable locally compact group
is discrete by Baire’s theorem [4, Theorem 1, p. 110]. Hence Ae is necessarily
discrete and consequently is a finite-dimensional vector space over D. Since the
topology of A, is stronger than the compact-open topology, therefore, 4, and hence
A are discrete. Thus A is finite-dimensional over K, whence D is also, and 2° holds.

The same argument applies to locally compact primitive rings having minimal
left ideals: If e is a minimal idempotent of such a ring 4 such that eAde is infinite
and Ae and eA4 are compactly generated eAde-vector spaces, then A is topologically
isomorphic to the ring of all linear operators on a finite-dimensional locally com-
pact vector space over a locally compact division ring.

Theorem 16 shows that there is no analogue of Theorem 10 for algebras, that is,
that in general a locally compact algebra is not the topological direct product of a
compactly generated subalgebra and a discrete subalgebra. The following theorem
improves Theorem 6 of [16].

THEOREM 17. Let A be a locally compact primitive algebra having minimal left
ideals over a topological field K. If any one of the following three conditions holds,
then either A is discrete, or A contains an identity element and is finite-dimensional
over its center.

1°. Kis indiscrete.

2°. K is infinite but is not an absolutely algebraic field of prime characteristic.

3°. K is infinite, and A is compactly generated.

Proof. Let e be a minimal idempotent of A4, and let D=ede. If D is indiscrete,
then as in the proof of Theorem 16, Ae is a finite-dimensional D-vector space,
and the result follows. We shall assume, therefore, that D is discrete. Then K is
also discrete as A — Ae is continuous from K into D; thus by hypothesis either 2°
or 3° holds. To prove that A is a straight K-algebra, let a be a nonzero element of 4.
Then there exists x € e4 such that xa=az(x)#0. As eA is a straight D-vector space,
there exists a neighborhood V of zero in A such that eV’ N D.xa={0}. Let Wbe a
neighborhood of zero in 4 suchthat xW< V. If we W N K.a, then w= Aq for some
Ae K, and hence xw=(ex)(Aa)=(Ae)(xa) € D.xa, and also xw=exw € eV; thus
Ae=0, so A=0 and hence w=0. Consequently, A is straight. Therefore the con-
clusion follows if 2° holds by Theorem 1, and it follows also if 3° holds by Theorem
16.
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We conclude with an example of an indiscrete straight locally compact dense
algebra of linear operators on a discrete vector space. Let K be a discrete infinite
absolutely algebraic field of prime characteristic. Let A be the algebra of all con-
tinuous linear operators on an indiscrete compactly generated straight locally
compact K-vector space E whose topological dual is total, and let 4 be equipped
with the compact-open topology. Then 4 is an indiscrete straight locally compact
dense algebra of linear operators by Theorem 15, and moreover 4 contains a
projection e on a one-dimensional subspace K.c of E. As A is dense and K com-
mutative, A — Ae is an isomorphism from K onto ede; we shall identify K with
eAe by means of this isomorphism. The algebraic isomorphism % — u(c) from the
K-vector space Ae onto E is clearly continuous; to show that it is open, let U be a
compact subset of E, let ¥ be a neighborhood of zero in E, and let W=
{ue A : w(U)=V}. Then e(U) is a compact subset of the discrete space K.c and
hence is finite; let e(U)={Ac,..., A,c}. Clearly ue den W if and only if
uc)e Af*Vn.--n A7V, Thus u— u(c) is a topological isomorphism from Ae
onto E; in particular, Ae is a compactly generated K-vector space. As in the proof
of Theorem 16, eA is algebraically isomorphic to a subspace of (4e)*, hence is
countable, and therefore is discrete. Let F be the discrete K-vector space eA,
and let B=A;, equipped with the topology for which the anti-isomorphism
a—ap from A onto B is a homeomorphism. Then B is an indiscrete straight
locally compact K-algebra, and B is a dense algebra of linear operators on F.
The topology  of B is strictly stronger than the compact-open topology. Indeed,
let B’ be the algebra of all (continuous) linear operators on F, equipped with the
compact-open topology .7'. Then B is dense in B’ since J ' is also the topology
of pointwise convergence. If the topology induced on B by 7' were Z, then B
would be a complete dense subalgebra of B’, so B would be B’ and hence J would
be 7', which is impossible since by Theorem 15, 7 is not locally compact.

5. Commutative semisimple straight locally compact algebras over infinite discrete
fields. For each « € I'let C, be a topological algebra with identity 1, over a discrete
field' K, and let H, be an open subring of C, that contains 1,. We assume further
that for each ¢ € K, «.1, € H, for all but finitely many « € I. Then the subset 4
of [1.e; C., defined by

A={(x)e]]C. :x¢eH, for all but finitely many «e I },
el
is clearly a subalgebra of [] C,; equipped with the topology for which the filter
of neighborhoods of zero of the topological ring [T H, is a fundamental system
of neighborhoods of zero, 4 is easily seen to be a topological K-algebra, called the
local direct product of (C,)., relative to (H,).c; [7, p. 7]. Any subalgebra of A that
contains [] H,, equipped with the induced topology, is called a Jocal subdirect
product of (C).; relative to (H,).;. It is easy to verify that A4 is straight if and
only if each C, is, and that if each C, is straight and K countable, then [ is countable.
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If each H, is compact, then every local subdirect product is clearly locally compact.
Also a local subdirect product B is semisimple provided each of its projections
pr.(B) is semisimple [8, Proposition 1, p. 10]. In summary:

THEOREM 18. Let K be an infinite discrete field, and for each n=0 let C, be a
straight commutative locally compact K-algebra with identity element 1,, and let H,
be a compact open subring of C, that contains 1,. Assume further that for eacho € K,
«. 1, € H, for all but finitely many n=0. Then each local subdirect product B of (C)nz0
relative to (H,),=o such that each pr,(B) is semisimple is a straight semisimple
commutative locally compact K-algebra with identity.

Our structure theorem for straight semisimple commutative locally compact
algebras over infinite discrete fields [Theorem 20] is that any such algebra is the
topological direct product of a discrete algebra and a local subdirect product B of
(Cnzo relative to (H,),zo, Where each C, is algebraically the cartesian product
of fields and topologically is discrete, where each pr,(B) is an algebraically dense
and hence semisimple subalgebra of C,, and where each H,, is a finite subfield of C,
containing the identity element of C,. However, to determine necessary and suffi-
cient conditions for such an algebra to be, for example, compactly generated,
it is desirable to direct attention to the fields of which C, is the cartesian product
and the various subfields of given finite order of C, that contain the identity
element.

For simplicity, let us assume that K is an infinite subfield of the algebraic
closure Q of the field Z,, that C,=]],er, K,, where each K, is an extension field
of K all of whose elements algebraic over Z, belong to €2, and that the index sets
I', are mutually disjoint, so that they form a partition of I'={J,zo I',. If H, is a
finite subfield of C, that contains the identity element 1, =(1,) of C,, then there is an
isomorphism ¢, from a finite subfield F, of Q onto H,; consequently for each
ye I, o,=pr, c o, (Where pr, is the canonical projection from C, onto K,) is
an isomorphism from F, into K, as 1, € H,, and therefore o, is an automorphism
of F, since Q contains only one subfield having a prescribed finite number of
elements; replacing the given isomorphism o, from F, onto H, by ¢,0;* for some
B e I',, we may as well assume that one of the o,’s is the identity automorphism
of F,; moreover,

H,={@@)e] K :ze F,,}.
vely
Conversely, if (o,),er, is a family of automorphisms of F, containing the identity
automorphism, then H,, defined as above, is a finite subfield of C, that contains
its identity element and is canonically isomorphic to F,. The requirement that for
each a € K, «.1, € C, for all but finitely many n=0 is clearly equivalent to the
condition that for each « € K there exists m=0 such that for all n>m, « € F,
and o,(¢)=c for all y € I',. We are therefore led to the following definition:
DEFINITION. Let Q be the algebraic closure of the field Z, of integers modulo p,
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and let K be an infinite subfield of Q. A family of K-ingredients consists of a family
of fields (K,),.r indexed by a set I, a sequence (I',),=, of subsets of I, a sequence
(F,)nzo of finite fields, and a family (o,),.r of mappings such that the following
conditions hold:

1°. Each K, is an extension of K, and the field of elements of K, algebraic over
Z, is a subfield of Q.

2°, (Tp)azo is a partition of T'.

3°. For each n20, (K,)er, is a family of field extensions of F,, and (o,)yer,
is a family of automorphisms of F, that contains the identity automorphism.

4°. For each « € K there exists m=0 such that for all n>m, « € F, and o,(e)=c
for all ye T',.

Let (K,))yers (Tn)nzos (Fu)azos (0,),er be a family of K-ingredients. For each
nz0 let C, be the K-algebra [I,er, K,, equipped with the discrete topology, and
let H, be the subfield {(s,(2)) € C, : z€ F,} of C,. The full algebra defined by
(KDyers (T)azos (Fo)azos (04)yer is the local direct product A of (C,).z, relative
to (H,)»z0, and the ring defined by that family is the ring ¥ defined by

V=[]H,={(x)e]]K,: thereexists (z,) e[ | F,

nz0 yer nz0

such that for every n = 0, x, = o,(z,) forall y e l"n}

(we identify canonically the K-algebra [],z, C, with the K-algebra [T,.r K,).
Each local subdirect product B of (C,).z, relative to (H,).z, that satisfies the
following density property is called an algebra defined by that family: For each
(a,) € A and each finite subset A of T', there exists (b,) € B such that b,=a, for all
y €A,

Clearly if each I', is finite, the only algebra defined by this family of K-ingredients
is the full algebra A. For future reference, let e, be the idempotent of ¥ whose
yth component is 1 or 0 according as ye I';, or y ¢ I'y. Then V(1-2>7., €)=
[Tazo H, where H,={0} if n<m and H,=H, if n>m; consequently the sequence
(V(1=2PF_0 e))mzo is a fundamental system of neighborhoods of zero in any
algebra defined by that family of K-ingredients.

THEOREM 19. Let K be an infinite subfield of the algebraic closure Q of Z,,
equipped with the discrete topology. Let A be a commutative semisimple indiscrete
straight locally compact K-algebra. If B is the ideal of A generated by a compact
open subring V, then there is a topological isomorphism ® from B onto a locally
compact K-algebra B’ defined by a family of K-ingredients that takes V onto the
ring V' defined by that family.

Proof. Since B is an ideal of 4, B is semisimple [8, Theorem 1, p. 10], and B is,
of course, commutative and locally compact. We first observe that by a theorem
of Kaplansky, the intersection of all the closed regular maximal ideals of B is {0}.
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Indeed, this follows from [10, Theorem 12] if B has an identity element, since K
has prime characteristic and B is totally disconnected (Theorems 1 and 2). If B
lacks an identity element, we may apply Kaplansky’s theorem to B*, the K-algebra
containing B as an ideal that is the vector space direct sum of B and the one-
dimensional subspace generated by an identity element e. To show that the V-
topology on B* is compatible with multiplication, it suffices to show that
x — x(b+ Be) is continuous at zero, where b € B, 8 € K*; but if U is.an open sub-
group of B and if W is an open subgroup of U such that Wb U, then
(WnB*W)b+Be)<U. Also, B* is straight since V' N K.b={0} if b¢ B. To
show that if m is a maximal ideal of B* other than B, then m N B is a maximal
ideal of B, it suffices to show that the canonical monomorphism 4: x+(m N B) —
x+m from B/(m N B) into B*/m is actually surjective, for then B/(m N B) is a
field. As m is not contained in B, there exist «#0 and c € Bsuch that c+ce e m;
consequently, for any b+ Be € B*,

h((b—a"'Bc)+(m N A)) = (b—a™'Bc)+m
= (b—a"1Bc)+a"Blc+ae)+m
= (b+Be)+m.

Now B* is semisimple (cf. [8, p. 11]); therefore by Kaplansky’s theorem the inter-
section of the closed maximal ideals of B* is {0}; consequently by the preceding,
the intersection of the closed regular maximal ideals of B is {0}.

Next we shall prove that a closed regular maximal ideal m of B is open. Equipped
with its quotient topology, B/m is a locally compact ring that algebraically is a
field; hence B/m is a locally compact field [12, Theorem 3], [10, Theorems 7-9].
Let K’ be the image of K in B/m under the canonical monomorphism A — Ae+m
where e+m is the identity element of B/m. If a is a nonzero element of X', then
every power of a belongs to P[a]*, where P is the prime subfield of K'. But P[a]* is
finite as K is an absolutely algebraic field of prime characteristic, and consequently
a"+ 0. As K’ is an infinite discrete subfield of the locally compact field Bjm,
therefore, B/m is discrete. Thus m is open.

We shall show next that if m is a closed regular maximal ideal of B, then m N V'
is an open regular maximal ideal of V. Indeed, as m is a regular ideal of the ideal B,
mis an ideal of 4 and consequently m N Vis a proper ideal of ¥ as the ideal generated
by V is B. Also, m N V is open by what we have just proved, so V/(m N V) is
discrete and compact and hence is a finite ring. But V/(m N V) is isomorphic to
the subring (¥ + m)/m of the field B/m and hence is a finite commutative ring having
no proper zero divisors. Consequently, V' /(m N V) is a finite field, so m N V'is an
open regular maximal ideal of V.

Let (m,),er be a family of distinct closed regular maximal ideals of B such that
Myer m,={0} (for example, by the preceding we may choose (m,),r to be the family
of all closed regular maximal ideals of B). Let (I';),.s be the partition of I" de-
termined by the equivalence relation R on T satisfying BRy if and onlyif m;, N V
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=m, N V. (We shall shortly see that .S is denumerable and hence may be taken to
be the set of natural numbers.) For each y € I' let ¢, be the canonical epimorphism
from B onto B/m,, let g, be a K-isomorphism from B/m, onto an extension field
K, of K all of whose elements algebraic over Z, belong to €2, and let A, be the
canonical monomorphism x + (m, NV) — x+m, from V/(m, "V) onto (V+m,)/m,
=¢,(V). For each ne S let 8, be an element of I';, and let F,=g; (¢4, (V)). For
each yeI',, ¢,(V) is isomorphic to V/(m, N V)=V[(ms N V) and hence to
#5,(V); we saw earlier that V/(m, N V) is a finite field; therefore g,4,(V) is a finite
subfield of K, having the same number of elements as F,, and hence g,¢,(V)=F,
as a field contains at most one subfield having a prescribed finite number of elements.
For each y e ', let

o, = gyohyo byl o (g5 | Fo)-
Then ¢, is an automorphism of F,, and for each x € V,

(M 8/#/(%) = o(85,($4,(x))

for all y € T,. Moreover, o is the identity automorphism of F,.
Let ¥ be the mapping from ¥V into [[,.s F, defined by

W(x) = (85,($5, Cnes-

The kernel of the restriction to ¥ of g, ¢, is the open regular maximal ideal
mg, NV of V, so ¥ is continuous from V into [],.s F,, where each F, has the
discrete topology. The kernel of ¥ is

0 (e, 0 V) = (). (m, " V) = (0}

Also, as (mg, N V),es is a family of distinct regular maximal ideals of V, ¥'(V)
is dense in [[,es F, by the Chinese Remainder Theorem [14, Exercise 35.25(c),
p. 393]. Therefore ¥'(V) is a compact dense subset of [],.s F, and hence is all of
[ Tnes Fr- In particular, ¥ has an identity element; also as V is metrizable, S is
countable, so we may assume that S is the set of natural numbers.

To show that (K,)yer, (Twnzos (Fo)azos (0y),er is a family of K-ingredients, it
remains for us to show that 4° of the Definition holds. Let « € K*. As ¥ is a
topological isomorphism, there exists m=0 such that ¥(V' N ¢~ V)2 1,20 La
where L, ={0} if n<m and L,=F, if n>m. Consequently there exists we ¥ N «~1V
such that ¥ (w)=(e,), where ¢,=0 if n<m and e,=1 if n>m. Let n>m. Then
25, B, (W) =1, 50

o = gg,$s,(eW) € g5,¢5,(V) = F,.
Also if y € T',, then by (1)
o@) = 0,85, (s, (oW))) = &,$,(ow)
= og,$,(W) = 20,(g,(35,(W)))

= ao(l) = a.
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Let A" and V' be respectively the full K-algebra and ring determined by the
famlly of K-ingredients (Ky)yel‘, (Fn)ném (F n)n%Oa (O'y)ysr" and let

O(x) = (gr?sy(x))vel"

for all x € B. By (1), ®(V)< V'. Conversely, let (y,) € V', and let (z,) € [ Inz0 F,
be such that o,(z,)=y, for all y e I', and all n=0. Then by the preceding, there
exists x € V such that ¥'(x)=(z,), whence for each n=0 and each y e I',,

gv¢v(x) = ‘77(gﬁ,.(¢ﬁ,.(x))) = ar(zn) =)y

by (1). Thus ®(x)=(y,); hence ®(V)=V".

To show that ®(B)= 4, let a € B. As z — za is continuous, there is a neighbor-
hood W of zero in V such that Wa< V. As before, there exists m=0 and we W
such that g, ¢, (w) is 0 or 1 according as n<m or n>m. For each n=0 let
Z,=gg,¢s,(wa) € F,. If n>m and if y € T';, then by (1), as w and wa belong to V,

ar(z W) =& 7¢7(wa) =g y‘i’y(w) -&,$,(a)
= 0,(8s,($s, (")) &,$,(@)
= O'y(l) ' gr¢r(a) = gr?sr(a)'

Thus ®(a) € A’. By the Chinese Remainder Theorem, if (a,) € A’ and if A is a
finite subset of I, there exists (b,) € ®(B) such that b,=a, for all y € A. Thus as
the topology of B is the V-topology, @ is a topological isomorphism from B onto
a locally compact K-algebra defined by a family of K-ingredients.

THEOREM 20. Let K be an infinite subfield of the algebraic closure of Z,, equipped
with the discrete topology. A commutative semisimple indiscrete straight locally
compact K-algebra A is the topological direct product of a discrete commutative
semisimple K-algebra and a K-algebra topologically isomorphic to a locally compact
algebra defined by a family of K-ingredients.

Proof. As A is totally disconnected (Theorem 2), A contains a compact open
subring V [10, Lemma 4]. Let B be the ideal generated by V. By Theorem 19, B is
topologically isomorphic to a locally compact algebra defined by a family of
K-ingredients. In particular, B has an identity element e, and hence A is the direct
product of the ideals B and C={x—xe : x € 4}. As C N V={0}, C is discrete and
the projection on C along B is continuous; hence A is the topological direct product
of B and C. As Cis an ideal of A4, C is semisimple [8, Theorem 1, p. 10].

Certain natural questions present themselves concerning the family of K-
ingredients (K,),ers (Tn)azo0s (Fu)nzo (0,)yer occurring in the proof of Theorem 19,
namely: (1) When does ®(B) contain the outer direct sum @), K, of (K,),er?
(2) When is each I', finite? (3) What special properties must the family possess for
B to be compactly generated? (4) What is the relationship between two families
of K-ingredients defining isomorphic locally compact algebras?
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Minimal ideals play an important role in answering these questions. We recall
that the socle of a commutative ring is the sum of all its minimal ideals.

LEMMA 6. Let A be a commutative ring having no nonzero nilpotent ideals.

1°. The minimal ideals of A are precisely those ideals that are subfields of A.

2°. If m is the annihilator of an ideal a, then a is minimal if and only if m is a
regular maximal ideal, in which case A is the direct product of a and m.

3°. If A is the direct product of ideals B and C and if a is a minimal ideal of A,
then a is either a minimal ideal of B or a minimal ideal of C.

Proof. 1° is a consequence of [8, Proposition 1, p. 57; Proposition 1, p. 65].
Consequently, if a is a minimal ideal and if e is its identity element, the annihilator
m of ais {x—xe : x € A}; therefore A is the direct product of m and a, so A/m is
isomorphic to the field a and hence m is a regular maximal ideal. Conversely, if
the annihilator m of a is a regular maximal ideal, then m N a={0} as 4 has no
nonzero nilpotent ideals, and 4=m+a; thus A is the direct product of m and a,
and consequently a is minimal since it is isomorphic to the field 4/m. To prove
3° let e be the identity element of a minimal ideal a, and let e=e, +e, where
e, €B, e;eC. Then e,e,=0, so e;=e,eca, e;=eeca, and €+ eZ=(e,+ey)?
=e, +e, and thus e, and e, are idempotents of a; as a is a field, one of e;, e, is 0
and the other is e; hence either ac B or a= C. As a is a field, a is clearly a minimal
ideal of any subring of A that contains it.

LeMMA 7. Let A be a commutative ring, let (m,),.r be a family of distinct regular
maximal ideals of A such that (,.r m,={0}, and let A’ be the image of A under the
monomorphism ®: x — (x+m,) from A into [ ],er (A/m,). The following statements
are equivalent:

1% A'2@,o (4/m,).

2°. Each m, is the annihilator of a (necessarily minimal) ideal.

3°. If A<T, then (Nyea m,#{0}.

Moreover, if these conditions hold, the socle S of A" is @, (4/m,).

Proof. By hypothesis, 4 is semisimple and hence has no nonzero nilpotent
ideals. Assume that 1° holds. Then for each B e I' there exists a nonzero y; € 4
such that y, em, for all y#B. If x e my, then xy; € M),er m,={0}; hence my is
contained in the annihilator m’ of the ideal generated by y,; as 4 is semisimple,
m’ is a proper ideal, and therefore m;=m’. Thus 1° implies 2°.

To show that 2° implies 3°, for each y € I' let e, be the identity element of the
(minimal) ideal annihilated by mj, If Be T, then eze,=0 for all y#B as
Aeg N Ae,={0}, 50 e5 € (), 55 M,.

For each B e T let €; be the idempotent of @, (4/m,) whose yth component
is 1 or 0 according as y=p or y#f. If 1° does not hold, then e} ¢ A" for some
B € T'; hence for every x € A4, if x ¢ m,, then x ¢ m, for some y#pB; consequently,
if x € (Nyzs My, then x € MN,er m,={0}, s0 (), m,={0}, and 3° does not hold.
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Assume finally that 1°-3° hold. The minimal idempotents of 4" are then clearly
the idempotents e; where B € T, so S=@), . (4/m,).

LeEMMA 8. Let S be the socle of a nonzero commutative ring A that contains no
nonzero nilpotent ideals. The following statements are equivalent:

1°. Every nonzero ideal of A contains a minimal ideal.

2°. The annihilator S’ of S is {0}.

3°. There is a family (K,),cr of fields such that A is isomorphic to a subring A’
of [1yer K, that contains @, K,

Proof. To show that 1° implies 2°, let x be a nonzero element of 4. By 1°, Ax
contains a minimal ideal; let e be its identity element. Then ax=e for some a € 4,
so xe#0 as axe=e. Therefore x does not belong to the annihilator of the minimal
ideal 4e. Consequently, 2° holds as S’ is the intersection of the annihilators of the
minimal ideals of A4.

If (m,),er is the set of annihilators of the distinct minimal ideals of A4, then
S’=("yer m, and each m, is a regular maximal ideal of 4 by Lemma 6; conse-
quently, 2° implies 3° by Lemma 7. Finally, to show that 3° implies 1°, let x=(A,j
be a nonzero element of 4’, and let B be such that A;#0. Then y=(u,) e ® K|,
where pu,=A;* and u,=0 if y#8; clearly Ayx is an ideal isomorphic to K, that
is contained in Ax.

THEOREM 21. Let K be an infinite subfield of the algebraic closure of Z,, equipped
with the discrete topology. Let B be a commutative semisimple indiscrete straight
locally compact K-algebra that contains a compact open subring V such that the
ideal generated by V is B itself, and let S be the socle of B. Then B is topologically
isomorphic to a locally compact K-algebra B’ defined by a family of K-ingredients
(Krers (T)nz 0, (Fu)nz o, (0y)yer such that B' 2@, K, if and only if the annihilator
S’ of S is {0}.

Proof. The condition is necessary by Lemma 8.

Sufficiency. Let (m,),er be the annihilators of the distinct minimal ideals of 4.
By hypothesis, (,er m,={0}. By Lemma 6, each m, is a regular maximal ideal.
Also, m,={x € 4 : xe,=0} where e, is the identity element of the minimal ideal
annihilated by m,, so m, is closed. Consequently (m,),.r satisfies the conditions
given in the proof of Theorem 19, and the result follows by that theorem and
Lemma 7.

THEOREM 22. Let K be an infinite subfield of the algebraic closure of Z,, equipped
with the discrete topology. Let A be a commutative semisimple indiscrete straight
locally compact K-algebra, and let S be the socle of A. Then A is the topological
direct product of a discrete commutative semisimple K-algebra and a K-algebra
topologically isomorphic to a locally compact algebra B’ defined by a family of
K-ingredients (K,)yers (D'w)nzos (Fa)nzos (0))yer Such that B' 2@, K, if and only
if the annihilator of the annihilator of S is an open ideal.
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Proof. Let S’ be the annihilator of S, S” the annihilator of S’.

Necessity. Let A be the topological direct product of an ideal B topologically
isomorphic to B’ and a discrete ideal C. As B has an identity element, every ideal
of B is an ideal of 4, so the socle of Bis SN B. Let z=x+ye€ S’, where x € B,
y€ C. Then for all se S N B, 0=zs=xs+ys=xs, so x belongs to the annihilator
in B of the socle of B, and hence x=0 by Theorem 21. Thus S'<C, so S"2 B,
which is open as C and hence also A/B are discrete.

Sufficiency. As S"” is an open ideal of 4, S"” is semisimple, indiscrete, and locally
compact. By Theorem 20, S” is the topological direct product of a discrete ideal
C, and an indiscrete ideal B containing a compact open subring ¥ that possesses
the identity element e of B. As C, and hence S”/B are discrete, B is open in S”
and hence in 4. As in the proof of Theorem 20, A4 is the topological direct product
of Band C={x—xe : x € A}, and C is discrete. By Theorem 21, it remains for us
to show that the annihilator S; in B of the socle S, of B is {0}. As B has an identity
element, every ideal of B is an ideal of 4, so So=SNB. If xeS; and if a is a
minimal ideal of 4, then by Lemma 6 either a=S,, in which case xa={0}, or
ac C, in which case xac BC={0}. Therefore So=S' N B<S' N §"={0}.

THEOREM 23. Let K be an infinite subfield of the algebraic closure of Z,, equipped
with the discrete topology. Let A be a commutative semisimple indiscrete straight
locally compact K-algebra that contains a compact open subring V such that the
ideal generated by V is A itself, and let S be the socle of A. Then A is topologically
isomorphic to the locally compact full K-algebra A’ defined by a family of K-ingredi-
ents (K,)yers (T)nzos (F)nzos (0,),er Where each T, is finite if and only if S is
dense in A.

Proof. If the socle of A is dense, clearly its annihilator is {0}. Hence by Theorem
21 it suffices to prove that if B is a locally compact algebra defined by a family
of K-ingredients (K,),er, (I'n)nzo> (Fa)nzos (0))yer such that B2 @), K,, then each
T, is finite if and only if the socle S of B is dense. Clearly S=@,. K,.

Necessity. Let x=(x,) € B, and let (z,) € [ [,20 F, and m=0 be such that for
all n>m, o(z,)=x, for all ye I',. For each k20 let ¢, be the idempotent of B
whose yth component is 1 or 0 according as y € I';, or y ¢ I',.. Then for each g>m,
>i_oxe, €S as I'y, ..., T, are finite, and x—>%_, xe, € V(1 —32%_, ). There-
fore as (FV(1—22_¢ €x))sz0 is a fundamental system of neighborhoods of zero,
S is dense in B.

Sufficiency. Let n=0. Then there exists y=(y,) € S such that

e,—y€ V(l— Z e,,)-
k=0
Consequently y,=1 for all y € T, so T, is finite as S=@P, . K,.

THEOREM 24. Let K be an infinite subfield of the algebraic closure of Z,, equipped
with the discrete topology. Let A be a commutative semisimple indiscrete straight
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locally compact K-algebra, and let S be the socle of A. Then A is the topological
direct product of a discrete commutative semisimple K-algebra and a K-algebra
topologically isomorphic to the full locally compact algebra B’ defined by a family
of K-ingredients (K,),ers (')azos (Fn)azo, (0,)yer where each T, is finite if and only
if the closure S~ of S is an open ideal.

Proof. Necessity. Let A be the topological direct product of an ideal B topo-
logically isomorphic to B’ and a discrete ideal C. As B has an identity element,
every ideal of B is an ideal of A4, so the socle of B is BN S. By Theorem 23,
(BN S)~=B. As C and hence also 4/B are discrete, B is open; therefore (B N S)~
and hence also S~ are neighborhoods of zero, so S~ is an open ideal.

Sufficiency. As S~ is an open ideal of 4, S~ is semisimple, indiscrete, and locally
compact. By Theorem 20, S~ is the topological direct product of a discrete ideal
C, and an indiscrete ideal B containing a compact open subring V that possesses
the identity element e of B. As C; and hence S~/B are discrete, B is open in S~
and hence in A. As in the proof of Theorem 20, 4 is the topological direct product
of B and C={x—xe: xe A}, and C is discrete. By Theorem 23, it suffices to
show that the socle S, of B is dense in B. As B has an identity element, every ideal
of Bis an ideal of 4, so So=S N B. As Bis open, B=S" N B=(SN B)"=S;.
Thus S, is dense in B.

DEFINITION. A commutative topological K-algebra A is strongly semisimple if
for every nonzero x € A there is a continuous homomorphism u from A into the
topological K-algebra K such that u(x)#0.

THEOREM 25. Let K be an infinite subfield of the algebraic closure of Z,, equipped
with the discrete topology. Let B be an indiscrete straight locally compact K-algebra
that contains a compact open subring V such that the ideal generated by V is B itself,
and let S be the socle of B. Then B is commutative and strongly semisimple if and only
if B is topologically isomorphic to a locally compact K-algebra B’ defined by a family
of K-ingredients (K,)yers (T')nzo, (Fu)nzos (0))yer such that K,=K for all yeT.
Moreover, the family of K-ingredients may be so chosen that B'2®),. K, if and
only if the annihilator of S is {0}, and it may be so chosen that each T, is finite if
and only if S is dense.

Proof. Necessity. The assertion follows from Theorem 20, for we may take as
our family (m,),.r of closed regular maximal ideals those that are the kernels of
nonzero continuous homomorphisms from E onto K. Moreover, if the annihilator
of S is {0}, we need only consider the family of kernels of continuous homo-
morphisms from E onto K that take some minimal idempotent into 1.

Sufficiency. As each K,=K, the projections are clearly continuous homo-
morphisms from B’ onto K, and the intersection of their kernels is {0}.

THEOREM 26. Let K be an infinite subfield of the algebraic closure of Z,, equipped
with the discrete topology. Let A be a commutative strongly semisimple indiscrete
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straight locally compact K-algebra, and let S be the socle of A. Then A is the topo-
logical direct product of a discrete commutative strongly semisimple K-algebra and a
K-algebra topologically isomorphic to a locally compact algebra B’ defined by a
family of K-ingredients (K,),ers (I'n)nzo, (Fi)nzo, (0y)yer Such that K,=K for all
y € I. Moreover, the family may be so chosen that B'2 @, K, if and only if the
annihilator of the annihilator of S is open, and it may be so chosen that each T', is
finite if and only if S~ is open.

The proof is similar to those of Theorems 20, 22, and 24.
We shall next characterize those families of K-ingredients that determine com-
pactly generated algebras.

LEMMA 9. Let K be an infinite discrete absolutely algebraic field of prime charac-
teristic. If A is a commutative, straight, locally compact, compactly generated
K-algebra, then A contains a compact open subring W that generates the vector
space A.

Proof. By [10, Lemma 4], 4 contains a compact open subring V; let F be the
subspace generated by V. Then Fis a subalgebra of finite codimension by Theorem
12. Assume that F# A. By induction it suffices to show that there is a compact
open subring W that generates a subspace properly containing F. Let a¢ F.
Since A/F is finite-dimensional, there exist A, ..., A, € K such that A,#0 and
>m ., A(a'+F)=F. Therefore >, \a'e F, so there exist B,...,B,€ K and
vy, ..., Uy € V such that

m n
Z Aa' = Z BV
i=1 k=1

Let L be the (finite) subfield of K generated by Ay, ..., A,, Bi,..., B, Then
V'=34 .V is a compact open subring containing ¥, and L.V’'<V’. Conse-
quently, W=V'+V'a+---+V'a®+L.a+---+L.a™ is a compact open sub-
group of A; moreover, V'W< W and L. W< W. To prove that W is a subring,
therefore, it suffices to prove that a® € W for all n= 1. Assume that ¢* € W for all
k<n, where n>m. Let w=>7", \a'. Then as w=>7_, Bit, we V'. Therefore

m
Z )\,d“’"-m = wan-m’
i=1
SO
m=1
a" = A\;lwa" M —Ast > A@trme L.V'W+L.WEW.
i=1

Let K be a subfield of the algebraic closure Q of Z,. For each m>0 we shall
denote by 7, the automorphism x — x*" of Q, and for each f=33%_, ¢, X* € K[X]
we shall denote by f;, the polynomial >} _, 7,(e,) X*. Clearly f,, € K[X].

LeEMMA 10. Let K be a subfield and F a finite subfield of the algebraic closure Q
of Z,, let m=0, let L be the intersection of K N F with the fixed field of 1., and let
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¢ be a generator of the multiplicative group F*. Then K and F are linearly disjoint
over L if and only if for every fe K[X]), if f(r,(c))=0, then f(c)=0.

Proof. Necessity. Suppose that there exists f€ K[X] such that f(r,(c))=0 and
f(c)#0. The minimal polynomial f; of 7,(c) over K then satisfies f,(v(c))=0,
fi(c)#0, so we may assume that f=f;. By hypothesis, [F: L]=[K(F) : K]
[1, Proposition 4, p. 79]. But 7,(c) is a generator of F*, so K(F)=K(rn(c)) and
F=L(c). Thus as [L(c) : L]=[K(7x(c)) : K], the minimal polynomial g of ¢ over
L has the same degree as f. Let g=>5_, o, X* € L[X]. Then

S

(@) = > aern()f = Z o) ralc)

k=0

(3 ae) =0 =0

k=0

Hence as g € K[X], g=f, so f(c)=g(c)=0, a contradiction.
Sufficiency. Let g=>%_o B X* be the minimal polynomial of ¢ over K, and let
f be the minimal polynomial of 7,(c) over K. Now

gn(Tm(c)) = m(8(c)) = (0) = 0,

so by hypothesis g,(c)=0. As deg g,=degg, therefore g,=g. Consequently,
the coefficients of g belong to the fixed field of 7,. Moreover, ¢ is a primitive gth
root of unity where g+ 1 is the order of F, so g divides the cyclotomic polynomial
of index ¢q; therefore every root of g in Q is a power of ¢, and consequently the
coefficients of g belong to Z,(c)=F. Hence g € L[X], and thus g is the minimal
polynomial of ¢ over L. As F=L(c) and K(F)=K(c),

[F: L] =deg,c=r=deggc=[K(F): K]
so F and K are linearly disjoint over L [1, Proposition 4, p. 79].

LeEMMA 11. Let K be a subfield and F a finite subfield of the algebraic closure Q
of Z,, let (o)15ksn be a sequence of distinct automorphisms of F, let A be the
K-algebra K(F)", the cartesian product of n copies of K(F), and let V={(¢,(x), ...,
0,.(x)) : x € F}, a subfield of A isomorphic to F. The subspace B of A generated by
V is a subalgebra, and B= A if and only if for all distinct i, j € [1, n], K and F are not
linearly disjoint over the intersection of K with the fixed field of o *o,.

Proof. As Vis a subfield of 4, Bis clearly closed under multiplication and hence
is a subalgebra. Let ¢ be a generator of the multiplicative group F*. Now each
o, is the restriction to F of =, for some m,20 [1, Proposition 5, p. 170]. By
Lemma 10, the condition is therefore equivalent to the assertion that if i#j, there
exists fe K[X] such that f(o; *(0,(c)))=0 and f(c)#0. If f=2}_o . X* € K[X],
if a € F and if m=0, then for any automorphism o of F,

fulol@)) = (Z l(o(a»k) = ra(f(rz Ho@).
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Consequently, our condition is equivalent to the following: (*) If i}, there exists
g € K[X] such that g(o,(c))#0 and g(o,(c))=0. Clearly

B = {(g(01(€)), - - -, 8(0n())) : g € K[XT}

as every nonzero element of Fis a power of c. Hence if B=A, then (*) holds.

It remains for us to show that (*) implies that B=A. By (*), if i+, there exists
a;; € B whose ith component is not zero but whose jth component is zero. Hence
a;=] 1,4 a;; is an element of B whose ith component ¢, is its only nonzero com-
ponent. As o, is algebraic over K and as K(F)=K(oy(c)), there exist Ag, ..., ;€ K
such that ¢ *=3%_, A0;(c)*, whence

e=00,...,0,1,0,...,0) = g, > M(a:(¢),..., oa(c))* € B.
k=0

Consequently if 8 € K(F), there exist pq, ..., p, € K such that B=3%_ o proi(0),
whence

©,...,0,8,0,...,0) = & > p(01(c),.. ., oa(c))* € B.
k=0
Therefore B=A.

THEOREM 27. Let K be an infinite subfield of the algebraic closure of Z,, equipped
with the discrete topology. If A is a commutative semisimple indiscrete straight
locally compact K-algebra, then A is compactly generated if and only if A is topo-
logically isomorphic to the full locally compact algebra defined by a family of
K-ingredients (K,)yers (T')azo0s (Fa)azo, (9y)ser satisfying the following conditions:

1°. For each n20, y — o, is an injection from T', into Aut F,; hence T, is finite
for each n20.

2°, For each n20, K,=K(F,) for all ye T,.

3°. For each n=0, if B and vy are distinct members of T',, then K and F, are not
linearly disjoint over the intersection of K with the fixed field of o; 'o,.

Proof. First, assume that 4 is a commutative, semisimple, indiscrete, straight,
locally compact, compactly generated K-algebra. By Lemma 9, 4 contains a compact
open subring ¥ that generates the vector space 4. In particular, 4 is the ideal gener-
ated by ¥, so by Theorem 19 we may assume that A is a locally compact algebra
defined by a family of K-ingredients (X,),ers (I'n)nzo» (Fu)azos (0;),er and that the
ring V defined by this family generates A. If there were distinct «, 8 € I, such that
o, =0y, then x,=x; for all (x,) e V" and hence also for each (x,) € 4, the vector
space generated by ¥V in contradiction to the definition of an algebra defined by
a family of K-ingredients. Consequently, 1° holds. Moreover, as 4 is the vector
space generated by V, K, is clearly K(F,) for all y € T',.

To complete the proof, therefore, it suffices to show that if 1° and 2° hold, then
3° holds if and only if V" generates 4, where V is the ring and A the full algebra
defined by this family. For each n>0 let ¢, be the idempotent whose yth component
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is 1 or 0 according as y € I';, or y ¢ I',. By the definition of A4, for each a € A there
exists m=0 such that a is the sum of elements belonging to Ae,, ..., Ae,, and V.
Consequently as Ade, N V="Ve,, V generates A if and only if Ve, generates Ae,
for all n=0. But since Ae, is canonically isomorphic to the cartesian product
of a finite number of copies of the K-algebra K(F,), Ve, generates Ae, for all
n=0 if and only if 3° holds by Lemma 11.

COROLLARY. An indiscrete straight locally compact K-algebra A is commutative,
strongly semisimple, and compactly generated if and only if A is topologically
isomorphic to the full locally compact algebra defined by a family of K-ingredients
KDyers (Tp)nzos (Fodnzos (0))yer satisfying the following conditions:

1°. For each n=0, y — o, is an injection from T', into Aut F,.

2°. K,=KforallyeTl.

Proof. If B> @yep K,, then for each y € I', B contains a subfield isomorphic
to K,, so B is strongly semisimple if and only if K,=XK for all y € I". The assertion
therefore follows from Theorem 27.

In general, we cannot expect too close a relationship between two families of
K-ingredients defining isomorphic locally compact algebras. Indeed, if B is a
locally compact algebra defined by (K,),er, (T'n)nzo0s (Fu)nzos (04),er and if B does
not contain @), K,, then by Lemma 7 I'may contain a subset I'" whose complement
is infinite such that B is isomorphic to a locally compact algebra defined by a
family of K-ingredients whose family of field extensions of K is indexed by I".
Consequently, we shall confine our attention to algebras defined by a family of
K-ingredients that contain the outer direct sum of the family of field extensions
that is part of the given family of K-ingredients.

DEerINITION. Let K be an infinite subfield of the algebraic closure Q of Z,.
An equivalence of a family of K-ingredients (K.),ers (T'wazor (Fdnzos (09)yer
with a family of K-ingredients (Ls)sca, (Ap)nzos (Hn)nzos (To)sea 18 @ quadruple
(@, (hs)sea, ¥: M' — M, (py)sen-) satisfying the following conditions:

1°. ¢ is a bijection from A onto I'.

2°. For all 8 € A, h; is a K-isomorphism from K, onto L,.

3°. M and M’ are subsets of the natural numbers N whose complements are
finite.

4°. ¢ is a bijection from M’ onto M such that Iy, =¢(A,) and F, = H, for
allse M’.

5°. For each s € M’, p, is an automorphism of F,, satisfying

760 ps = hs © 045

for all 8 € A,.

Two families of K-ingredients are equivalent if there is an equivalence between
them.
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THEOREM 28. Let K be an infinite subfield of the algebraic closure Q of Z,. Let
B be a locally compact algebra and V the ring defined by a family of K-ingredients
KDyers (To)nzo, (Fdnzos (0))yer Such that B2@), K,, and let B’ be a locally
compact algebra and V' the ring defined by a family of K-ingredients (Ls)sca,
(Aw)nz0s (Hu)nzos (75)sea Such that B' 2P, , Ls. If h is a topological isomorphism
from B onto B', then there is an equivalence (¢, (hs)sea, ¥: M’ — M, (ps)senr-) of these
two families of K-ingredients such that

h((x,)) = (ho(xs())

Sfor all (x,) € B. Conversely, if (¢, (hs)scar ¥: M' — M, (ps)sers) is an equivalence
of these two families of K-ingredients, then h: (x,) — (hs(x4)) is a topological
isomorphism from B onto a locally compact algebra defined by (Ls)scn, (An)nzos
(Hwnzos (76)sea that contains @, L.

Proof. For each y € T, let e, be the idempotent of B whose yth component is 1
and whose remaining components are 0; similarly, we define e; € B’ for each
8 € A. For each i=0, let ¢, € V be the idempotent whose yth component is 1 or 0
according as y € I, or y ¢ T';; similarly we define ¢; € ¥’. The minimal idempotents
of B are clearly the idempotents e, where y € I', and the minimal idempotents of
B’ are similarly the idempotents ¢; where 8 € A. Hence as 4 is an algebraic iso-
morphism, there is a bijection ¢ from A onto I" such that h(e,) =€ for all 8 € A.
Then for each 8 € A, h(Be, )= B'ej;, so

ho = pl‘6 ° h ° in¢(6)

is a K-isomorphism from K, onto L;, where in,, is the canonical injection from
K, into B, pr, the canonical projection from B’ onto L;, since ing, is actually a
K-isomorphism from K,; onto Bey, and pr; is a K-isomorphism from B'ej
onto L.

We shall next prove that for each (x,) € B,

h((x,)) = (he(x65)))-
Let x=(x,), and let (y;)=h(x). For each § € A,

pro(h(essx)) = Pro(h(ingey(Xse)))
= ho(X)s
and also
pre(hessx)) = Pra(hles)h(x)) = prs(es)-prs(a(x)) = 1-ys.

Thus h((x,)) = (hs(xs))-

We observe next that A(e) is the idempotent of B’ whose 8th component is 1
or 0 according as 8e¢~}(I",) or 8¢ ¢~ X(T'). Indeed, A(e,) is an idempotent of
B’, so there is a subset A; of A such that the th component of A(e;) is 1 or 0 accord-
ing as SeAj or 8¢ Al Thus § €A if and only if h(e)e;=ej, or equivalently, if
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and only if eh~1(ez)=h"1(e;), that is, if and only if ey =€y, or finally, if
and only if ¢(8) € I';. Hence Aj=¢~1(T"). Similarly, A~1(¢}) is the idempotent of
B whose yth component is 1 or 0 according as y € $(A;) or y ¢ $(A)).

For each i=0 let

Ji=tkz0:¢(T)NA# 3}, J=kz20:40)NT, # 2}

Suppose that J; were infinite. Then by the preceding there would exist a strictly
increasing sequence of integers (k)2 such that A(e)e;#0 for all r=0. Let
fr=h(e,)e. If r#s, then f7f] =h(ey e )e;=0, so (fy),zo would be a sequence of
distinct idempotents in B’e;, which is discrete as B'e; N\ V'(1-2% -, €)={0}.
But as (F(1—37_, €x))mzo is a fundamental system of neighborhoods of zero in B,
e, — 0, so f; =h(e,)e; — 0, a contradiction. Therefore J; is finite, and similarly
Ji is finite.

As h is a topological isomorphism, there exists m=0 such that A(V (1 -3, €))
sV’ and V'(1-2>m, e)<h(V). Let

M=N-([0,m]uJyU---UJ), M = N—(0,m]uJiU---UJp).

We shall prove that for each r € M there is a unique s € M’ such that I';=¢(A,).
Indeed, let r € M. Then there exists s= 0 such that A; N ¢~ *(I',) # @. Consequently
relJ,, so s>m, and thus e;e V'(1->M,¢e)<h(V). Therefore as h~(e})e V
and as #(A,) N I,=¢(A, N o~ Y(T))# 2, T,=¢d(A,) by the preceding discussion
of the idempotents 2~*(e;) and the definition of V. As r>m, e,e V(1-3, €),
so h(e,) € V'. Therefore as A, N ¢~ Y(I'))# @, A, ¢~ }(I}) by the preceding dis-
cussion of the idempotents h(e;) and the definition of V’. Hence I',=¢(4A,); in
particular, ¢(A;) N I';=g if i#r and hence if i<m, so s¢JgU---UJ,. Thus
s€ M’. Clearly s is unique. Similarly, for each s€ M’ there is a unique re M
such that A;=¢~1(I,). Hence there is a bijection ¢ from M’ onto M such that
Tyo=9¢(A) for all se M'.

Let se M'. Then h(Be,s)=B'h(e,)=B'e; since ¢~ Ty)=A7s As ¢(s)>m,
Veyoy=Veyw(1—21-0 &)< V(1 -2, e), whence

h(Vew(s)) < V, N B,e; = V,e;.

Similarly, as s>m, h~'(V'e;)< Ve, Therefore h(Ve,s)=V'e;. To show that
F,=H,, let ye Iy, and 8 € A,. Then the restriction to Ve, of the canonical
projection pr, from B onto K, is an isomorphism from Ve onto Fy, and
similarly (pr; | V'e;) is an isomorphism from V'e; onto H,. Hence as h(Vey,)
=V'e, (prs| V'es) o ho(pr, | Veys)~* is an isomorphism from F,, onto H,.
Thus F,, and H, are finite subfields of Q having the same number of elements,
so F,,=H, To prove 5° of the Definition, let §; be some member of A,. Then
#(8;) € d(A) =Ty, 50 hs(Fy() is a subfield of L, having the same number of
elements as F, = H; and hence is identical with H;. Therefore

— -1
Ps = Tg © hos © Op(s5)
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is an automorphism of F,. We shall prove that for any 8 € A,,
750 ps = hs © Gy

Let z€ F,, and let x,=o,(z) for all ye 'y, x,=0 for all y¢ I',,. Then
(x,) € Veys, 50 h((x,)) € V'ée;, that is, (hs(xss)) € V'e;. Hence there exists z' € H;
=F,, such that hy(x,)=7,(z") for all 8 € A,. In particular, z' =75, (hs,(X4,)))-
Therefore

(50 p)(2) = "'o"&lho,%(os)(z) = "'o"o‘,lho,(xos(o,))
= 74(2") = hs(xo) = ho(945/(2))-

The proof of the converse offers no difficulty.
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