THE CHARACTERS OF THE FINITE
SYMPLECTIC GROUP Sp(4, 9)())

BY
BHAMA SRINIVASAN

1. Introduction. In this paper we calculate all the (complex) irreducible
characters of the group Sp(4, q) where g is odd. The conjugacy classes of this group
have been determined by Dickson [1a], Springer [4], and Wall [7]. We show that the
irreducible characters of the group fall into families in a natural way, just as the
conjugacy classes of the group do. Also involved in our work are certain poly-
nomials in ¢ which have properties similar to those of the polynomials Q% defined
by Green [2] in his work on the characters of the groups GL(n, q).

I thank Dr. R. Ree for many valuable and stimulating discussions.

NOTATION. G is the group of all nonsingular 4 x4 matrices X over F=GF(q)
(g a power of the odd prime p) satisfying X4 X'=A, where

0 1 0 0
-1 0o o0 0

A=
o o0 o0 1

0o 0 -1 0

The order of G is g*(g2—1)(g*—1), and the center Z is of order 2. (See e.g. Dickson
(1)

Let « be a generator of the multiplicative group of GF(q%), and let {=x%"1,
O=k®+1 y=01"1 y=01*1, Choose a fixed isomorphism from the multiplicative
group of GF(g*) into the multiplicative group of complex numbers, and let £, 4,
7, 7 be the images of I, 0, 5, y respectively under this isomorphism.

By a character of a finite group we mean a rational integral combination of the
complex irreducible characters of the group. If x, ¢ are class functions on the group,
the scalar product (x, ¢) is defined as usual.

If ¢ is a character of a subgroup H of G, ¢¢ denotes the character of G induced
from ¢.

CONJUGACY CLASSES OF G. Each element of G is an element of GL(4, q), and so
there correspond to it its characteristic polynomial f1ff=. .. where fi, fs, . . . are
distinct irreducible polynomials over F, and certain partitions vy, v, ... of the
positive integers ny, n, . .. (see [2, p. 406]). Using the results of Wall [7] we see
the conjugacy classes of G are given by the table below.
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Number Order of
Class representative of classes centralizer Notation
1 -1
1 -1 2 . ,
1 > -1 l’ 1 ¢(q —1)(q _l) Al) Al
1 -1
11 -1 -1
1 -1
l ) _1 l’ 1 A21’ A;l
1 -1
2q%(g*—-1)
1 vy -1 -y
1 -1
l ’ _ 1 l’ l A22r A’22
1 -1
11 -1 -1
! - 1,1 2%q—1) | Ay, 45
1 -1l —1 1 s q 31, A3y
1 -1
11 -1 -1
! -1 11 8 A, 4
1 —y ’ —l y 1) 2q (q'l' 1) 32, /132
1 -1
11 -1 -1
1 1 -1 -1
Aqy, Ag
-1 1 4 1 -1 L1 41, Aq1
1 -1
2¢?
1 -1 -y
1 1 -1 -1
Asz, Al
-1 1 ’ 1 -1 L1 42, A42
1 -1
{l
! P -1) . .
o "y 7°*+1 B,(i)
Lo




Number Order of
Class representative of classes centralizer Notation
¢
0! Hg—-1)? .
get i€ R; -1 B:(i)
-«
)"
y~! ¥q—-3)g-5) .,
y L jeTy i) (g-1)? By(i, j)
.y-l
7
7! ¥g—-1@g-3) ,
. i je T i (g+1)? B.@,j)
,7-1
.ql
7=t He-D@-3)| N
'y’ ieTz,jETl q -1 BS(’)])
.y-!
/,’7!
7! Hg-1) ,
. ieT, 9@+ 1(g*—1) | Be(i)
7!
7' 1
7! 1 Hg-1) X
1,‘ i € T2 q(q+ l) B'7(l)
.q—l
.yl
y! }g-3) ,
" ieT, a(@—1)g*—1) | Bs@)
y-t
Y 1
y~! 1 1(g-3) .
g ieT, q(q—1) By(i)
,y—t
7’ 7
77! 7! Hg-D), leX(3)
s }g-1) q(g+1)(g*-1) 0
1 -1 ieT, Ci()
1 -1




ki . 1
" , 7 Hq-1)
1 l _l _1 i(q—l), Czl(i),
1 i Ca(i)
=)
) ) . 2q(q+1)
7 77_‘ %(q_l)’
l , » -, %(q— 1) C22(i)’
f - i T, Cis(D)
Y‘ ,yl
- yt 3g-3), Ca(i)
) 33 e
-1 9-3) | g9lg—-Dg*~1 A0
1 . “ Y@= | ci6)
7 ¥
y N
. yt g-3), i
R Ha—3) Cau(i),
, i Ca
¥ , 2q(g—1
] q-1)
y ')'_‘ &(q_3),
. , 4 _, ‘}(q_3) Ciﬁ(i)’
l _l iETl C‘z(")
1
1
» 1 P@-17 | D
-1
1 1
1
1
— 1 1,1 2
1 —y Dﬁl’ D22
- -1
. . 29%(¢*-1)
1 1
—1 ’ - 1,
_l/ \ q 1 D3, D3y
-1
1 i \ 11
1
-1 =17] 1
: k —l -y 1 Dal’ D32
- -1
1 1 1 vy “
1
-1 -1 L
-1 \ 1 =y 1 D33, D34
-1
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(We remark that in the first column we give as class representatives not necessarily
elements of G, but their canonical forms in an extension field of F.)

ReMarks. The sets R;, Ry, Ty, T, of positive integers mentioned in the table are
defined as follows.

R,={1,2,..., Zli(qz— D},

R, is a set of 1(g— 1)? distinct positive integers i such that 6, §~¢, %, §-% are all
distinct,

T,={1,2,...,4(q-3)}, and T.={1,2,...,3g—1)}.

The elements of the classes B,(i), ..., Bs(i, j), Bg(i), Bg(i) are p-regular. The
elements of B,(i) and B,(i) have their p-regular factors in Bg(i) and Bg(i)
respectively.

LeMMA 1.1. Let A be the additive group of F, i.e. an elementary abelian group of
order q. Then there exist irreducible characters o — ¢(x) and o — &'(«) of A such
that

> @) = > @) = =3 (+(a)"),

> o) =3 @) = =5 (6= (0",

where s=(—1)9"Y/2_ S is the set of nonzero elements of F which are squares, and S’
is the set of elements of F which are not squares in F.

Proof. We know (see e.g. [5, p. 103]) that there exist characters ¢, ¢’ of 4 such
that
$(0) = ¢'(0) = 3(g+5),
$(e) = 3s+(sq)*?) ifa€es,
=3s—(6p?)  ifaes,
and
$'(e) = Hs—(s@)*?) ifaesS,
= Is+(g)M?)  ifaeS.

Then (¢, $')=(¢, $)=1(¢+5), and
4, é)=1 ifg=1 (mod4),
=0 ifg= —1 (mod 4).

é and ¢’ contain the identity character if g=1 (mod 4) and have no irreducible
constituent in common if g= — 1 (mod 4). They are each the sum of 4(g+s) distinct
irreducible characters. e

Let ¢ (¢)) be a nonidentity irreducible character of A occuring in ¢’ (¢) if
g=1 (mod 4), and in ¢ (¢') if g= —1 (mod 4). Solving the equations

d)=1, (4)=0 ifg=1 (modd4),
(e,4) =1, (e,¢) =0 ifg= -1 (mod 4),

we find that e, and similarly ¢’, have the required properties.
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(1.2) Let &= —s(s+(sq)*'?)/2, & = —s(s—(sq)*'?)/2, where s=(—1)~ V2
(1.3) We have the identities
82482 = §(1+s9),
288" = 3(1—sq).

2. The Sylow p-subgroup of G. Consider a Sylow p-subgroup U of G of order g*
consisting of all matrices of the form

I X 0 Aetf

000 (A, @, p, B F).
—a B 1 ,u,

000 1

This element of U will be denoted by (A, e, u, 8). The elements of the form
(A, 0, i, B) form a subgroup W of U of order g% The center is of order ¢q. The
commutator subgroup is of order ¢> and consists of elements of the form
©,0, u, B).

The conjugacy classes of U are given in the table below. Again we use the results
of Wall [7] to determine the class of G in which each class of U lies.

Order of
Class No. of | Centralizer Class
representative classes inU in G
0, 0,0,0) 1 q* Ay
0,0, p, 0), p#0 q—1 q* A2 ifpeS, Az if pe S’
©,0,0,8),8+#0 q—1 q° A
(A, 0,0, 0), A0 g—1 @ An if Ae S, Agg if Ae S’
(A, 0, 4, 0), A#£0, p#0 | (g—1)? q° Asr if —2p €S, Asz if —Ape S’
©, «,0,0), «#0 q—1 q® As
(A, o, 0, 0), A0, a0 | (g—1)2 q? AgifAe S, Ay if Ae S’

We now consider certain characters of UZ and induce them to G. Now the
‘““ one-parameter subgroups” {(A, 0, 0, 0)}»er, {(0, o, 0, 0)},cr, €tc. are all isomorphic
to the additive group of F. By making use of these isomorphisms we see that there
exist characters e:(A,0,0,0) — &(d), ¢:(A,0,0,0)—>¢'(x) of the subgroup
{(A,0,0,0)} having the properties stated in Lemma 1.1. Similarly we define
characters ¢, ¢ of each of the three other subgroups.

(2.1) Consider the character of U defined by

A0, B —1, 0, , 0, 0) — ().
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This character can be extended to a linear character of UZ in two ways. We induce
these two characters of UZ to G, and denote the characters obtained by ¥, and 1.
Thus the representation associated with ¢, (1) maps —7 on I (—I). (The same
convention will be followed in the rest of this section.)

(2.2) Take the characters

O, 0pmBp—>1  (40,0,0)—>2);
(O’ Oy fhy B) -1, (’\’ 0,0, 0) - e,(’\)

and apply the same procedure as in (2.1). The two characters of G obtained from
the first character will be denoted by i, ¥, and those obtained from the second
character will be denoted by g, 55, Let o =1bg; +1baq, Yo =1b5; +¥55.

(2.3) Consider the characters

©0,0,p,8)—1, (0,,0,0)—>e(w), (A,0,0,0)— ()
and
0,0, n,8 —1, 0, «, 0, 0) — (), (A, 0,0,0) — £'(A).

Using the same procedure and convention as in (2.2), the four characters of G
obtained will be denoted by i3, Y3;, Pss, Pas.

Let b3 =131 + s, Y= + s

(2.4) Consider the character

(A, 0,u,0)— 1, ©, 0,0, B) — (B),

of the subgroup W. Extend this in two ways to WZ, and induce to G. We denote
the two characters obtained by 4, 3.
(2.5) Consider the character of W which is the sum of the two characters

(0’ 0,0, B) -1, (Aa 0,0, 0) - G(A)a (Oa 0, p, 0) g e(f")
and
0,0,0,8) —1, (A, 0,0, 0) — &(1), 0, 0, u, 0) — &'(r).

Again adopting the procedure of (2.4), we denote the two characters of G obtained
by s and 5.

We now give the values of the characters of G that we have constructed at the
classes of G. We have omitted the characters i3, . . ., and also the values of ¢, . ..
at A%, ..., Ays. At all other classes which are not mentioned the values of the
characters are zero.

Each entry in the table is to be multiplied by an integer which depends on the
column in which the entry is found. Thus, the value of ¢, at A4, is (g% — 1)(g*— 1), etc.

In computing these characters, we have made use of the identities (1.3), as well
as the following facts.

(2.6) The elements of W which lie in A4,, (422) are the elements of the form
0, 0, u, 0) where p € .S (S’), and the elements of the form (A, 0, v, —vX) where
A€ S (S’) and v is any element of F.
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Class A Az Az Az Az Ay Ag2
Multiplying | (¢2—1) q>—1 q>—-1 q—1 q+1 1 1
factor @-1
¥ 3 3@2-1) | Hg*—1) [$g*—29-1)|Hg—-1)?| 31 —-9) | 3(1—9q)
Y21 3 3g-1) |3g-1) ([32P—g—D|i(1—-q) | (@—Di|(g—1D&
+qé& +qé& .
Yoo 1 g—-1 | 3g-1 |3Qe*—q-1)|1(1-9g) |(@—DF| (g—1&
+q& +q¢
Y2 (=¥21+20) 1 -1 -1 2¢*—q—1 1—¢q 1-¢q 1—¢q
Ya1 3 Hg—-1) |[Hg-1) —-3(1+q) |$(1—-q)| -2 -
+q& +q&’
Y3z 1 Hg—-1) |[Hg-1) —-i(1+q) |41-9q)| ¢ —&
+q&’ +q&
3 (=1 +32) 1 -1 -1 —(1+9) 1—¢ 1 1
Ps 1q 3q9(g—-1) | ta(g—-1) -q 0 0 0
¥s q -q -q -q q 0 0

(2.7) The elements of W which lie in 43, are the elements of the form
0,0, — 218, B) (v, B € F), and the elements of the form (A, 0, ¥*A+ i, —vA) where v
is any element of Fand —Ap € S.

(2.8) The elements of W which lie in 43, are the elements of the form
(A, 0, v2A+pu, —wd) where v is any element of Fand —Au e S’.

3. Some subgroups of G. We first prove a lemma which will be used to show
the existence of certain types of subgroups of G.

LEMMA 3.1. Let G be the algebraic group (over F) of all nonsingular 4 x 4 matrices
X over a universal domain Q containing F as a subfield, satisfying XAX' = A where
Aisasin§l. If ac G, let a® be the element of G obtained by raising every entry in
the matrix a to its qth power. Let H be a subgroup of G. Then there exists an element
y € G such that y-*Hy<G, if and only if there exists an element z € G such that
z 'az=a"? for all ae H.

Proof. Clearly G is the subgroup of G consisting of all a € G such that a®=a.
The lemma then follows from a theorem of Lang [3] which asserts that for any
z € G there exists a y € G such that z=yy~@.

We now consider the following subgroups of G.

(3.2) Consider the elements

4 1
£t -1

cq

£ 1
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in G. Then b transforms every element ¢ of {a, b} to ¢?, and hence, by Lemma 3.1,
G contains a subgroup M, conjugate to {a, b} in G. Let M,={a,, x,}, where
al®1=x$=1, x{ 'a;x,=al. Let H,={a,}.

We give below the conjugacy classes of M, and the classes of G containing them.
Sometimes the class of G to which an element belongs depends on g. In these cases
we have just indicated the characteristic polynomial of the element. The elements
in question are always p-regular.

1, af@®+ 1,1 4g*+1) Ay, A}

ay H?—1),ieR| ¢*+1 By()

X1, X3, a¥x,, aix3 1,1,1,1 8 {x*+1}
x, aixg 1,1 8 {(x®+1)%)

In the tables of conjugacy classes of subgroups in this section the columns
contain, from left to right, (i) class representative, (ii) number of classes, (iii) order
of centralizer in the subgroup, and (iv) class in G. In the following, the use of
Lemma 3.1 to prove the existence of subgroups will not be explicitly mentioned
unless the details are not straightforward.

(3.3) Let M, be a subgroup of G which is conjugate in G to the subgroup of G
generated by

0 1 1
6-1 1 -1
69 -1 -1
6-1 -1 1
Then M,={a,, x5, y2}, with
af "t =xi=y3 =[x, 000 =1, x3'ayxs =aj  yi'amy, =a;%

Let H,={a,}. The conjugacy classes of M, are given in the next table.
(3.4) Let Hy={a,, b3}, M3={as, bs, X3, ys, z3}, Where

®Ifa,bed, [a,b]=a b ab.



Then we have the relations

- - o vd
ai™! = b§~! = [as, b3] = x5 = y;

X31ysx3 = z3,

-1 _
x5 'azx; = by,
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1, ae®-» 1,1 4g*-1) Ay, Ay
ay Hg-12%ieR| g*>—1 By(i)
=t | Yg—1),ieT: | 2¢°-1) Bs(i)
ah@* | Hg-3),ieTy | 2q*-1) By(i)
xs 1 4g-1) {2 +1)%
S 1 4g-1) D,
abxz Hg-3),ieTi | 2q—1) | {2+ +y~)
Yz 1 4(g+1) D,
a}@* vy, 1 4q+1) {2+ 1)%
asys Yg—1),ieTz | 2g+1) | {(x*—7)x*—9"")}
X2Y2, A2X2Y2 1,1 8 {(x2+ 13

= 2§ = [ys, 23] = [as, z3] = [bs, 3] = 1,

-1 — -1
Y3 azys = as -,

23- lbaza = ba- 1.

The conjugacy classes of M3 are given below.

1, (agbs)@-v/2 1,1 8(g—1)2 A, A
ag -yl 1 4q-1y? D,
db, asbg =o' 3g-3),3@-3),ieT: | 2(g—1)* Cs(i), C3()
(ashs)! ¥g-3),ieT 2(g—1)? By())
asbh (@-3)g-9)/8,i,jeT, | (g—1)* Bs(i, j)
i#j ‘
Y3, A3¥a 1,1 8(¢g—1) {(x*+ D)(x—1)%}
(asbs)@~V'2y;, (asbs) ™ V'%ag ys L1 8(g—1) {O+ D(x + 1%
akza, asbazs 3g-3),3¢q-3),ieT | 4g-1) |[{(x—y)x—y""
(x2+1)}
YaZa, Q3 YaZs 1,1 16 {(x2+1)%
Xs 1 4g-1) {(x*+1)%
S 1 4q-1) D,
abxs Hg-3),ieT 2@-1 | {2+ +yY)
X3Y3, A3X3Y3 1,1 8 {x*+1}

(3.5) Let M, be a subgroup of G which is conjugate in G to the subgroup of G

generated by
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1 1

Then M,={a,, bs, x4, ys, 24}, Where
ai*l = bi*! = [a, by] = X = yi =28 = [ys, 24] = [as, Zs) = [Ya, bs] = 1,
X{'paXy =24y Xilagxy = by,  yi'awys = ai',  zi'byz, = bil.

Let H,={a,, b,}. The conjugacy classes of M, are given below.

1, (asb,) e~ vi2 1,1 8(g+1)? Ay, A}
a(‘an)lz 1 4(q+ 1)2 D,
aj, aybg+ ol ¥Hg—-1),¥q-1),ieTz | 2(g+1)* Ci(0), C1()
(asby) Hg—1),ieT; 2(q+1) Be(i)
ayb} (@—1)(g—3)/8, (g+1)? B.(@, ))
i,jeTe i#j
(asba) @+ V/2y,, (asby) @+ V'%a,y, 1,1 8(g+1) {(x*+ 1)(x+1)%
Ve QuYa 1,1 8(g+1) {(x*+1)(x—1)%}
ayzs, diybaz, Hg—-1,¥g—-1),ieT, | 4g+1) | {x—9)x—9""
(x2+1)}
VaZa, QaYaZs 1,1 16 {(x*+1)%
X4 1 4g+1) D,
ag+ g, 1 4g+1) {(x*+1)%
ayxy 3g—1),ieT; 2q+1 | {GE=n)x*—n"%}
X4Y4, AeXs Vs 1,1 8 {x*+1}

(3.6) Let M be a subgroup of G which is conjugate in G to the subgroup
generated by

n 1 1 1
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Then M;={as, bs, ys, 25}, Where ag** =bi~'=y§=z8=[as, bs]=[ys, z5]=[as, z5]=
[bs, ys1=1, y5 tasys=as', z5 'bszs=bs *. Let Hs={as, bs}.
The conjugacy classes of My are given below.

1, a@*izpg-viz 1,1 4g*-1) Ay, Ay
agc + 1)/2’ bg’ -1/2 1’ 1 4(q2 — 1) D1
a, akb@ - ' g—-1),4q-1),ieT: | 2(g*—1) Ci(1), Ci()
b, byagt+ 112 3(g-3),3(g-3),ieTy | 2(¢*—1) Ca(i), C5(i)
asbi Hg—1)(g-3),ieT, q*—1 Bs(i, j)
jeT,
Ys, AsYs 1,1 8(¢g—1) {(x?+1)(x—1)%
Ysbg V12, a5 ysb-1I2 1,1 8(g—1) {(x*+1D(x+1)%}
zs, bszs 1,1 8(g+1) {2+ 1)(x—1)?%}
zsaf* V/2, bszalg - 12 1,1 8(g+1) {2+ 1)(x+1)%
aszs, asbszs Hg—1,3@g—-1,ieT: | 4g+1) | {(x—79)x—n"")
(x2+1)}
by ys, bsasys 3g-3),3g-3),ieTh | 4g—1) | {(x—y)x—7"H)
(x2+1)}
YsZs, Ysbszs, as yszs, asbs yszs 1,1, 1,1 16 {(x2+ 1)

(3.7) Let K be the subgroup of G consisting of all elements of the form

o

where A, B are 2x2 matrices. Then K is of order g%(g%>—1)%, and K~ S,(2,q)
x S,(2, 9)= SL(2, q) x SL(2, ).
(3.8) Let K; be the subgroup of G consisting of all elements of the form

Yoo - B

ny" . .
By~ vt - Eeh

,yi

Then |K,|=q(g—1), and K; is the direct product of a cyclic group of order g—1
and an elementary abelian group of order ¢q. Let

y 1 - - B |

y | c1
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Let K] ={K;, v}. Then v centralizes each bz and transforms u into #~!. We now give
the classes of K;.

1, wr@-b 1,1 29(g—1) A, A3
bg, ut@= Vb, q—-1,9—1,0#BeF 29(q—-1) Aa1, Az
u ¥gq-3),ieT, q(q—1) By(i)
u'by Hq—3)g—-1),ieTy, | qg—1) By(i)
B#0
v, uv 1,1 4q, 4q D,
bgv, bsuv q—1,q—-1,8+#0 4q, 4q See remark
below
REMARK. bguv, byv are conjugate in G to
1 2By~! 1 28
1 1 .
_1 2py and _1 o2 respectively.
-1 -1

Hence, of the g—1 elements b,u, 3(g—1) elements belong to Dg; and 4(g—1) to
D, if g=1 (mod 4). Similarly, 4(g—1) of the elements byuv belong to Dz, and
3(g—1) to Dy, if g=1 (mod 4). If g= — 1 (mod 4), Ds, and D,, are to be replaced
by D3, and Dg; in the above statements.

(3.9) Let K, be the subgroup of G of all elements of the form

7t 8Bt

-1

Y

78 =t (B € F, 3 an element of Q such that 82 = y).

.qt

Now 8?= — 8. Let K; ={K,, v} where

Then the element
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transforms every element ¢ of K; into ¢®. Hence there exist ze G such that
27 RKz=K;=G. Let z-'Kyz=K,,

n
-1
7
z71 i z=w,
n
n
1 5B
z-1 ! z=ds, zlWz=y.
B 1
1
The conjugacy classes of K; are given below.
1, warviz L1 2(g+1) A, Ay
dg, w*D2dy | g—1,9—1,8#0 | 2g(g+1) Asa, Asz
w Yg-1),ieT; a@q+1) Be(i)
widy Yg—17,ieT,, B#0 | qg+1) By(i)
w, yw 1,1 4q D,
dgw, dgyw q—1,9—1,B#0 4q See remark
below

REeMARK. Here 3(g—1) of the elements d;w belong to Dj; and 3(g—1) to Dy if
q=1 (mod 4). Similarly 4(g—1) of the elements d;yw belong to Dj, and 3(g—1)

to D33 if qu (mod 4). If q= -1 (mod 4), replace D32 and Daa by D31 and D34
in the above statements.

(3.10) Let L, be the subgroup of G consisting of all elements of the form

(BeF).

Then |L,|=2g(g—1). Let

U = - , and Lj ={L,, u,}.
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We put
y ) (PP 1
a7 )=l ) e
1 S | -1

The conjugacy classes of L are easily written down and they will be omitted here.
(3.11) Let L, be the subgroup of G generated by all elements of the form

n 1
7 @Ber) and |
€ a
+1 B ! 1

+1 1
Then z-L,z=L,< G, for some z € G. Let

7 1

1 1

cg =271 . z, and wuy=2z"1 | z.

-1 1

Let L,={gs, cs, k5(B € F)}. Again, the conjugacy classes of L; will be omitted. We
note that, in fact, z can be chosen such that L; is a subgroup of the subgroup K
of (3.7).

CERTAIN CHARACTERS OF SUBGROUPS OF G.

(3.12) Consider the subgroups K;, K; of (3.8), and the character u— 7,
b; — ¢(B) of K, where j is any integer.

[Here we make use of the isomorphism B — b, between the additive group of
F and the subgroup of K, consisting of all the b;.]

Induce this character to G and let p(j) be the character of G obtained in this way.

Now consider the characters

otn:u—>l, bB_>8(ﬁ), v‘—>_1,
iU —>1, by — £(B), v—>1,

of K;, and induce the characters «;;, a5 to G.
(3.13) Similarly we construct a character o(j) of G which is the induced character
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of the following character of K.: w — 7/, d; — ¢(B) (j any integer). We also con-
sider the following characters of K3, and induce them to G.

gt w—1, dy — &(B), y— —1,

Qgg: W — 1, dy; — &(B), y—1.
The values of p(j), o(j), of1, «$, o, 5, at the classes of G are given below. At

classes not mentioned the values are zero. Also, where there is no entry in the table
the value is zero. (We will stick to this convention throughout this paper.)

Ay A, As: Al Ags Alg

p() | @@+ D@ -1 | (=1Yg%g+1g*-1) | —2¢*| (—1)y*'2¢°

o) | ¢*g-Dg*—-1D | (—=1Yg%g—D(g*-1) —2q%| (=1y+12¢

ofi | 34%q+ D@ —1) 1@+ 1)@~ 1) —-q* -q°

ofy | 4@+ 1)g*-1) 1¢%(q+ (g - 1) -4° -4

ofi | 34%@—1(g*-1) 16*(q—-1D(g* - 1) -q? -4*

oy | 3a*(g—1(g*—1) 1°(@—1)(¢* - 1) -4 -4°
Bs(i) Ba(i) Bs(i) By(i) D, D3y | Dsy | Dag | Das

@-1 | —G"+5)
p() F'+57Y)

. @-1 |-@+77Y)
G(]) (,,741 +1 -U)

q q
a(l;l 2 2 2
q°—1 -1 —a(g®-1) q9 | q
—q -q
a?z 2 2 2
q°—1 -1 39(g*—1) -q | —q
agl i i
q*—1 -1 —-39(@®*-17? ¢q q
P -9 | —q
22
q?—1 -1 19(g>—1)* | —¢q —q

REMARK. In reading the values at D;; to Ds4, the upper entry is to be taken if
g=1(mod 4) and the lower entry if g= —1 (mod 4).

(3.14) We now introduce certain characters of K. Since K~ SL(2,q) x SL(2, q),
any two characters p and o of SL(2, q) give rise to a character p x ¢ of K which has
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the value of p at 4 multiplied by the value of o at B. Now there exist families of
characters A(i), X'(j), (i, j are any integers) of degree 1+¢, 1—g respectively of
SL(2, q). (See e.g. [2].) Hence we have characters A(i) x A'(j), A(7) x A(j), A'(F) x X'(j)

of K.

We also give below four characters p; (i=1, 2, 3, 4) of SL(2, g) which will be
used to construct characters of X (see [5, p. 103]). Let t=4(g—1).

()

)

i
(7 v“)’iETl

i
("7 _i),ie T2
n

A() 1+¢ -d+q Py

X 1-q (-1d-9 MY

7 11 +9q) (-4 +9) (-

Ha 1(1+9q) (=140 +9 (-1

Ha (1—q) (=D —q) (-1

s i(1-9) (=D"*4(1-9q) (-1y
(o [ (3] ) (D)

1 1 -1 -1

A() 1 1 =1y =1y

X() 1 1 (-1y (-1y

™ - —& (=1)t+1 (—1)+1g

b2 —& -z (=D (=D

Hs - —& (=1 (=N

pa —& — (=& (1)

(3.15) We now consider the subgroups Lj, L; of (3.10) and (3.11). Let
8, (i=1, 2, 3, 4) be the characters of L; given by

S1:81 > —1,
8084~ —1,
83:8, —~> —1,
8181 —> —1,

¢ — (— l)t,

¢ —> (_ l)t,

e — (=1,

e — (=1

u — 1,
u1—>],
u1—>1,

u, —> 1,

hgy — £(B),
hs — £(B),
hs — =(B),
hg — €'(B).

Let §; (i=1, 2, 3, 4) be the characters of L; obtained by replacing g, by g, ¢; by
Ca, Uy by Uy, and h; by k, in the definitions of 8, (i=1, 2, 3, 4).
We give below the induced character &§. The others can be obtained in a similar

way.

Ay, A4

Az, A2

Aze, A2z

Cs(i)

C3()

Cal)

1¢%(q+1)(g*—1)

1q%(g+1e

1%+ 1&

(=D'Hg*-1)

(=1D*4(g*-1)

(-1
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C42(i) C;l(i) C;Z(i) Dl D2h D23 D22, D24

(=D | (=D | (=D | (= 1)Hg@+1) (—DHg(g+ 1)z | (—1)4qg+1)&
@>-1

We will also need characters 85, 85 of degree 2 of L, L, respectively defined as
follows.
85 is the sum of the characters

g1~ 1, u, — 1, ¢ — 1, hy — &(B);
g1, u — 1, ¢ —1, hy — €'(B) of L.

85 is the character of L; obtained by replacing g; by g, #; by u,, ¢; by ¢, and
hg by kg in the above definition.

4. Families of characters of G corresponding to the families of classes B,(i) to
By(i).

(4.1) Consider the subgroups H;, H, defined in (3.2) and (3.3), and the linear
characters B,(J), B:(j) of Hy, H, respectively given by

Bi():ar =T, Bu(j):as— 0 (J any integer).
We define characters y,(j), x2(j) (for any integer j) of G by

x:() = BIU) — 1 —ha—3(3q— Sy —ha—(g—2)ps, if jis even,
= B{()—¥1— 2 —3(3q— Sy —s—(g—2)s, if jis odd.

x2() = BS()— p()—0(j) + 1+ P2 +3(3g— Diba+ s+ (g —2)s, if jis even,

= B3()—p())—o()) +¥1 +¥2+1(Bg— D+ +(g— 25, if jis odd.
(For the definitions of y,, i, .. ., see §2.)

We thus get two families {y,(j)} and {x2(j)} of characters of G of degrees (1 —g?)?
and 1—g* respectively. We note that the values of all the characters of a family
at A,, ..., A4 are the same, and these values are polynomials in gq.

(4.2) Consider the characters A(k) x A(J), X'(k) x A'(]), A(k) x X'(!) of the subgroup
K, where k, [ are integers. Let

xa(k, 1) = [Mk) x A(D)] = p(k + 1) — p(k — 1) + 21 + 24p5 — (2 — 393 + 24 — 2(1 — g s,
if k+11is even,
= [AKk) x XD — plk+ 1) — p(k — 1) + 2 4 25, — (2= 3q)hia + 2 — 2(1 — )5,
if k+1/is odd.
xalk, 1) = N(K)x X (D] —o(k+1)—olk — 1)+ 21 + 2o — (2= 3q)ps + 2 — 23— q)¢ps,
if k+11is even,
= [N(k)x N (D] —o(k+1)—o(k—1)+ 2 + 25 — (2= 3q)s + 243 — 23— q)¢s,
if k+1is odd.
xs(k, 1) = [N(k) x A(D)]¢ +¢s, if k+1is even,
= [N(k) x \()IS+¢5, if k+1is odd.
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These three families of characters are of degrees (1 +¢)%(g%+1), (1 —¢)2(1 +¢?) and
1 —q* respectively. The values of these characters at the classes of G are given in §8.
We note that y,(j)=x.(k) if j=k (mod ¢2+1), etc.

In order to consider the irreducibility of these characters, we prove the following
two lemmas.

LemMMA 4.3. Consider the 5 x 5 matrix

(1-¢%? 1-¢* (1+9)*(1+¢*» (1-9)*(1+¢> 1-g*

1-¢*> 1-¢* (I+9)? (1-9) 1+¢?
(Ryp) = l+q l1—¢q 1+¢g 1-3¢ 1+¢
l-qg l4¢ 1+3q l1—q I—q

1 1 1 1 1

Between the columns of this matrix we have the relations

1 z,
Z s, RysRyy = 837 t_Z’

where s;=q*q*—1)(q*—1), s2=q*(g*—1), 53=2¢%(q—1), 54=2q°(q+1) s5=4>
Zl=22=25=4, 23=Z4=8, tl =q2+ 1, t2=q2_ 1, t3=(q— 1)2, t4=(q+ 1)2, t5=q2— 1.
LemMaA 4.4. Consider the 2 x 2 matrix

l+q l—q)

Ke) = ( o

Between the columns of this matrix we have the relations

1 2
; a_a KepKsy = 837 '5;’
where a, =q(q®>—1), a;=q, by=q—1, by=q+ 1. (Compare [2, p. 431].)

Since the proofs of these lemmas are a routine verification of their statements,
they will be omitted. The meaning of these lemmas will become clear when we
prove the next lemma.

Consider the linear characters

a, =05 a0, ay—9, b=
~ ~1. ~ ~l.
04—>7]k, b4—>771, as—>")ks bs — 7

of H,, H,, H;, H,, H; respectively (j, k, [ are any integers). Let #,(}), ¢2(}),
da(k, 1), da(k, 1), és(k, ) be the characters of M;, My, M3, M,, M respectively
induced from these characters.

LEMMA 4.5. The scalar -product of two characters belonging to distinct families
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{x:())}, . . . is zero. For characters belonging to the same family, we have the following
relations.
@6) (6, xik) = (), k) (=12
(ks 1), xim, m)) = (bi(k, 1), (m, n)) (i = 3,4,5).
(Compare [2, p. 431].)

Proof. We first remark that the entries in the five columns of the matrix (R,;)
of (4.3) are just the values of the five families of characters {x.()}, {x2(/)}
{xs(k, D)}, {xa(k, D)}, {xs(k, I)} at the classes A, Ay (Or Asp), Az1, Az, and Ay
(or A,,) respectively. Further,

Lol6 o 6 el _d6l o lal
|4, | Ag1| + |22l | 431 | Aas| [Aa1] +[Aaz]

|t;| =|H|, z:] M; : H;|. Next, we see that since each H; is normal in M;, ¢,(j), ...,
#s(k, 1) vanish outside Hy, ..., Hs respectively. Also x,(j), ..., xs(k, /) vanish on
all elements of G, whose p-regular factors do not lie in H,, ..., H; respectively.

To prove the first assertion of the lemma consider a scalar product of two
characters from different families {x;(j)} (i=1, 2), {xi(k, 1)} (i=3, 4, 5). We consider
the contribution to the scalar product from all elements of G whose p-regular
factors are conjugate to a fixed element of G. In other words, we consider separately
the contributions from {4y, ..., Asw}, {41, ..., A}, {Bi@)}, ..., {Bs(, )},
{Bs(), Ba(i)}, {Bs(i), Bs(i)}, {Ca(i), Can(i), Coa(i)}, {C1(0), Ca1(i), Caz(i}, {Co(i),
Cy1(0), Cas()}, {C3(i), Car(i), Cag(i)},{D1, . . ., Dag} (Where i, j, ... run over suitable
index sets). Using Lemmas 4.3 and 4.4 we see that each such contribution must be
Zero.

Similarly we compare the contribution from each of the sets to the left-hand side
of (4.6), with the contribution from the intersection with M; of the p-regular class
contained in the set to the right hand side of (4.6). We see then, again using Lemmas
4.3 and 4.4, that (4.6) holds. The details are omitted.

Using Lemma 4.5 we can now construct irreducible characters of G. It is easy
to see that ¢,(7) (¢2()) is an irreducible character of M, (M,) if and only if j € R,
(j € Ry). Hence, corresponding to these values of j, we get 3(g®>—1) irreducible
characters in the family {y,(j)} and 4(g— 1)? irreducible characters in the family
{—=x2(j)}. Similarly xs(k, /), xa(k, 1), xs(k, I) are irreducible if and only if k, [ € T,
k,1€T,, k €T, ] €T, respectively. We have thus constructed families of irreducible
characters which correspond to the families of classes {B;(i)}, ..., {Bs(i, )}, and
in each family there are as many irreducible characters as there are conjugacy
classes in the corresponding family.

We now construct four families of characters which correspond to the families
of classes {By(i)} (k=6, 7, 8, 9).

LemMA 4.7. For each integer k, the function f(k) which takes values on G as given
in the table below is a character of G.

S
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Al, A;. A21a A22’ Alzb Afn Aah Aél A32; A:’sz A41, A,Qly A42’ A;2 BZ(’)
2(1+4? 2 2(1+q) | 2(1—¢q) 2 P4 pte gtk gtk
Bs(i, j) By(i, j) Bs(i), B1(i) Byg(i), Bo(i) C1(®), C1()
G+ B FE+7 %) | @GF+F7F) | GG EEL2 | PR | (1 —q)(FF +7)
#*+777%)
CZl(i)» Cél(’) C41(i), C;I(i)y D21, D22; D:uy Daz,
Caa(i), Coa(d) Cs(i), C3() Cas(i), Ci2(0) D, Dy3, D2y | Dss, Dy,
S I +g)F*+57%) Frpie 2(1+g3) (=1 | 2(—1)* 2(—1)*

Proof. Let 7(k) be the character of degree 6 of G which has as its value at an
element a of G, the image under the isomorphism (from the multiplicative group
of F into the multiplicative group of complex numbers) described in §1, of the
second elementary symmetric function in the kth powers of the characteristic roots
of a. (To sée that such a character exists, see [2, p. 415]. This is o% in Green’s
notation.)

Then we see that f(k)=r(k) —xs(k, k) —x1(k(g+ 1) —26,) where 6, is the identity
character of G. Formally,

4.8) Slk) = Ixa(k(g+ 1)+ dxa(k(g— 1) +3xs(k, k) +3xa(k, k).

Suppose k is not a multiple of 4(g+ 1) or $(¢—1). Then, using Lemma 4.5 we see
that (f(k), f(k))=2. Hence f(k)={,+; where either {; or —{; is irreducible
(i=1, 2). Now let, for a fixed &,

&1 = xa(k, k), g2 = xa2(k(g—1)),
8s = xa(k, k), g+ = xa(k(g+1)).

Then (gi, g,)=28;; and (g, f(k))=1, each i. Hence the g; must be of the form
Li+a, 8 —a, {+PB, {s—B where « and B are characters distinct from the {; and from
each other, and either «(B8) or —«(—B) is irreducible. We can assume that g, =, +e.

Case 1. Suppose g,={, —«;then 4(g, +g,) is a character. Consider the restriction
of g, +g,4 to the cyclic subgroup H,.

]’ agﬂ—l)/2 alz a‘z“” 1) alz(q-l)
i#20 (modg+1), i=1,...,9-2, i=1,...,q,
i#20 (modg—1) i#3@-1) i#¥g+1)
g1t+g.| 2(1—-g)(1+4¢% 27 +57%) (A -@)F*+72%) | (1 —@)F*+7~*%)?
+2(1+9)
2 ,?lk_i_,j;—lk 72{k+?-24k 2
b | 4+2q-D0+6) A+ +572%) | @=DE*+1729)




1968] THE FINITE SYMPLECTIC GROUP Sp(4, q) 509

Since the function in the second row of the table is a character, the function 4,
in the third row is a character of H,. If 3(g,+g,) is a character of G, then 1A, is
a character of H,. We shall prove that this is impossible. Now #; =4(g— 1), +hs+hy,
where hy, hg, h, are the characters of H, given below.

he He*-1)
hs 2(q+1) (g + 1)F?* + 5-2tk)
hs 2(¢-1) (g — 1)(F2% 47~ 2t%)

Suppose 72*# 1, —1 and 2% 1, — 1. Then there is an irreducible character of H,
occuring in h; with multiplicity 1 which does not occur in A, (e.g. the character
defined by a, — 62¢*2-1), This shows that 34, cannot be a character of H,.

If 72¢=1 then k is a multiple of 4(¢—1) and if 42*=1 then k is a multiple of
1(g+1). But, since *=0%a+D 7k =fka-1 the case y?*=72= —1 is impossible.

Case 2. Suppose +(g, + gs) is a character. We restrict g; + g to the subgroup H,.

gitea | 21+¢)7 4G +7797 | (1—@*+77%)
hs | 21+q7—4 (L@ +5779) | (L=q)*+7~")

The function hs is a character of H,. If (g, +g3) is a character of G, then 445 is a
character of H,. An argument similar to that of Case 1 shows that this is impossible.
Hence we have shown

LEMMA 4.9. Let k be an integer which is not a multiple of $(q+1) or 3(g—1). Then

the class functions 3xu(k, k)+4ixa(k(g—1)), Ixa(k, K)—3xa(k(g—1)), *xalk, k)
+3xa(k(g+ 1)), Ixs(k, k) —Lxo(k(g+ 1)) are characters of G. We denote these families

by {xs(k)}, {x=(k)}, {xs(k)} and {xo(k)}. They are of degrees (1—q)(1+4¢°),9(g—1)(1+4),
(1+g)(1+¢?) and q(1 +q)(1 +q?) respectively. We get 3(q— 3) irreducible characters

in each of the families { —xe(k)}, {x:(k)}, {xs(k)} and {xs(k)}.

The remaining values of k& will be considered in (7.4). We shall then prove that
IxaG(g—1), 3(g—1)) £ Ix2(3(g—1)?) are also irreducible characters.

5. Characters corresponding to the families of classes {C,(i)},..., {Cy(i)},

(GO .., {Ciali)). |
(5.1) Consider the subgroup K, and, for any integer k, the characters A(k) x Ao,
N(k)x A, of K, where A, is the identity character of SL(2, q). Define characters

&1(k), £s(k) of G by
E1(k) = [N(k) X X]°—o(k) + by + b —3(1 = 3q)a+bu+(g—3)s,  if k is even,
€3(k) = [A(k) X Xo]® = p(k) + 1 + 2 —3(1 = 3qWs+ s+ (g — 15, if k is even.

If k is odd, replace ¥, in the above definitions by ;. The same convention will be
followed in the rest of the paper.
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Then we see that
1(k) = Ixu(k, g+ 1)+3xs(k, g 1),
fa(k) = %Xa(k, q— 1)+%Xs(€l+ 1’ k)'

Define ¢1(k), £5(k) by

" Ek) = —xuk, g+ 1)+ £u(K),
£5(k) = xa(k, g—1)— &x(k).

Again by using Lemma 4.5 we see that for k € T,, {—¢,(k)} and {—§1(k)} are
irreducible characters of degrees (g—1)(g>+1), g{g—1)(¢>+1) respectively. For
k eT,, {&(k)}, {&(k)} are irreducible of degrees (g+1)(¢%+1), gig+1)(g%+1)
respectively.

(5.3) Consider the characters p,x A'(k), u; x Ak) (i=1, 2, 3, 4) of K, for any
integer k. Let

(5.2)

£21(k) = [pa X XN(k)IS+ sy,  if k+12is even,
Eao(k) = [pax XN(k)IS+ 45,  if k+tis even,

£1(k) = [pa x X(K)°—a(k+t+ 1)+ +pa—3(1 =305+ s+ (g —3)bs — Y1,
if k+t+1 is even,

§a0(k) = [pa x X ()¢ —olk+ 1+ 1)+ + 92— 3(1 = 3q)s+ s+ (g — 3)s — haa,
if k+t+1 is even,

£01(k) = [ x M) — plk+ 1)+ b1 + o —3(1 = 3q)a + s + (g — Dihs — 3,
if k+1tis even,

$aa(k) = [pa X MR)IC— p(k+ 1)+ + o —3(1 = 3905+ s+ (g — Dps — sy,

if k+1tis even,
Eaa(k) = [pax MK)JC+4bs;,  if k+1t+1is even,
§iak) = [max MR +4gs,  if k+1+11s even.

Then we have equations
£21(k) + £22(k) = xs(k, 3(g—1)),
£21(k)+ £2a(k) = xa(k, 3(g+ 1)),
§a1(k)+ €aa(k) = xas(3(g—1), k),
€a(k) + £aa(k) = xs(3(g+1), k).
We can verify directly that

(éa1(k), €202(K)) = 0,  (£21(k), £35(K)) = 0,
Ea(k), £ia(k)) =0,  (£a(k), £ua(k)) = 0.
Hence, by a further application of Lemma 4.5, we see that for k € T;, we get four

families {— £4,(k)}, {— &ua(k)}, {£41(K)}, {€4a(k)} Of irreducible characters of degrees
Hg* =), Hg*-1), g+ 1)*(g?+1), 3(g+1)%(g®>+1) respectively. For k € T, we get

(5.4

(5.5)
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four families {— ¢&,,(k)}, {— &22(k)}, {€21(K)}, {€ax(k)} of irreducible characters of
degree 3(¢*— 1), 3(g*—1), 3(g—1D)*(g*+1), 3(g—1)*(g>+ 1) respectively.

We remark that there does not appear to be a clearly defined correspondence
between irreducible characters and conjugacy classes in this and subsequent
sections. However, we can say that the set of characters {£,(k)}, {£&(k)},.. .,
corresponds to the set of classes {C,(i)}, {C1()}, .. ..

6. Characters corresponding to the classes D, ..., Dg,. Consider the following
characters of G:

fi = €u(g-1), fo = &ulg+)),

fa = €i(g-1), Jo = &g +1),

g =&G@g+1), k= &@Gg+D).
Using (5.2), (5.4) and (5.5) we can show that

o f) = 28, (&) =1 (alli),
W =0f)=1 GBf)=0f)= -1

It then follows that the f; must be of the form {; + s, {; — s, {3+ &4, {3 —Ls, Where
either {; or —{; is irreducible (i=1, 2, 3, 4). We consider the values of 3(f;+f)
(i=2, 3, 4) at the class A4, of G. We find that only 3(f; +/,) is integral at 4,,. Hence
the {; must be the characters 1(f; + f,) and 4(f2 £ f;). Thus, we have characters

Héa@—D+86a(g+ 1)), Héa(g—D+Eu@@+ D),
Héul@-D)—&a(g+1)),  3Héalg—D- &g+ D]

which will be denoted by ®,, ®,, ®;, D,, and are of degrees 1(1—qX1+43),

1(1-9)(1+4%, 39(1—gX1+4¢%), 3g(1—4g)(1+g®) respectively. The (—@,) are
irreducible, for each i.
Similarly we can show that the functions

éa(@—D+822q+D]  3Héwe(g—D+Ea(g+ 1]

Héa(@g—D—€ax(g+ 1], Héw(g— D) —Eanlg+ D],
are irreducible characters of degrees 3(1 +¢)(1 +4¢2), 3(1+¢)(1 +4¢2), 39(1 +¢)(1 +¢?),
4q(1 +g)(1 +g°) respectively. They will be denoted by @5, @, ©,, Oq respectively.
We now construct a further irreducible character of degree g(g?+ 1). Consider the
characters p; X pg, g Xy of K. Let 7, be the character «;; (see (3.12)) of K if
g=—1(mod 4), and «,, if g=1(mod 4). Let r, be the character «; of K; if
g=—1 (mod 4) and «y; if g=1 (mod 4). Then let

Oy = [y X 2] — [ X pg]+ 7§ — 7§ + 5.
Then
Dy = }xs(Hg—1), 3g— 1)) —x.((g+ 1), Hg+1)),

showing that @, is an irreducible character of G.
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7. Characters corresponding to the classes 4,, ..., Ay, A3,..., Ago. There are
fourteen irreducible characters of this type, of which two are the identity character
and the Steinberg character [6].

(7.1) Consider the subgroups M,, M3, M,, and characters {,, {3, {4 of My, M,
M, respectively defined by

£2:02—)—'l, xz"—>l, y2—>l,
§3:03—>—1, ba-)-l, x;;—)l, y3—>1, 23—91,
Lyia,— —1, b, — —1, xs— 1, ya—> 1, 2, — 1.

We compute —{§+¢§+ {§. By the choice of the subgroups and the characters,
the contribution to this character from the elements of M,, Mj; M, outside
H,, H3, H, is zero. (This situation will be encountered several times in this section.)

Consider the characters 8,, 8,, 83, 8; of (3.15). Let

0, = —L§+L5+ 1§ —8F — 855+ oy — (1 — @)y — 3(1 —q)s,
0y = — L5+ L5+ — 85— 8.+ o — (1 — @) —3(1 —q)s.
Then, 8,, 0, are of degree 1g%(g2+ 1) and
0+ 0, = xs(k(g—1), 3(g— 1)) +3x.(3(g+ 1), 3(g+ 1)) —Ix2(3(g*— 1))

Thus, (0, +0,, 6,+6,)=2. We can verify directly that (8,, 6;)=0. Hence 6, and
0, are irreducible.
Now define characters 85, 0, of degree (1 +42) by

O3+ 0, = [pg X p3]C+ [pg X pa)®— 7§ — 7§ + 21 + o+ 2 — Dips + (g — 2)hs — a1,
0+ 05 = [pg X pg]®+ [ty X )% — 7§ — 7§+ 241 +bo + (29— Dipa + (g — 2)¥s — P32,
where
' M=o,  Ta=oay  fg=1 (mod4), and
Ty = Oy1, Tg = Ogg ifg= —1 (mod 4).
Then
O3+ 0, = Ixs(3(g—1), 3(g— 1)) +IxsG(g+1), g+ 1)) +1x.(3(g* - 1)),

and again we can show that 0;, 0, are irreducible.
(7.2) Consider the subgroups M,, M and characters {;, {; of M, M respec-
tively given by
Loy —> -1, x—1,

l5:a5—>—1, b5-—>—1, y5’—>1, 25—>1.
Define characters 05, 85 of G by

05 = —{F+8— 88— 8+, +(g— Dfiar +3(g— s,
O = — L8 +18— 8 — 857+ +(g— Dz +3(g— D5,
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and characters 0,, 05 by

05+ 07 = [1eg X (11 + p2) 1+ 21,
O+ 05 = [pa X (114 p2)]¢ + 30
Then

05+ 06
67+ 0

—x1((g*+ 1) +xs3(g + 1), 3(g— 1)),
x1G3@®+ 1) +xs((g+ 1), 4(g— 1)),

and again it can be shown that — 05, — 0, — 0,, — 05 are irreducible characters of
degrees 1g%(q>—1), 39%(¢®— 1), 3(g®— 1), 3(g®— 1) respectively.

(7.3) We first construct four characters K;, K,, K3, K, of G of degrees gq(q%+ 1),
q(g%+1), q%, q2 respectively, which will be used to construct four irreducible
characters of G.

Take the subgroups M;, M, and characters ps;, pss of M3 and pyy, pag Of My
given by

Il

pa1: az — 1, b; — 1, X3 — 1, ya— 1, z3— 1,
pag: Az —> 1, by — 1, x;— —1, ys— —1, zg—> —1,
pa1s @y —> 1, b, —1, Xy —> 1, Vs — 1, zy —> 1,
Pag: @y —> 1, b, — 1, Xy —> —1, Ve —> —1, zg —> — 1.

Consider the characters of degree g(q%+1)

P51+ pSe— p§1 — Pz + a§y — ofy + 855 — 8 + s,

P51+ p§2 — p§1 — pla + @fo — of o + 85 — 8¢ + .
(For the definitions of 85, 85 see (3.15).) These two characters are identical on all
classes of G except Dj;, D3o, Dgs, D3s. On these classes one of them, which we
denote by K, takes values (g, —g, —¢, q); the other, which we denote by K,
takes values (—q, q, ¢, —q). Let 'y, T'; be class functions on G which take values
@ —4, —q,q) and (—q, q, g, —q) respectively on Dg;, Dgy, Dag, D34, and vanish
on all other classes of G. Then

Ki = Ixs(g—1, - D) —dxu(g+ 1,9+ D+ Ty,

Ky = dxs(g—1,9—1)—Ixs(g+ 1,9+ 1)+

Thl.lS (KI’ K2)=0 and (Kl, K1)=(K2, K2)=2.
Now consider the following characters of M,, M,, M3, M,, M; respectively:

gia; — 1, X, —> 1,

09t ay — 1, Xy —> —1, Yo —> —1,

o3:az — 1, by — 1, x5 — 1, yzs— 1, z3— 1,
04t 0y — 1, by, — 1, Xs— 1, ya—> 1, zg— 1,

o5: a5 — 1, by — 1, ys —> 1, zs — 1.
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Consider the characters of degree g2

— 0 + 0§+ 0§ + 0 — 0f + o, + g + b1 + Yo+ Hq— Do+ hut (g— 2,

—of +o§+o§+of—of+afy+afy +ih +iha+3q— Dia+de+(@—2)s.

(Note that, as in (7.1), the contribution to — 0§+ 0§ + 0§+ ¢ —of from the classes
of the M, outside H, is zero.)

Again, we get two characters K3, K, which differ only on Dg;, Dy, D33, Dag,,
and

K3 = —dxi(@®+ D) +3x2(g*— D+ixs(g—1,9-1)
+ixa(g+1, g+ 1) —2xs(g+1,g—D+Ty,

Ky = —dn(@®+ D) +ixa(g®— 1) +dxalg—1,9-1)
+ixg+1, g+ 1) —2xs(g+1,g—1)+Ty,

where I';, T', are the functions defined above.
We have the following table for the scalar products (X, X)).

K, K, K; K,
K, 2 0 1 -1
K, 2 -1 1
K; 2 0
K, 2

Since (K,, K3)=1 we can assume that K; =v, +v,, Kz=v, —v, where v, or —v, is
irreducible (i=1, 2, 4). Then K, must be either —», +v, or vz +v, for some v; which
is distinct from v,, v, v, and is such that — v or vg is irreducible. But if K= —v; +v,
then either (K, — K,) or its negative is an irreducible character, which is impossible
since it is of degree 0. Hence we have K;=v,+v,;, Ko=vz+v,, Kz=vi—vy,
K,=v;—v,. These equations are not sufficient to compute the »,. For this purpose
consider

Ks = £3(g—1)— b,.
Now
0o = 3x:1(@*+ 1) +3x2(®— 1) +3xs(g—1,9—1)
+%X4(q+ 1’ ¢I+ 1)+iXs(Q+ l’ q— 1)’
and
&(g—1) = dxs(g—1,g— D) +3xs(g+1,9-1),

and so (Ks, K))=0 (i=1, 2, 3, 4). Thus Ks=v,+v, or Ks=vy+v;.
Suppose Ks=v,+v;. We consider the restriction of the class function (K, + K5s)
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to the abelian subgroup V of order 442 consisting of all elements of the form

e

+1
(A, peF).

This function has the following values at the classes of G which meet V.

Aly A;. A2l’ A;h A31, Aé 1 A32y Aéﬁ A!l) A;l, Dl D2ls D229 Dax; D:u D32) D33
A22’ A;Z A(Z’ A;Z D237 D24

19(1+4®| 39(1+9) q 0 0 3(1+9)?| 3(1+q) | 3(1—9) | 3(1+9q)

[We remark that 3(K;+ K;) has the same values as 3(K,+ K;) on all the classes
of G except Dgy, D3y, D33, Dgy. At these classes it has values 4(1+¢), 3(1—¢q),

3(1—q), 3(1+¢q) respectively.]
We consider the scalar product of the restriction of 4(K,+ K;) to V with the

character of V defined by
1 A 1

— e(A)e(u), : -1,

— 1.

This scalar product is seen to be

Hg+1), ifg=1 (mod4),

1(g+3), ifg= —1 (mod4).
This shows that (K, + K;) cannot be a character. Hence K =v, +v,, and this enables
us to compute the characters vy, v,, v3, v4. We thus get four irreducible characters
of degrees q(1+9)%/2, g(1 —¢)?/2, q(1+43)/2, q(1 +4%)/2, and we denote them by
09’ 010, 011’ 012'

(7.4) We now show that the functions 3y.(k, k)+3x(k(g—1)), xs(k, k)
+3x2(k(g+ 1)) are characters of G also for the values of k which were omitted in
§4, i.e. for k a multiple of 3(g—1) or 4(¢+1). We note that, by (4.8), for a fixed k
it is enough to show this for one of these four functions.

Case 1. k is an odd multiple of 3(g—1). Then ys(k, k)=xs(3(¢—1), 3(¢9—1)),
xa(k(g+-1))=x2(3(g>— 1)), and 3xa(k, k) +3x2(k(g+1)) = Do+ 05+ b,.
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Case 2. k is an odd multiple of 3(g+ 1). In this case
Ixa(k, k) +3x2(k(g—1)) = — Do+ 05+ 0,.

Case 3. k is an even multiple of $(g—1). In this case

Ixa(k, k) +3xa(k(g+ 1)

Ixs(g—1,g—1)+1xx(g*— 1)
= 09+ 611 + 90~

Case 4. k is an even multiple of 3(¢+1). Then

Ixalk, k) +3xa(k(g—1)) = —0,0— 012+ 6.

We can now define characters yg(k), x7(k), xs(k), xo(k) as in Lemma 4.9 for any
integer k. We also get one more irreducible character in each of the families
{—xs(k)} and {x,(k)}.

(7.5) We now give a simple construction for the Steinberg character [6] of G,
which will be denoted by 6,3.

Let A,, Az, A4, As be the identity characters of M,, M3, M,, M respectively,
and let A; be the character of M, defined by a, — 1, x, — — 1. Then the character
A — A§+ A§+ A — A§ is of degree g%, and is irreducible since it is equal to

@+ D—dxa(a®— D+dxs(@—1, g— D +3xalg+ 1, g+ D) —dxs(g+1,9—-1).

We have now exhausted all the irreducible characters of G, since we have as
many as there are conjugacy classes of G.

8. Table of characters. The table that follows contains the characters of G that
were obtained in the previous sections. In the case of families of characters indexed
by parameters, the parameters take rational integral values. The values of the
parameters for which the characters are irreducible are indicated in the table. In
some cases it is the negative of a character that is irreducible, and this will not be
mentioned explicitly in the table.

The values of the characters at the classes A5, ..., A4, are omitted, since they
can be obtained from the values at A,y, ..., A4, A}. Similarly the values of the
characters at the classes Ci(i), ..., Cys(i), Dog, Doy are omitted.

It is sufficient to give the values of one character from the pair {£;,(k), £24(k)},
for the values of the other are then got by replacing & by &’ and &’ by &. A similar
statement holds for the pairs {£3:(k), €22(k)}, {€a1(k), aa(K)}, {€a1(K), €ia(K)},
{D1, @o}, { D5, O}, {Ds, De}, { D7, g}, {61, b2}, {03, b4}, {05, b}, and {67, bg}.

Finally we omit the values of the characters at the classes Agq, 449, Cas(i), Cya(i),
Dy, Dgs, D4, as these can be obtained from the classes A4y, A4;, Coi(i), Cag(i),
D,,, Dj,, D, by replacing & by & and &’ by &. Again, the absence of an entry in the
table indicates that the corresponding value is zero. We also use the abbreviations
t=3g—1), o;=7+777, B;=7+477, and s(k, ) =(-1)*+(-1)".
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