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Introduction

1. Throughout this paper we denote by R an open Riemann surface and by R,
a relatively compact subdomain of R with the relative boundary dR, consisting of a
finite number of mutually disjoint closed analytic Jordan curves. The open set
R, =R-— R, can be considered to be a neighborhood of the ideal boundary 8 of R.
For the sake of simplicity, we denote by « the common relative boundary 0R,=@éR,
and we fix the orientation of « positively with respect to the domain R,.

A harmonic differential o defined on R, =R, U « is called a harmonic singularity
at B and in case | &, OA ¥o <00, we say that the singularity o at g is removable. A
harmonic differential A on R is said to have the harmonic singularity ¢ at B if A—o
is a removable harmonic singularity at 8. The purpose of this paper is to discuss
the following

PROBLEM A. Find a harmonic differential A on R having a given harmonic
singularity o at B.

It is known (Ahlfors-Sario [1, p. 300]) that Problem A is solvable if o and *o are
the restrictions to R, of some closed C*-differentials on R. We shall prove that if
R ¢ Og, then Problem A is always solvable, and if R € Og, then Problem A is
solvable if and only if [, o= [, *o=0 (Theorem 2).

2. InProblem A, we may assume without loss of generality that o is a C*-differen-
tial on R whose restriction to R, gives a harmonic singularity at B. In fact, take a
subdomain R, of R such that R,= R, and ¢ is harmonic on R—R,. We find a C'-
function ¢ on R such that ¢ =1 on a neighborhood of R, and ¢ =0 on a neighbor-
hood of R,. Then ¢o can be considered to be a C*-differential on R and ¢¢|R; =0.

Let I'=T'(R) be the Hilbert space of all square integrable differentials on R which
is the completion of square integrable C*-differentials on R with respect to the
inner product (w;, wy)=[ w, A *w,. We denote by I'yo=T,o(R) the closure of
Iy =T.8(R)={df ;fe C(R)}in I, where C(R) is the totality of C*-functions on
R with compact supports. We also denote by *I';o=*I",o(R)={*w ; w € ',x(R)}.
Then we have the de Rahm decomposition of T':

(M [(R) = Teo(R) @ *Teo(R) @ Tu(R),
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where I',=T",(R) is the totality of harmonic differentials in I'(R). From these
remarks, it follows at once that Problem A is equivalent to the following:

PROBLEM B. Given a C*-differential o on R whose restriction to R, is a harmonic
singularity at B, find a harmonic differential X on R such that A— o € T',o(R) @ *T',o(R).

The advantage of this reformulation is that we can now see the precise nature of
the solution. That is, we shall show that if the solution A of Problem B exists, then
it is unique and if o is exact (resp. *exact), then the solution A is also exact (resp.
*exact). A differential is *exact, if, by definition, its *conjugate is exact (Theorem 2).

3. The key to the solution of our problem is the following: let () be the
totality of continuous differentials w defined on neighborhoods V,, of « and Dy(«)
the subclass of 2(«) consisting of differentials w such that [, w=0. For each
w € 9(«), we consider the quantity

@ K w) = supf| [ fu /[ arn #ars pecomir 0}

We shall show that if R ¢ Og, then K(e, w) <o for any w € 2D(e), and if R € Og,
then K(«, w)<co if and only if w € Dy(«) (Theorem 1).

Fundamental inequality

4. Fix a point z, in R, and consider the space HD,= HDy(R,) of HD-functions
on R, vanishing at z,. HD, is a Hilbert space with respect to the norm fno du A *du.
For two fuictions # and v in HD,, we set

o)y = [ (148G 20) dua) A *do(a),

where g is the Green’s function on R,. HD, is a pre-Hilbert space with this inner
product, and we denote it by HD, ,. Let {u,}7-, be a Cauchy sequence in HD, ,.
Since it is also a Cauchy sequence in HD,, there exists an element u € HD, such that
du, — du in each parametric neighborhood. Then by Fatou’s lemma

f (1+8( 20)) du—tt) A *d@u—ty) < i inf (tn— hp, thp—hy)y-
Rg m-= o

Thus we have that u € HD, , and

liminf (Uu—u,, u—u,) < Him (Up—tty, Uy—u,) = 0.
n,m-co

n—o

This shows that HD, , is a Hilbert space. Clearly ¥ — u s a continuous isomorphism
of HD, , onto HD,. By the closed graph theorem, the norm (4, u), is equivalent to
| Ro @4 A *du. Hence in particular, there is a constant K, such that

€)) gdu A *du £ Klf du A *du
Ro

Ro

for any u in HD, and hence for any u in HD(R,).



1968] HARMONIC DIFFERENTIAL 299

Let ue HDy N C(R,). Since d*du®=2 du A *du, by Green’s formula,
C)) J‘ w*rdg =2 | gdu A *du.
@ Ro

Hence if w € Dy(«) and u € HD(R) N C(Ry), then by (3), (4), and the fact [, uw
= [ (u—u(zo))w, we deduce
.[ Uw

where K,=2K, [, Q2 *dg with Q *dg=w on . Hence by using Dirichlet’s principle,
we obtain the following:

2
<K, du A *du,
Ro

©®)

LemMA 1 [3]. Let w € Dy(«). Then there exists a constant C,, depending only on
such that for any fe C(R,) N C(R,),

©) [ sc. [[ana

5. Assume that R ¢ Og. R,=R— R, consists of a finite number of components
RYP, RP, ..., RP. Let o;=a N RP. If RY has positive (resp. null) ideal boundary,
then we put F;=R{ (resp. F;= R—(R{) ") and orient «; = 0F, positively with respect
to F;. Take the harmonic measure w; on F; such that w;=0 on oF. Since R ¢ O, at
least one of RY and R—(RY) " has positive ideal boundary and by our choice of F,,
w;>0. Take an fin Cg°(R) arbitrary but fixed for the time being. Let F; be a sub-
domain of F; such that F;,—(F/)" is a neighborhood of the ideal boundary of F, and
f vanishes on F,— F; and such that &F/ consists of a finite number of mutually
disjoint analytic closed Jordan curves with «,<dF,. We orient B,=0F, —q,
positively with respect to F;. Let # be harmonic in F; with boundary values f on
OF|. Hence u=fon «; and =0 on B;. By Green’s formula

J- u? *dw,—f w; *du? = f w; d *du?.
a + By ay + By Fi

Since *du?=2u*du=0 on B, and d*du®=2 du A *du, we have
f u? *dw, = 2f widu A *du.
a; ¥

Hence by noticing w; <1,

2
S K& | du A *du,

J‘ Uw
' Fi

where w € 9(«) and K=2 [, Q**dw, with Q*dw,;=w on «. Thus by [, du
A*dus [y dfA*df< [, dfA*df and u=f on «, we have

™

2
fﬁ»\ _S_Kg’fdf/\*af.
ag R
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Let K,=k max (K& ; 1<i<k). Then

[#]2 5| |s S farnca

Hence we obtain the following:
LEMMA 2. Let R¢ Og and w € D(«). Then there exists a constant K, depending
only on w such that for any f € C5(R),

o] s fann

(©)

6. Assume that Re€ Og. Let w € 2(«) and assume that there exists a constant
C,, depending only on w such that

© [.s

for any fe CZ(R). Let Q be a subdomain of R such that Q> R, and 9Q consists of
a finite number of mutually disjoint analytic closed Jordan curves. Let wg be the
continuous function on R such that wo=1 on R, wa=0 on R—Q and wg is
harmonic on Q— R,. By applying the mollifier, we can find a sequence {f,} in C§°(R)
such that [, d(wgq—f,) A *d(Wg—f,) — 0 (n — ) and f, converges uniformly to wg
on R. Then from

e

[

Joo

Since R€ Og, [o_p, dWwaA*dwa—0 as Q7 R. Thus [, =0. Hence this with
Lemma 1 gives the following:

2
=< wa df A *df
R

2

=C, L dfn A *dfy;
(] 10l) sup 17s=wal

= C(,, dWQ A *de.
Q-FRy

IIA

it follows that

LEMMA 3. Let Re Oq and w € 2(e). In order that there exists a constant C,
depending only on w such that for any fe Cj(R),

J.#

it is necessary and sufficient that w € D ().

2
gcmfdf/\*df,
R

7. Lemmas 2 and 3 complete the proof of the fact mentioned in 3:

THEOREM 1. If R ¢ Og, then K(«, w) <0 for any w € D(), while if R € Og, then
K(e, w)< 0 if and only if w € Do(e).
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Existence theorem

8. THEOREM 2. Let o be a C'-differential on R such that o|R, gives a harmonic
singularity at the ideal boundary B of R. If R ¢ Og, then there exists a harmonic
differential X on R such that A—o € I';,o(R) @ *I'.o(R), and if Re Og, then there
exists a harmonic differential A on R such that A\— o € T'oo(R) @ *T'¢o(R) if and onlyif

(10) f o= f *5 = 0.

In either case X is uniquely determined by o and A is exact (resp. *exact) if o is
exact (resp. *exact).

9. First, we prove the existence part. Let o be arbitrary if R¢ O and let o
satisfy (10) if R € Og. Let fe€ C&(R). By Green’s formula,

Ll o A *df = Ll & A *o = Lf*a

and

f oA d =—f df/\a=—ffo.
Ry Ry '3
Hence for any f; and f; in C°(R), by Theorem 1 and (df;, *df;)=0,

2§nﬁmw%Mﬂmw%x

L o A *dfy+*df)

where T, is a constant depending only on o. Thus the functional
() = — f o A *8
R
defined on I',&(R) @ *I'.§(R) satisfies
T@OF <7, [ 08,
R

where T‘,=_fno oA *a+T,. Thus T can be extended to a bounded linear functional
on

PeO(R) @ *FeO(R) = Pe3°(R) ®* FeSO(R)°

Hence there exists a unique element w in T'yo(R) @ *Ioo(R) such that T'(8) = f wA*0.
Thus in particular,

fR (o+w) A *df = J; (0+w) A df = 0

for any fin C{(R). Take a compact subdomain Q in R; then clearly o+ w € I'(Q).
Taking f in CP(Q), the above equality shows that o+ w € (I, (Q) @ *I'.5(Q)*.
By the de Rahm decomposition, I'y(Q) =T(Q) © (T'.¢ (Q) @ *I'co(L2)), we conclude
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that o+w e I'y(Q). Thus A=0+w is a harmonic differential on R and A—o
=w € T'o(R) @ *Too(R).

10. Next assume that R € O; and we can find a harmonic differential A on R
such that A—o=w € [';x(R) @ *I';o(R) for a given o. We have to show that (10)

holds. Clearly, for any fe Cg(R),
2
df A o g(f w/\*w)~f df A *df
Ry R R

[af
el (e ne) [ oo

Hence by Theorem 1, we must have [, w=], *»=0. On the other hand, [, A
=IR° dA\=0and |, *A=jR° d*x=0. Thus (10) follows.

11. Finally, we prove the last part of Theorem 2. Let A; and A, be harmonic
differential on R such that A, —o and A,—o belong to I';o(R) @ *(I'.o(R)). Then
A=A €T 0(R) @ *T',o(R). But A;— A, is harmonic and thus A; —A,=0 by the
de Rahm decomposition.

Assume that o is exact (resp. *exact). Then for 6 € *I'.§(R) (resp. I'.g’(R)),
Je AN*0=[, oA *0=0. This implies [, wA*§=0. Thus w € (To(R) @ *To(R))
© *Ieg (R)=To(R) (resp. w € (eo(R) @ *T'eo(R)) O T'eg’(R)="*T'co(R)). ~

12. Application to the case of functions. Let s be a harmonic function on R;,
arbitrary if R ¢ O, and L, *ds=0 if R € Ogz. Thus by Theorem 2, there exists a
harmonic function p on R such that d(p—s) € I';o(R). This means that p—s is
bounded on R. Thus we constructed a harmonic function p on R which behaves
like s at B. If [, *ds=0, then [, *d(p—s)=0 and d(p—s) € ['.,x(R). This implies
L,(p—s)=p—s on R, (see [3]), where L, is Sario’s principal operator for R;.
Such an approach to the principal function problem was initiated by Browder [2].

The author wishes to express his gratitude to Professor Leo Sario for his
stimulating suggestions.
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