THE STRUCTURE AND IDEAL THEORY OF THE
PREDUAL OF A BANACH LATTICE

BY
E. B. DAVIES

1. Introduction. If V is an ordered Banach space over the real field, then the
Banach dual V* has a natural induced partial ordering. In Theorems 3.1 and 3.2
we present necessary and sufficient conditions for V* to be a Banach lattice,
extending partial results obtained by Choquet [5] and Andé [1]. The theorems
include as special cases the characterisations of the predual of an M-space, [8],
[14], and the predual of an L-space, [6], called a simplex space in [11]. We show
how the theory is a natural generalisation of Choquet simplex theory.

If V* is a Banach lattice, we study the set of closed ideals of V. For the special
case of simplex spaces, the results provide direct proofs of theorems in [11].

2. Basic theorems on ordered Banach spaces. An ordered normed space V over
the real field is defined as a normed vector space V with a closed cone C which is
proper in the sense that C N (— C)={0} and with the partial ordering given by
saying that x<y if and only if y—x e C. V is said to be positively generated if
C— C=V and to have a monotone norm if 0 < x < y implies ||x|| < | y|. Vis said to be
regular if it has the properties

@) if x, ye Vand —x<y=<xthen |y|Z|x];

(i) if x € V and >0 then there is some y € ¥ with y2x, —x and ||y| < | x| +e.

A normed lattice is a regular ordered normed space which is a lattice under its
partial ordering, and a Banach lattice is a complete normed lattice. Banach lattices
are discussed in many places, for example [7], [12], and we follow the standard
terminology. A partially ordered vector space V is said to have the Riesz separation
property if when a, b<c, d e V we can find some x € ¥V with

absx=cd
For alternative formulations of this condition see [1], [9].

LEMMA 2.1. Let V be an ordered positively generated Banach space with a mono-
tone norm || ||, and define

Ixly = inf{jy]: x, —x = yeV}

forall xe V. Then | |, is a regular norm on V which is equivalent to | |, and for
any 0= x € V we have ||x|,=|x].

For a proof of this see [16].
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Let V be a positively generated ordered Banach space with Banach dual V*.
The set C* of continuous positive functionals is a weak*-closed proper cone in V'*.
By the Hahn-Banach theorem if x € V then x>0 if and only if (x, ¢)=0 for all
¢ e C*. If V is a positively generated ordered Banach space with a monotone norm
then, by [16], every positive functional on V is continuous; also if 0<x € V then

Ix| = max{(x,4) : e C*-|¢| = 1}.
This follows from the fact that — x is not in the open convex set
{freV:3IceC- Jv—c| < |x|}

by the use of the Hahn-Banach theorem. If V is a regular ordered Banach space
then for any 0<¢ € V'* we have

Il = sup{(x,¢): xe C-|x| < 1}.
LeEMMA 2.2. If V is a regular ordered normed space then for any ¢, y € V* with
—¢<y<¢ we have |$] 2 4]
For let x e V and |x|| < 1. If zZ x, O then
(‘/‘, x) = (¢, Z)+(l/’, x—z)

(4 2)+(h z2—x)
= (¢, 2z—x).

If y € V satisfies y=2x, —x and | y| <1 and we put z=(x+y)/2 then we obtain
W x) = 8l vl < l#l-

The result now follows immediately.
Very much more information can be obtained about V*, but we first need to
consider a special case.

LEMMA 2.3. Let V be a regular ordered normed space with the Riesz separation
property. Then V* is a Banach lattice.

Let 4 € V* and x € V, x=0. Then we define

(¢*, x) =sup{($,»): 0 = y < x}.
It is easy to see that ¢ * can be uniquely extended to a positive linear functional on
V, and that ¢* is continuous with |¢*| < |¢|. Clearly, V'* is a lattice with ¢v 0
=¢*. Define |¢|=2¢* —¢. For any ye ¥, y=0 we can find some ae V' with
0<a<yand

($,0) < ($*,)) < ($, D) +e/2,
[(|8], )= (¢, 2a~y)| < e.

which gives

As —y<2a—-y=<yso
(¢, 2a—)| = [#] ¥

from which we conclude that || |¢| | <|¢|. The result now follows immediately.
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Let V be an ordered positively generated Banach space and define:
A=C*n{peV*:|¢| = 1}.

A is a weak*-compact convex set with 0 € A and there is a natural map A: V
— Ao(A), the space of all continuous affine functionals ¢ on A such that ¢(0)=0.
By our previous remarks A is an order isomorphism of V into 44(A), and if | |,
denotes the supremum norm in A,(A), we have for all fe V

1Al = 1£1.

Identifying ¥ with AV we define S as the cone of functions of the form f v - - - vV f,
where f, € V. Then if L=S—-S, L is a vector lattice of continuous functions on A.
See [S]. For ¢ € L define

I¢ll = inf{l|¢]l : V- 2 ¢ —¢}

Then, provided V is positively generated and has a monotone norm, L becomes a
normed lattice and V is canonically embedded as a Banach subspace of L.

LEMMA 2.4. If V is a regular ordered Banach space then V* is also regular.

Let € V* and ||¢| <1. We can, by the Hahn-Banach theorem, extend ¢ to
a functional ¢ € L* with ||£|| 1. As L* is a Banach lattice so by defining 4 as the
restriction to ¥ of |£|, we see that y=¢, —¢ and |¢| = 1.

LeMMA 2.5. If V is an ordered Banach space such that V* is regular then the map
A: V — Ay(A) is a one-one onto order isomorphism such that for all fe V

1A = 1A = 212 us
and for all 0 fe V,
1Al = 1A

That |Af]|.< | f] is clear. Suppose f€ ¥ and (¢, /)| =] f|| where |¢]|=1. Then
for any ¢>0 we find € V* with = ¢, — ¢, ||| <1+e.

(&N = [(@F+8)/2,)—((F—$)/2, /)]
so that

max |(#+4)/2, /)| 2 3| f].
As (£ ¢)/220 and |2 4)/2[| <1+es0
171 = 2121
If 20 then ((¥ + 4)/2, /)20 so that
(6, /)] = max |(¥£4)/2,/)I,

from which we see that

171 = 1Ml
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We see that ¥ maps onto a uniformly closed subspace of A,(A) which separates
the points of A, and so must conclude by Lemma 4.3 of [13] that

AV = Ay(D).
A partial converse to Lemma 2.4 is contained in the following

LEMMA 2.6. Let V be an ordered Banach space such that V* has a proper positive
dual cone C* and is regular. Then V is positively generated and for any x,ye V
with —x<y<x we have | y|| £ |x|.

For let y € V* and ||| <1. Let ¢ € V* satisfy ¢ =4, —¢ and ||$|| <1. Then

W 5) = (#+4)/2, ) - ($-¥)/2, y)
= ((B+9)2, ) +($-¥)/2, x)
= (¢, x) < ||x|.
Thus | y| =|x|. That V is positively generated follows from [1] upon observing
that V'* is 0-(0) complete.

We continue to suppose that V is an ordered Banach space and that V* is
regular. Following [5], we now define a conical measure p as a positive functional
in L*. Such a functional defines by restriction to ¥ a point of C* called the
barycentre of pu. The set P of conical measures p with ||u|| <1 is compact in the
o(L*, L) topology. We define a closed partial ordering, <, on P by

p<v if (uf)=@f) forallfes.

We say p € P is a representing conical measure for x € A if f(x)<(u,f) for all
f€ S, and observe that every x € A has at least one maximal representing conical
measure.

If x,,...,x,€Aand x;+ - - - +x,=x € A then the functional

fo—flx)+ - +f(x)
is called a discrete conical measure, and is obviously a representing conical measure

for x. We show that such conical measures are dense in P in a very good sense.

LEMMA 2.7. Suppose n € P is a representing conical measure for x € A and that
freS forr=1,...,n. Then there is a discrete representing conical measure v for x

such that u(f,)=v(f,) for r=1,...,n.

We can write the weak*-closed cone C* < V'* as a union of closed cones Dy, ...,
D,, such that f;| D, are equal to the restrictions of functions in 44(A). If fe L and
=0, we define

(1, f) = inf{(,8) : 0 < geL-g| D, > f|Dy}.

Then pp, € P and pSpp, + - - - +pp,,. Now we choose p, € P such that 0<p, Spp,
and u=p;+ - - - +pq. If fe L and f| D, 20 then

(fom) Z2(F A0, p) 2 (fAOpp)=0.
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Thus p is determined by the value of f on D, alone. The barycentre x, of y, is in
Dq. Finally for r=1,...,n

oo ) = Z oo ) = Z (ix)).

LEMMA 2.8. Suppose f,e V andf,Vv --- Vv f,=f€S. Then

max {(f, n) : e, < pu} = max{ if(x,) : x,eA.zx, = x}

and this quantity is called f(x). The map x — f(x) is upper semicontinuous (u.s.c.).

The set
{{x,e Aoy D x, =x€ A}
r=1

is a closed subset of A™ and so by the continuity of the f, we see that the supremum
of the right-hand side is always attained. The two sides are equal by Lemma 2.7.
That £ is upper semicontinuous follows from the equation

{(xeA:/(x) 2 o« = {x =
The following extension of the above lemma to semicontinuous functions will

be important in our later discussion of closed ideals.

LEMMA 2.9. Let f, : A — [—o0, 0) be upper semicontinuous affine functionals
with f,(0)=0. Then for f=f,V - -- Vf, and x € A the supremum

sup{if(x,) : ix, =x.x,eA}
r=1 r=1

is always attained and is denoted f(x). f is an upper semicontinuous function with
F(0)=0 and f(ex)=of (x) for all x € A.

The proof is as for Lemma 2.8.
3. The main theorems.

THEOREM 3.1. Let V be an ordered Banach space, such that V* is regular. Then
the following statements are equivalent :
(i) V is regular und has the Riesz separation property
(it) V* is a lattice,
(iii) the map fr—>f(x) is linear for any x € A;
(iv) every x € A has a unique maximal representing conical measure;
(V) the map ~—f(x) is linear for any f€ S.

As an immediate corollary we have
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THEOREM 3.2. Let V be an ordered Banach space. Then V* is a Banach lattice
if and only if V is regular and has the Riesz separation property.

We now prove Theorem 3.1. The implication (i) — (ii) was shown in Lemma 2.3.
The implications (ii) — (iii) — (iv) — (v) can be found in [5]. The equivalence
(i) > (ii) is closely related to a Theorem in [1], but is more specific. We now show
) = (@).

Supposef, g, he V. Then (fv g)" is u.s.c. affine and so we can define ((fv g)"~ Vv h)"™
as in Lemma 2.9. It is easy to show that

v v =UVvegvh

and so is u.s.c. affine.

Next suppose that f, g are u.s.c. affine on A and f, g<h where h is affine. Then
(fv g)" < h without any continuity assumptions for A.

For fe —S we define f~ by f~=—(—f)". Now let fi, f5, g1, g€ V and f, V[,
<giAg: Then if f=(fivfy)" and g=(g, Ag2)” we have f<g. We construct a
sequence h, € Ay(A)=V such that

f—12" < h, < g+1/2".
Suppose &, is given. Let ze€ A and z=x+y where x, y € A and
(fV h)"(@) = f(x)+hu(p) < (ha(2)+1/27) A (g(2)+1/27).

Now (fV h,)” is us.c. affine and so by simple convexity arguments to be found
in [3], we can find k, € A(A) with

(fV B =1/2%* < k, < by A g+1/2%1,

and also satisfying k,(0) <O.
Similarly we can find 1, € A(A) with

FV =127 < 1, < (hy A g)7+1/27+1,

and also satisfying A,(0) > 0.
Putting A, ., = Ak, +(1—A)1, for a suitable 0 <A< 1 we obtain

(fV h)=1/2%1 < Byyy < (ha A Q)+ 1/2040,

and A, , ,(0)=0.
Then
"hn_hn+1"u < 1/2n+1’

s0 h, — h € Ao(A). It is then clear that
fivasSfShS2gsg g

so that ¥ has the Riesz separation property.
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We now show that V is regular. Let fe 4,(A) and z € A. Then we can find x,
y € A with x+ y=z and satisfying

{f v (=M@ =fx)-10)
= flx-y).

Now —z=<x—y<zso by the regularity of V'*

{fvE=HNre s lf.
Now suppose ¢>0. We define h; € 44(A) so that

V(O —el2 < by < |fl+e)2.

Inductively we construct A, € A4(A) with

v (=N —e2" < by,
and more exactly with

{fV =NV h—e/2"* < hyyy < hy+ef2nFL

This can be done by the same procedure as above. As before h, — h € Ay(A) and
SVv(=f)=h. Thus 0<he V and

i = Va3, Thosr=halut Wl < Mf1+5+ 2 5 = 1f]+e.

Together with Lemma 2.6 this proves the regularity of V.

4. Some special cases. We define an R-space V as a regular ordered Banach
space with the Riesz separation property. If ¥ is an ordered Banach space we say
it is of type M if for any x, y=0 we can find z= x, y with

Iz| = max {|lx], I »I}
and of type L if for any x, y=0, we have
Ix+y1 = x|+
LEMMA 4.1. If V is an R-space of type L then it is a Banach lattice.
See [2].
LEMMA 4.2. If V is an R-space of type M then V* is a Banach lattice of type L.

The proof of this is trivial.
We can now give an immediate proof of a theorem of Dixmier and Kakutani

(8], [14].

THEOREM 4.3. Let V be an ordered Banach space. Then V is an L-type Banach
lattice if and only if V* is an M-type Banach lattice.
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If V is an L-type Banach lattice, it is an easy corollary of Lemma 2.3 that V'* is
an M-type Banach lattice. If V'* is an M-type Banach lattice then V is an R-space
and V** is an L-type Banach lattice by Lemma 4.2. As V is canonically embedded
in V** so Vis of type L and is an L-type Banach lattice.

THEOREM 4.4. Let V be an ordered Banach space. Then V is an R-space of type
M if and only if V* is a Banach lattice of type L.

For the proof see [6]. Such spaces V are referred to as simplex spaces in [11].

We show how this theory is related to Choquet boundary theory, as expounded
in [3], [9] and [17]. Let ¥ be an ordered Banach space with a distinguished order
unit e such that for all x € ¥ we have

x| = inf{e: —ce £ x < «e}.
Then V is regular and if
Q={pecV*:420-¢) =1}

then Q is a weak*-compact base for the cone C* in the sense of [10]. V is isometri-
cally and order isomorphic with A,(A) and with A(Q), the space of continuous
affine functionals on Q. The conical measures can be identified with the regular
Borel measures on Q. Q is called a simplex [4] if C* is lattice-ordered, and it is
shown in [9], [15] that this occurs if and only if 4(Q) has the Riesz separation
property.

5. The ideals in an R-space. If ¥ is an ordered Banach space, an order ideal 1
in Vis a subspace such that if 0Sx<yel, then x € I. An ideal is defined as a
positively generated order ideal. We now investigate the properties of the closed
ideals of an R-space. These generalise the results on the closed ideals of a simplex
space in {11], and provide direct proofs for those theorems.

LeMMA 5.1. Let I be a closed ideal in an R-space V. Then with the restriction
norm and ordering I is an R-space.

The only part not immediate is the second half of the regularity condition.
Let xel and let zel, z2x, —x. Let ye V with y2x, —x and |y|<|x|+e.
Then by the Riesz separation property there is some w € ¥ with x, —xSw<y, z.
AsOswszelsoweland as 0Sw=<y so || =|y| <|x| +e Thus I is indeed
regular.

LeMMA 5.2. Let I, J be closed ideals in an R-space V. Then I N\ J is a closed ideal.

We need only verify that I N J is positively generated. Let xe INJ and let
y€el, zeJ besuch that x, —x<y and x, — x <z. Then we can find w € ¥ such that
X, —XSw=y,z. As0Sw=yso weland as 0Zw=z so weJ. This proves the
lemma.
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THEOREM 5.3. Let I, J be closed ideals in an R-space V. Then I+J is a closed ideal.

We first show that I+J is positively generated. Let x=i+j where i e and
jeJ. Then let iy €I and j, €J be such that i, —i<i; and j, —j<j,. If x,=i,+j;
then x; 20 and x, —x=<x;.

If in particular in the above x>0 then by the Riesz separation property as
0<x=i;+j, we can find 0<i,<i, € I and 0Zj,<j, € I such that x=i,+j,. Thus
the positive cone of I+J is the sum of the positive cones of I and J. It is now
immediate that I+J is an order ideal. As in Theorem 5.1 we see that it is regular.

We now have only to show that I+J is a closed subspace of V. Suppose >0
is given. Let zeI+J and let z, —z<i+j where 0<iel, 0<jeJ and |[i+}]]
<|z|| + e Now observe that z—j, —i<i, z+j so by the Riesz separation property
if we let x € V satisfy

z—j, =i 2 x 2 i,z+j

and put y=z—x we have

A
IA

i and —jsSy<=j

—i=Zx

so that x e I and y € J. We also have
Ixl = il £ li+jl] < lzl+e and |y| = [j] = lj+i] < [z]+e

Now let z, e I+J and 3 ||z,|| <. Let z,=x,+y, where x, € I, |x,| <2|z,| and
Vn€J, | ¥n] <2|z,]. Then we see that > x,—xe€l and 3 y,—yeJ, so that
> z, — x+y € I+J. This proves that 7+J is closed.

THEOREM 5.4. Let I be a closed ideal in an R-space V and let V|I be given the
quotient norm and the positive cone which is the image of the positive cone of V. Then
V/I is an R-space.

Let C be the positive cone in ¥/I'so that C==C where =: ¥ — V/I is the quotient
map. Then € N (-~ C)={0}. For let x, y € C and mx= —my. Then n(x+»)=0 so
that x+y € I. Then x, y € I so that mx=ny=0.

It is clear that V]I is a positively generated partially ordered space, but we do not
yet show that its positive cone is closed.

Suppose 0= j € V/I. For some x € ¥ we have nx=7 and | x| <| j| +¢/2. There
is also some z € ¥ with z20 and nz=j. As I is positively generated there is some
v e V such that v x, z and nv=j. Also as V is regular there is some w € V such
that w=x, 0 and ||w| < | x|/ +¢/2. If now y € V is chosen so that 0, x <y <w, v then
0syeV,my=jand |y|<|J]+e.

Suppose 0<j=<Ze V/I and

0 < aeV has ma = j,
0<beV has nb = -3,

O0<ceVhas mc=% and |c| < |Z|| +e.



1968] PREDUALS OF BANACH LATTICES 553

Then m(a+b)=mc=2%. As I is an ideal we can find z € V' such that 0Sz=<a+b, ¢
and wz=2Z. By the Riesz decomposition property we can find y, x € V such that
0<y<a and 0Zx=<b and x+y=z. Then O0Zwy<j and 0Zwx<Z-—j and
my+ax=% Thus my=§. We now have 0Sy<z, ny=j, nz=% and |z|=|c|
< ||Z]| + . We immediately obtain

171 = Iyl = lz]l < (2] +e

and, as £>0 is arbitrary, so | j| £ |Z]|.

Suppose —Z=<j=<Ze V/I. Then 07+ 7<27. We can from the previous para-
graph find 0Su=sve V with nu=3+2, nv=2% and |v| <2|Z|+e. Then —uv/2
Su—v/22v/2 and w(u—v/2)=y. Thus |J| < |u—0v/2| £|v/2| <|Z] +¢/2. Thus
17l = 12|, and we have shown that V/I is a regular partially ordered Banach
space.

We can now show that the positive cone in V/I is closed. Let %, € V/I where
S |l <co and 3P_; %20 for all n. Let %,=d,—b, where 4,20, 5,20 and
S |d| <o, 3 |b] <. We have SP.; =5, b, Now let 0<a, eV where
ma,=d, and 3 |a,| <. > a, converges in ¥ to a limit a=0. We now construct
0<b, € ¥ such that 37, b,<3"_, a, and ||b,| <2|b,|. Suppose by, . . ., b,_, have
been so constructed. As 5,20 so we can find 0<c, € V with =c,=b, and |c,|
<2|b,|. As

We can now find e, € V with e, <c,, d, and me,=b,. As 0, e, < c,, ky, s0 we can
find b, € V with 0, e, <b, < c,, k,. Then 0= b,, ||b,|| < |c, || <2||b,||, 7b, =5, and

It is now clear that >7.,b,—b=<a Then >'.,(a,—b)—a—b20. Thus
o1 % — x=m(a—b)20, and we have shown V/I has a closed cone.

Finally we show that V/I has the Riesz separation property. Suppose d, b<¢é,
d and let ra=d, 7b=>5b. We can find ¢, d=a, b with mc=¢ and nd=d. By the Riesz
separation property for ¥ we can find e € V with @, b<e=<c, d and if &=me we have
d, b<&<¢, d. This concludes the proof of the theorem.

Another way of investigating closed ideals, pursued for simplex spaces in [11],
is to characterise their annihilators in the dual space.

Returning to the notation of §2, we define a conical face in A as a closed convex
set F with 0 € F such that if x, ye A and «x+8y € A for any «>0, 8>0 then
x,y€PF.
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THEOREM 5.5. Let V be an R-space, V* its dual and A={pe V* :$=0 and
¢l £1}. Then the maps I— I°— I° N A determine a one-one correspondence
between the set of all closed ideals I in V, the set of all weak*-closed lattice ideals in
V*, and the set of all conical faces in A. I may naturally be identified with the space
of all continuous affine functionals f on A with f|I° N A=0.

It is elementary to show that if /is a closed ideal then I° is a weak*-closed lattice
ideal and F=I° N A is a conical face. Now let F be a conical face. Let J be the
subspace of V'* generated by A. Then J is obviously an ideal and it meets the unit
ball B in a weak*-closed set. Specifically,

JN B = (1+¢)(A—A) N B.

By a well-known theorem on Banach spaces [18] it follows that J is a weak*-closed
subspace. J is a lattice ideal with J N A=F. Let I, be defined as the subspace of
V such that fe I and ¢ € F implies (f, $)=0. Then I, =%/ is a closed subspace of
V=A°A). I, determines and is determined by A, and if A is derived from a closed
ideal I then I, =1.

All we need to show is that I, is always an ideal. It is clearly an order ideal.
Suppose f€ I,. Let g be the function g: A — (—o0, o0] defined by

g(x)=0 if xeF,
= ifxe¢F.

Then g is ls.c. affine and f, —f<g. If we can find 4 € A4(A) with f, —f<h<g,
then h|F=0, so we see that I, is positively generated and so is an ideal. The
theorem is completed by the following separation theorem.

THEOREM 5.6. Let V be an R-space and
A={peV*: 420 |¢| = 1}.

If —fi,.... —fus 815 ..., &m are Ls.c. affine functionals on A vanishing at the origin
such that f,< g; for all i, j, then we can find h € A(A) with fi<h<g, for all i, j.

First observe that if k,,..., k, are u.s.c. affine functionals vanishing at the
origin then (k, Vv - - Vk,)" defined as in Lemma 2.7 is easily shown to be u.s.c.
affine. The result now follows by a simple application of the technique of forcing
convergence developed in the first part of the proof of Theorem 3.1.
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