THE INTEGRAL COHOMOLOGY RINGS OF
GROUPS OF ORDER p?

BY
GENE LEWIS(®)

0. Introduction. Most of the papers in cohomology of groups have been
theoretical [1], [3]-[6], [8], [9], [13], [14], rather than computational. The following
list describes all the (published and unpublished) computations I am aware of.
Atiyah [1, p. 60] calculated the integral (cohomology) ring of the quaternion group
Q of order 8. Wall [16] obtained the additive structure of split cyclic-by-cyclic
extension. He could not get the ring structure. Cartan-Eilenberg [3, Chapter XII,
§7] calculated the cohomology of a cyclic group with any coefficients, and gave an
explicit diagonal map. Evens [6] wrote down the cohomology ring of the dihedral
group D of order 8. Unfortunately, he did not publish the details of his calculations.
Nakaoka [9] calculated the homology ring of symmetric groups with coefficients
Z, and in [10, p. 52] found the cohomology ring of Z,, coefficients Z,. Cardenas [2]
calculated the ring of X2, coefficients Z,,. Tate [15] got the integral homology ring
of any finitely generated abelian group.

Finally, Norman Hamilton and Arnold Shapiro got the integral cohomology
ring of Z, ? Z,,, but neglected to write it down.

In this paper, I will find the integral cohomology rings of groups of order p3,
except for Q and D. I merely sketch the abelian cases, as they are trivial.

1. Review of basic facts.

1.1. We recall some basic results on change of groups, transfer, and spectral se-
quences. Throughout this paper, all G-modules are left G-modules, all exact sequen-
ces of G-modules are assumed Z-split, and all groups are finite (in many places, this
last assumption is superfluous). Let G, G’ be groups, 4, A’ be G (resp. G')-modules.

DEFINITION. A change of groups ¢: (G, A) — (G', A") is a pair (p, «) such that
¢: G' — G is a morphism, and a: A4, — A’ is a G’-morphism.

A change of groups ¢ induces a morphism ¢*: H*(G, 4) - HY(G’, A"), n=0.
¢* is obtained as follows: Let X be a G-projective resolution of Z, Y a
G'-projective resolution of Z. The comparison theorem gives a homotopy class of
chain maps Y £, X, For £ € HY(G, A), with representative cocycle h: X, — 4,
we let ¢*(h) be the image of

incl
h e Homg (X, A) —— Homg (X(), A0))
* «
~——> Homg (¥, 4w) —— Homg (Y, 4')
Received by the editors October 21, 1966.
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under the composition «, o f* o .. Let ¢*(£) € H"(G, A’) be the cohomology class
of ¢*(h). It is easy to see that ¢* is independent of the choice of X and Y. If
(G, A)¢5 (G', A')¥5 (G", A") are changes of groups, then if we define (G, 4)
¥o0. (G”, A") in the obvious way, it is a change of groups, and (i o $)* =¢* o $*.
In particular, if A: G— G is an automorphism, we get a change of groups
A: (G, A) —> (G, A,) given by A: G— G and identity A, — A, In terms of
standard cocycles, this is given by [kl € H™(G, A) — [h o f]1 € H™(G, A), where
f: BG — BG, is f([g1, - - -5 &) =[Mg1), - - ., A(gn)], f @ G-morphism. For A=2Z,
trivial action, this gives a right action of Aut (G) on H*(G, Z), which evidently
preserves products. If 4=G-module, H< G, subgroup, o € No(H), then ¢ induces
A: H— H, A (h)=0"tho=h°. Let X=G-projective resolution of Z. Then
(H, A) 25 (H, A) given by A,: H— H, A <= A is a change of groups. The corre-
sponding f: X — X, , is multiplication by o~!. Thus A¥ is got as follows: For
[h)e HY(H, A), h: X, — A, cocycle, form oh, where oh(x)=o0-h(¢ 'x). Then
A¥[h]=[oh]. As o— A, is an antimorphism of G — Aut G, [h] — A¥[h] gives
a left action of Ng(H) on H*(H, A). In terms of standard H-cocycles,

A:[h]([hl’ ceey hn]) = O'h([hg, ey hZ])
[8, p. 117]. For we now use f: BH — BH,, , such that
f([hla ceey hn]) = [’\a(hl)a ceey )‘a(hn)],

and then compose with 4 <2 4.
1.2. As Cor commutes with coboundaries, the following commutes

Cor
HZ(H, Z) e H2(G, Z)

le

Cor
H'(H, Q|Z) — HY(G, Q/Z)
IR Cor IR
Hom (H, Q/Z) —— Hom (G, Q/Z)

Let G=\ o;H, disjoint, go;=0,4,h(i, g). Given f: H — Q/Z, morphism, we have:
Cor f: g — 2, f(h(, &)

The proof is an easy calculation, which we leave to the reader.

1.3. If 1 > H— G — K — 1 is a group extension, 4 a G-module, then there is a
spectral sequence E,=H*(G, A) [8], where E}’~ H'(K, H’(H, A)). In case A=R
=a G-ring, the isomorphism E, ~* H*(K, H*(H, R)) is an isomorphism of bigraded
rings, up to a sign: if «e HY(K, H'(H, R)), B€ H¥K, H'(H, R)), then ¢(af)
=(—1)*p(a)p(B). A check on this is provided by noting that in H*(K, H*(H, R))
we have

(1) af=(—1)**"q,
whereas in E, we need

@) p(@)p@B)=(—1)"** ¢ Dp(B)p(«).
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With the sign (—1)*, ¢ transforms (1) into (2). Recall also the commutative
diagrams [4, p. 227]

inflation
I. H*K, RY) —— H*(G, R)

= l monoI
epi
%,0 %*,0
E} E¥

Res
II. H¥G,R) —————— H*(H, R)¢

epil I -
Mono -
E%* Eg*

CoROLLARY (I)=: in a split extension, since Inf is then mono, we have E}° > E¥%°,
COROLLARY (II)=>: universal cycles of E$'* are in the image of the restriction.

REMARK. It can be shown that from the E, term on, the spectral sequence
(including the multiplication and differentials) is an invariant of the extension.

2. The restriction-corestriction sequences. Suppose 1 - H—>G—>K—>11is a
group extension, such that K is cyclic of order s, with generator k. The exact
sequence

1) 0 z ZK ZK z 0

is an exact sequence of G-modules, via inflation. Let X=Ker e=Im (k—1). We
get:

2 0<«—2Z < ZK P X «— 0. Apply the long exact sequence of

(/]

Q) 0«— X ZK z 0 cohomology. This gives:
b

3) -oo—> H¥YG, Z) —> HXG, X)
Px Ex 8
—> H%G, ZK) — H%G,Z) —>---
8

Gy --.—> H*"YG, X) — H¥G, Z)

0* Ex 8
—> H¥G, ZK) — H*G, X) —>---.

By Shapiro’s Lemma, [3, p. 196], H*(H, Z) @, H¥G, ZK) is an isomorphism.
If X=G-projective resolution of Z, w arises from the associativity

w: Homy (ZG Q¢ X, Z) ~ Hom¢ (X, Homy (ZG, Z)).
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We check rapidly that Cor=e¢, o w, Res=w™1 o ,. Also, the action k: H*(H, Z)
— H*(H, Z) is carried by w into the map k,: H*(G, ZK) - H*(G, ZK), induced
by k: ZK — ZK. Thus:

ProPOSITION 2.1. Given 1 - H — G — K— 13 K={k}, cyclic, we get exact
sequences

8 -
o> H*Y(G, Z) — HXG, X) X H¥H, Z)

C))
Cor )
—— H¥G,Z) — H**'(G, X) —>- -
) Res
@y cir—> H*"YG, X) —— H¥G,Z) —— H*(H, Z)

8
2* , HXG, X) —> H**\(G, Z).
Here iy ovy=k—1: H*(H, Z) -~ H*(H, Z).
REMARK 2.0. We could have used Tate cohomology and obtained the same result.

REMARK 2.1. If 4 is any module, then as 0« Z<« ZK<« ZK< Z <0 is
Z-split, hence so is

0 — Hom (Z, A) — Hom (ZK, A) - Hom (ZK, A) - Hom (Z, A) — 0.

Therefore, this is exact A~Hom (Z, 4), and if X, X=image-kernel, we get
sequences (4), (4)’ with 4 in place of Z.

REMARK 2.2. We can get several puny results directly from (4) and (4)".

(1) If G is a p-group, and H*"(G, Z)=0, H***(G, Z)=0, then G={1}. For let
H <1 G, of index p. As k—1=j, o5, : H¥(H, Z) - H*(H, Z) is an isomorphism,
for k=2n, 2n+ 1, we see that k has no fixed points. But {k}, H*(H, Z) are p-groups.
Therefore H*(H, Z)=0, k=2n,2n+1, implies that H={1}. By induction this
implies that G=Z,, a contradiction. Hence G={1}.

(@ If1 < H, < Hy <4---< H,=G such that H,/H,_, cyclic, then |H¥G, Z)|
<TT;z} |H//[H;, H;]|. There is an alternative treatment of these sequences. Let
X=a complete resolution for Z,

M = {0« ZK<~ ZK< 0}, M* = Hom (M, Z).
The bicomplex Homg (X, M *) gives rise to two spectral sequences. If
T = H*(HomG (X9 M*))a

we find easily the sequences:
N Ua
cvi—> HYG, Z) — H'*Y(G, Z)
®
P T . Va
—> Ti*! —s AYG, Z) — ]:'11+2(G, Z)

sy 0 —> HYH, Z)x > T = A'*1(G, Z)¥ —> 0,
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where ¢ o p=Res, 7 o u=Cor. Here a=inf y, x € H*(K, Z), a maximal generator.
Again, this holds for any module in place of Z.

3. Multiply periodic resolutions.
3.1. DEFINITION. G is periodic if and only if there is a natural isomorphism of
functors, %G, )~ A™G, -), for some n>0. The least such 7 is the period of G.

Call it n(G).
It can be shown that n(G) is always even [3, Chapter XII, §11].

THEOREM 3.0 (ARTIN-TATE). G is periodic if and only if
G = cyclic, p odd,

= cyclic or generalized quaternion, p = 2.
Proof. See [3, Chapter XII, §11].

COROLLARY. If G is periodic, then so is any subgroup. Thus Z, ® Z,+ G, for
any p.

The least # such that A(G, -),~ H™(G, -), is called the p-period of G, denoted by
n,(G). ny(G) < o if and only if G, is cyclic, p odd, or cyclic or generalized quaternion,
p=2, [3, Example 11, p. 265], n(G)=1l.c.m. {n,(G):p| |G|}

THEOREM 3.1 (SWAN). If G is p-periodic, then

n,(G) = 2|No(G,)/Ce(G)|, p odd,
=2, if G, cyclic,
=4, if G, generalized quaternion.
Proof. [12].
DEFINITION. G is spheriodic if and only if G acts freely on S*, some n.

DEFINITION. G is uniodic if and only if G has a fix-point free unitary representa-

tion.
It is easy to see that uniodic implies spheriodic implies periodic.

THEOREM 3.2 (MILNOR). If G is spheriodic, then every involution lies in the center.

Proof [Amer. J. Math. 79 (1957), 623-630]. As Z, @ Z, 4G, there is at most
one involution in G.

EXAMPLE. Z; is periodic of period 4, but not spheriodic.

LemMMA 33. Let | > H— G2, K— 1 be a group extension. If M is an H-
projective G-module, N a K-projective module, then M @ N, with action g(m @ n)
=gm ® w(g)n, is G-projective.

Proof. See [4, p. 231]. The proof given there for the split case works in general.
DEerINITION. If C, C’ are chain complexes, a morphism f: C — C’ is called a
chain map of degree r if (1) f: C, — C,,, for all n, (2) fo=(—1)" of.
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LEMMA 3.4. Let X be a complete resolution of Z, and suppose f: X — X is a chain
map of degree —n. Then there exists n € H™(G, Z) such that, for all G-modules A,
the map f*: H(G, A) — H!*™(G, A) is just cup-product with .

Proof. Let &: X, — Z be the augmentation. Then ¢ o f,,: X, — Z is an n-cocycle,
representing a class y € H(G, Z). The verification that f*=»U is routine, and we
omit details.

DEFINITION. A finite complex C is n-spherical if and only if C has the homology
of an n-sphere. Thus,

C={0«Z<«Co« <« Co«Z<0}
is exact.

LemMA 3.5. If H < G, and H possesses a spherical projective complex, then there
exists a spherical G-complex which is H-projective.

Proof. Let r=|G:H|, C=an n-spherical projective H-complex. Let C be the
augmented complex of C, with degrees raised by 1. Form ¢'=C®---® C
(r times). Let C"=the deaugmented complex of C’, with degrees lowered by 1.
Kiinneth=C" is (nr+r— 1)-spherical.

As shown in [4, p. 231], C" is a 2, ¥ H-complex, where X, acts by permuting
factors, and HT™ acts pointwise. A choice of left coset representatives for H in G
yields a monomorphism ®: G — X, ? H. Make C" a G-module via pullback by ®.
This G-module structure is independent of the choice of coset representatives [4].
H < G implies that ®(H)< H'. Lemma 3.3, iterated, implies that C" is H'-
projective, hence H is projective under ®. Q.E.D.

Suppose now that H and G/H are periodic. By [14], [7] we know that H and G/H
possess spherical projective complexes, C and D. By Lemma 3.5, we may suppose
that C is a G-complex.

Let

C={0«Z<«Cy< -« Cpy<Z<0}.

Splicing yields periodic
D={0<«Z<« Dy« -« D, < Z<0}

resolutions X, Y of Z, X an H-projective G-resolution, ¥ a G/H-projective resolu-
tion. Let f: X — X, g: Y— Y be the chain maps of degree —(b+1), —(a+1),
respectively, given by
identity identity
[i Xy —— X, g Y — Y

(Recall that a+1, b+1 are necessarily even.) Form W=Y @ X. This is doubly
periodic, and by Lemma 3.3, is a G-projective resolution of Z. If e: W — Z is the
augmentation, then e o (g ® 1), e o (1 ® f) are cocycles.

Set m=[eo(g ® 1)), n2=[e o (1 ®f)], n. € H***(G, Z) and 7, € H**}(G, Z).
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By Lemma 3.4, if ¢: W— Z is a cocycle, then 7, U [p]=[p o (g x 1)]. Thus, to
multiply [] by 5, one translates ¢ a+ 1 units east. Similarly for 7.
By iteration of the above procedure, one proves:

THEOREM 3.6. If 1 < H, < H, < ---< H,=G is a chain of subgroups, each
normal in G, and such that H;.,/H; is periodic, then G possesses an (r+1)-ply
periodic projective resolution of Z.

REMARK. One might hope that the cohomology classes corresponding to the
perpendicular directions in a multiply periodic resolution would be algebraically
independent in some sense. This seems incorrect. Thus if 1| -Z, - Q - Z, — 1,
Q=quaternion group, let n=inflation of the maximal generator of Z,. y corre-
sponds to a translation in the obvious doubly periodic resolution. But »2=0 (see
§4). Again, for groups of type II, we will see that the inflations 7;, 72 of x4, x5
€ H%G|Z(G), Z) satisfy 7,95 =n2n3. But 7, n, correspond to mutually perpendic-
ular directions in a triply periodic resolution of G.

3.2. We now look at the special case G=(x, y : x"=y"=1, xy=yx) such that
n|m. Set A=ZG. The obvious doubly periodic resolution here is W=73, ;> Aa;;
(direct). Let a; ;=0 if i <0 or j<0. The boundary is

3(11,, = Tya;_l,j—-Txau_l l,j Odd,
= Nya;_; ;+N,a; ;_; i, j even,
= ya;_l,j—Nxau_l iodd,j even,
= Nya;_,,;+T.a;;-1 i even, j odd,
with T, = x—1, N, = > x™, and so on.
The periodicity chain maps 7, 7.: W — W are of degree —2. 9;:a;;,—>a;i_s,;
M2t @;,; — a;, ;. The associated cocycles are 7;: a3 0— 1, a;,; >0, a5, — 0. Let
a=[7,], B [7s] in H¥G, Z). 75: ao,5 — 1, a;,, — 0, az,o — 0. By inspection, we
see that all 3-cocycles are multiples of f: ags — 0, a,, — —m/n, as; — 1, aso — 0.
Let ¢ = [f1e H¥G, Z). We see easily that H*(G, Z)=Z[e, B, £) as ring. The
only possible relations are of the form ¢2=p(e, B)=polynomial in « and B. If

|G| is odd, then £2=0. If |G| is even, {2 may or may not be zero.
EXAMPLE. G=Z, @ Z,=(x, y: x*=y%=1, xy=yx).

PROPOSITION 3.7. H*(Z, ® Z,, Z)=Ple, B] Q E(£). That is, 48=20=¢2=0 are
the only relations.

Proof. It is enough to show ¢2=0. Let j: Z et Z,. This gives j,: H*(G, Z)
— H*(G, Z), a ring morphism.

HYZ, ® 2Z,,2,) ~ H¥Z,, Z3) @ H¥(Z,, Z,)

by Kiinneth. [17, p. 68] says that H*(Z,, Z,)=P[u,], deg u, =1. A simple-minded
calculation, using [5, Chapter XII, §7], gives H*(Z,, Z,)=P[v;] @ E(uy), with
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deg u;=1, degv,=2. In terms of our resolution, we may take representative
cocycles

ulzalo—)l, aOl'—>0, Ug: Aoy —> 1, alo—)o, 02:002—')1, a,,—>0, azo-—>0.

Cupping with 42 shifts a cocycle two units east. As ¢ is represented by a,, — —2,
ay; — 1, agg, azo — 0, clearly j,(£) =uqu3. Therefore j,(£%)=uu}=0. By inspection,
Jx: H%G, Z) — H®(G, Z) is mono except on powers of B. Res ,,(¢§)=0, implies
that £ is no such power. Hence £2=0.

REMARK. In §4 we will give a second proof of this fact, using the spectral
sequence.

4. Abelian, quaternion and dihedral groups.

4.0. In [1, p. 61], Atiyah showed that if Q=quaternions, then H*(Q, Z)
=Z[a, B, x], deg a=deg B=2, deg x=4, with relations 8y=2«=2B=0a%=p2=0,
aff =4y.

In [6], Evens stated that for D=dihedral of order 8, H*(D, Z)=Z|«, B, v, {],
deg a=deg B=2, degv=3, deg {=4, with relations 4{=2a=2B=2v=0, v*=0al,
B2=af.

4.1. R. G. Swan pointed out that using the Bockstein A it is easy to get
H*Z,®Z,,Z). Indeed H¥(Z, D Z,,Z,)2H*(Z,, Z,) ® H¥Z,, Z,) by Kiin-
neth. It is well-known that H*(Z,, Z,)=E(u) ® P(v), deg u=1, degv=2, Au=uv,
(p odd), and H*(Z,, Z,)=P[v], degv=1, Av=1v% The Bockstein arises from the
sequence

0 Z zZ Z,—>0,

which yields exact sequences

8
0— HYZ,®Z,,Z)—> H(Z, D Z,, Z,) —> H**YZ,®Z,,Z)—>0

(because H*(Z, @ Z,, Z) is of exponent p in positive dimensions: Kiinneth gives
us the additive structure of H*(Z, ® Z,, Z)). A=j, o 3. As jx is mono, KerA
=Ker 8=H*(Z,® Z,,Z). A is a derivation, and we can calculate Ker A readily.
As j, is a ring morphism we get:

PROPOSITION 4.1. H¥(Z, ® Z,, Z)=P|c, B] @ E(n), deg a=deg =2, deg u=3,
podd; H¥(Z, ® Z,, Z)=Ple, Bl ® Z[u], deg a=deg B=2, deg u=3, with relations
‘LL2 =aﬁ2 +ﬂa2.

In a similar fashion we find

ProrosiTioN 4.2. H¥(Z, ®Z, D Z,, Z)=Z[e, B, v, 1, v, X, €] (p o0dd), where
deg a=deg f=deg y=2, deg p=deg v=deg x=3, deg £=4. The relations are

pr=rv=x"=¢=0, wt+fxtyr=0,
yu=caf, vx =y€ w=p¢ pE=vE=xf=0.
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H¥Z,DZ, ®Zy, Z)=Z]e, B, y, 11, v, X, £], where the degrees are the same and
p2=of? + Bo?, v = By? + 9B x* = yo + o,
av + By + yp =0, £ =By + BPya + y%ep,
xu = of + ofy, vx =yé + ofy, w = B¢+ ofy,
pé = (v + x), vE=PByx +p), x¢=yulp +)

4.2, ProproSITION 4.3. H¥(Z,: ® Z,,Z)=Ple, Bl ® E(x) for all p, where
deg a=deg B=2, deg x=3, p?a=pB=px=0.

Proof. Let G=(x, y: x**=y?=1, xy=yx). Consider the spectral sequence of the
extensionl - Z,2—>G —Z,— 1. Ey/ > H(Z,, H(Z,2,Z)), E3"°~Z 2B, E}2 > Z x.
Using the multiplication rule in [3, Chapter XII, §7], we find that «, B, y generate
E,. Thus,

E}° = Zdo, EQ*= Y ZB, EF*= ) Zdf® Zdy.
Also =0 =e e

~ ~

a: By —> E3*29 (i,j20), PB:Ey — Ey'*2 (i20,j> 0).

As the extension is split, the terms on the base are never hit. (See §1.3, Corollary
I.) This means that «, B, y are universal cycles, whence E;,=F,. If p odd, then
deg x=3 implies that y2=0 in H*(G, Z). Thus for p odd we have our result. If
p=2, we must prove x2=0. In both cases we will be very explicit about « and 8.
We choose e=infy, € H¥(Z,, Z), B=inf x, € H¥Z,, Z), xx, x, being maximal
generators. As H%(G, Z)~’Hom (G, Q/Z), and as Inf and § commute, we can take
a:x—>0,y—1/p, B: x > 1/p%, y - 0. Now let p=2. Define A € Aut (Z, ® Z,) by
Ay — yx?, x — xy. We find that o* =« +28, B*=B+«, where we let A also desig-
nate the induced ring automorphism of H*(Z, @ Z,, Z). As H3(G, Z)=2Z,x, we
must have y*=y. Since y2=0 in E,=FE,, any relation will be of the form x?
=auf?+ba?B+ ca®. Apply A to this. We find

x? = aof?+be®B+ce® = a(e+2B)(B2 + o) + b(e+2B)%(B+ &) + c (e +2B)°
= 2aB3+aof?+ba?B+(a+b+c)ed.

As B8, «?B, of?, o3 are linearly independent in E,=E,, hence(?) in H*(G, Z), we
conclude that a+ b=0 (2), 2a=0(4). Hence a=b=0(2). So our relation boils down
to x2=cc®. But a glance at the spectral sequence of 0 - Z, — G — Z, — 0 shows
that Resz, (x) =0, Resz, («) =x,. Applying Res, to our relation thus gives: 0=cy3,
implying ¢=0. Thus x2=0 as desired. Q.E.D.

REMARK 4.4. In the above discussion we have used «, B, ¥ to denote elements of
E,=E, and elements of H*(G, Z) which map onto the former under the projection
maps m, in the exact sequences

0> HYG, Z),41 > H'G, Z), > E4'" 0.

We will continue this convenient abuse of notation in future sections.

(?) As B'=inf x', we know that p?f'=0 in H*(G, Z).
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5. Groups of type I. C. T. C. Wall has calculated the additive structure of
H*(G, Z), where G is a split extension of cyclic groups [16], as follows:
PROPOSITION 5.1 (WALL). Let G=(x,y : x'=y*=1, y~‘xy=x'). Then H*(G, Z)
=Zs ® 2k<i Zy D Z,,, where hi=(1t'—1,r), ki=C3z8t",r), H**YG, Z)
=Dk<i Zq, and gi=hki[r.
Wall also noted that in the spectral sequence of
1-Z, —-G—>Z,—~ 1,

E;=E,. I will consider the special case r=p?, s=p, t=1+p. As p=2 implies
G =D, I will suppose p odd. As
h,=p if pfi,
=p* if pli,
k;=p, so
qi = 1 ph’
=p pli
Proposition 5.1 now gives us the additive structure. In particular, H?(G, Z)
=Z,®Z, if i<p, =Z,PZ, if i=p, and H**Y(G, Z)=0 for O<i<p. Let
H={(x)>, K={y)>. We have E{i~HK, H(H,Z)). H*(H, Z)=P[B], degB=2,
p?B=0.As H < G, yactson H*(H, Z). H*(H,Z)~*Hom (H, Q/Z), and the action
of y commutes with 8. y~lxy=x1+?,
Let B: H— Q/Z. B(x)=1/p®. Then

¥B(x) = y-B(y~'xy) = (1+p)/p*.
Thus yB8=(1+p)B, and yB'=(1+p)'B'=(1 +pi)B', since p2B=0. Thus, we find:
HY(H, Z)* = B if pli,

= B, if pti,
where B;=pB'.
By periodicity,
HY(K, H'(H, Z)) 2 H°(K, H'(H,Z)) ieven,
¢

& AYK, H(H,Z)) iodd,
where ¢ =aU, « € H*(K, Z), a maximal generator. As N,H’(H, Z)= N (") =pp', so
Ker N,=pp'. Hence )
HYK,H(H,Z)) =0, if pli,
= ZB" if plla
where pp=0. 3
HY(K, H(H,Z)) = 0, if pti,
= pZp', if pli.
Applying é, we get: (setting {=pB") (and letting x € E}-2” be a generator) EJ'%/
= ZB;,L°, where j=j,+ap, 05 jo<p, Ex'=0if 2ptjor j odd, i20. EF°=32, Zo',
EL20 = Zo¥2[/~1, j even, = Zxa"~V2{~1, i 0dd, j>0.
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We can now see that E;=E . For as extension (*) is split, the terms on the base
are never hit. Thus, o, 8y, ..., B,-1, {, x are all universal cycles, and generate E,.
Therefore E;=E,. x is of odd degree, so x2=0. In E,=F,, Bsx=88,=0, all i, j,
and p2({=0. I claim p?{=0 in H*(G, Z). For if not then { would be a maximal
generator, implying G is periodic [3, Chapter XII, §11]. Contradiction. Done.

Conceivably, B8;=d, ;o' *7, d, ;#0, or Bix =d;a'x, d;#0. To investigate, we use the
restriction-corestriction sequences. From our E,, term we find

|HYG, Z)] =0 iodd,
. 0<i<2p
= p? ieven,

Proposition 2.1 yields
0 — H*"YG,Z) — H*(G,X) — H*(H,Z)

Cor
—— H*G,Z) — H?**YG,X) —> 0
and

.. Res
0 — H¥"YG, X) —> H*G,Z) —> H*(H, Z)
— H*G, X) —— H**YG,Z) —— 0.
As Im (Resy) =ZB;, of order p (cf. Corollary II, §1), we get

|H*-YG, X)| = p, |H*G,X)|=p, 1=i<p.

Hence |Im (Cory)|=p (1=i<p). Thus CorB#0, p Cor Bi=0 (1<i<p). The
formula Cor (Res (@)-b)=a Cor b [3, Chapter XII, §8], and Res «=0, implies
o Cor B'=0. And Res Cor B'=N,8'=pB'=pB;. Thus, in H*(G, Z) we can choose
B,=Cor B! (see Remark 4.4), so that pB,; =0, «8;=0in H*. Now suppose 8,8;=do!*/.
Thus implying 0=c«pB8;=de!*’*1 which implies d=0. And if Bjy=dc'y, then
O0=ofix=doe!*x. As o'*y#0 in H*, so d=0. We summarize our results in the
following

THEOREM 5.2. If G=(x,y : x**=y?=1, y~1xy=x'*?), then the ring H*(G, Z)
=Z[o, %, L, B1y ... Bp-1], dega=2, degB;=2i, deg{=2p, degx=2p+1, with
relations p*{=pe=px=pp,=0, x*=0, Ba=Bx=PB;=0, all i, j. If B € H*({x), Z)
is a maximal generator, we may take B;=Cor B'.

6. Groups of type II.

6.1. Let G=(d, B: A=B*=[A, BP=I[A, [4, B]]=[B, [4, B]]=1). Let C=
[4, Bl=B 1A 'BA. Thus A~'BA=BC. Set «;=|H*(G, Z)|. Our calculation of
H*(G, Z) will proceed in leisurely steps.

Step 1. A proof of the inequality o; . 5, < p?* ey, all j. Also, the observation that
fori<p, o, o'~1B, ..., B'are linearly independent, and that for i< p, o'ps, ! "By, . . .,
oft~1p are likewise linearly independent. (Here, «, 8 € H%(G, Z), p € H¥G, Z)
are certain cohomology classes.)
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Step 2. The calculation of the E, terms of the spectral sequences of the extensions

1>{>—>G—>U B—>1
and
1>H—>G—{4>—1 (split),
where H={B, C>.

Step 3. Using the restriction-corestriction sequences, we get enough information
to calculate the E,, terms.

Step 4. By observing the effect of automorphisms on the generators of H¥*,
we find the relations.

6.2. Let H=<B, C)>, H < G. This has a 1-dimensional unitary representation as
follows: B acts as identity, C as multiplication by {, where {=¢e?*'?. Form
CG ®y C, the induced representation. 1 ® 1,4 ® 1,..., 4771 @ 1 form a basis.
For this basis, A, B, C have matrices

010 0 lc
A~001 0’B~ ¢ ,
00 ... 1
10 .- 0 -1
4
4
C~ )
L

The induced representation is again unitary. Thus H acts on S*<C, and G acts
on S?*-1cCr, with C acting freely. Using the fact S2?~1=81%...x S (p-fold
join), we will construct a G-invariant decomposition for $27-1. In S, take e=1,
f={z | 0=arg z £2n/p} as generating cells for an H-invariant decomposition. Thus
the O-cells are e, le, ..., [P e, the 1-cells £, {f,..., (P~ f, and set of=(e—e. Let
C(S?) be the corresponding complex, i.e. C(S*)={C, <2 C;}. If C(S)=augmented
complex with dimensions raised by 1, form C(S?*-1)=C(SY) ®---® C(SY)
=p-fold tensor product. Finally, set C(S2”~!)=deaugmented complex of C(S2?~1),
with dimensions lowered by 1. As in §3, C(S27 1) is a G-complex and is C-projective
(actually C-free). Take G=|JP-¢ A'H, yielding the monomorphism ®: G —Z, ? H.
C(S?7-1) is made a G-complex via ®@. If x; ®---Q x, is a typical decompos-
able element, then C(x; ®-- - @ x,)=0x; @ - R L{xp, Blx; Q- @ xp)=x; ®
o @ QP xp, A @+ Q@ xp)=(—1)"x, %, @+ ®x,_; where v
=deg x,(CP={ deg x;). Write

C(S? 1) = {Co+ Cy <+« Cp_y << Cyp 3}
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We will examine the modules C;, and will show that they are G-free except for
Co, C1, Cy_1and Cgpp_y. Let x; @ -+ ® x, € C, be a decomposable element. Thus,
each x, is 1, or e, or f. The elements

BCx; @ @ Xy = Ux; @ L'*ixy @ {3*1x; @- -~ @ (P~ Vivx,

will be distinct (1 £4, j < p), hence Z-independent, unless {*'*/x,. ., =x, ., (0Sk <p).
As the {ki+j} are incongruent mod p, precisely one is divisible by p, say koi+j=0
(p). Thus x,=1 for r#k,, hence

X, ®...®xp= 1 ®l®®xko®®l’

with x;,,=e or f. Thus our element lies in C, orin C;. It is easy to find the structure
of these modules. If A=ZG, then Co=Ae Q@1 ®---®1). As Be ®---R® 1)
=e®---®1, we see that C,~Z(G/{B)). (Here, if =w<II, a subgroup, then
Z(11/m)={xm | x € II}=left coset space, as a left II-module.) C, has elements of two
sorts: e Q1 ® -1 Qe ®1®---Rl,andf® 1 ®---® 1. An element of
the first type generates a G-module ~ A, and as before, A(fR1 Q- ---®1)
~ZG/{B). Thus C,~ZG/{B) @ F, with F G-free.

Now suppose the B'C’x, ®- - - ® x, are all distinct. If the 4A*B'C'x, ®--- ® x,
are all distinct, then Ax; ®- - - ® x,~ A. The only x; ®- - ® x, for which this
might fail must have all x;=e or all x,=f, i.e. must lie in C,_, or C,_, (whence,
fori#0,1,p—1,2p—1, Cis G-free). Consider x={%1e ® {*2¢ Q- Q (e e Cp_;.
Note that on such elements A acts with sign + 1 (this is essential to our calculation,
and depends on the fact that p is odd). Thus if the A*B'C’x are not all distinct,
then A*B'C’x=x, some k, i, j. Thus, (4*B'C’y'x=x. (Note k#0.) (4*B'C’y'=
A¥TBYCror-bKIZHIT Choose r 3 kr=1 (p). In other words, we may suppose k=1.
AB'C’x=x implies BAB'~*C’/Bx=Bx or AB'C’*'Bx= Bx. So replacing x by B~’x
let us assume j=0, or AB'x=x. x can be multiplied by a power of C, and the relation
still holds. So we can suppose @, =0. Writing our equation as B'x=A”"1x, we see
that

eQRL2te @[ @ @ [% TP Ve = Q@ke® - Ql"eQe
implies
a, =0, a; =1, a,=3i,...,a, = Cp_y s,
x=eQe@e@Pe® - @ [-rile.
For i=0, 1,..., p—1, we get just p nonfree components of C,_;, so

Coo1 2 ZG[{A) ® ZG[{AB) ®--- D ZG|{AB*~*) @ F, F G-free.

or

The case of C,,_, is entirely similar. At last we can compute. Consider
0« Z<—Co<Cy<- < Cyp_1 < Z<0,

and let X, Y, V, W, and U be the image-kernels at Cy, C;, Cp_3, C,_1, and Cyp_,
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respectively. Applying Tate cohomology to the resulting exact sequences, and using
Ai(l, Z(Al/x)~ H'(x, Z), [3, p. 196], we get, for i odd, four long exact sequences,
plus two-dimensional shifts, for every i.

(i odd):

0 — H%G,Z) — H'*Y(G, X) —— H'*'(KB), Z)

(6.1 Cor
—> H'*¥G,Z) — H'*3G,X) —— 0,

0 — HYG, X) — H'*(G, Y) — H'*''({B), Z)

6.1) Pi+1
—_— HH.l(G’ X) — Ht*z(G’ Y) —— O,

rp-1
0 — HYG, V) —> H*G W) 255 B, 2)
61"
——> H"“YG, V) —> H'*¥G, W) —> 0,

3 " p_l
0 — > HYG,U) ——> H'*YG,Z) ——> > H'*'((AB'>, Z)
t

=0
—» H'*YG,U) — H'"*¥G,Z) ——— 0,

6.1)"

HYG, Y)~ H'**"%G, V), HYG, W)x H'*""YG,U), alli

Here
“Res” maps ¢ — (Res, (§), Res;, (§),..., Res;,_, (£)),

where L,={A4B*). Observe that for i odd, H'*((B), Z)~H'*Y(L,, Z)~Z,. So
with o«;=|HYG, Z)| we get

|H'*%(G, Z)| < |[H'*X(G, U)| = |H'"***G, W)| = p?|H'"**}(G, V)|
= PIH#"4G, V)| S pPIH9G, X))
S P“llH‘-z“z(Ga Z)|, (fodd), or o,z < pP*loy_gpua.

In exactly the same way we show that this holds for i even. Hence
6.2) o409y S pPHie; for allj.

For j> 0, this is an equality. However, I have not been able to prove this directly.
It is easy to see the following:

(1) Cor=0 in positive dimensions,

2) ¢;+1=0foriodd, i>0,

(3) “Res” is onto for i=2p—3, i odd.
The trouble is that I have not been able to show that ¢, . ; is onto in a suitable range.
As I have no further use for the above sequences, I will limit myself to a discussion
of the map “Res”, and will estimate |[Im (“Res”)|.
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PRrOPOSITION 6.1. If o, B HXG, Z) are the inflations of maximal generators
x4 € HXA), Z), xz € H¥{B), Z), respectively, then o«*, a" 1B, ..., " € H*(G, Z)
are linearly independent, for 1 <n=p.

Proof. Let L,={AB"), (0<t<p). Set L,={B). As H¥G, Z)~*Hom (G, Q/Z),
we will take «, B corresponding to «: 4 —1/p, B—~0, 8: A—0, B— 1/p. Let
x: € H¥L,, Z)~;Hom (L,, Q/Z) correspond to AB'— 1/p if 0<t<p, and to
B — 1/pif t=p. x, is a maximal generator. Let a,=a—1"18, 1#0, ay=8, a,=«.

Res; a, = Res;, (0) = x; J # p,
=0 j=p
RCSL, (@) = RCSL, ® =Jjx; j#p

= Xr J =p.
Hence
Res, (a) = (1—jt™Y)x; j#pt#0,p,

= _t_IXﬂ Jj=p1t#0,p.

Thus we see that Res,, (a;)=0 if and only if j=1¢, for all j, 7. Recall that the powers
of a maximal generator are again maximal generators. Let /<{0, 1,...,p} be a
subset 3 |I|=n, 1 Sn=<p. Form a;=[T;; a;. We have: Res;, (a;)=0 if and only if
j€I Choosing ;={0,..., ,...,n} clearly {a,, ..., a,} is a set of n+1 linearly
independent elements of H%"(G, Z). Asitis a subset of the span of {o", «"~18,...,8"},
the latter set must consist of linearly independent elements. Q.E.D.

For smoothness of exposition, we will invoke the following theorem:

THEOREM 6.2 (KU0). If G is a group of odd order, 120, e=exponent of H**'(G, Z),
then €2 divides the order of G.

Proof. Tze-Nan Kuo, Thesis, University of Chicago, 1966.
Applying this result to our group of order p®, we get pH?+1(G, Z)=0, /120.

ProposITION 6.3. H¥G, Z)~Z, ® Z,, H G, Z)=Z, P Z, D Z, D Z,.
Proof. By Proposition 6.1, H*G, Z) «» H*G, Z) is mono. Using the second
form of the Res-Cor sequences, we get
o p T o
0 = HYG, Z) — H¥G, Z) —> T® —> H*G,Z) — H*G, Z)
implies H3(G, Z)~T?3. Also (with K={4)),
0— H*H, Z);y — T?® — H3H, Z)¥ - 0.

As H*(H, Z)=P[B, yv] ® E(u), where B: B— 1/p, C— 0, y: B— 0, C — 1/p, with
kB=B, ky=y+B, ku=p, k being the automorphism of H*(H, Z) induced by 4,
we find that H%(H, Z)x=Zy, H3(H, Z)¥ = Z, both of order p, implies p?=|T?|
=|H¥%G, Z)|, and Res: H¥G,Z)— H%H,Z) is epi. Choose pe H¥G,Z),
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Res p=p (convenient abuse of notation), v e H¥G, Z), Res v=0. Clearly pv=0.

Miss Kuo’s Theorem implies that pu=0. Hence H3(G, Z)~Z, ® Z,, with basis

{m, v}. As pu=Cor Res p=Cor p, we see that Cor: H3(H, Z) — H¥(G, Z) is zero.
Claim |H*(G, Z)|=p*. For using the first form of Res-Cor sequences:

Res Res
H¥G,Z) —— H3H,Z) —— H3X) — H%G,Z) —— H*(H,Z).

The first Res is epi, the second has image ZB%, of order p. Hence |H%(G, Z)|
=p|H%G, X)|. But

Cor Cor
H*H, Z) — H*G,Z) — H%G, X) —— H%H,Z) — H*(G, Z),

exact. By the formula for Cor in §1, we see that Cor=0 in dimension 2.

We noted above that Cor=0 in dimension 3. As |H%(G, Z)|=p?, |H*(H, Z)| =p,
so |H3G, X)|=p® and |H*G, Z)|=p*. By Proposition 6.1, «2, of, B* are
independent. Let y € H%(G, Z) be a further generator.

Claim px=0. For if pxy = ac®+ beff + cf2, then pya=0. This implies that ae®+ ba2B
+caf2=0. As p=3, Proposition 6.1 implies that a=b=c=0. So py=0 and hence
HYG,Z)xZ,DZ, D Z, ® Z,, with basis {o?, «f, 82 x}. Q.E.D.

REMARK 1. The author checked Proposition 6.3 by calculating with an explicit
resolution. It was a horrible experience.

REMARK 2. Theorem 6.2 was needed only to show that pH3(G, Z)=0. We will
prove this by a different method below, so that Theorem 6.2 is not really necessary
in proving Proposition 6.3.

One can prove a few more facts using the Res-Cor sequences. From the Swan
spectral sequence [12] arising from the action A(z, w)=({z, w), B(z, w)=(z, {w),
{=e?'? of G on S!x S, one gets various sequences and estimates, none of which
seem any good, except as a means of checking the results received via the spectral
sequences of group extensions. To these we now turn.

6.3. Set D={C),G/|D=Lx~Z, ® Z,. We will study the spectral sequence of the
extension 1 — D — G — L — 1, following (more or less) the footsteps of Evens.
We will refer to this as the first spectral sequence. EY'~ HY(L, H/(D, Z)). As
D=Z(G), the action of L on H(D, Z) is trivial.

Let yo € H¥(D, Z) be a maximal generator, and let y € E2'2 correspond to y,.
[For clarity, we will write Z, @ Z, for L, and Z, for D.] From an additive point of
view,

Ef¥ ~ H¥Z, D Z,, Z,) * H¥(Z,,Z,) ® H%Z,,Z,),
by Kiinneth. However, the multiplication on the right-hand side differs from that

in the spectral sequence. In fact, it induces a ‘‘horizontal” multiplication
o: EX¥ ® Ek? — E}**2 each j>0.
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LEMMA 6.4. Cup-product y: H(L, H'(D, Z))=> HYL, H’**(D, Z)) is induced
by cup-product y,: H(D, Z)*> H'**(D, Z).

LEMMA 6.5. If ne€ EY¥, £ € EX?, then né=v'-(y o £). In other words,
H*(L, H*(D, Z)) ~ H*(L,Z,) ® H*(D, Z),
as rings, for j>0.
LeEmMMA 6.6. y: EYY — EL7+2 is mono, j20, and iso, j> 0.

The proofs of these lemmas are routine, so we omit them (see [3, Chapter XII,
§6]).

We may now calculate some of the structure of E,. Let H*(L, Z)=Pl[e, B] ® E(3),
o, B as usual, «, B € E2'°. Let u, v e E}'? be independent generators, and y=p ov
€ E3%. As HXG, Z)=Za @ ZB, we must have ds(y)=s5, s € Z¥. By Proposition
6.1, o, oB, B2 are linearly independent, hence dyu=dw=0. Thus in degree 3, only
p and v survive, whence H¥(G, Z)=Zyu @ Zv. Of course, pu=pv=0. [This fills the
gap in the proof of Proposition 6.3.] dy(y%) =2sy8 #0, dy(ya) = 8o #0, da(yB) = 68 #0.
By Proposition 6.3, H*(G, Z) has order p*, hence dsx=0, and H%(G, Z)= Zo?
@ Zoef @ ZB* @ Zx.

LEMMA 6.7. For suitable choice of p, v, 8, yd=ou—Bv in E,.

Proof. In the doubly periodic resolution for L given in §3, we take cocycles

8:a93—>0, a1~ —1, ay — 1, azo—0,

B Aoy —> Yo, G10—>0,

vidai0—> Yo, do1 —>0,
representing classes 8e H¥Z, ®Z,,Z), p,ve H(Z, ® Z,, H¥Z,,Z)). Thus
yde HX(Z, ® Z,, H¥Z,, Z)) is represented by f, o 8, where f,,: Z—~ H¥Z,, Z)
map 1 — y, (i.e. f,,=cup-product with y,). As for epu—Bv, by Lemma 3.4, cup-
product with the periodicity cocycles «, B (here a: a;o— 1, ao; =0, B: ap; — 1,
a,o — 0) is just a shift two units east (resp. north). Thus by inspection, op—Bv is
represented by the same cocycle that represents y8. Q.E.D.

REMARK 1. One easily checks that the above «, B correspond to the inflations
(previously called «, B) of the standard generators of H%({A), Z), resp. H*({B), Z).
We tacitly assumed this in the proof.

LEMMA 6.8. du= —By, dv=—ay, Sx=0, ux=vx=0, p2=12=x2=0.
Proof. The projection J: Z — Z, induces
Jx: H(Z, ® Z, H(Z,, Z)) > H(Z, ® Z,, H'(Z,, Z,)).
J is mono, j=0, and iso, j even, >0. As in §3, we have
HYZ, ®Z,,2Z,) x H*Z,,Z,) ® H*(Z,, Z,) = E(1,) ® P(v1) ® E(uz) ® P(vy),

with Au;=v,, i=1, 2.
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We take as representative cocycles u;: a0 — 1, agy — 0, uz: ag; — 1, a;o —0,
Uy: Qg0 —> 1, @33 — 0, ags =0, v5: Gge — 1, a3 — 0, @z — 0. Let 3=J4(y). Note
that J, preserves products. We now observe Ju(8)=v,u;—viu; (=A(uius)),
Ja(@) =0y, Ju(B) =02, Ju (1) = Fuz, J4(v) =11, Ja(x) = pust4. Thus

Jo(8p) = (viup—vauy)pus = —voususy = —Jx(Bx).

Jx mono implies that 8u= —By. Likewise, v= —ay. The other relations follow in
the same way. Q.E.D.

We observe also that uv=yy (by Lemma 6.5). Let us now insist that y, € H3(D, Z)
be the maximal generator given by y,: C — 1/p. As in the proof of Proposition 6.3,
if H={B, C>, H*(H, Z)=P[B, y] ® E(1), k=automorphism induced by A, then
kB=B, ky=y+B, Resp, (y)=vo, Res, (8)=0.

LEMMA 6.9. y* € E2'?? is a universal cycle. [N.B. There are two distinct v’s, one
y € E3'2, the other y € H*(H, Z).]

Proof. By the double coset formula for A4~ [5], we see that

Resy #0) = | [ 6=18) = =1~

Hence Res, A (y)=Resp y? =93, i.e. =97, via H**(D, Z)~ E$?*. By Corollary II,
§1, v* is a universal cycle. Q.E.D.
Lemma 6.6 now shows that y?: E}/ — F}7*27 is an isomorphism for j> 0.

LEMMA 6.10. EZm°=3, . _, Zd'p/, EZ"*10=3, ;1 Zo'f, EF2m*1=0 (m>0),
EF=3,\ en 1 Zx0B' ® Sisjen Zyell, EF*32=3,, .., Zua'B! @ Zvalp). The
other terms are given by periodicity E¥? X" E¥* x - --

Proof. By inspection, in view of our previous results. Q.E.D.
Clearly E,=E;, as odd rows are zero. We have seen that o, B, u, v, x, ¥y are
universal cycles. To find E,, we must get ds. Recall that ds(y) =58, s#0 (p).

LEMMA 6.11. E?™2"=0 if m#0 (p), m>0, n#1, E}*"=Zyy™" ', m>0, E3"°
=Di1jon Zo!f, EP?m=0 if m#1 (p), m>1, E**12"=0 if m# —1 (p), m#1,
n>0, EF+12e-D=3,, ,_, 1 Zafly?"18, EF"*12=3, ;.0 Zoa'flp ® Ze'fv @
Sitien—1 Zo&'B(ap—Bv). The other terms are given by periodicity E¥/ x" Ef+1+2?,
j>0.

Proof. E3"2"=3, ;.n ZoBY™ @ itjon-1 Zxe!By™~ 1 and also EZr*1:2"=
Di+y=n Zpaiplym 1 @ Zvofly™ 1. Applying ds;, we see: ds(o'fy™) =msa'Bly™ 16,
dy(xe'Bly™ 1) =(m— D)so'B'y™ ~2x8=0, as x8=0.

d(uadBy™ ™) = (m—DspalBy" =26 = (m—Dsalf’* gy =2,

as ud= —du=pByx. Likewise, dz(va'fy™~1)=(m— D)se!*p'xy™ 2. We deduce: The
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terms «'f’y™ perish if m#0 (p), as do the yo'f'y™ -1 if m#0 (p) and i>0 or j>0.
The po!Bly™ 1 and 'B'y™ 1 perish for m#1 (p), but

#aiﬁj,ym -1 _vai - lﬁj+ l,ym -1 a(— lﬁf,ym— l(a“_ﬁv) —_ ai - lﬁj,yms
goes to zero under d; (82=0). ds(y™*18)=(m+1)sy™s, so if m# —1 (p), the

«!~1piym§ perish because they are boundaries. Putting these facts together and
examining a few special cases, gives the result. Q.E.D.

COROLLARY 6.12. au=pBv in H*(G, Z), whence oapv=_Buv=0.

Proof. dy(y?)=2y8=2(cpn—p), so eu=pB in E,. But E}'=0, i+j=35, (i,/)#(3, 2).
The first statement is now clear. As p?2=12=0 H*(G, Z), p and v being of odd
degree, the second assertion follows. Done.

We have actually shown that H3(G, Z)=Zop @ Zewv @ ZBu, so that eu=pv
is the only relation in dimension 5. Let a, A be the automorphisms of G given by
a:A— B, B—~ A, \: B— B, A — AB, respectively. a?=1, A’’=1. Clearly
(6.13) =8 B =« ot=qa B=fB+a

Only the second part needs checking. «: 4 — 1/p, B—~0, B: A —0, B— 1/p.
By the definition of §1, o*=a o A, *=B o A. S0 e*(4)=a(AB)=1/p. «*(B)=(B)=0.
B(A)=B(4B)=1/p. B\(B)=B(B)=1/p. Done.

a and X act on H¥G, Z). Suppose p’=du+ev, v*=fu+gv. ap=pPv implies
But=w?, or PB(dp+ev)=a(fut+gv), or dBu=(f—e)ap+gaov, implying d=g=0,
f=e. p*=ev. a®=1s0 e2=1, hence e= + 1 (everything is mod p, of course).

The diagram (obtained from the spectral sequence) commutes:

HYZ, ® Z,, HXZ,, Z)) ~ E}* ~ EX? ~ H%G, Z)
la la al al
HYZ, ® Z,, HXZ,, Z)) ~ E}* ~ E4* ~ H%G, Z).

Hence by the definition of u, v we see that u®= —v. (Since c®*=c~! implies that
a: H¥Z,,Z) — H¥Z,, Z) is multiplication by —1.) Thus

(6.14) ne = —v, V= —pu.
A similar argument yields
(6.15) pr = ptv, V=,

Let H,={AB',C>. H=H,=(B, C).
LEMMA 6.16. Resy p#0, Resy v=0.
Proof. Observe A(C)=C. Thus A=identity on H. Thus
A
H¥G, Z) — HG, Z)
Res,,l lResH

id.
H¥H,Z) — H3*H,Z) commutes.
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We saw in the proof of Proposition 6.3 that Resy is onto. Let du+ev#0 be an
element such that Res, (du+ev)=0. Apply A, get Resy (d(x+v)+ev)=0. Subtract,
then d Resy (v)=0. If d#0, then Resy v=0. If d=0, then e#0, and so Resy v=0
again. Thus Resy v=0. As Resy #0, so Res, u#0. Q.E.D.

Observe that H,=H}', Hy=H® Applying a to Lemma 6.16 gives Resy, v#0.
Resy, n=0.

Claim. Resy, (1)#0 if and only if ##0. Indeed, apply A‘ to Resy, (1)=0. Get
Resy, (n+tv)=0 (0<t<p). If Resy, (v)=0, then Resy, (v) =0, implying Resy, =0.
Contradiction. Hence Resy, (1)#0 if 0<¢<p. By Lemma 6.16 this holds also for
t=p. Finally, observe that in H*(H,, Z), no element of even degree is a zero-divisor.
Thus, if ¢ € H*(G, Z), of even degree, Resy, (§)=0 if and only if Resy, (éx)=0,
for t#£0.

PROPOSITION 6.17. The elements o'u, '~ Bu, ..., Bu, > in H**¥G, Z) are
linearly independent for 0<i<p.

Proof. Exactly as in Proposition 6.1. Obtain a4, € H*G, Z), Resy, (a)=0 if
and only if z=j. Let I<{l, ..., p} consist of i elements. Form a,=]T];; ;.. Then we
see that {4,u} contains at least i+ 1 linearly independent elements. As the A, lie
in the span of {«', . . ., B'u}, the latter set of i+ 1 elements is linearly independent.
As for «'v, we saw that Resy, (a'v) #0, Resy, («*8'w)=0. Hence the enlarged set
{n, ..., B'u, oiv} is still independent. Q.E.D.

LEMMA 6.18. y'y € E2'3'*2 survives to E,, for 0<i<p—1.
X

Proof. As the fibre terms are zero, or universal cycles, need only show 'y are
universal cycles. dy,, : E3?+2 — EZ*+V+1.2 jg the only possibly nonzero
differential.

As F2¢+D+1.2 g geperated by the o' * 1, . . ., '+ 1u, «! *'vand i+ 1 < p, Proposition
6.17 implies that dy;.,(¥'x)=0. Q.E.D.

Thus, in degrees <2p, E,=E. Inspection reveals:

(6.19) ay =p'*%, 2=2i<p; oy =pth 1 Si<p—1; oy =pr*l
LEMMA 6.20. agp,1=p"*1, agpr0=p"*3, aff®=Pa® o’u=p".

Proof. As o, =1, ay=p?, inequality (6.2) gives gy, 1 Sp**1, a5, 2<p?*3. The
p+1 elements o«® ', ..., BP u, P v e EZP~12 are linearly independent and
survive to E,, (Proposition 6.17). This implies «,,,,=p?**. This shows also that
dy, - 1(y?~18)#0. In degree 2p+ 2, there are independent generators y’a, y*8, y* ~x
€ E?? and the «?*1,..., B?*L, in E3P*2°, As d,,_,(y?~18)#0, there is precisely
one nontrivial relation, f(e, B)=0. Thus, as y"«, ¥*B survive to E,, we get oz,
2 p?+3, implying that a,,,,=p?*3. Thus y*~y perishes, so dy,_,(y* ~x) #0. This
says that there is precisely one relation among the elements o”u, «®~'8u,...,
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BPu, o?v. To find the relations, we apply the automorphisms a and A. Thus,

f(«, B)=0 implies f(B, «)=0, and f(«, «+B)=0.
Let

[, B) = 2 calf?*i7,

N e L]
+ +
- O -

p+1-—i

fowtf) = 3 cawrpptisi= 5 (P g
0SiSp+1;05jSp+1-1 J

2:: Z (P+li )t,ﬁp“_i,.

0sisv

-
L}
o

By uniqueness of the relation, f(X, X+ Y)=ef(X, Y), some integer e. Iteration p
times yields e?=1, whence e=1 (everything is mod p). Thus, we may equate
coefficients:

1 -1 —r+1
Co(p+ )+c1( P )+CQ(p )+"‘+Cr(p r+ ) = C,
r r—1 r—2 0

(0=sr=<p+1). This plus symmetry implies co=cs="-:=c¢,_;=¢,,,=0, and
¢;+¢,=0. We may take c,=1. Thus f(a, f)=af”—Ba”. The relation «’u=pg" is
proved similarly. Q.E.D.

We now have the E, term (= E,,;). Inspection shows that

(6.21) Cipop = p""la,, j > 0,

as previously asserted. The elements y, yx, ..., y* "2y are in E,. How do they
multiply ? To settle this we use the Res-Cor sequences associated with 1. — H — G
— (4> — 1. We know that H*(H, Z)=P[B, y] ® E(r). Resy =8, Resy p=pg,
and Resy A (y)=y"—yB? ! (proof of Lemma 6.9). Let {=y"—yp?~1. As kB=5,
ky=y+pB, wefind: H¥*(H, ZY*=2ZB',0<i<p. H**Y(H, Z)*=Zup'~*,0<i<p—1,
H?*(H,Z)-=2p* ® Z{. H¥H,Z),=2y', 1=Zi<p, HY*(H,Z),=Zuy'" !,
0<iZp.

Lemma 6.22. Cor y=0, Cor y'#0, 1 Si<p.

Proof. First observe Cor: H**Y(H, Z) - H**Y(G, Z) is 0, 0<i<p. Indeed,
the formula Cor (Resa - b)=a - Cor b [3, Chapter XII, §8], Res a=0, imply
« Cor ¢=0 for é€ H*(H,Z). If ¢ H**Y(H, Z), then Cor £ € H**Y(G, Z) lies
in the span of o'y, ..., By, a'v. As o annihilates no nonzero combination of these
(Proposition 6.17), so « Cor £ =0 implies Cor ¢ =0. H?(H, Z)*=2Zp', H**'(H, Z)*
=Zup'~t, show that the image of Res: H*(G, Z) — H*(H,Z) has order p
(1=i<p), and order p? if i=p, since H?**(H, Z)*=2ZB*> ® Z{. By the Res-Cor
sequences:

0 Z, — H*(H, Z) — H*(G, X) - H**Y(G, Z) - Z, — 0, exact (1 Si<p),
0—>Z, ®Z,—~ H*(H, Z) - H*(G, X) — H**Y(G, Z) — Z, — 0, exact.
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|H?*(H, Z)|=p'**, so by (6.19) and Lemma 6.20, we get: |H(G, X)|=p?,
22i<p, |[H?*(G, X)|=p?*~1. If Cor,;;=0, 2<i<p, then

00— H*"YG,Z)— H?(G, X) - H*(H,Z) -0

were exact. This implies |H?(G, X)|=p'-p'*'=p?*+1, a contradiction. Therefore
Cor,;#0, and hence Cor () #0, 2=i<p.

Res Cor y?"1=N,y? "= —B7"1 implies Res (Cor By? )= —pr#0. Thus if
Cor y?=0, then

0 — H?-YG, Z) — H?**(G, X) — H?(H, Z) — Z, — 0

were exact. This implies p| H?*?(G, X)|=p?-p?+*1=p?**1, or |H?*(G, X)|=p?*. A
contradiction. Hence Cor y?#0. As for Cor y=0, we may check this directly using
the formula in §1. Q.E.D.

COROLLARY 6.23. A (y) has order p2.

Proof #1. As Resy A (y)=y"—yBP~!, apply Cor, and note Cor y=0. Get
pA (y)=Cor y*#0, by previous result. Done.

Proof #2. Glance back at (6.1)-(6.1)". Clearly Cor: H°(H, Z) — H%G, Z) has
cokernel cyclic of order p2. That is, H*(G, X)x~Z,2. We see that

|H?"(G, Z)| = p?|H*~*(G, U)| = p*|H?(G, W)
< pP|HPYG, V)| = pP|H(G, Y)| = pP**|HY(G, X)| = p**2.

But we know that «,,=p®*3, whence, equality holds at every stage. In particular,
H?(G, V) =2, H?(G, W) is actually an isomorphism. So

mono
Z,: = HY(G, X) ——> HG, Y) ~ H*-XG, V) ~ H*(G, W)
~ H?*-Y(G, U) - H?*(G, Z).

Thus H??(G, Z) contains an element of order p2. Now the spectral sequence,
Res Cor y?»=N,y?=0, and Cor y*#0, plus p Cor y*=0, and H?**(G, Z)=Z A (y)
@ ZCory® @ Ji4y=p Zo'p’, show that A (y) is of order p>. Q.E.D.

REMARK 1. « Cor y*=0, Res Cor y*=0 are what tell us that Cor y* ¢ > Zo'f’.
For if so, then applying Res shows that Cor y* lies in Zef?P~1 @--- P Zo?. As
«fP=o«PB is the only relation in degree 2p+2, we see that « Cor y*=0 implies
Cor y*=0. Contradiction.

Let x;=Cor y***, 1 Si<p—2. Note x}=y;, ax;=0. As in Remark 1, we see that
xi is not a polynomial in « and B. The spectral sequence implies that H?*2(G, Z)

=2Zx; @ Jks1-141 LB, (1Si<p-2).

LEMMA 6.24. xix;,=0, 150, j<p—2, axi=Bxi=pxi=vxi=0, xi=xi x{=exs
&=+ 1. Resy (x,)=0, for all proper subgroups N of G.
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Proof. The fact that Resy y;=N,x'*'=0 is easily checked. The formula
Cor (Resa-b)=a-Cor b now implies x;x;=0, ay;=0, vx;=0. (ex)*=Bxf=0,
(x)*=pxf=0. So we need specify x{. Let x{=ex;+fi(e, B), implying x,=efx
+ & fi(«, B)+f(B, @) which in turn implies that &= +1. Bx?=0 implies 0=¢fy,
+Bfi(«, B). Bx, is A-invariant, as ey; =0 and y} =y,. Hence so is Bfi(«, B). But powers
of « are the only A-invariant polynomials in degree <2p. Hence fi(«, B)=0 or
x#=¢x;. This proves all but the last assertion.

We may assume N is of index p, i.e. N=(A'B’, C), some i,j. There exists
f(e, B)=polynomial in «, B such that Resy f(o, B)#0 (can take f linear). Thus
Resy f(«, B) Resy x;=Resy (f(e, B)x;) =Resy (0)=0. Hence Resy x;,=0. Q.E.D.

REMARK 2. As {c)>=Z(G) is characteristic, and «, 8 are inflations, it follows that
the subring Z[e, 8] is Aut (G)-invariant. The proof of Proposition 6.1 shows that
xi is the only element (up to constant multiple) of H?*%(G, Z) which has Resy=0
for all proper N. Thus Zy, is also Aut (G)-invariant, as is the decomposition of
H21+2(G’ Z)

If p> 3, then y, is defined, and differs from uv by a constant multiple (both are
A-invariant). Here (uv)®=pu%*=vu= —puv, so in this case e;=—1. We now define
xp-2=Cory?~1+87-1 As Res Cor y* 1= —87"1 50 Res y,_,=0,

Xr-2 € H*® (G, Z).

LEMMA 6.25. ax,_a=ef?~%, Bxp_a=BoP 1 X5 _2=Xp_-2, Xp-2=Xp-2+(B+0)!
—BPY, paP Tl =pxy o, vBP T =vxp s

Proof. « Cor y*~1=0, s0 ax,_,=0of? ! (*). Likewise, vy,_,=vB7"1. We check
easily that x,_,#a polynomial in «, 8. Hence

H> %G, Z)=Zx,-2 @ » Za*f.
k+l=p-1

Let x5-2=¢xy-2+8(e, ). Apply a to (*). Get Bxg_z=Pa?"*, or efy,-»+Pg(e, B)
=Bo?~1. Thus By,-s=¢"'(Ba”~*—Bg(a, B))=f(c, B). But Bx,_,=p"+p Cor y**
=p7+Cor By*". As Corpy?~! is Xinvariant, we get f(o, B)=c®+ f(, B).
Res x,-2=0. Hence f(«, ) has no BP-term. A small calculation now gives
fle, B)=Ba?"1, ie. By,-2=PBa?t. A further, smaller calculation proves e=1.
Finally, applying a to v~ '=vy, _, yields po® " *=py,_,. Q.E.D.

Observe that Lemma 6.25 implies that «8”=B«?, and «’u=f%v. Note also that
cup-product with .#7(y) is a monomorphism (by the spectral sequence). We can
summarize our conclusions in one statement:

THEOREM 6.26. The cohomology ring of
G=(4,B: A" = B* = [4, B] = [4, [4, B]] = [B, [4, B]] = 1),

Sor p odd, is as follows: H¥*(G, Z)=Z e, B, ks v, §, X1, X25 - - -5 Xp—2], deg e=deg B
=2, degp=degv=3, deg {=2p, deg x;=2i+2, with relations: (0) pa=pB=pp
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=pv=px;=p*(=0, (1) ep=Ppv, (2) Pu=p%, (3) p?*=+*=0, (4) xx;=exi=Bx
=”’X¢=VX£=0a 1=, f<P—2, (5) XIXP-2=0’ l§i<P°"2’ X3-2=°‘"'lﬂp'1, (6)
aXP—2=°‘Bp-1’ BXp—2=ﬁ°‘p_1, (7) f"ap_1=I‘Xp-2’ "ﬁp-1=VXp—29 (8) aﬁp=ﬁaﬁ'

If p>3, then x;=duv, for some deZ}; if p=3, then p{=euv, some ec Z}.
a, A act as follows:

(l) aa=B’ = —v, xf=ex, &=t 1, ep—2=19 ep=—1 ifp>3’

(ll) 0"‘=“,ﬂ"=ﬁ+‘!,""=#+",x3‘=){u 1 §i<P-2, X$—2=Xp—2+(ﬂ+°‘ ’_l_ﬁp-la
=L

Here a,A\: G—~> G are: a:A—B, B—> A, \: B— B, A— AB. If H={B, C)
(where C=[A, Bl]=B~*A"'BA, y € HH, Z) corresponding to C — 1/p, B—0),
we may take y;=Cor y'*1, 1Si<p—2, xp,-o=Cor y? 1+, and {=A"(y).

Proof. Almost all done in the lemmas, except for a few easy exercises. Q.E.D.
REMARKS. (1) Of course, the above relations are not mutually independent.
Thus, for example, (6) implies (8); (6), (7) imply (2).

COROLLARY 6.27.
exponent H(G, Z) = p  if 2pin,
=p* if 2p|n.
6.4. It is of interest to calculate the spectral sequence of
™) 1-H—>G—><A4>—1 (split)y, H=<B,C).

We will call it the second spectral sequence. Set o/ = H*(H, Z)=P[B, y] ® E(u),
and {=y?—yBP 1. As before, kB=pB, ky=y+8, ku=p. Note k{={. We will often
write Z, for (4), Z, ® Z, for H, and will identify E3'~H/(Z, ® Z,, Z)*.

LemMaA 6.28.
) EYf~Z, i,j>0, j£0 (p—1) and even,
20 §,j>0, j=0 (p—1) andeven.
()} * = P[B, {1 ® E(p).
?3) N = pr1of¥,
p=1
@ vl = D Y~
i=0
®) 1 = B,
Proof.

Ey = HYZ,, H(Z, ® Z,,Z)) = H°(Kk>, H(Z, ® Z,,Z)), ieven, >0,
= H-'(k), H(Z, ® Z,, Z)), iodd, >0.

Thus (2), (3), (4), (5) imply (1), by inspection. Obviously, &*>P[B, {] ® E().
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£B or £p invariant implies ¢ invariant. So if ¢ € &%, we may suppose £é=9"
+a,_y*" 1B+ - - - +a,f". By Newton’s formulas, if s,=1"+2"+..- +(p—1), we
have

(6.29) s;=0[fr20(p-Dl=-1[if r=0(p-1).

n

¢ = iom(wﬁ)*ﬁ"-‘[an =-1]= 7"+(“»-1+(1

-

so equating coefficients gives n=0 (p). Say, n=pn,. Form ¢{—{"=p¢". This is
invariant, implying £ is invariant. By induction on degrees, ¢’ € P[B, {], hence so is
£. This proves (2).

N =3 iy = 3 ()ooniee

k=1
Forn<p—1, thisis 0; for n=p—1, it is —p?~*, Thus:

Nyt =0, l1si<p-1,
= —pr-l, i=p-—1.

If ¢ e &%, then N(ép)=£EN(n). By (6.30), if £ e &% N(y*~ €)= —pr~ ¢ Hence
N/>BP-1o/*, To show the reverse inclusion, it clearly suffices to prove:
B 1| Ny (£3) for all n>0. For then Ny"=87"1£,, and Ny" € &% implies ¢, € o7*.
If n<p, we are done, by (6.30). If n>p, then y"=y"~?{+p?~2"~?*+1 implying
ny*=n(y"~?){+pP"IN(y"~?*1). (£x) now follows by induction. This proves (3).

Next, let £ € v, i.e. Né=0. We can suppose é=y"+a,y" "B+ - - -. We saw that
BP~1|Nn for all n. 0=NEé=Ny*+a,Ny"~*-B+---, hence B?|Ny". Write n=c,
+cip+eap?+ -+, 0=¢;<p. We know that Ny"=C, 15,y" "B+ C, o5oy" 282+ - - -
= —Cp,p-1¥" " ?*B7 1+ multiple of g°. 87| Ny" implies C, ,_,=0 implies co<p—1
[20, p. 5]. Write n=co+pn,. Then y%ol" =y*—c;y""P*187~1+ ... and N(y°{")
=0, as { € &% and co<p—1, by (6.30). Thus N¢=0 implies N(£—y°{")=0; and
degree (£—y°L™)<degree £ By induction ¢ —y° (™ € >7-2 y'o/*. Hence so is £,
since co<p—1. This proves y&/<>7-&y'«/*. By (6.30) the opposite inclusion
holds as well. This proves (4).

ye-1=B, (y?)* 1=2yB+p%.... This proves yBe*"1, 0<Zi<p—1. As
el 1o/, we see by (4) that /%~ 158,47, For the reverse inclusion, it
suffices to show (y")*~1 € By for all n>0. If n<p, this is easy by (6.30). If n>p,
(") 1=(" Py +pP-Y(y" P+ 1)k -1 and we conclude by induction. This proves
(5). Q.E.D.

E,~H*(Z,, &) as bigraded rings, up to a sign (see §1). The multiplication in
H*(Z,, &) is given as follows: [3, Chapter XII, §7]. Let « € HXZ,, Z) be the
maximal generator corresponding to 4 — 1/p. Then o': &*/NZ 2, H*(Z,, o).

(6.30)
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oty 2, HBYZ,, ). If ye H¥(Z,, &), £ € H¥(Z,, &/) are homogeneous
cohomology classes represented by a (resp. b) € &, then 7¢ is represented by

ab if degn or deg ¢ is even,
a“b? if degn and deg ¢ are odd.

0<i<j<p

(6.31)

This shows that «: Ef/ — Ei*27 is iso for i>0. It is easy to check that {: E%’
— Ey'*2?? js iso for i,j>0. Let y € E1® correspond to p € 73, v, € E3-%* to ¢},
1Si<p,and o€ E3*?* to L.

LEMMA 6.32. In E,,

1) Bry=Bx=Bo=0, 12i<p-—1.
(¥)] = =x=px=0,

= =3’
3) vix =ofp (p=23)

=0 p>3.

Proof. Bv, corresponds to By'e &/*~! if i<p—1. Therefore Bv;=0. Bx corre-
sponds to Bue€ /%! implies By=0. Likewise, B{ € &%~ ! implies Bo=0. This
proves (1). We leave (2) as an exercise, and will prove (3).

Suppose p>3. Then as v, corresponds to y, and y to u, using the rule (6.31),
vix corresponds to So<i<j<p ¥ 'u' = —s.uB. p>3 implies 5,=0, p=3 implies
s;=—1. Thus p>3 implies v,x=0. If p=3, since v,y € E2'5, and «fr € E2'5 also
corresponds to uf, so v;x=ofu. Q.E.D.

DEFINITION. If u, v are quantities, we say u=v if and only if u=ev, e € Z}.

LEMMA 6.33. dy(vo)=ay, do(v)=opv,_,, 3Si<p—2, dy(uvy) =0, 1Zi<p—1.

Proof. We know that «;=a3=p?, «y=p*. This shows that «, 8, v;, u, x survive
to E. as=p® implies v, perishes. As o3, «2B are linearly independent, dy(v,) =d3(v2)
=0, ds(v2) #0, or dy(v;)=0, da(v;)#0 are not possible, implying d,(vo)=ay. We
now proceed inductively, using (1) our knowledge of the o;, (2) the linear inde-

pendence of the {«*B'} and {o*B'u} U {«**%}, in certain ranges. We omit details.
Done.

Let EP=E3" ® EX" ' @---@ E%° in this order.

COROLLARY 6.34. E;=FE,, in dimensions <2p.

EP =2 DZx D ZeB @ Zo>.

EZ = ZB+ Zuv; o D Zef 1 D2 2@ -DZot, 3L5iZp-1.

Eg“l) = Zﬁ"ly @ Zaﬁ'"2p. @ Zazﬁ"ap- @ . @ Zot'-lp. @ Za'"lv,
2gisp-2

ESP = ZL D ZB*+ Zpv, 3 @ Zopv, 3 @ 2’72 @ ZFP° D - - @ Zo”.



1968] THE INTEGRAL COHOMOLOGY RINGS 527

Comparing with Theorem 6.26 and its lemmas, we see that y, € H*(G, Z)
projects onto uv;_;, 2<i<p—2. Notation: n(x;)=pv;_4. Also m(u)=p, 7(v)=v,.

LEMMA 6.34. dy(0)=apv,_s.

Proof. As n(Cor y*)=pv,_, (easily checked), and « Cor y*=0, so auv,_, must
be zero in E,,. But auv, _, is a universal cycle. Therefore it must be hit from behind.
The only possibility is da(0)=epv,_,. Q.E.D.

It is now easy to see that E;=F,. At this point we leave the second spectral
sequence.

6.5. Final remark. Consider the three statements (a) G~ H, (b) ZG~ZH as
rings, (¢) H*(G, Z)~ H*(H, Z) as rings. Does (b) imply (a)? This is called the
group ring problem, and is unsolved, although the answer is yes for special classes
of groups. Using Yoneda’s definition of group cohomology in terms of long exact
sequences [see MacLane’s Homology, Chapter III] one sees that H*(G, Z) (as ring)
is determined by the augmented ring ZG £, Z. Moreover, any ring isomorphism
0: ZG =, ZH may be modified so as to commute with augmentation. Thus,

E, term, second spectral sequence (case p=>5)

{p—oa { ol alo—— o ——a'o—at{——a‘e— S
PE—— pyo——paft—pavy— patfl— pavy— pa®Bl— padve—pathl—patvy—paSpl—
p—O0——O0——0——0 O——0——0——0—0
BB — pvy——paBt— pavy— potl— pady;— paBl— poavy — patfl— patvy— porfl——
BV av;——a?f2 a’Va—a:'B“—ﬂ"iva——a'ﬁ“ atv,——a®fl——
#B—— pyy—— paf—— pav,— pa?f—pay, —pa’f—padv,—pa'f—paty, — pa’f—
B2 V2 afi2 avy 22— a’v, —a’fl—a’v, —aifl— aty, —o’fL
L X m Y —— -0 — el —— o p—— i ——atp——aty ——ou
ft 8 N B ——a?y, a3p—oay, af——a'ty, aSp——
O D D O D (e} O O——0 )
L N 2 3 4. 0O 5

A

boldface elements do not survive to E;=E,
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(b) implies (c). For non-p groups, (c) implies (a) is false, as shown by Alperin and
Atiyah (unpublished) [essentially because 1 - N — G — K — 1, exact, (|N|, |K|)
=1, implies H*(G, Z)~H*(K, Z) ® H*(N, Z)*, as rings]. For p-groups, (c)
implies (a) may be true. Certainly our results show that (c) implies (a) for groups of
order p?; in fact, H? and H? suffice to determine G. Note also that groups of types
I and II have the same character table [Burnside, Theory of groups, p. 319,
Exercise 4], but different cohomology rings.
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12 —Ym Yo —ySur =97y 3] 4] 5] 6] 71
10 9 ay®, By 3] Al 5] 6] 7]
Vo
; - g ok B
[ Béy*
6 yHv
i
|
4 mv
2 O—mv X1 a;; Pu @ T{I C ?l C —6] C _7] C
Ay} o2 p? ﬂ ?I z-‘ 7]
of

n™ denotes n independent generators
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