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1. In [5] a characterization for fractional differentiation of a function of a real

variable is given. Here, the results are extended to the case of a function of several

variables.

Before we state these results we must review some definitions. By x,y,t,...

we denote points (xlt x2,..., xn), (ylt y2,..., yn),... of «-dimensional Euclidean

space. We will consider integrable functions, /: Pn ->- R, where R is the set of real

numbers. We denote the measure of a measurable set P by |P|. The symbols

x+y and Ax, where A is a scalar, have the usual meaning. By \x\ we mean

(2"=i*2)1,2> by (x,y} we mean 2in=i*J'i> and if j=(jx,j2, ■ ■ •,./„) where the p

are integers we use the notation \j | to mean j\ +j2 + • ■ ■ +jn. By x! we mean

x{lx'22 ■ ■ -x]}. _ denotes the unit sphere of En, a-, p denote elements of _, and da the

usual area element of _.

We will use the symbol C, sometimes with subscripts and sometimes without,

for an absolute constant or a constant dependent only on the dimension and the

parameters of the problem.

By Co we denote the class of functions with compact support and k continuous

derivatives, and we write (d/dx)1 for (d'i/dx^d'^/dx^) ■ ■ ■ (d'o/dx'j) and (d/dx)'f=f.

For a function/, we denote its /?th integral by/, and write

/<>(*) = /Bn|Í_^      (0<)8<1).

Whenever the region of integration for an integral is P„ we may simply write J"

fork-
A function defined in a neighborhood of a point x0 is said to have a k derivative

if

(1) f(x0 + t) = PX0(t) + RX0(t)

where PXo(t) is a polynomial in the variable / of degree Sk and R(t) = RXo(t)

= 0(1/1") as |/| ->0. For 1 Sp<°o,fis said to have a derivative of order k in the

L" sense if {/>-**¡wSp |P(/)|"i//}1,p = o(/9 as p^O.

For an integer k ^ 0, f is said to have a derivative of order a at xQ, k<a<k+l,

iffß has a k +1 derivative at x0 (a+ß=k+l).fis said to have an a derivative at x0

in the V sense iffe has a k + 1 derivative at x0 in the V sense.
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488 G. V. WELLAND [July

Furthermore, with R(t) defined as in (1), /is said to satisfy Aa at x0 if R(t)

= 0(\t\a) as |r| -> 0. In this case we write/e AB. The corresponding W definition,

A£, is satisfied if

(2) {If       \R(t)\*dtXV = 0(p«).
IP J\t\<p )

Finally/is said to satisfy the condition Npa if

(3) f      $££dt <co       for some f>>0.

The main theorems are as follows.

Theorem 1. Suppose f satisfies the condition Aa at every point of a measurable set

E, E has positive measure. Then the necessary and sufficient condition for f to have a

derivative of order a almost everywhere in E is that f satisfy the condition N2 almost

everywhere in E.

The condition N2 is the characterizing notion for the fractional differentiability

of functions, and if Aa is relaxed to A2 we have:

Theorem 2. f satisfies the condition N2 almost everywhere in the set E if and only

if f satisfies the condition A2 and f has an a derivative in the L2 sense almost every-

where in E.

That N2 is the characterizing notion for differentiability is perhaps underlined

by:

Theorem 2'. f has an a derivative in the sense of V (2^p<oo) and satisfies the

condition Ag almost everywhere in a set E if and only iff satisfies both N2 and N£

almost everywhere in the set E.

The proofs of these results rely heavily on some theorems first proved in [4] for

the one-dimensional case and then recently extended to the «-dimensional case in

[3]. To state these results we make some further remarks.

Suppose that/has a k — l derivative at x0 in either the ordinary sense or the V

sense and the polynomial for this case as corresponds to (1) is Pxo(t). Write

AXo(t) = RXo(t) + (-l)k~1RXo(-t). /is said to satisfy the condition A* at x0 if

AXo(t) = 0{\t\k} as | /1 —> 0 and it is said to satisfy the condition N£ if there is a p>0

such that

L \n + pk
dt < co       (l Ú p < oo).

The results we speak of are given below.

Theorem A. Suppose f satisfies the condition Af at every point of a set E. Then

fhas a k derivative at almost every x in E if and only if f satisfies N2 almost every-

where in E.
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Theorem B. The necessary and sufficient condition for f to have a k derivative in

the L" sense (2^p<co) almost everywhere in a set E is thatf satisfies the conditions

N£, Nk almost everywhere in E.

Theorem B is not proved in [3] but this result can be obtained in much the same

way as it is done in the one-dimensional case in [4].

The proof of Theorem 2' does not differ from the proof of Theorem 2 and we will

only fully prove Theorem 1 and Theorem 2. The existence of the a derivative at x0

off depends on its local properties and hence altering/outside a neighborhood of

x0 does not change the existence of the a derivative.

2. In addition to the above results several lemmas are used in the proofs.

Lemma 1. (See [2, p. 148] for a similar case.) Letf(x, y) be a measurable function

on the product of two measure spaces Mx x M2 with the measures px and p2 re-

spectively. Then using the usual notation for W norms, l^p<co, \\jf(-,y)dp2\\p

= J" \\f(',y)\\p dp2 where the L" norm is taken in the variable x.

Lemma 2. Suppose that k is an integer, 0^k<oc<k + l, and a+ß=k+l. Let g

be defined by

Jin    I' I

where a = t/ \ 11, G„ is the direction derivative of G in the direction ofa,andGeCk + 1.

Then g satisfies the condition Aa uniformly and g satisfies N2 and N%for almost all x

in En, 2^p<co.

Proof. Let ft be a unit vector in En and by guk(x) denote the direction derivative

of g of order k in the direction of ft. Consider

C rli
gAx + pr)-gu"(x) = Ak(x, ft, t) = Ga^(x + t + pr)-Ga^(x+t) ,t,n + e_x

Je„ \t\

Jz       Jo

Jz       Jo

+ \  do \    (Ga,uK(x + To + ro)-Ga¡l><(x + roy) —
Jz     Jo r

(Go,uk(x + ro+Tp)-G(!,l*(x + r<j))yß

dr
(Go.Ax + ro+Tp)-Ga^{x+To + ra)) —

= /i + /a.

I'll = | J/CT |X G'V(*+») p + X G'.«*<*+*7) {\s-Z

áPMI^i.|Xijr|r?|^M1-fl;

r-7y
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where AcGa=àkGa(x, p, t, r) is the integrand of Ix. The first of these integrals can

be estimated by first integrating by parts and noting that G„* is Lipschitz. The

second integral can be estimated by replacing AkGa by its maximum and integrating.

Hence |72| ̂ C|t|1_". It only remains to apply Taylor's theorem to g to see that g is

in Aa, with the polynomial in (1) for g being its Taylor's development of order k.

Next, to show g satisfies the condition N2, define the function _*,«(/) by

»mÍOI'I1"' = \8Ax + t)-gAx)\

with p = t/\t\. We first show

"..„(PI2
(4) f   ̂ #Je„ 1*1

dt < oo.

To do this integrate (4) with respect to x. After an application of Parseval's equality

we have

(5) ¿/..{l^fF*}*-!1'1*"-"""*/..2*^1^"1*
where g'¿¡<(y) = §Engltlc(x)-e~i<x,y> dx. The integral

|r|a«-»-»|j,|»i-«2sina(0,/>/2)<// S C
Je,JEn

where C is a constant depending on only ß and «. The remaining integral is equal

to the square of

{Lii*f'-^G^>-w'"i?ii*r
= {£   [I G,M- \y\'~l da j" e-«>-°> ̂ ]2 dyj1'2.

But |f" e"i<!'-r'T> z--Äi/z-|= constant•!<>-, o->|1-<î<C|.y|1-A. Using this and applying

Lemma 1 we have (5) is SC3s{jEn \G7.u"(y)\2 dy)1'2 daSC\L\ ||Gff>J1*||a<co.

Now let x0 be a point where (4) is finite. Writing g(x0 + t) = PXo(t) + RXo(t) where

PXu(t) is the usual polynomial in the development of g we see that

l*«o(OI  = (¿ZT)] | [l (\t\-uy-^X0¡a(ua)\l

where a = //|/|. Hence

i^-ocor A   c, r i*,.Miar  p,0(/)2       r    r ip.qMI2
i,i» + a«  * =       <H ..n-a,     *

Jb„   I'I Js       Jo       r

SC\ da I™ {[ r*-*\u>X0¡a(ua)\du
Jt.       Jo     vJo

dr
rl +2«
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After an application of Holder's inequality and a change of order of integration

of the inner two integrals this is less than or equal to a constant times

I *f'■*-«■ IT?}.*-£■tn

For the case 2^p<co let A be an upper bound for <oXo(t). Then one has

Je„      M" -^2J£„      DI-

LEMMA 3. Suppose that feL2(En) and has finite support, and that F(x)=fß(x),

0<j8<1. T«e«

If
■4/3 J|t|6.

F(x+Q-F(x)
u\n + e        ai

converges tof(x) in the L2 norm as e -> O/o/- a suitable choice of Aß. Ae is a nonzero

constant depending only on ß and n.

Proof. The Fourier transform of F(x+t)-F(x) is BJ^(x){eKx-°-l}\x\~e

where Bs is the constant such that {l/\x\n~ß}^ = Be\x\~l!. Therefore the Fourier

transform of ||(|ge ((F(x + t)-F(x))/\t\n+e) di=f~(x)Ms(x) where

M¿x) = B0\x\-> \       e-J7FT
ei<X.t>_l

dt.
ins«

It is easy to see that Me(x) is bounded in x and e uniformly for x^O and that the

limit of ME(x) as e -> 0 is nonzero. An application of Plancherel's theorem gives

the required result.

Lemma 4. (See [I, p. 184].) Let P be a closed set and U={x : d(x, P)< 1}. There

exists a covering of U—P by nonoverlapping cubes K with the property that diam K

S d(P, K)¿3 diam .K. d(x, P) and d(P, K) represent the distance from x to P and

from P to K respectively and diam K represents the diameter of the cube K.

Here the conclusion has been slightly altered from that of [1] but it is not essen-

tially different in the proof.

Lemma 5. (See [6, p. 130].) Let P be a closed set and U be as above. Set A(x)

= d(x, P) for x in U and zero otherwise. Then for X > 0 we have

SA^0 + r)
—"       dt < oo

for almost all x0 e P.

Lemma 5'. (See [I,p. 189].) Suppose that X>0 and

-ni H(xo + t) dt S Ah",       0 < « < oo,
h   J\t\<h

for every Xo in P. Then J (H(xo + t)/\t\n+K) dt<oo for almost all x0 in P.
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Lemma 5". (See [6, p. 131].) Let Ku be the sets of the cover in Lemma 4. Then

v(diamAH)n + A ,      . „      .   _
Z,  \-|n + A   < °°       for almost all x0 in P.
u     I ̂ 0     Xu |

Here xu is a point of P such that d(xu, K) = d(P, K) and A>0.

Lemma 6. (See [1, p. 183].) Suppose a>0, with k<a<k+l, and that « has

the development «(x0 + /) = 2Îji = o hj(xo)t'+ RXo(t) for each x0 in P, with

O/VOJmSfl \RXo(t)\v dtSAp" for 0<pSo. Then with x0 in P andx0 + t in P,

he(x0 + t) = *2 ^hi+e(x0) + O(\t\^^)
\t\ = o J •

for |e|=0, 1,.. .,k; O is uniform for x0, x0 + t in P, and \t\ So.

Lemma 7. (See [1, p. 189].) Suppose that F has a k+l derivative in the L2 sense

on a set E, \E\ >0, uniformly. Also assume F has finite support. Then there exists a

function G e Co + 1 such that F= G + H where H(x0) = Ofor x0 in E and

-n[       \H(x0 + t)\2dt = o(\t\2k + 2)      forxoinE uniformly.
P J\t\<p

3. In this section we show the conditions of Theorem 1 are sufficient for / to

have an a derivative almost everywhere in P. As mentioned earlier we will not do

the L" case since it differs from the P2 case in an unessential way. In view of Theorem

A it is enough to show that F=fß satisfies condition Af+1 and Nk + 1 almost every-

where in P.

Suppose that x0 in P is the origin and that/has support contained in the sphere

5a = {x : |jc[ Sa}. Let A(/) be a function which is infinitely differentiable and has

support in the sphere 5,(, = {jc : |x|^/>} with b>a and A(/)=l for |/|^a. Hence

f(t) = X(t)f(t). Let P(t) be the polynomial in (1) and R(t) be the remainder. Then

f(t) = X(t)P(t) + X(t)R(t). The integral }En X(t)P(t)\x-t\e-n dt represents an

infinitely differentiable function. Hence we can make the simplifying assumptions

that Xq is the origin and that/(/) = P(/) satisfies the condition A2 at x0 and has

support in Sb. We also assume k even since the case k odd is similar. Assume

0<\h\<b/2. Then

±{F(h) + F(-h)} =  f   R(t)${\h-t\e-n+\h + t\e-n}dt
Jsb

_f m±Mzû.|A_rr—*
Js„ 2

=  Í w(t)\t\a-\h-t\t~ndt.
Jsb

We first show the last integral is the sum of a polynomial in « of degree Sk+l

and a remainder which is 0(\h\k + l) as |«| -^0.
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Split  this integral  into the two  integrals Srnsam^iaiMSwir  ^he first iis

= °(\h\a)Jm<2\h\ \h-t\e-ndf¿0(\h\k + 1). For the second, expand |«-r|Ä-nand

\h + t\ß'n in their respective Taylor's developments to obtain

where P is a polynomial of degree ¿k+l containing even terms only, i.e., a term

of P(x) is a,x' where |y'| is even. Since R(t) = 0(\t\a)

j2|ft|S|i|Sil      \  t \        ]      z

For |7| =0, 2, 4,..., \k we have

j2|Jl|á|i|S&      Z I'l

= ajhi[      ̂ Plt^-^-^dt + ajh1 f Odil'-»*-"'!)*
JltlSS      2 J|f|<2|ft|

= a,«' f      ^ |<|*-»-m rf/ + 0(|A|* + 1).
Jii|S6    2

Collecting these results we see we have F equal to a polynomial of degree ^k

plus a term which is 0(\h\k + 1).

Now it remains to show that if r](t)\t\k + 1 = F(t)—P(t), where P(t) is the poly-

nomial obtained in the above argument, then

for some p>0. This will be accomplished if we show jwêp (r¡2(t)/\t\n) dt<oo,

i'=l,2, 3, where

Vx(t) = |í|-(k+1) f R(h)\h-t\ß-ndh
J¡h\sm\

12(0= kl f /l(A)|A|—«^dÄ
j2|l|S|ft|É&

,,(/) = |f|-»+i>+iii f       ^(A)!*!'-»-^"^
Jiftláaiíi

where [/|=0, 2, 4,..., fc.

In each of these cases a similar argument is used. We will do the argument in

full for the case of r¡x. Let g(t) be a function such that

f      sHt)_dl_ = i
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and assume that ¡mS2p (R2(h)/\h\2a + n) dh<oo. If we can show

f      g(t)\ R(h)\h-t\°-«dh       dt+ß)+n

is finite, this will prove

\ A\ <  *(*)i"-*r--^}2|/i2<^+"J|Z|S/J   l.J|iilS2|i| I      |'|

is finite as required. Rewriting the above using the notation that /= \t \a where a is

the unit vector /|/| _1 and t=«|/|_1 we obtain

f dt        f       l*T7?(|/|r)
Jo_,«IS/W|/|a<e+Ä)+BJ|t|Sa   \T-a\»-*dT

C g(t)    R(\t\r)   dt dr
^       - ,-      \t\a + 8 \t\a \t\n    \r — rr\n~ß'Jo_|ilSo;li|S2 I* I IM I'l      lT      u\

Applying Holder's inequality with the measure (dt/\t\n)-(dr/\T-o\n~ß) this is

</f g2(0    <&       <fr    y2
Uo_|ti_M|«i_- l*T(a+í> |f I" |r-a|-'/

rr p2(|/|t) dt     dr   \ii2

xUoSll,gc;1Ii=2 \t\2* ki"k-H"-ÄJ

The square of the first integral in this product is

<    f aVt)_dl_   f ____.

The inner integral is ^C|/|" and hence the first term in the product is finite. The

square of the second term is equal to

r     f       R2(h) Ha«+-W'

JwiJiwiawTSr"5   I«-'!"-"

< Í2pW2)2* + » - ' f        f *8(A) <ft_^-~

g (2p/(2)2a+n-Ä r   r
J\h\i2p J\t

R2(h)   ,,    dt
an , ,.  „ < oo.

|Z,|2a + 7l "*"  Iv 171-/3
|it|S2fl J|i|S3p |"1 |f|

4. We consider the necessity of the conditions of Theorem 1 and Theorem 2

from this point on.

The assumption (l/pn) j|(|âi \f(x0 + t)-PXo(t)\" dt=0(ppa), 2Sp<°o, clearly

implies/is locally integrable to the pth power. Thus we may modify/to have finite

support and to be in W. In addition, we may limit our consideration to a closed set

P<^E, where |P—P| <£ and e>0 is arbitrary, on which/^Fhas a k+1 derivative

in the Lp sense uniformly and satisfies the condition A£ uniformly there.
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By Lemma 7 we may write F(x) = G(x) + H(x) where G(x)eCo + 1 and G/xq)

= Fj(x0) represents the/th coefficient of the polynomial in (1). Also we know that

H= F— G is zero on P and because of the uniform differentiability of F and the fact

that H has compact support we have

(6) f       |77(x0 + Olp^ ^ constant f>p(,c + 1) + n,       0 < P < oo,
J\t\Sp

for x0 in P.

Apply the inversion formula of Lemma 3 to F to obtain

f(x) - Urn -J- f
£-0 Aß J,(|ä

F(x + t)-F(x) dî
i*.      Mn+Í

where the limit is taken in the L2 norm. Also consider the function g(x) =

limc^oO/AB)^tiie(G(x+t)-G(x)/\t\n+ß) dt. Since GeC^+1 this limit exists in the

L2 norm uniformly in x. Calculating g(x) we find

t \     i-      '   f ^   f"G(x-l-ra)-G(x) ,
g(x) = hm —     </a      -^—-^-i*

e->0/lßJz        je r

= ̂ oTßLdaS^{[GAX + Sa)dS}r^-

After changing the order of integration of the inner integrals and letting e -> 0 this

becomes

wldoíGÁX+sa)v

Note that g(x) is a function which satisfies the hypothesis of Lemma 2.

Set h(x)=f(x)—g(x). Then we have

,, .      ,.      If       H(x+t)-H(x) .
h(x) = hm — .   ' dt

c-0^4/;J|í|Se |f|

in the L2 norm. However H(x) = 0 if x in P and the integral f£n (7/"(x+ ?)/[r |n + fi) dt

converges for almost every x in P by Lemma 4' and (6). By shrinking P further

we may assume that h(x0) = (l/Ae) J£n (H(x0 + t)/\t |n + ") c7r for all x0 in P. Since g

satisfies the hypothesis of Lemma 2, it satisfies the condition Aa uniformly and it

satisfies the condition N%,2^p<<x>, almost everywhere. Also/satisfies the con-

dition Aœ uniformly in P; hence the problem of showing that/satisfies the condition

Nva almost everywhere in P reduces to showing that h satisfies the condition N%

almost everywhere in P. To do this we assume that x0 is a point of density of P at

which the Lemmas 5, 5', 5" and 6 hold. We may assume that x0 is the origin. Since

the constant AB plays no essential role from this point on, we drop it.

Hence we need to show we can write

(7) h(x) = P(t) + t(t)\t\a
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where P(/) = 2m = o (a^/jl) and j|í|So (\t(t)\p/\t\n) dt<oo. As before we will do the

problem for the case p = 2 since the case 2Sp<<x> is similar. If x is in P we can

write

Kx)= \   lxH%edt=  f +Í =S+T.
jEn\X — l\ J|i|ä2|*|       J\t\S2x

If |f|_2|*| then |^-/|-(n+Ä,= |/|-(n+i){Pi(x) + P} where P,(jc) is the Taylor's

development of \x/\t\ -t/\t\\~{n'ß) up to and including the Arth terms and Pis the

remainder which is 0(\x/t\k + 1). Thus

where

s= ÏA^S \7WW*dt+Rl
i,'i = o Jzs„ I'l     I« I

r -y ax'(        H{t)   dt\oi\x\k^ f        Wl   A
l/l

One can easily see that

r_f J£igU_f J^Lz//+constantf ŒM*.
J\t\62\x\  I«      •*! J\xl2\è\t\S2\x\   \l      X\ J\Ué2\x\   \X\

The first integral of S is a polynomial of degree less than or equal to k. To show that

h satisfies the condition N2 it is enough to show that

)\x\

i—1,2,3, 4, for some S>0, where

r    ¿Mi
- I vln

J\X\ÉÓ \x\

I?(x) dx
< oo,

/tó-lxl'f 1^)1    Jt/lW_W  Jw^JfF1*'*'*

PM = Ixlifl-" Í ______///
^2W  —   |*| |<|n + i + IJI "*'

J|t| _2|_l  I'l

'3W  -   1*1 |,      v|n + /3 "*'
J |„|/2_iC|__|„|   |'— X\

h(x) = \x\-<«+i>+rt r    i__-(/)i
J|i|S2|.ï|

0,1,.. .,*,

<//.

To do this we do the integration over the set of points which are in the set P and

later we consider the integration over the complement of P.

First consider the above integral with z'=l. As in an earlier argument

suppose that g(x) is such that jM¿0(g2(x)l\x\n)dx=l. Then we must show

Ji*|Sí (8(x)Ix(x)/\x\n) dx < oo. This integral is equal to

Ç        f n,  ,i/a \x\"2\H(t)\    dt    dx
gW|*l 1/lfc + i       l/ln + 0 IyI»

J\x\¿ó J|i|ä2|x| I'l I'l l-M

</r   r    A)ixPA_ir2/f   r    ____________.y'2.
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Changing the order of integration in the second integral of this product and inte-

grating over all x gives

f       f .  ..   H2(t)   dx    dt    ^ C H2(t)     .
II l*lg ¡t\2(K + uTZTnT7T¡n-B = constant i.|2(ttlt,^ < °°-

J|i|SO J\x\£tl2 I'l |-*1     |'| J|(|äo|'|

On the other hand, one can easily see the first term in the product is finite.

In a similar way one can obtain the required results in the cases for the integrals

I2 and 74. For the remainder of this section we concentrate on 73.

Let U={x : d(x,P)<l}. Let Q = U-P and let Ku be the elements of the

cover of Q as given in Lemma 4. Let x be in P and consider the integral

It*, (\H(t)\/\x-t\n+B) dt. We have that, the diameter of K=diam (Ku), diam (K,)

úd(P, K¡f)-¿3 diam (Ku). For each K, we let au be the center of Kß, and xu be a

point of P such that d(xu, Ku) =d(P, AT). Let Su be the smallest sphere containing

K, with center at *„.

Suppose that d(x, xu) ̂  4 diam (Ku). Then

XjJ-rl»^^ = C\*-x»\-(n+ß){js \Wt)\dt}>

since \x-t\^i\x-xß\. By (6) this is úC\x-xu\ -(n+Ä) diam (Ku)k + 1+n

= C\x-xu\-(n+ß)¡K¡¡Ak + 1(t)dt where A(f) is the distance of t from P. Since

|x-/|^3|x-x„| the last line is a constant times ¡K¡¡ (Ak+1(t)/\x-t\n+ß) dt.

Suppose that \x—xu\ <4 diam (Ku). Then

f r&%dtsci r^Ldt
Jk„ \x — t\ jKu \Xß — t\

since \x—t\ ^diam (Ku) and \x„ —1\ ̂  4 diam (KH). We have \xll—au\^4 diam (Ku)

^4\xu —1\ and the above integral is

<C[       1^)1     dt<C\x-a\«
= Ck\xu-aurßdt = C\X»   ^

^ Cl^-a»!-«"*» f   Ak+1(t)dt.
Jku

One can show \x,— a,\ ^ |jc — í |/8 for / in Ku so we find that

(8) f  jaftjAicf  r^m^       forxinP.
Jir„ I*    « I Jku \x — i |

Since the origin is a point of density of P and Ku<^ Q, diam (Ä^) = o(diam S^o))

as diam (Su(o)) -*■ 0 where Su(o) is the smallest sphere containing Kw with center

at the origin. Hence there is a 8 > 0 such that for diam (Su(o)) < 28, diam (K,)
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< diam (S„(o))/6. If we assume that [jc| < S then it is easy to see that if Ex =

{t: |*|/2á|í|á2|x|}

f i^?)i dt<   y   Í   H{t) dt<c y   f A*+1(?) dt
_     „ Iv—íln + í        =        Z |v     /|n + /j"'  =   ^        Z I-     t\n + Bal

J|„Z3|_|t|_l_| |*      'I K„nEx*0 Jk* I*-' I KßnEx*zJKu\X—t\

r Ak+1(t)
s c ,       ,V.;-„/.

J|x/6|ö|t|S4|„| I-*-' I

If we choose S< 1/4 the integration is over a region contained in U. Set A(/) = 0 if

/ $ U. By applying the estimation technique used on the other integrals one can now

show that$lx¡Só(I%(x)/\x\n)dx<ao after noting that x inP and, f (AA(x,)/|_,|;v + n)_JC

<co for A>0 by Lemma 5, where one will need to use X = 2(k+ 1).

5. To complete the demonstration that « satisfies the condition N2 one must

show that J"0. ¡x¡Só (Çz(x)/\x\n) dx<oo. Since {Ku} is a cover for Q the finiteness of this

will be proved if we show the two sums

(9) 2 f   [p(x)-p(xu)]2
u   Jku

dx

U    JXu \X\

and

CO) 2 f   W*J1"t=È?5
» J-«. 1*1

are finite, where £(x)|;c|a = p(X).

We consider (10) first. Since xu is a point of P, £(*„) is majorized by the sum of the

integrals 7l5 72, 73 and 74 with x=xtl. Since the origin is a point of density there is a

8>0 such that for Ku<^{x : \x\ <S} and x in Ku, (|.xw|/2)^ |*| _2|^„| and hence in

this case (10) is majorized by a constant times

<"> ?/,

Ss_
/_„     |_ï

One sees that, for x in Ku, Ix(xu) is increased by a constant times

1-U.f JWr-dtlAl       I      _ , IJC + 1+/3 + 71 "'•
J|t|-I*l  |'|

Likewise 72(x„) and Ii(xu) majorized by constant multiples of

l*|l>l-° f ______ ¿,        l/l =0 1 k
\X\ Uln + 0 + líl "*' \J\        v,l,...,H,

J|i|_4|x|  I'l

and |x|"(a + i+n) Jkis4|X| |77(/)| dt respectively. The contribution of these integrals to

(11) can be estimated in the same way as in the previous case.



1968] FRACTIONAL DIFFERENTIATION 499

It remains to estimate the contribution of I3(xu) to the convergence of (11). In

view of (8) and the fact that xu is in P we have (11) is finite if

2/ ÉPÍW-/   « «   Ä*}2It   JKii \X\      i J\xu\li£lt\£i\xu\  I'      X,\ )

^C2Í r%í Dtdt
V JK» \X\ J|x|/16S|f|S16|*| I»      Xlt\

is finite. The last inequality follows by a use of the inequalities A(r)á \t—x,\ and

1^1/2^ \x\ ^2|*B|. The limits of integration can be refined.

Let S'ß he the sphere with center at xß and radius twice that of Su. It is easy to see

that $sl (Ak + 1(t)/\xu-t\n+ß) dt^C[diam (Kß)]a by noting that Ak+1(t)^\xß-t\

and that diam (SU)^Cdiam Ku. Also, since \x\ è |*u|/16, one can see that

l-v-ln + cz  I  ,  I v   _ t \n + B
Jku \x\       Js„ \xu    i I

is majorized by a constant times [diam Kw]n+a- \xu\ -(n+a). Hence by the Lemma 5"

the contribution of (11) on the S'u is finite and we only need to consider the con-

tribution over the t with |jc|/16^ |r| ^ 16|jt| outside the S'u. For such t, |r—xu\

^i|r — x\ since x e KU^S,. Let </<0 be the characteristic function of Q and let Xx(t)

be equal to zero if t e S'u and x e Ku, and let Xx(t) be one otherwise. Then the part

of (11) that remains to be considered is a constant multiple of

(12)

[ _d>c_{[ Ak + \t)Xx(t)
I     |y|n + al   I _      . \f_Y\n + B     "'

JQ \x\ KJ\x\ll6É\tlél6\x\     \l     X\

— I \t\n + a ^        ^ \t       v n+P
Je„   |«| VI(|/16ëU|Sl6|i|   |<— X\

Now the inner integral is taken over the exterior of Q to the sphere SB which

contains x in K„, i.e., it is

^ c[ .    ***,.. < CA-»(t).
j2|X-¡|aA(() I'      -"'Ij2|X-f|äA(i)

Combining this with the above we have that (12) is dominated by

Jmsoo    |r|»+'   dt     C)\t\n+"dL

This is finite by Lemma 5.

It now remains to show that (9) is finite. To do this recall that h satisfies the

condition A2 uniformly in the set P, i.e., we can write f(x0 + t)=PXo(t) + pXo(t)

where PXo(t) is a polynomial of degree ^k and ¡mSp \pXQ(t)\2 dt=0(p2a+n), as

P ->■ 0, uniformly for x0 in P. We can apply Lemma 6 to A to see that for

x0 the origin we have h(x)=P(x) + p(x) as in (7) and if we write xu + t=x we have

A(*) = 2m = o ihjixu)t:'//0 + Px,ix—x,). For x in P (d/dxyP(x) = hj(x) and hence we
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have hj(xu)-(ô/8x)iP(xu) = 0(\xu\a-]ii). Also we have that P(x) = ZkJl = 0(d/ôx)>

xP(xu)(x — xu)'/j\. Combining all these we can write

P(x)-p(xu) = h(x)-h(xu)-{P(x)-P(xu)}

\J\ = l    J- IJI-i J'

Hence

\p(x)-p(xu)\ S pXß(x-xu) + o(2 \xu\°-^\x-xu\A-

Using this to estimate (9) we see that with the definition of « in A2

v[p(_)-p(_u)]2 y [diam (KU)T + 2"       v [diam (Au)]"+2
Z       1-12« + »       a*=-Z |r|.t-        +UZ        I- |» + a

The last inequalities are demonstrated by recalling the inequalities involving x and

xu where x is in Ku. (9) is finite by Lemma 5".

As a final remark we point out that the condition Nl easily implies the condition

A£ which is enough to complete the proof of Theorem 2 and Theorem 2'.
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