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INTRODUCTION

This paper is concerned with the development of the Plancherel transform on the
nilpotent part of the complex simple group of type G, and its application to some
problems in the representation theory of G,. The impetus for this investigation
was supplied by the results of Kunze and Stein [13] concerning the construction of
intertwining operators for the equivalent representations in the (nondegenerate)
principal series of unitary representations on a complex semisimple Lie group G.
These representations 7(-, x) can be described as induced from unitary characters y
of a maximal solvable subgroup B of G, and can be conveniently realized as multi-
plier representations acting in the space L?(V') where V is a maximal nilpotent
subgroup of G which we shall call the nilpotent part of G. It is a result of Bruhat
that the representations corresponding to x, and x, are unitarily equivalent if and
only if they are conjugate under the Weyl group; i.e., py; = x, for some element p of
the Weyl group. In the case when p is a simple Weyl reflection, say p;, Kunze and Stein
were able to construct explicit intertwining operators A(p;, x); i.e., for the simple
Weyl reflections py,. .., p,, A(p;, )T(-, x)=T(-, p,x)A(p;, x). They then showed
that the problem of constructing intertwining operators for general elements of the
Weyl group could be reduced to the specific case of the rank two simple groups;
namely, the classical groups SL (3, C) and Sp (2, C) and the exceptional group G,.
In particular they had to establish for each of these three groups the validity of an
operator equation—the so-called intertwining equation—involving the operators
A(p1, x) and A(ps, x). For the case of the classical groups the result was obtained by
finding commutative families of operators involving certain products of A(p,, x) and
A(ps, x); but for G, no commutative families could be found and the intertwining
equation was established by ‘“normalizing™ the intertwining operators A(p;, x)
and A(p,, x) and using the result of Bruhat on the irreducibility of those representa-
tions T'(-, x) in general position. The existence of commutative families is of signifi-
cant independent interest because they are used to analytically continue the principal
series. Since for the classical rank two groups the Plancherel transform of ¥ was the
basis of the initial stage in the proof of existence of commutative families, it seemed
likely that the Plancherel transform on the nilpotent part of G, should be investi-
gated.
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Let us now describe the content of this paper. In Chapter I we follow the well-
known procedure for realizing the Lie algebra (Lie group) of type G, as a subalgebra
& of the linear Lie algebra gl (7, C) (closed subgroup G of the general linear
group GL (7, €)). In §1 we recall the formulation of the Cayley algebra over the
complex numbers, and in §2 realize & by means of a faithful representation of
the derivation algebra. In §3 we obtain a convenient root space decomposition
for & and an explicit formulation of the action of the Weyl group of &. In §4 we
set down criteria for determining when a 7 x 7 matrix is in G, and in §5 we com-
pute various subgroups of G; namely, the nilpotent part ¥, the maximal solv-
able subgroup B, the Cartan subgroup C, the maximal compact subgroup K.
We also write down representatives in K for the Weyl group of G and point out
that the subgroups C and V together with the simple Weyl reflections p and ¢
generate G.

In Chapter II we construct the Plancherel transform on the group V, which is
of complex dimension six. The organization is as follows: §1 reviews some pre-
requisite notions; in §2 we find all the irreducible unitary representations of V; in
§3 we determine the Plancherel transform and state the Plancherel-theorem; and in
§4 we compute the resulting decomposition of the left and right regular repre-
sentations, the Plancherel transform of an important representation of C, and we
outline a proof of the ontoness of the Plancherel transform.

It is appropriate here to point out that the harmonic analysis of V is significantly
more complicated than that of the nilpotent parts of the rank two classical groups.
For one thing the representations of V involved in the Plancherel transform are
induced in two stages rather than one. This unfortunate structure is manifested in a
Plancherel transform which is quite far removed from the ordinary Fourier trans-
form of the complex plane. In the end, one can see that the basic complication is
that the representations involved when restricted to the two generating complex
one-parameter subgroups of ¥ do not separate into multiplication operators and
translation operators respectively.

Chapter III is devoted to representation theory of G, in particular to applications
of the Placherel transform. In §1 we describe the principal series and determine the
explicit operators corresponding to a set of generators for G. We are able to
compute the commuting algebra of the restriction of the principal series to the
maximal solvable subgroup H=CV. However, the Plancherel transforms of the
operators T(p, x) and T(g, x) must be evaluated before the analogous problem can
be attacked on any properly larger subgroup of G. In §2 we consider the inter-
twining operators mentioned at the outset and show that there is a natural
candidate for a commutative family. Although we can evaluate the Plancherel
transforms of the operators, we do not see at this time a proof of commutativity.
In §3 we exhibit two complementary series of representations of G.

Finally, I would like to acknowledge my indebtedness to Professor Ray A.
Kunze for his constant advice and assistance.
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CHAPTER I. CONSTRUCTION OF G,

1. The Cayley algebra . In this section we recall the pertinent facts about the
Cayley algebra over the complex numbers C.

By a quaternion algebra over C we mean a four-dimensional algebra Q over C
having an ordered basis {1, u,, u,, u3} relative to which the multiplication table is

uu, = u, = —uu; for a cyclic permutation (jk/) of (123);

1.1.1
( ) u? = —1 forj=1,2,3.

We shall write Q={1, u,, u,, us} to mean that Q is a quaternion algebra with the
indicated ordered basis satisfying (1.1.1).

As in [9] we define a Cayley algebra over C to be an algebra 27 generated over a
quaternion algebra Q ={1, u,, u,, uz} by two elements u, and 1, where multiplication
is given as follows: With z=¢, +q,u, and w=r; +ryu, in &7 (Where ¢, qs, 11, 12 € Q),
we have

(1.1.2) zw = (q1r1—F2q2) + (raqs +qaf1)us;
where ¢ — § denotes the involutive anti-automorphism of Q defined by
(aol + a1u1 + (12“2 + aaua) T = aol - (a1u1 + a2u2 + a3u3).

&/ is an eight-dimensional nonassociative algebra over C which is alternative in
the sense that z2w=z(zw) and wz2=(wz)z forall z, w € &. We shall call the ordered
basis

(1.1.3) Uy = 1, uy, Uy, Uz, Uy, Us = Uylly, Ug = Uglly, U7 = Uglly

of &7 a standard basis (relative to Q={1, u,, u,, us}).

The most important subspace of & for our purposes is the subspace # generated
by the elements u,, . . ., u, of the standard basis (1.1.3). # may also be described
as the subspace of 27 generated by all commutators [z, w]=zw—wz in & In Z we
consider the symmetric two-form (-, -) defined by

7 7 7
(1.1.4) (z,w) = Z z;w; where z = Z Zy, W = z wa;  (z, w;eC).
j=1 i=1 i=1

There is also a critical skew-symmetric three-form 7" on & defined by
(1.1.5) T(u, z, w) = 3(u, [z, w]) foru,z,weAB.
An appropriate reference for the above material is [9].

2. The Lie algebra & of type G,. As is well known, the simple complex Lie algebra
of type G, in the Cartan classification can be realized as the derivation algebra of
the Cayley algebra <7 In this section we capitalize on this to obtain the simple Lie
algebra of type G, as a Lie algebra & of 7 x 7 complex matrices for which a root-
space decomposition is readily exhibited.
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Let 2 denote the Lie algebra of all C-derivations of /. The mapping D — D|g
(the restriction of D to %) is a faithful representation of 2 in linear transformations
on #. Denote by 2’ the range of this restriction map. We have the following
characterization, proved in [9], of 2’

PROPOSITION 1.2.1. A linear transformation D: % — & is in D' if and only if
the following two conditions are satisfied: ‘

(l) (DZ, W) = _(Z’ DW),

(1.2.1) .
(i) T(Dz,w,u) = —T(z, Dw, u)—T(z, w, Du),

for all z,w,uc B, where (-, -) is the two-form (1.1.4) and T is the three-form
(1.1.5).

One observes from the form of the elements of the standard basis that the linear
transformations in 2’ are uniquely determined by their action on u,, u,, and u,.
In [9] it is shown that a linear transformation D: # — £ is in 2’ if and only if it
acts on u,, u,, and u, as follows:

Dul = A1u1+ cre +A7u7,

Duy = pauy+ - - - + pgiy,

DU4 = Vlu1+ M +V7u7,
where Ay, ..., A, py, ...y pg, ¥, . . ., v7 are complex numbers subject only to the
relations

A =pp=v=0, Xa+p; =0, A+v, =0,
patve =0, Ag+vg—ps =0.

From this, it is easy to compute the matrix of D € &’ in the standard basis u,, . . ., u;
of #. Indeed, let &’ denote the Lie algebra of complex 7 x 7 matrices X’ which

represent linear transformations in 2’ relative to the standard basis of #. A matrix
X' is in @' if and only if it has the form

00— =X A =X — —n ]
A, 0 — k3 a7 —Hs —le —H
A pa 0 Bs—As  —A7—puy Ay —pig As+pe
(122) X' = A py Ae— s 0 —vg —vg —vy
A ms Atpe v 0 —dg—v, w2
Ae Mg Hr— Ay Vg Ayt vy 0 —p3—vs
LA pr —As—pe vy Az —vg M3 +vs 0

with A, ..., Aq, pg, . . ., i, Vs, ve, v7 € C. In particular, ' is 14-dimensional over C.
@'’ is, in point of fact, a simple Lie algebra of type G, but to obtain an explicit
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root space decomposition it is convenient to consider a conjugate Lie algebra. To
this end we define a new basis v,, .. ., v; of # by

vy = —ily,

vy = 272wy +ius), vs = 27V3(ius—uy),

vy = 27 2(uy+iug), vg = 272(iug—uy),

vy = 27 2(ug+iuq), 07 = 2713(iu;—uy),

(1.2.3)

where i=+/—1, and u,, ..., u,; is the standard basis of #. The matrix of this
coordinate change is

0 i Li-k
(1.2.4) P=\/l2 Ziy210 0
0 iily i il

(where I is the 3 x 3 unit matrix), which is seen to be unitary. We consider the Lie
algebra
& =P @P

conjugate to &' in GL (7, C). By multiplication of the matrices involved and a
change of coordinates, one obtains the following form for the elements X=P ~*X'P
of & (with X’ given by (1.2.2)):

[ 0 i —v/2w, —42w; —4/22 E —V2zy =223 —/2w,]

iz | om wa 5 i 0 . —ws

V2 z4 E Zy hy Zg E —2Z4 0 wy
X=142w, g Ws We —hy—h, E Ws —wy 0

Vaw, o T we  —z5 | —h -z —ws

V2w ; —w, 0 zZ; ; —wy —hy —Wwe

L V2 z, i Z3 -2z 0 : —2zs —Zg hy+hy
(1.2.5)

where zy, ..., Zg, W1, ..., Wg, 1, hy € C.
We state three categorizations of & in the following theorem:

THEOREM 1.2.1. (1) & is the complex Lie algebra of all 71xT matrices which
represent the restrictions of derivations of </ to the subspace &, relative to the basis
vy, ..., U7 of B given by (1.2.3).

(2) & consists of all matrices (1.2.5) with zy, ..., 2, Wy, ..., Wg, by, hy € C.

(3) Let

1:0:0
(1.2.6) s=|oio0 L
AN
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where I is the 3 x 3 unit matrix. Also, let T be the skew-symmetric three-form on C"
given by
T=0vFAvEAvE+0F A OE A vE+0F A UF A O

1.2.7)
+4/2 (0 A v¥ A vF—0vEF A vE A VE)

where v, . . ., vy is the usual basis for C” (i.e., v, is a column vector with 1 in the jth
entry and 0 elsewhere), v¥, ..., v¥ is the corresponding dual basis, and the wedge-
product is that of the exterior algebra of C". Then & consists of those complex Tx 7
matrices X for which the following two conditions hold:

(a) XS= —StX (where X denotes the matrix transpose to X).

(b) T(Xu, v, w)+T(u, Xv, w)+T(u, v, Xw)=0 for all vectors u,v, we C".

Proof. The first and second statements have already been established. The third
follows from Proposition 1.2.1 by use of the basis (1.2.3) of #.

3. A root space decomposition of &. We establish some notation: Let e, (j=
1, 2, 3) denote the usual basis for C? (i.e., e; is a column vector with jth entry equal
to 1 and all other entries 0); let E;, (j, k=1, 2, 3) denote the usual elementary 3 x 3
matrices (i.e., E,, has 1 as its jkth entry and O in all other entries); and let H;
Jj=1, 2, 3) denote the 7 x 7 matrix

0i0 i 0
Hj = 0 E Ejj é O
0 i 0 E —'Eﬁ

Finally, 3,, denotes the Kronecker symbol; i.e.,
81" = 1 ifj = k,
=0 ifj#k;
and the symbol &(jk/) is defined by
e(jkl) = 1 if (jklI) is a cyclic permutation of (123),
= —1 if (jkl) is a noncyclic permutation of (123),
= 0 if (jkl) is not a permutation of (123).
THEOREM 1.3.1. Let ®={H=d1H1+d2H2+d3H3 I d1+d2+d3=0}. % is a Cartan

subalgebra of ®, relative to which the roots are +d,;(j=1,2,3) and d;—d, (j, k=
1, 2, 3 with j#k). Corresponding root vectors are

0 0 (—v2e
Ed; = '\/2 e, E 0 E 0
0 | Eu—Ey i O

forj = 1,2, 3 with e(jkl) = 1,
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F 0 i(—y2el 0
E-¢J= ___9___5______0_ _____ é_ﬁkf___ﬁuf
[V2e i 0 10
i E 0 : 0
Edl‘dk= 9_5__E_‘j_k__i___(_)--
OE 0 E —E;

The proof is straightforward. In fact one verifies that  is a maximal abelian
subalgebra of &, that § together with the matrices E, 5, and Ey, _,, span &, and that
one indeed has

[H’ E:d,] = idjEtd,
and
[H, Ey,_4,) = (d;—d)E,, _4,, for all He 9.

As simple roots we choose «= —d,, B=d, —d,; hence, relative to the lexico-
graphical ordering of the dual (see [11, p. 119]) the complete set of positive roots is
(13D «=—d, B=di—dy atf= —dy 20+f =d,

h 3a+ﬂ = ds—d]_, 3(X+ZB = d3"’d2.

(It is now clear, by the way, that & is a simple complex Lie algebra of type G,.)
Let B denote the nilpotent subalgebra of & generated by those root vectors
corresponding to negative roots. B has a basis composed of the matrices
X,=FE,, Xo=E;_4, Xs=E;, Xy=E_,,
(1.3'2) 1 dy 2 dg—dy 3 da 4 ‘ dz
Xs=Ey 4, Xe=Es 4

relative to which the multiplication table for 8 is

(1 3 3) [Xla Xz] = —Xa, [Xl, Xs] = "2X4,
- [X1, Xo] = —3Xs, [Xa Xs] = X, [Xay Xa] = —3X,

(where all other brackets not determined by skew-symmetry are zero). The elements
of B are of the form

T 0 10 0 -2z —42z —22z 0]
Vim0 0 a4 o T z 0
V225 i Zy 0 Zg i —2Z, 0 0
K=z X+ +zde=[ 0 0 0 0 i 0 o 0
0 0 0 -z i o0 “z, 0
0o | 0 z | 0 0 0
[ V22, i zz —n 0 i —Z5 —Zg 0

(1.3.4)
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Similarly, one defines the nilpotent subalgebra % of & generated by the root
vectors corresponding to positive roots. One observes that R consists precisely of
the matrices transpose to the elements of %; i.e.,

(1.3.5) N =B,
The subalgebra
(1.3.6) B=HPN

is a maximal solvable subalgebra of &, and we have the following important
decomposition of &:

(1.3.7) & =3BDB.

We conclude this section with a discussion of the Weyl group of &. The Killing
form B is nondegenerate on 9, so for each ¢ € $* (the dual of ), there exists a
unique H, € $ such that B(H, H;)=§¢(H) for all H € . Thus, there is a symmetric
bilinear form on $*, defined by (¢|€)= B(H,, H,) for all £, ¢’ € $*, which has the
property that its restriction to the real subspace 2* spanned by the roots is a real
inner product on A*. The simple Weyl reflections p, and ps, which are in the or-

thogonal group of this inner product, are the linear transformations of A* defined
by

o = -2 P
(13.8) Po§) = £—2(¢|@)o/(x[e)

' ps(§) = £—2(£|B)B/(BIB)

for all £ e A*. p, and p; generate a group W of order twelve called the Weyl group
of &, which is isomorphic to the symmetry group of a hexagon. The relations on the
generators of 2 are

(1.3.9) p:=ri=e (ppp)’=e
e being the identity of .

We can choose convenient coordinates in 2* to explicitly formulate the action
of BW. In fact, parametrize A* as follows: If £ € A*, there exists a unique triple
(51, So, 53) Of real numbers such that s, +s,+53=0 and é=s,d; + 5.d; + 53d5 (recall
that dy, d,, ds= —(d, + d;) are roots). Thus, we identify ¢ with the triple (s;, 2, 53);
i.e., U*={E=(sy, Ss, S3) € R® | 5, +5,+53=0}. Since &=(sy, Sg, 53)= —3(s51 +52)ex
—(s,+2s5)B, we have

(1.3.10) 2(¢1B)/(BIB) = 51—, 2(§|e)/(e|e) = —3s,
(see [11, p. 116, equation (18)]). From (1.3.8) and (1.3.10) one computes that
(1.3.11)  pa(sy, Sz, 3) = (=51, —S3, —52);  Ps(S15 Sz S3) = (5g, 51, 53)-

Finally, since $*=%*+iU*, we can extend the action of W to H* by the def-
inition p(¢+ in)=p(€)+ip(n) for all p € W, and £, » € A*. We can then parametrize
the elements of H* by triples (sy, 53, 53) € C® such that s, +5,+5;=0 in the same

fashion as above, and the Weyl group acts on these triples according to the same
formulae (1.3.11).
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4. The Lie group G of type G,. The automorphism group of the Cayley
algebra =7 is a simple complex Lie group of type G,, for its Lie algebra is the
derivation algebra of o7 As for derivations, an automorphism A of ./ is uniquely
determined by its restriction to the subspace #; i.e., 4 — A|g is a faithful repre-
sentation of the automorphism group. The range of this restriction map is
determined by the following proposition.

PRrROPOSITION 1.4.1. A linear transformation A: % — # is the restriction to %
of an automorphism of & if and only if the following two conditions hold:

() (4z, Aw)=(z, w),

(i) T(Az, Aw, Au)=T(z, w, u),
for all z, w, u € &, where the notation is as in Proposition 1.2.1.

The proof of this result is quite analogous to that of Proposition 1.2.1 and can be
found in [10].

Let & be the Lie algebra categorized in Theorem 1.2.1. With the notation of that
theorem preserved, we have its group-theoretic analogue:

THEOREM 1.4.1. Let G denote the group of complex T x T matrices which represent
automorphisms of o/ (restricted to %) in the basis v, . . ., v; of B. Then

(1) G is a simple complex Lie group whose Lie algebra is &.

(2) Let S and T be as in Theorem 1.2.1. Then G consists of all complex Tx7
matrices A which satisfy the following two conditions:

(a) A leaves the symmetric bilinear form of S invariant; i.e., ' ASA=S.

(b) A leaves the skew-symmetric form T invariant; i.e., T(Au, Av, Aw)=T(u, v, )
for all u,v,we C".

(3) G is a closed connected subgroup of the group SL (7, C) of complex 7x7
matrices of determinant one.

Proof. (1) follows, by standard arguments, from Propositions 1.2.1 and 1.4.1.
(See, for example, [4, p. 137, Proposition 1].) (2) follows from Proposition 1.4.1 by
use of the basis (1.2.3) of 4. That G is closed in GL (7, C) is evident from (2). In
[10] it is shown that the automorphism group of & is algebraically simple; i.e., G
contains no nontrivial normal subgroups, and is therefore connected. By part (a)
of (2), G is a subgroup of the orthogonal group of the form determined by S; thus,
since G is connected all the matrices in G must have determinant one. This com-
pletes the proof of (3).

5. Some subgroups of G. Let B, N, H, and B be the subalgebras of & deter-
mined in §3, and let ¥, N, C, and B be the respective analytic subgroups of G.
We first compute V. Let X=2z, X, + - - - +2¢X; be the typical element (1.3.4) of B,
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and let v=exp X=12¢_, X"/n!. Make the change of coordinates
U =2y, Uy =2 U3 = Z3+32:25, 04 = z4—%232,,

_ 3 _
Us = 25—‘52124'*'“1‘12'2122, Vg = Ze+‘1‘2225—%2324+"112'z%2223+ g‘z,-z?z%,
in terms of which one obtains

v=10(y,...,0) =

[ 1 i 0 0 —V2vs ' =420, V2 (0103 —03) 07
V2ot 1 o e vi—viwatolo, 0
'\/2 U3 E Uy 1 Ve : —UV4— 0103 Ual4q — v§+vlvzva 0
o i 0o 0 1 L0 0 0
I T S R o, 0
o ! 0o o R | 1 0

L '\/2 V4 : V3— Vi1V —U; U305—Vilg— 02 E —V5—UV104 — Vgt VaUs— U304+ V10204 1 i

(1.5.2)

The collection of such matrices v form a closed subgroup ¥ of G, and exp maps 8
homeomorphically onto V. V is a maximal nilpotent subgroup of G which we call
the nilpotent part of G. The complex dimension of V is six, and vy, . . ., v are global
coordinates relative to which the group operations in ¥ are as follows:

U(l)l, cees UG)U(WI, ) WG) = v(tla ERE) t6)

where
ty = 014+wWy, Iy = Uy+Wy I3 = 0U3+Wg+0w;
ty = UVg+Wye+03W) —U1W3— 0100y,
(1.5.3) ts = Us+ W+ v,w; — 20, Wy + 03Ws — 0103wy + 030w,
te = Vg~ W+ UoWs+ 04W3 — 203W4 + U103W3 + U0y Wy — VEW; + 11 0505W.
v(Ug, ..., 06)" Y = v(wy, ..., we)
where
(1.5.4) Wy = —U0;, Wg = —Us Wz = —U3+0103 Ws= —Uy,
o Ws = —U5—0U104, We = —Ug~+ Ugls—Ugls+ U1Va04.

Having found V it is clear from (1.3.5) that N = 'V i.e.,
(1.5.5) N={n=w|veV}.

Since the Cartan subalgebra $ of Theorem 1.3.1 consists of the diagonal matrices
H=diag (0, d,, dy, d3, —d,, —d,, —d3) with d, +d,+d;=0, the analytic subgroup
C of G whose Lie algebra is $ consists precisely of the diagonal matrices

(1.56) Cc = C(cl, (—'2) = dlag (19 C1, Cg, C3; c1-13 6'2.1, C:;l)

with ¢,cc3=1.
To find the analytic subgroup B whose Lie algebra is the subalgebra 8 of (1.3.6),
we notice that C N N={e} and ¢cNc *<N for all ce C. Thus CN is a closed
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connected subgroup of G (namely, a semidirect product of C and N), and since its
Lie algebra is spanned by $ and 9% we have

(L.5.7) B = CN.
Next, consider the following collection of elements of &:

(i) The real subspace A of $ generated by the two matrices
H,=(H;+H;—2H,)/24 and H,=(H,—H,)/8. (We refer to the
discussion preceding (1.3.8).)
(1.5.8) (i) The elements W;=E, + E_, and U;=i(E,,—E_,) where j=1, 2, 3,
i=4/—1, and E,,, are defined in Theorem 1.3.1.
(iii) The elements Yy =E; 4, —E; -a, and Zj=i(Es_g,+Eqs,-q,)
where j<k and j, k=1, 2, 3.

Then we have:

THEOREM 1.5.1. (a) The real vector space

3 3
Gk = iU+ » (RW,+RU)+ >  (RY;+RZ,)
i=1 j<k;jik=1

is a compact real form of &. (See [8, Chapter 11, §§5 and 6, and Chapter 111, §6].)

(b) With & considered as a real Lie algebra, we have &, =& N su (7, C), where
su (7, C) is the Lie algebra (over R) of the special unitary group SU (7, C); i.e.,
su (7, C) consists of all complex T x T matrices X such that X= —'X and tr X=0.

(c) The analytic subgroup K of G whose Lie algebra is & is a maximal compact
subgroup of G and, in fact, K=G n SU (7, C).

Proof. (a) ® is a real subalgebra of & on which the Killing form is negative
definite. Hence by [8, II, Proposition 6.6] it follows that &5 is compact. Since
B=0+iG,, G, is a compact real form. As for (b), one observes that &,<
su(7,C)N G, and since @, is a maximal compact subalgebra of &, ;=
su (7, C) N ®. To see (c), we note that K is a maximal compact subgroup of G
[8, VI, §2] which is contained in the compact group G N SU (7, C). Thus K=
GnSuU(@,C).

Let M denote the subgroup of K whose Lie algebra is i, and M’, its normalizer
in K. Then the Weyl group 2 defined in §3 can be identified with the quotient
group M'/M. (See [8, VII, §2].) The elements of M’ act on $* by the dual of the
adjoint representation of M’ acting on 9; in fact, for ¢ € $*, p e M’, one defines
pé e $* by Ad (p)H,=H,,. In this way, the elements of M’ (viewed as coset
representatives for M'/M) act as orthogonal linear transformations (relative to the
symmetric form of §3) on $*. By means of a straightforward computation, which is
based on knowing H, and H; for the simple roots « and B, one can explicitly
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compute M. Indeed, the linear transformations p, and p; given by (1.3.8) are of
the form

(1.5.9) P = Ad(p), ps; = Ad(q)

where p and g are the following elements of M ':

—13050 15050
(1.5.10) p=| 01 0'R|, g=[0iTio0f,
0/R: 0 0:0!T
where R and T are the 3 x 3 matrices
1 00 010
R=1]0 0 1], T={|{-1 0 0].
010 0 01

(One checks the criteria of Theorems 1.4.1 and 1.5.1 to see that p and g are actually
in K.)

Hence, pM and gM generate M'/M. As a complete set S of coset representatives
for M'/M we take

(1.5.11) S = {e, p, 9, P9, 9pq; - - -, 9(p9)*, (p9)°}-

One observes that the element p,=(pq)? is given by the matrix

1, 0 {0
po=| 01 0 : —I,
0! -I;: 0

and takes positive roots into negative roots. In other words,
(1.5.12) PoNpst = V.

Bruhat’s lemma (see, e.g., [S]), framed in terms of the set S above and the maximal
solvable subgroup B of (1.5.7), says that G=_,, BrB. From this fact together with
(1.5.12), (1.5.7), and (1.5.11) we see that we have:

THEOREM 1.5.2. G is generated by the subgroups C and V together with the
elements p and q of S.

We conclude with a structural theorem which follows from Bruhat’s lemma.

THEOREM 1.5.3. BV is an open subset of G whose complement is a set of Haar
measure zero.

For a proof, we refer to [6, Exposé 15].
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CHAPTER II. HARMONIC ANALYSIS ON THE NILPOTENT PART V OF G

1. Preliminaries. We introduce here the terminology, notation, and basic
concepts and theorems of use in the succeeding sections.

If X is a second countable, locally compact Hausdorff space, m a regular Borel
measure on X, and H a separable Hilbert space, we define L%(X, H, m) to be the
Hilbert space of all (weakly) measurable functions f: X — H (modulo null func-
tions) such that [, | f(x)[? dm(x)<co. If H is one-dimensional we delete H from
the notation, and if X is a topological group and m is a Haar measure we drop m
from the notation. We shall call an operator 4 on L*( X, H, m) a (generalized)
multiplication operator if for each fe L3(X, H, m) (Af)(x)=A(x)(f(x)) a.e., where
x — A(x) is a (weakly) measurable operator-valued function on X. In some cases
we shall write

A= f ® A(x) dm(x)

and call 4 the direct integral of the operator-valued function. A lemma of major
importance in the sequel is the following:

LeEMMA 2.1.1. Let R" denote n-dimensional Euclidean space with the usual inner
product, let m denote Lebesgue measure on R", K a separable Hilbert space, and
H=L*R", K). Denote by M, and =, the unitary operators on H defined for each
aeR* as follows: For fe H,(M,f)x)=[expi(a, x)]f(x) ae., and (r,f)(x)=
f(x+a) a.e. We then have the following properties, which are classical theorems when
K is one-dimensional .

(a) If A is a bounded operator on H which commutes with all the operators M ,, then
A is the direct integral of some operator-valued function x — A(x) on R".

(b) If, in addition, A also commutes with all the operators =,, then x — A(x) is
essentially constant; i.e., there is a bounded operator A, on K such that A(x)=A4,
ae.

One need only utilize the proof in [15, p. 352] together with the uniqueness of the
Fourier transform on R" to prove (a). As for (b), one reduces the problem to the
scalar case by considering the matrix entries of A(x).

As a final remark on vector-valued L2 spaces, we shall make use of the identifica-
tion of the Hilbert spaces L%(X; x X;, m; x my) and L3(X,, L%(X,, my), m,) given by
the unitary map f — f where (£(x,))(x2) =f(x1, x,).

Next, we consider some ideas in representation theory. Throughout this chapter,
the term representation shall mean a strongly continuous unitary representation
acting in a Hilbert space.

If G is a locally compact group, N a closed subgroup, and U a representation of
N, there is a way of constructing a representation of G, called the representation
induced by U, from the representation U of N. For the general definition of induced
representation we refer to [1]. In the case of principal interest for the study at hand
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G is separable and all its subgroups are unimodular, N is normal, and G=NB is
the semidirect product of N and a subgroup B. In this case, the representation of G
induced by the representation U of N is equivalent to a multiplier representation T
acting in L2(B, H), where H is the space of U, by the formula

@.LD) (T(nobo)f)(b) = Ulbnob~)(f(bbo)) a.e.

Conversely, as a consequence of Mackey’s imprimitivity theorem (see, for example,
[2]) every multiplier representation of G is induced. That is to say, if T is a repre-
sentation of G= NB acting in L%(B, H) by the formula (T(x,) f)(b) = «(b, x,)(f( bby))
a.e., where x,=nyb, and b — «(b, x,) is a measurable operator-valued function on
B, then there is a representation U of N in H such that T is unitarily equivalent to a
representation of the form (2.1.1).

The following lemmas are standard and are easily proven from (2.1.1).

LEMMA 2.1.2. If the representation T induced by U is irreducible, then U is
necessarily irreducible. ‘

LemMA 2.1.3. Suppose G=NB as above. Let T be the representation of G induced
by a representation U of N; let b€ B be fixed, ¢ the conjugation of N defined by
¢(n)=bnb=1; and let U be the representation of N defined by U=U o ¢. Then T is
unitarily equivalent to the representation T of G induced by U; in fact, LT=TL
where L is the unitary operator on L*(B, H), H being the space of U, defined by

(LF)6)=1(6b), a.e.

We conclude this section by reviewing some representation theory of the simplest
nonabelian nilpotent complex Lie group. This is the group I of all upper triangular
unipotent complex 3 x 3 matrices

1 z, zg
(2.1.2) y=Y21,22,25) = |0 1 2z
00 1

We shall call T' the standard 3-dimensional nilpotent group. T' has two generating
complex one-parameter subgroups consisting respectively of the matrices «(z)=
¥(z, 0, 0) and B(z)=y(0, z, 0); the center has complex dimension one and is com-
posed of the matrices {(z)=y(0, 0, z); and the relation which holds among these
one parameter subgroups is

(2.1.3) a($)B(t) = Ust)B(t)(s)  foralls, teC.

LemMA 2.1.4. (a) Let T be a representation of T in the space H; let A and B
denote the complex one-parameter groups of unitary operators on H given by

(2.1.4) A@2) = T(«(2)), B(z) = T(B(z)) forzeC;
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and suppose T acts nontrivially by scalars on the center of T'; i.e., there exists nonzero
A€ C such that

(2.1.5) T((2)) = expiRe (A2)I, forallzeC,
where I is the identity operator on H. Then one has
(2.1.6) A(s)B(t) = {exp i Re (Ast)}B(t)A(s), foralls,teC.

(b) Conversely, if z— A(z), z — B(z) are two complex one-parameter groups of
unitary operators on H such that (2.1.6) holds with A+#0, then there is a unique (to
within equivalence, of course) representation T of I" such that (2.1.4) and (2.1.5) are
satisfied.

Proof. (a) is an obvious consequence of (2.1.3). To prove (b) one notices that
any element y(z,, z5, zz) =y of I" has a unique decomposition as y = {(z3)B(z2)e(z,)-
One then defines T by T(y)=[exp i Re (Az3)]B(z2)A(z,), and makes the necessary
verification using (2.1.6).

The operator equation (2.1.6) is known as the Stone-von Neumann equation,
the solution to which is given by the following lemma. For its proof we refer to {3].

LEMMA 2.1.5 (STONE-VON NEUMANN). Let A and B be complex one-parameter
groups of unitary operators in H which satisfy (2.1.6) with A#0. Then there exists
a separable Hilbert space K and a unitary map ®: H — L*(C, K) such that ®A(s)® !
=1, and PB(s)® 1= M, for all s € C, where M and r are complex one-parameter
groups of unitary operators on L*(C, K) defined for a € C and f € L¥C, K) by

(M.f)(2) = {exp i Re (a2)}/(2),
(raf)2) = f(z+a), ae.

As a combination of the two preceding lemmas we have:

(2.1.7)

LeMMA 2.1.6. Let T be a representation of T' in the space H satisfying (2.1.5) with
A#Q. Then there exists a separable Hilbert space K and a unitarily equivalent
representation T acting in L*(C, K) such that T(y(t, 0, 0)) =, and T((0, t, 0))= M ;
for all t € C. Thus, for f € L¥C, K) one has

(T(At1, 13, 1)) )(2) = {exp i Re [Mts + 1,2 f(z+1,) ae.

2. The irreducible representations. In [12] Kirillov has shown how to compute
all the irreducible representations of a simply-connected, connected, nilpotent
real Lie group. One can slightly modify Kirillov’s technique to get the same con-
struction in the case of complex Lie groups. In this section we perform this con-
struction for the nilpotent part of G, i.e., for the simply connected, connected,
nilpotent complex Lie group V consisting of the matrices v of (1.5.2). There are in
this classification five series of irreducible representations determined by the size of
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the kernel; in particular, the representations in Series A have kernel of real di-
mension 0 or 1; those in Series B, real dimension either 2 or 3; Series C, 4 or 5;
Series D, 6 or 7; Series E, 8, 9, 10, or 11. The complete classification is as follows:

THEOREM 2.2.1. The irreducible representations of V, to within unitary equivalence,
fall into the five series below.
Series A. These representations T™™ are indexed by (u, A) € C? with A+#0, and
act in L*(C?) by the formula
(T“P(v(vy, . - -, v6)) )z, W)
(2.2.1) = exp i Re {av; + Ave — v305 — 0,03) + Az(vs — v,04 — 20303)
—3M(vy + v105) — A©3z2+ 3v3zw + 30, WD)} f(z+ vy, WUz +0,12), a.e.
Series B. These representations T{*? are indexed by (e, B, y) € C® with y#0,
and act in L*(C) by the formula
(TE 7 (W(vy, - - -, v6)) )2)
= exp i Re {avy+ f(v3 — 0103 — 092) + F[5 — 0104 + V305 — V30,
—32(vy — 0105+ V205) + 32%(v5 — v,05) — 280, ]} (2 +v,), ae.
Series C. These representations T§® are indexed by (o, B) € C2 with B0, and act
in L*(C) by the formula
(T&P (v, - - -, ve)) fN2)
= exp i Re {@vy + P(vy — 0103+ v30,) — 2B2z(v3 — 105) + Proz2 f(z +0,), a.e.

Series D. These representations TS are indexed by complex numbers y+#0 and act
in L%(C) by the formula

(TW(vy, . - ., ve)) f)(z) = exp i Re {F(vg+2zv)} f(z+vy), ae.

Series E. These representations T{® are one-dimensional, are indexed by
(«, B) € C?, and are given by the formula

Tgx'ﬁ)(v(vla . 06)) = €Xp i Re (&vl +Bv2).

REMARKS. The representations of Series A are sufficient to describe the Plancherel
transform of V. It is constructive to note the explicit form of these representations
on the generating complex one-parameter subgroups of V. These are the subgroups
V, and ¥V, consisting respectively of the elements v,=uv(v,,0,0,0,0,0) and
v,=0(0, v,, 0, 0, 0, 0), and the operators of the representation 7%“-» corresponding
to these elements act on f€ L%(C?) by the formulae

(T“M()f )z, w)
= exp i Re {av, + Az~ [(w+0v,2)> — w3} f(z, w+v,2), a.e.;
(22.2) (T4P()f Nz, w) = f(z+vz, W), aee.

(2.2.2)
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The fact that the operators (2.2.2) involve both multiplications and (generalized)
translations is manifested in a complicated Plancherel transform and introduces
significant difficulties in the analysis of the principal series of representations of G.
We shall outline below the procedure for computing the representations in
Series A, the other series being computed by a repetition of the technique.
V has two generating complex one-parameter subgroups

V1 = {01 = 0(01,0,0,0,0,0)6 Vl UIEC};

(2.2.3)
Vo = {v; = v(0, v5,0,0,0,0) e V| v, C};

a center Z of complex dimension one given by

2.2.9) Z = {vg = v(0,0,0,0,0,v5) € V| v5€ C};
a complex one-parameter subgroup

(2.2.5) Vs = {vs = v(0,0,0,0,v5,0) € V| v5 € C}

with the property that the centralizer of V5 in ¥ is a normal subgroup ¥ of complex
codimension one given by

(2.2.6) Vs ={veV]|v, =0}
Then V is the semidirect of V; and V,; i.e., ifv=0(vy, ..., vg) € V, then
2.2.7 v = vyv, With vy = v(vs, 0, V3, V4, Us, V) € V.

The subgroup of ¥ generated by V, and ¥ consists of the elements v(0, v4,0,0, v, vg),
and is isomorphic to the standard three-dimensional nilpotent group I' under the
map v(0, vy, 0, 0, v5, vg) = Y(vg, Us, Vg).

Let T be an irreducible representation of V in the space H. T acts by scalars on Z.
Let us suppose T is not trivial on Z; i.e., there is a A#0 in C such that

(2.2.8) T(ve) = expiRe (Avg)]  for all vge Z.

(Note that if T is trivial on Z, T is determined by a representation of the lower-
dimensional group ¥/Z.) Thus, by considering the restriction of T to the fore-
mentioned three-dimensional subgroup one sees from Lemma 2.1.6 that H may be
taken to be L*(C, K), K a separable Hilbert space, and that T(vy)=r,,, T(vs)=
M, for all v, € V,, v5 € V5. (We are, of course, identifying v, and vs with complex
numbers.) Since the elements of V; commute with those of V;, Lemma 2.1.1 shows
that T(vy) is the direct integral of an operator-valued function z — «(v,, z) on C.
From (2.2.7) one sees that T is a multiplier representation acting in L%(C, K) by
(T()f)(z)=e(vs, z)f(z+1,), a.e. Hence, T may be realized as a representation
induced by a representation U of V;; i.e., according to formula (2.1.1) T(v) acts
on fe L¥C, K) as

229 (T2 = Ulva(-2)f(z+v5), ae.;
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here we have written z for the element v(0, z, 0, 0, 0, 0) of V,. By Lemma 2.1.2,
U is irreducible.

Thus, the problem of computing all the irreducible representations T of V
satisfying (2.2.8) with A#0 reduces to the problem of computing all irreducible
representations U of the subgroup ¥V, which act on Z by formuia (2.2.8) and induce
mutually inequivalent representations of V.

Now, V; has its center generated by V' and Z. Thus, there is a u € C such that
U(vsvs) =exp i Re {avs+ Ave}I for all v; € Vs, vg € Z. Next, apply Lemma 2.1.3 with
N=V,, B=V,and b=v(0, — @/}, 0, 0, 0, 0) € V,, from which we see that, to within
unitary equivalence, we may suppose p=0. L.e., T is induced by an irreducible
representation U of V, which is trivial on V; and nontrivial on Z. In Kirillov’s
terminology we call such representations U of V, admissible. If U and U’ are
inequivalent admissible representations, then the representations T and T’ of V
induced by U and U’ are inequivalent. For, if not there is a unitary operator 4 such
that AT=T'A, but T and T’ agree on V, and V5, so by Lemma 2.1.1 4 is in fact
the direct integral of a constant operator valued function z — A(z)= 4,. Since 4,
intertwines U and U’, we have established a contradiction.

Thus, it suffices to compute the inequivalent admissible representations U of V5.
Let ¥ denote the quotient group V,/Vs, and let ¢ denote the canonical map of V,
onto V. Since U is trivial on Vs, one can define a representation U of ¥ by the
formula

(2.2.10) Uo-¢ = U.

Vis a group of complex dimension four and has a center ¢(Z) of complex dimension
one. Set & =¢(vy) =D(v, V3, V4, Vg), Where vy =0(vy, 0, v, 04, Us, Vg). Uy, Vg, Uy, U5 are
global complex coordinates on V (i.e., ¥ is being thought of geometrically as a
slice submanifold V). Since U is irreducible and acts on the center of ¥ by (2.2.8),
one can apply to U the same procedure used to reduce T. Indeed, ¥ is the semidirect
product of the normal abelian subgroup V;={f€ V| v;=0} and the complex
one-parameter subgroup Vy={f;=%(0, 03,0, 0) | v3€ C}, and U is induced by a
one-dimensional representation S“» of ¥V, of the form

2.2.11) S“N(H(vy, 0, vy, v5)) = exp i Re (av; + Av,)
for some w € C. Thus, U= U® acts in L%C) by the formula
2.2.12) O @) f)w) = S“DWwogw=1)f(w+vs), a.e.,

where w=#(0, w, 0, 0) € ¥; and

0 = 0(vs, 0, vy + 0y, Vg — V3D, —v,08) € V5.
The representations U®» are inequivalent and the representations U*» of ¥,
defined by (2.2.10) exhaust all the admissible representations. Substitution of

(2.2.12) into (2.2.9) and the identification of L?(C, L*(C)) with L*(C?) yield the
representations 7% of Series A.
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3. The Plancherel transform. As mentioned earlier, the Plancherel transform
on V¥ can be expressed in terms of the representations 7%:» in Series A. For con-
venience of notation let Q={w=(g, A) € C? | A#0}. Speaking formally, the Plan-
cherel formula for V takes the form

@2.3.1) fv )| dv = fn tr (T($)TO($)*) deo

where dw=9(2m)~*|A|* dA du. Le., the map ¢ — T($) takes L%(V') unitarily onto
L*(Q, A, dw) where o denotes the Hilbert space of Hilbert-Schmidt operators on
L*(C?) and (T())(w)=T“(¢)=], $(v)T““X(v) dv. This mapping is called the
Plancherel transform on V and dw, the Plancherel measure.

The fact that the Plancherel transform for a simply-connected, connected
nilpotent real Lie group can be exhibited explicitly was first shown by Dixmier [7],
and reformulated by Kirillov [12]. Although one can develop the Plancherel trans-
form for V by either of these general techniques, we choose a more classical com-
putational approach here.

For convenience we rewrite (2.2.1) as

@D TV = m(w;v; ) f(L-v) ae., where
i) v=10v(,...,06)€V,0=(uAeQ,{=I(z,w)eC?
(2.3.2) (ili) m(w;v; L) = exp i Re {av, + Mvg — v304 — v,03) + Az(v5 — V104 — 20303)
—3Aw(vy + 0,05) — A(v32% + 3v2zw + 3v,w?)}; and
@iv) C-v = (z4+vq, wtvg+v,2).

We note that whenever f is a continuous function, (w, v, {) — (T“(v)f)({) is
continuous.
As is well known, one extends 7 to the “group ring” L(¥) by the formula

TO($) = f $(O)T@(v) dv

for ¢ e LY(V). ¢ — T“)(¢) is a *-representation of the algebra L(V). It plays the
role of the ““Fourier transform of ¢ evaluated at w.” By an application of Fubini’s
theorem on the double integral (T“X4)f|g), and the dominated convergence
theorem, one sees that

(w; 2, W) > (TP )z, w) = fv T (W) Nz, w) dv

is a continuous function whenever f € Co(C?)={continuous functions on C? with
compact support}. Thus, for fe Co(C?), ¢ € LY(V),

233) TO@ )z W) = f $)m(w; v; DfC-v) dv.

If ¢ is a function on V, let us adopt the notation ¢, for the expression of ¢ in
coordinates vy, . . ., vg; and let us denote by S=S(V) the class of functions ¢ on ¥V
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for which ¢, is in Schwartz’ class of infinitely differentiable functions on R'2, all
of whose derivatives vanish at infinity faster than any rational function.

LEMMA 2.3.1. For ¢ € S, fe Co(C?),

@34 TGN W) = [ K w; 02, 00f @, v5) doa g
where
Kz, w; vy, v5) = J;« $4(v1, V2 —2, Vg—W— 1012, Uy, s, s)

2.3.5) -exp i Re {v;[a— A(vg+w? +v3w)]
—3A0,(v3 + 2w) + A(zvs + vg)} dv, dv, dvs dvg.
Furthermore, the function

(w; 2, w; Vg, v3) > Ky(w; 2, w; 0g, v3) = K§(z,w; 03, v3)
is continuous.

Proof. Equations (2.3.4) and (2.3.5) follow immediately from (2.3.3) upon
writing the integral over V as an iterated integral and making the substitution
Vg — Vp—2z, V3 — U3—W—0,2. To see what equation (2.3.5) really means, let us
introduce the partial Fourier transforms &;(j=1,..., 6); e.g., if $ € S, we have
(F19)0) = $«(x, va, . . ., v6) exp i Re (¥v,) dx. Also, we must consider a general-
.ized translation operator A, , defined on ¢€S by (4, ,8)V)=d(v;, v2—2,
V3—W—10,2, Uy, Us, Ug). The function

(z, w; ) = Oz, w; v) = (F:1F:FsTeAdz,ub)V)
is easily seen to be continuous (in fact, it is much smoother), and indeed, since
Ky(w; z, w; g, 03) = Oz, w; p— Am, Vg, Vg, —3A(_v,,-|-—2w-), AZ, X)
one sees that K, is continuous.
LEMMA 2.3.2. For ¢ € S, w € Q, T)(¢) is of trace class.

Proof. By (2.3.4), T‘“)(¢) is an integral operator on L%(C?) with kernel K$”. We
first show K{ is square integrable. Indeed (2.3.5) shows that

IKf,“’)(z, W; 1)2, 03)| § f |‘/‘(01, 02—2, U3—W_Dlza —3)‘(03'*'2“’), AE, A)l dv
C

where ¢ =§,§:Je$, Which is rapidly decreasing at infinity. By the obvious change
of variables and Minkowski’s integrated inequality,

1/2
{fc . |K$(z, w; vy, v3)|? dz dw dv, dva}

1/2
= f {fa |[$(v1, va, v3, —3AW, AZ, )| dvy dvg dzdw i db, < co.
Cc
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Thus, T“(¢) is a Hilbert-Schmidt operator. Moreover,
[Kg")(z’ W; Z, W)I § f !¢(vl’ 09 —02, —9AW, AZ: A)I dvl;
c

from which it follows that [c2 |[K$(z, w; z, w)| dz dw < o0, so T“(¢) has finite
trace.

It is now clear how to make rigorous sense out of formula (2.3.1). Indeed, for
é € S, the function w — |K$”|3 is measurable on Q and

tr (TOHT($)*) = [KG|3.

Thus, one must show that the measure dw on Q has the property that (2.3.1) holds
for ¢ € S and that the subspace # ={T(¢) | $ € S} is dense in L¥Q, K, dw). We
begin with the following standard lemma.

LEMMA 2.3.3. If the inversion formula

(2.3.6) (e) = L tr (T(¢)) doo

holds for all ¢ € S (where e=v(0,...,0) is the identity element of V'), then the
Plancherel formula (2.3.1) holds for all ¢ € S.

Proof. For ¢ € S define ¢* by ¢*(v)=4H(v~1). Then, assuming (2.3.6), we get

fv [$(0)|* dv = (b % $*)(e) = fn tr (T($ * $*)) do = J.n tr (TX)T($)*) dw,
which is (2.3.1).

LemMMA 2.3.4. Let dw=9(Q2m)~%|A|* dX du. Then for any ¢ € S the function w —
tr (T“X@)) is absolutely integrable with respect to dw and (2.3.6) holds.

Proof. Let ¢ € S. Then tr (T(¢))=[c2 K$X(z, w; z, w) dz dw with K§” as in
(2.3.5). Define ¢ by (v,, z, v4, Vs, vg) =d4(v1, 0, — 0,2, v, Us, U6). As a function of
the five displayed variables i is in Schwartz’s class on C®, and

tr (TOP) = [, G SeSob)— 3N 2, —94, A3, 3 dz dw.
Thus,

f |te (T(8))| dw < f f |15 4o Btk — 3N, 2, —9AW, AZ, N)| dz dw |A[2 dA du
Q aJc?

which is finite because $,F.FsF s can be majorized by the multiplicative inverse
of a polynomial in z, w, A, u of sufficiently high degree. Thus, w — tr (T)()) is
absolutely integrable. The remainder of the proof involves an iteration of the
Plancherel formula on the additive group of C; i.e., the formula

¢*(vl, ceay vj—l’ 0, Uj+1, ceey UG) = (277)-1 J‘C (%qu*)(vl, ey vj-l, t, vj+1, ceey vs) dt,



432 K. I. GROSS [July

which holds for ¢ € S. Let ¢ be as above. The following computation, which com-
pletes the proof of the lemma, hinges on the fact that (0, z, vy, vs, vg)=
(0, 0, vy, vs, vg) for all z, vy, vs, v € C. Thus, with «=9(27) "%,

J tr (T()) dw = af tr (T“(¢)) |A|* dA d

Q c2?
= fc. (F1F48sFe) (e — 322, z, —9AW, AZ, ) |A|* dz dw du dA
— 5 | GBS Tob, A5, 0, 2, ) dz v
= % (27a) fca (FaSsFeh)(O, A71Z, w, z, X) dz dw dA

= 5 @ra) [ BuFSo0, 0, w, 2, 2) dz dw d
C3
= (0, 0,0, 0, 0) = ¢(e).

THEOREM 2.3.1 (PLANCHEREL THEOREM FOR V). For each ¢€S and weQ,
T (¢) € A, the Hilbert space of Hilbert-Schmidt operators on L*(C?), T“(¢) is of
trace class, and the function T($) defined by T(¢)(w)=T“X¢) is in L%(Q, KA, dw)
where dw =« |A|* dA du and a=9(2w)~*. Furthermore, the mapping ¢ — T(¢) is an
isometry of S (as a subspace of L(V')) onto a dense subspace M of L*(Q, X, dw), and
thus extends by continuity to a unitary map, the Plancherel transform, of L*(V) onto
L¥Q, A, dw).

ReMARK. For computational reasons it will often be convenient to alter the form
of the Plancherel transform by making the canonical identification of ¢ with
L*(C*). This identifies the Hilbert-Schmidt operator T‘“(¢) with its Hilbert-
Schmidt kernel K¢ given by Lemma 2.3.1. It is often a further convenience to
identify L%(Q, A, dw) with L%(Q x C*, dw x dt) where dt denotes Lebesgue measure
on C*. This latter convention identifies 7(¢) with the function K, on Q x C*, Thus,
we set $=K, and allow the ambiguity of calling the map ¢ — ¢ the Plancherel
transform. One can then interpret the Plancherel transform as a map from functions
on C¢ to functions on C¢; indeed,

(2.3.7) $u, A; 2, w3 &, ) = K¢z, w; €, 7)

with K¢» given by (2.3.5).

As for the proof of Theorem 2.3.1, all that remains is to prove that ./ is dense in
L%(Q, X, dw). This follows from the general result for nilpotent groups (see [7,
Theorem 4]), but we shall in the next section prove directly that the operator in
L%(Q, A, dw) of projection onto the closure of .# is in fact the identity operator.
For now, let us simply proceed as if ¢ — ¢ is unitary.
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4. Some specific transforms. It is, of course, well known that the Plancherel
transform ‘““decomposes” the left and right regular representations of a group.
In the next theorem we determine the explicit form of this direct integral decom-
position of the regular representations of V. Toward this end we regard the range
of the Plancherel transform ¢ — ¢ as H=L2(Q; L%(C?, dz dw) @ L%(C?, d¢ dn); dw);
i.e., we think of the function ¢ of (2.3.7) as a vector-valued function on Q whose
values are functions on the product space C? x C2.

The left and right regular representations L and R of V are defined on L%(V) by

(24.1) (L)$)w) = ¢(v™'w) (R@))(W) = $(wv), a.e.

Let & denote the Plancherel transform and set L(v)=FL(@®)# ! and R(v)=
FRW)F L.

PROPOSITION 2.4.1. With the notation as above, the representations L and R of V
act in the Hilbert space H by the formulae:

(2.4.2) L= f ®(T© @ I) do,

®
2.4.3) R= f (I, ® T) do,
Q
where I, is the identity operator on L*(C?; dz dw) and I, the identity on L*(C?; d¢ dv),
T is given by (2.3.2), and —w=(—p, —A).

Proof. We prove (2.4.3), the other formula being similarly derived. Let ¢ € S,
v=0(vy, ..., Us) € ¥, and f € Co(C?). As is well known T“X (R (v)¢) = TN )T (v™1).
Thus, by Lemma 2.3.1,

(TYR@)$)f )z, w)

= [ KOG w5y Tt 1) gt
= fcﬁ K§(z, w; ta, ta)m(w; 0715 to, 1) f(ty— Vg, ts— 03— 130y) dit, dity

= J;;z K,ﬁ,“’)(z, w; t3+ g, t3+03+vlt2)m(w; U_l; to+vg, t3+v3+0; tz)
S (12, 13) dlty dts.

From (2.3.2)(iii) and (1.5.4) one verifies that m(w; v™1; to+0,, ts+0v3+0,t,)=
m(—w; v; 1y, t3). Hence, it follows from (2.3.4) and (2.3.7) that

(R@))" (1, A5z, w; &, m)
= m(w; v; 2, W(—p, —A; 2, W; E+ 0y, n+ 05+ 0, 8).

Le., [R)$)(w)=[I, ® T-“)(v))($(w)). This proves (2.4.3).

4.4



434 K. I. GROSS [uly

Next we consider a representation ¢ — D, of the Cartan subgroup C of G which
acts in L2(V). This representation may be thought of as the analogue for ¥V of the
representation of the additive group of C by multiplicative dilations. More specifi-
cally, the elements c=c(c;, ¢;) of C are given by matrices (1.5.6) and those
v=0v(vy, ..., g) of ¥ by (1.5.2). C acts on V by conjugation; i.e., force C,ve V,
¢ *vc e V. In fact,

2.4.5) ¢ o = v(viert, vac e Y, v3e5 Y, VaCs, UsCser Y, veCsCs);
and

(2.4.6) p(c) = d(ctve)ldv = |cic|~*.

Thus, we define the unitary representation D of C in the space L%(V) by
24.7) (D)(v) = u(c)'?d(c™vc) a.e.

Let & D% ~1=D,, the Plancherel transform of D..

LEMMA 2.4.1. Consider the unitary representation ¢ — E, of C acting in L*(C?)
by the formula

(2.4.8) (E.f)z1, 22) = |e103%|f(z1c165Y, 2065 Y),  ae.
For any representation T*“» of V in Series A we have
(2.4.9) T@N(cve~t) = E, T4 ,Aelcg)(v) E;1

for all c=c(cy, c5)e C,ve V.

Proof. The identity (2.4.9) is easily verified from (2.3.2).

Lemma 2.4.1 allows us to compute the representation D. We first, however,
develop some notation. Let H, =L%(Q, dw), Hy=L*C?, dz dw), Hy=L*C?, d¢ dy),
and identify L2(Q x C*, dw x dz dw d¢ dy) with H, @ H, @ Hj.

PROPOSITION 2.4.2. Consider the range of the Plancherel transform ¢ — & to be
H, ® H, ® H,. Let D be the representation of C defined by (2.4.7) and let D be
its Plancherel transform. Then

(2.4.10) D.=F.QEQE,

where E is the representation of C in L*(C?) defined by (2.4.8), and F is the repre-
sentation of C in L*(Q, dw) defined by

(24.11) (F. )y A) = |c2c3|%f(uy, AC1CE)  ace.
Proof. It follows immediately from the previous lemma that for ¢ € L}(V),
T@N(De) = |c3e§|2E T 9 1 DG)ES .
From (2.3.4) and (2.3.7) one computes the formula
(D), A; 2, w; €,1)

= |cBcy|2P(ucy, AC1E3; zercz Y, wez Y Ecres t, meg Y,

(2.4.12)

which implies (2.4.10).
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Let us now return to the proof of Theorem 2.3.1 in which we left hanging the
proof of the ontoness of the Plancherel transform, or equivalently, the denseness of
A in H=L%(Q, X, dw). Let P denote the projection operator in H with the closure
of # as range. The representations L, R, and D leave S invariant. Thus, the
representations L, R, and D on H (rather Hilbert spaces canonically identified with
H) commute with P. We shall see that this forces P to be the identity operator on H;
or in other words, .# is dense.

First, identify H with H; @ H, where H;=L%C3, |A\|*dAdédy), H,=
L*(C3, du dz dw). Since P commutes with the operators R(v(0, 0, 0, v, vs, v5))
for all vy, vs, vg € C, it follows from Lemma 2.1.1, (a), that P decomposes as follows:
There is an operator-valued function (A, &, n) — P(A, €, ) such that for ¢, € H,,
¢, € H, one has

(P(¢1 ® ¢2))()‘a f’ N M, 2, W) = ¢1(Aa §, ’7)(1’()‘, fa 77)¢2)(:u’ Z, W)‘

Next, one uses the fact that P commutes with R(v(0, v,, v, 0, 0, 0)) for all vy, v; € C,
together with a slight variant of Lemma 2.1.1, (b), to see that the operator-valued
function A — P(A, €, n) is essentially constant; say P(A, €, 9)=P(}), a.e. (¢, 7).
IL.e., for ¢, € H,, ¢, € H,, one has that

(P($1 ® b)), &, 15 1, 2, W) = $1(A, & (P(N)d)(u, 2, w), a.e.

Thus, we may consider P as acting in the space K; ® K, where K, =L2%(C?, d¢ dn)
and K,=L%C*, |A|* dA du dz dw), and as we have just seen

(2.4.13) P=1®P,

where I denotes the identity on K; and P, the projection operator on K, defined as
multiplication by the operator-valued function A — P(X). At this point we can

repeat the same procedure used above with R replaced by L. This yields the fact
that

(2.4.14) Py = I ® Py

where I is the identity on L2*(C? dz dw) and P,, is a projection operator on
L%(C?, |A|* du dX) defined as multiplication by an operator-valued function
A= Poo(R). Le., if ¢, € L%(C, |A|* d)) and ¢, € L%(C, dp), we have

(24.15) (Poo($s ® $2))(ks A) = $2(N)(Poo(N2)(w), a.e.

It remains to show that A — Pyo(}) is essentially constant. Because P and D
commute, it follows from the form (2.4.10) of D, that Py, and F, commute for all
ce C. In other words, Pyo(A)=Pyo(A¢,¢2), a.e. A. Since ¢, and c, are arbitrary
nonzero numbers, it follows from the multiplicative version of Lemma 2.1.1, (a),
that there is a fixed operator P’ on L%(C, du) such that Pyo(X)=P’ a.e. Hence, from
(2.4.13), (2.4.14), and (2.4.15) we see that P=1 ® P’, where I denotes the identity
on L*(C5, |A|* d) d¢ dy dz dw) and P’ is some projection operator on L%(C, dy). So,
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in order to complete the proof of Theorem 2.3.1 it is sufficient to show that P’ is
the identity operator. To see that this is the case, one observes that since P com-
mutes with R(v(vy, 0, 0, 0, 0, 0)) for all v, € C, it follows from Lemma 2.1.1, (a),
that P’ is multiplication by a scalar-function u — p(u). On the other hand, since P
commutes with D, for each nonzero ¢, € C we have p(u)=p(ué,), a.e. u. Again it
follows from the multiplicative version of Lemma 2.1.1, (b), that u — p(u) is
essentially constant; say p(xv)=a a.e. However, since P’ is a projection operator,
p must have the two point set {0, 1} as its essential range. It follows that p(u)=1 a.e.,
and that P’ is the identity operator on L*(C, du).

CHAPTER III. REPRESENTATION THEORY ON G

1. The principal series. The principal series of representations on a complex
semisimple Lie group can be formulated as the family of representations induced
from unitary characters of a maximal solvable subgroup. As we have already seen,
it is rewarding to realize induced representations as multiplier representations; so
we now briefly explain the general setting for this realization.

Let G be a separable locally compact group with two closed subgroups B and V
such that BN V'={e} and BV= X is an open subset of G whose complement has
Haar measure zero. (According to Theorem 1.5.3 these conditions hold for the
group G of type G,.) Then the map (b, v) — bv is a homeomorphism of Bx V onto
X, V may be identified with an open dense subset of the homogeneous space
B\G, and right Haar measure d,x on G is absolutely continuous with respect to a
product of right Haar measures on B and V. We make this latter point more
specific. Define left and right Haar measures d,b and d,b on B related by

(3.1.0) L f(B)db = L 1(b-Y) dib.

The modular function &5 of B is the Radon-Nikodym derivative of db with respect
to d,b. Similarly, define left and right Haar measures d;x and d,x of G related in the
same way, and let 8, be the modular function of G. One then considers the positive
character u of B defined for b € B by

3.1.1) w(b) = 34(b)/35(b),

and shows that Haar measure d,v on ¥ can be chosen so that d,x=pu~(b)d,b x d,v;
i.e., for any nonnegative Borel measurable function fon G

(.1.2) fc F0) dx = fv do L FBo)-1(b) db.

For proofs of the above facts, as well as a more detailed explanation of the material
to follow, we refer to [13].

Let A be a unitary character of B. We explain how the representation of G
induced by A can be realized as a multiplier representation. Let = and =y denote the
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coordinate projections of X= BV onto B and ¥V respectively. For each a € G, the set
(3.1.3) Ve={veV|vae X}

is open in ¥ and its complement has Haar measure zero. Thus, for v € V¢ we have
va=ng(va)my(va). For ve V' set

(3.1.3) vd = my(va).
Define a “multiplier” function m,(v, a) by
my(v, a) = Nmpg(va)p'*(mp(va)), veV?,

3.14

( ) =0, velV-Vre,

Then define the operator T(a, A) on L%(V) by

(3.1.5) (T(a, )f)©v) = my(v, a)f(vd) a.e.

T(a, )) is a unitary operator on L2(V) and a — T'(a, A) is a unitary representation
of G unitarily equivalent to the representation of G induced by A.

We now specialize the preceding discussion to the group G of type G,. As we
mentioned above, the role of B is played by the group B of (1.5.7) and that of ¥ by
the nilpotent part of G. The following proposition particularizes the above general
facts.

PROPOSITION 3.1.1. (i) Let C* denote the multiplicative group of C. The Cartan
subgroup C of elements (1.5.6) can be identified with (C*)? and has Haar measure
dc=|c,c5| "2 dey dc, where dc, and dc, are Lebesgue measures.

(ii) V is unimodular and has Haar measure dv=dv, - - - dvs, where v=v(v,, . . ., Ug)
as in (1.5.2).

(iiiy N="'V has Haar measure dn=dv where n="v as in (1.5.5).

(iv) The group C acts on V and N as a group of automorphisms by v — ¢~ 'vc
and n — ¢~ nc respectively. With u given by (2.4.6) one has the formulae

[ remedo = e [ 10 a
(3.1.6) ! v

fN fle-tnc) dn = plc) fN f(n) dn.

(v) The group B is the semidirect product of C and N. With the notation b=cn
for the generic element of B we have Haar measures on B given by product measures
in the form

3.1.7) db = dcdn, db = p(c)dcdn.
These measures are related by formula (3.1.0).

(vi) G is unimodular, and with X=BV=CNV as at the outset of this section
formula (3.1.2) takes the form

(.1.8) fc F(9) dx = J'c fN JV F(cnv) de dn dv;

i.e., dx=dc dn dv is a Haar measure on G.
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Proof. (i), (ii), and (iii) are obvious, and (iv) follows from (2.4.6). Let us prove
(v). Let by =cono with ¢y € C, ny € N and let f € Cy(B). Then with d;b=dc dn we have

L F(bob) dib = J; fN f(conocn) de dn = fc de Lf(coc(c‘lnoc)n) dn
= L dc fN f(cocn) dn = fN dn fcf (cocn) de
- L fc F(cn) de dn = L 1) db.

Thus, db is a left Haar measure. Similarly, one uses (3.1.6) to show that
d.b=p(c) dc dn is a right Haar measure.

To prove (vi) we first remark that semisimple groups are well known to be uni-
modular. Thus from (3.1.1), (3.1.2), and (3.1.6) we have

fc F(x) dix = L F(x) dx = fv dv L £(b) 85(b) d,b

- fv dv J; F(bv) dib = fv dv fc L f(cnv) de dn

= L L J; f(cnv) de dn dv,

which shows that dx = dc dn dv is a Haar measure on G.

Next we elucidate the form of (3.1.5) when G is the group of type G,. As a first
step we set down the action of a set of generators of G on the space V. According to
Proposition 1.5.2, G is generated by the subgroups C and ¥ together with the simple
Weyl reflections p and ¢, and the action on V'is expressed by (3.1.3) and (3.1.3)". We
summarize this action in the following proposition, the validity of which is verified
by straightforward multiplication of the matrices involved (viz., (1.5.2), (1.5.6), and
(1.5.10)).

ProPOSITION 3.1.2. (i) If vo € V, then Vo=V and vi,=vv,.
(ii) For c=c(cy, cg) € C, V=V and with v=0v(v,, . . ., vs) € V one has
3.19) mg(ve) = ¢ and
o v¢ = v(ve7t, vacieq t, vacs Y, vaei tes Y, vser e, veer s ®).
(iti) With p and q given by (1.5.10) we have: V?={ve V| v, #0} and for ve V?,
my(vp) = c(—v}, vy (-1, 0,0,0,0,0), and

vp = v(wy,..., w), where

— -1 — 2
(3.1.10) wy = o7t wy = —(v5+ 20,04 +050%),
Wy = —(v4+0103), Wy = 0,077,
Ws = —Uy+ 007 — 0,402,

We = — Ug~+ Ugls — Ugly + 20,0504 + 030505 — 030,



1968] THE PLANCHEREL TRANSFORM 439

Vi={ve V| v,#0} and for ve V4,
ﬂB(vq) = 0(02_1, v2)n(0, Vg, 03 0, Oa 0), and

3.1.11)
v§ = v(v10y— Vg, — V3", VgV5 ", Vs, DaVs — Vg, Vg3 ).

Now that we have described explicitly the action on ¥, we focus on the multi-
plier m, in (3.1.5). Since B is the semidirect product of C and the normal subgroup
N, the commutator subgroup of B is contained in N. Conversely, since it is easily
verified that the generating complex one-parameter subgroups of N are in the
commutator subgroup, one sees that N is precisely the commutator subgroup of B.
Thus, if p is any character of B, N is contained in the kernel of p; i.e., the characters
of B are uniquely determined by the characters of the Cartan subgroup C. One can
choose very convenient homogeneous coordinates on C and the character group of
C as follows:

PROPOSITION 3.1.3. Choose ‘‘homogeneous” coordinates ¢y, cy,¢c3 on C by
c=c(cy, g c3)=c(Cy, C3) as in (1.5.6), where c,coc3=1. Then any character x of C
has the form
(3.1.12) x(©) = e[t [cal*2|es|% [e1] [co]"2[cs]™
for some triples s, 55, S5 of complex numbers and n,, ny, ng of integers such that
S1+82+53=0 and 0= n, +ny+n3 <3, where [z]=z/|z| denotes the amplitude of the
complex number z. Set §=(sy, S, S3) € C3, fi=(ny, ny, ng) € Z3, and x=x(8, A).
Then the map (S, i) — x(§, A) identifies {(§, A) e C*x Z®| s;+5,+53=0 and 0=
ny +ny+ ng < 3} with the character group of C, and the unitary characters correspond
to those pairs for which Re (s;)=Re (s;)=Re (s3)=0.

One can now adapt the general formula (1.3.5) to the group at hand by means of
the previous two propositions. Such a procedure yields the (nondegenerate)
principal series of representations of G:

The principal series of representations of G. The principal series of unitary
representations a — T'(a, x) of G are indexed by the unitary characters y=x(§, )
of C given by Proposition 3.1.3, and act in the space L?(V) according to formulae
(3.1.4) and (3.1.5). For ¢ € L%(V), the operators of the principal series correspond-
ing to a set of generators for G have the explicit form:

(i) For v, € V, (T(vo, x)$)(v) = $(vvy), a.e.
(ii) For ¢ = c(cy, ¢3) € C, (T(c, x)$)(®)
= [ey 1% 7% g2 7% "8 1] s [eo]"2 T MeB(v0),  ave.;
where v¢ is defined by (3.1.9).
(3.1.13) (iii) For pe G given by (1.5.10) and with v = (vy,..., vs) one has

(T(p, )P)v) = (= 1)1+ 2|0 [*1 72 [0, ]*"1¢(0P), a.e.;
where vp is given by (3.1.10).

(iv) For g € G given by (1.5.10),
(T(g, \)P)V) = |vs]2 7512 [v,]"2 " ™14(vg), ace.,
where v§ is given by (3.1.11).
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REMARKS. Since for any character y the restriction of T'(-, y) to V is just the right
regular representation, it makes sense to look at the Plancherel transform of the
principal series. Thus, we want to consider the operators

(1.3.14) T, x) = FT(a, \)F

at least for the generating elements a of G considered above. In point of fact the
computations for the restriction of T'(-,y) to the maximal solvable subgroup
H=CYV were performed in §4 of Chapter II. In fact, T'(v, x) = R(v) is the operator of
(2.4.3), and

(3.1.15) T(e, x) = |eal's s [eql2a=%5 [e}] "™ [cy]"2 " D,

where D, is given by (2.4.7) and D, by (2.4.10).

The remaining two operators we want to know about are T(p, x) and T(q, x),
and it is here that we run into trouble. Specifically, the action v — vp in (3.1.10)
seems to be too unwieldy to computationally handle; and although the action
v — vg seems to be somewhat more tractable, we have as yet been unable to evaluate
T(q, x). Thus, at this point we can only analyze the restriction of the principal
series to H, but it is hoped that a more penetrating look at the operators T'(g, x)
and T(p, x) will answer the question of whether all the representations in the prin-
cipal series are irreducible and whether their restrictions to a maximal subgroup of
G are irreducible.

THEOREM 3.1.1. Consider the restriction of T(-, x) to the subgroup H=CV. The
operators of the representation act in the space L=L*C®, |A|* du dA dz dw d¢ dn)
which we identify with L*(C?; L, ® L, |A|* du dX) where L,=L*C? dz dw) and
L,=L%C?, d¢ dn). Let c — E, be the representation of C defined by (2.4.8) and
acting in the space L,. Define an operator-valued function (u, ) — A(u, A), the
values being operators on L., according to the rule

(3.1.16) A(p, D) = Ecamr ai-1yr2) A(1, I)Ec_(é'l,m/i“)"z)

where p, A#0, we have chosen the principal branch of the square root, and where
A(1, 1) is any unitary operator on L,. Then the operator

(3.117) A= [7 (4G ) © DIN* du

where I, denotes the identity operator on L,, is a commuting operator for the re-
striction of T (-, x) to H; i.e., AT(cv, x)=T(cv, x)A for all ¢ € C, v € V. Furthermore,
these are all the commuting operators.

Proof. Suppose A4 is a unitary operator which commutes with T'(cv, x) for all
ce C,ve V. By the same arguments used to prove the ontoness of the Plancherel
transform in §4 of Chapter II, it follows that 4 must be of the form (3.1.17) for
some operator valued function (i, A) — A(u, A). It is evident from the form (2.4.3)
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of R that any such operator A commutes with R(v)=T'(v, ) for all v € ¥. On the
other hand, from the form (2.4.10) of D, (and (3.1.15)) it is clear that T(c, )4 =
AT (c, x) for c € C if and only if

(3.1.18) E A(uc,, Ao, B)EST = A(p, X)

for a.e. (p, A). It is easily verified that the operator-valued function defined by
(3.1.16) satisfies (3.1.18), so the corresponding operator 4 is indeed a commuting
operator for the restriction to H of the principal series. To see that this gives us all
the commuting operators we interpret (3.1.18) as the statement that a certain
measurable function on Cx Q is zero a.e. It then follows that (u, A) — A(u, A) is
essentially continuous. Hence, we may suppose that by a possible redefinition of
A(p, A) on a set of measure zero, (3.1.18) holds everywhere. Evaluation of (3.1.18)
at p=1, A=1 shows that (3.1.16) is satisfied and completes the proof of the theorem.

REMARK. Let 4, be any operator on L, commuting with the representation
E of C, and think of T'(-, x) as acting in the space L, ® L; ® Ly, where L, and L,
are as in the theorem and L,=L3(Q, dw). The theorem then shows that the operator
A=1, ® A; ® I,, where I, and I, are the identity operators on L, and L, re-
spectively, commutes with the restriction of T'(-, x) to H.

2. Intertwining relations. The point of this section is to formulate a problem
connected with the intertwining operators of Kunze and Stein [13]. We shall
omit the computational details as well as some of the limiting arguments which
make some formally correct statements rigorous.

It is a result of Bruhat that the representations T'(-, x,) and T(-, ;) of the
principal series on a complex semisimple group are unitarily equivalent if and only
if there is some element r of the Weyl group such that ry, =x,. (One defines the
character ry by (ry)(c)=x(r ~cr) for all ¢ € C.) Kunze and Stein [13] showed how to
obtain explicit intertwining operators in the case of the simple Weyl reflections, and
then obtain the general result by the composition of these operators. We outline
this theory in the case of the group G of type G..

For notational convenience set p, =p and p,=¢q, where p and q are the simple
Weyl reflections previously considered. Corresponding to each p; (j=1, 2) there is a
semidirect product decomposition ¥V'=V,¥; where V; and V; are defined as in
(2.2.3), (2.2.6), and (2.2.7). Thus, we write an element v of V as v=v,;, where
v;e V; and v; € V;. We allow the ambiguity of identifying v; with the complex
number corresponding to its jth coordinate. Next, we recall the definition of the
characters x(§, ) in Proposition 3.1.3. We have x(§, A) = x(§)x(#) where we have set
x(8)=x($, 0) and x(Ai)=x(A, 0). Since x(§) and x(A) are readily identified with ele-
ments of the dual $* of the Cartan subalgebra $ of & (see the very end of §3 of
Chapter I), formulae (1.3.10) make sense when £ is replaced by x($) or x(#).

Let p; be, as above, the simple Weyl reflection corresponding to the root «; (¢; =,
ap;=4, as in (1.3.8)) and let x=x($, /i) be a unitary character of C (i.e., Re (s,)=0,
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k=1, 2, 3). Kunze and Stein consider the unitary operator A(p;, x) defined on
L2(V) (thought of as L%(V;) ® L*(V;) with V; identified with C) by the following
formal expression: For f'e L%(V),

G2 Uen 0N ) = o5 [ IS+, o) di,
where

_26@le) 2]y
(322 5= (aj]ey) "= (oy]ey)

22" T(Y(|n| +5))
I'((|n| +2-3))

The numbers s and » depend of course on j=1, 2. If we denote this dependence by
the notation s=s%, n=n", it follows from (1.3.10) that

and

(3.2.3) y(x) = ¥(s,n) =

sV = =35, s@ =45 — 5,
3.2.4)

nP = —3n;,, n® =n, — n,.
We also define
(3.2.5) A(pj, x) = Ay(s,n)

where y=x(3, A), and s=s", n=n"" are as above. (We remark that A,(s, n) is
rigorously defined as the strong limit of the unbounded operators A,(z, n) with
t=s+o, o real, and ¢ — 0*.) The important properties of these operators are the
following (see [13] for the proof):

PROPOSITION 3.2.1. With the notation as above we have:

(i) (s, n) — A,(s, n) is a unitary representation of iRx Z; i.e., Aj(s, n)At, m)=
As+t,n+m) and A0, 0)=1.

(i) A(pj, x) intertwines T(-,x) and T(-,p;x); i.e, A(psx)T(a, x)=T(a, px)
-A(py, x) for all a e G.

One desires to show that the relations in the Weyl group are mirrored by the
intertwining operators. This can be done providing the second of relations (1.3.8) is
reflected in the following operator equation, called the intertwining equation:

(3.2.6) I = A(p1, 4110 A(P2, 410X) - - - A(P1, 1) A(P2, X),

where go,=(P1P2)*s qor+1=P2(p1p2)* for k=0, 1, 2, 3, 4, 5. This equation is more
symmetrical when written out in terms of the parameters s and n by means of (3.2.5)
and (3.2.4), and (1.3.11). In fact (3.2.6) is equivalent to the equation

(3.2.7) C(s,M)C(s+1t, n+m)C(t, m) = C(t, m)C(s+t, n+m)C(s, t)
for all s, t € iR, n, m € Z; where we have defined C(s, n) by

(3.2.8) C(s, n) = B(s, n)A(3s, 3n)B(s, n)

and

(3.2.9) A(—3s1, —3n;) = A(p1, x), B(sy—52, ny—ng) = A(p2, %)
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In [13] it is shown that (3.2.6) can be made to hold by means of ‘““normalizing”
A(p;j, x). It is, however, of considerable interest to find out if the operators C(s, n)
form a commutative family; i.e., if

(3.2.10) C(s, n)C(t, m) = C(t, m)C(s, n)

for all s, t € iR, n, m € Z. (Notice that (3.2.10) implies (3.2.7).)

We have not yet been able to prove, or disprove, (3.2.10); however, an application
of the Plancherel transform makes the question more explicit. In fact we have the
following proposition which is formally true by straightforward computation and
can be made rigorous by the type of “regularization’” argument used in [13].

PROPOSITION 3.2.2. For each w=(u, A) € Q define the unitary operator M (u, A)
on L*(C%; dz dw) by

(3.2.11) (M (e, N)f)(z, w) = exp i Re {wz~}(Aw?— )} f(z, w)

a.e., and define unbounded operators R\(s,n) and Ry(s,n) for se€ C,ne Z, with
0<Re(s)<1 such that for fe Co(C?)

1
Ry(s, ) f )z, w) = —— | [t|* 2 [t]f(z—¢t, w) dt
(3.2.12) 7S, ) L

(Rofs, m)f)(z, w) = y(s‘—n) fc 1= 2 11 (2, w—1) dt

where y(s, n) is given by (3.2.3). Then:

(i) The map s — R(s, n)f (j=1, 2), for fixed f € Co(C?), has a unique extension to
Re (s)=0 such that it is continuous in 0<Re (s)<1. Furthermore, for Re (s)=0
the operators Ry(s, n) extend by continuity to unitary operators R(s, n) on L*(C?)
and (s, n) — R/(s, n) are unitary representations of iR x Z.

(i) Let A(s, n)=F A(s, n)F - and B(s, n)=F B(s, n)F ~* where F denotes the
Plancherel transform on V and A and B the intertwining operators (3.2.9). For
0=<Re(s)<l1,

A ®
AGs,m) = f (A(s, 1) @ I do,
(3.2.13) a

B = [ @6 @1 d,
where I denotes the identity on L*(C?, d¢ dy), and
(B2.14)  (A“N(s, m)f)(z, w) = |2~ [2](M (4, DRo(s, )M (, )Y )(z, W)
Jor all fe Cy(C?), and
(3.2.15) BwM(s,n) = Ry(s, n)
for all u, A
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The commutative family problem (3.2.10) can now be given the explicit form:
Is it true that for any fixed s, ¢ € iR and n, m € Z one has

(3.2.16) C (s, n)C(t, m) = C“Xt, m)CX(s, n)

for a.e. w € Q, where

(3.2.17) C@X(s, n) = B“Xs, n)A‘“(3s, 3n)B“(s, n) ?
According to the above proposition

(3.2.18)  C®N(s,n) = Ry(s, n)T(s, n)M (i, A)Ry(3s, 3n)M (u, N)R,(s, n)

where T'(s, n) is the operator on L%C? dz dw) given by multiplication by the
function z — |z| ~*[z] ™.

REMARK. It is shown in [13] that for the two classical rank two complex simple
groups there do exist commutative families. The proofs for those groups do not
seem to generalize to the group G of type G,. The complications seem to be two-
fold: First, the L2-spaces for G are of two variables as opposed to one variable for
the classical groups, and secondly, operators M (u, A) do not appear in the classical
cases.

3. Complementary series. In this section we construct two complementary
series of representations of G. There are, in fact, five more series which seem to have
formal validity but for which the rigorous development is quite delicate. We post-
pone the presentation of these latter series for another time.

We shall call a unitary representation of G complementary if it is *“induced”” from
a nonunitary character of B. Such a representation acts in a Hilbert space contrived
by means of a suitable inner product on Cy(¥). Let us first notice that the operator
T(a, x) of (3.1.5) makes sense for nonunitary y providing we interpret it as an
unbounded operator with dense domain. Define the contragredient character x'
of x by x'(¢)=x(c™?) for all ¢ € C. Then the adjoint of T(a, x) has the form

T(a, X)* = T(a— 1, X')

for all a € G and characters x¥ of C. Furthermore, for 0 <Re (s) <1 the operators
A(p;, x)=A,(s, n) defined by (3.2.1) make sense as densely-defined unbounded
operators; and it is shown in [13] that, as operators in L3(V),

A(pj, X)T(aa X) = T(aa ij)A(pla X)

(for j=1,2) for all ae G, y=x($, i) where 0<Re (s)<1. As a final preliminary
point we know that the operator A,(s, n) is transformed by the (partial) Fourier
transform on ¥; to the operator on L2(V,) ® L3(V;) of the form A(s, n) ® I where

(s, )N@=(=1"|z| [/ (2), ae.
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We construct the first complementary series. Consider the characters x = x($, /)
of C, where § and 7 are of the form

= (o, Sq, 53), ceR0>0> —14

§
3.3.1
( ) ﬁ = (0’ hg, n3)'

Then A(p, ) is defined on fe Co(V) by

A, 01 o) = = [ 1wl e, o) dw

(asin (3.2.1)); and in fact A(p, x) is a positive operator; i.e., (4(p, x) /| f) >0 for all
fe€ Cy(V), f#0. Thus, we define an inner product (:|-),,, on Co(¥) by

(f18)p.c = (A(p, )f12),

and call H(p, o) the Hilbert space completion. From the first of equations (1.3.11)
one sees that py=yx' (contragredient), so T(a, px)*=T(a"?, x). Thus, for
f; g€ CO(Va)a

(T(a, X)f|T(3, X)8)p.c = (A(p, X)T(a, x)f1T(a, x)g)
= (T(a, px)A(p, ) f|T(a, x)8)
= (A(p, x)fIT(@*, x)T(a, x)8)
= (f18)s.0-

Since uniform convergence in Cy(V) implies convergence in H(p, o) it follows that
T(a, x) extends to a unitary operator on H(p, o). It is a simple matter to verify that
T(a, x)T(b, x)=T(ab, x) and that T(a, x) — I strongly as a — e (see [13]). Thus,
we have established the following:

Complementary series 1. With y as in (3.3.1), H(p, o) as above, and T(a, x) the
unitary operator on H(p, o) constructed above, we have that a — T(q, x) is a
unitary representation of G.

The second series we consider is the analog of the above with p replaced by g.
Let x=x(8, A) now be defined by

§ = (81, — 351, 53), O0<o=s5+5 <1,
(3.3.2) (1 1 3) 4 17T35)

ﬁ = 1y, ny, na)-

Then gx=yx', A(g, x) is a positive operator, (4(q, x)/|8)=(f|g),., defines an inner
product on Cy(¥) whose completion we call H(g, o). By the same arguments as
above, we have:

Complementary series 1. Let x be defined by (3.3.2). The operators T(a, x)
extend to unitary operators on H(q, o) and a — T(a, x) is a unitary representation
of G in the space H(g, o).
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