ON A CLASS OF STOCHASTIC PROCESSES AND ITS
RELATIONSHIP TO INFINITE PARTICLE GASES(%)

BY
D. PAUL JOHNSON

Introduction. Consider the right continuous sample paths w: [0, +00) — F
={+1, —1} with coordinates x(¢)=x,=xw) € E together with the o-algebras .#,
generated by x(s), s=<¢, and assume that for each probability measure f on E and
e € E, there exist probability measures P, and P;, on .# ,, for which

(0.A) Py (-)=P(-|x(0)=¢),

(0.B) Py(x(0)=e)=f(e),

(0.0) Py(x(t+h) € A|M) =Py, (x(h) € A), [ae. Pp.],
where 4 is a set of points in E and f,(4)=P,(x(t) € A). Such a stochastic process
will be called a K-process. The expression P (A) is to be thought of as the prob-
ability that, starting with x(0) distributed according to f, the event A will take place
conditional on x(0)=e. A K-process is a temporally homogeneous Markov process
if and only if Py, is independent of f, as the reader can easily check. If

7 = S Px(® = D) w=f+1),

then when y, ; and y_, are real analytic on the closed interval [0, 1], they uniquely
determine the distribution of the K-process x(t).

In this paper, I shall construct a model of an infinite particle gas with velocities
+1 in which the motion of a tagged particle is a K-process with specific y,; and
in which the sample paths of any two particles are independent. This will be
accomplished by constructing a gas of » like particles, each of which has velocities
+ 1, and then letting n — co. Each of the » particle gases will be a Markov jump
process in which one waits an exponential holding time and then picks an index i
according to the uniform distribution 1/n and lets the corresponding particle collide
with one or more of the remaining particles. The effect of a collision between a
single particle and a set of particles will be a change of state only for the single
particle. H. P. McKean [3] has carried out this construction for the case when
y.1()= + (m—1). In this paper, we generalize his results to the case when —y,,
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and y_, are both positive on the open interval (0, 1) and real analytic on the closed
interval [0, 1].

The paper is arranged as follows. In §1 we derive a few basic properties of K-
processes, including the fact that the functions y ., and y_; uniquely determine the
distribution of the process. In §2, we define the n-molecule gases. In §3, we introduce
the basic notions of convergence and equivalence that will be used throughout the
paper, and we calculate the limit as n — oo of the generators of the n-molecule
gases. In §4 we state the main theorems and finally give their proofs in §5.

1. K-processes. Let x;, ¢ € [0, 00) be a K-process. Then, defining
Ppe(t; A) = Ppe(x, € A),

we get a formula for the probabilities of joint observations reminiscent of the case
of temporally homogeneous Markov processes.

THEOREM 1. If x, is a K-process, then for 0<t, < .. <t, <00,
Pfle[x(tl) € Al’ L) x(tn) € An]
= f Pp(ts; déy) f Py e, (ta—t5dE5) - f Py, e (= tn1; dEy).
A A2 An

Proof. This is immediate from (0.C).

COROLLARY. If x; is a K-process, then
Prals 15 4) = [ Pylts d0Prac(s: 4).

If y(u) = uy . (w)+(1 —u)y_,(u), then we have the following theorem.

THEOREM 2. If x, is a K-process and if P, (t; + 1) is differentiable in t=0, then

@A) 4+ 1) = LA+ D)

@B) & Put; +1) = Plts + Dyl i+ DI+ Pdlts Dy a L+ DL

Proof. Taking the equation in the Corollary to Theorem 1 and differentiating
both sides with respect to s and letting s=0, we get (2.B). (2.A) follows from (2.B)
if we notice that

f(+1) = ff(de)Pm(t; +1).

Equation (2.A) of Theorem 2, which is in general nonlinear, has a unique
solution bounded by 0 and 1 if y is real analytic in the closed interval [0, 1] and if
$(0)=0 and (1) £0. Once the solution of (2.A) is known, (2.B) becomes a linear
differential equation for P;(¢; +1). This equation, in turn, has a unique solution
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bounded by 0 and 1 if ¥, and y_, are continuous and Fy, =0. Having uniquely
determined the transition function P; ., we can construct the K-process by defining
probabilities on the cylinder sets in the manner suggested in Theorem 1:

P[x(tl) € A19 X(tg) € A2s ey x(tn) € An]
= L Py (t1; dé1) L Py e, (ta— 115 dEs) - - ‘L Py, ien(ta—1tn-1; dEy),

where 0<17, < - <t,<o0. Thus to each pair of functions —y,, and y_, which
are positive on the open interval (0, 1) and real analytic on the closed interval
[0, 1], there corresponds a unique K-process.

2. n-molecule gases. To define the n-molecule gases; let E be the set of integers
+1, let L be a fixed positive constant and let C§(k), e € E and k < N be a family of
nonnegative real numbers with the property that when Cy=max; <y .- +; C5(k)
one has

> NfCy s PIIF, P21
N=1
We construct the n-molecule gases as follows. Let X,(t)=[x}(¢),..., x*(¢)] be a

Markov jump process on the n-dimensional space E" with holding time distri-
bution, in the state [e,, . . ., €,], equal to

n-1 n)

exp [—t Z n-v Z Celey,, - . ., e,N)]
N=1 1371500 IN

where 3§, .. denotes the sum taken over all sequences (jo, - - ., jx), 1 Sji<n,

Jx#Jj» when k#p; and where C(ele, ..., ey)=Cy (number of +1’s in the set

es, ..., ey). Starting at the state [ey, ..., e,], the probability that the first jump is

to the state [e;,..., e,_1, —e;, €41, .., e,] will be given by

1 J1seees

(n)
n~V > Cleey,s .- -, e5)
N=1 Ksd1s..0sIN

The generator of the n-molecule gas will therefore be

()

n—-1
Gupley, ..., e;) = Z n-¥ 2 Cleley,, . .., e5,) Ad
N=1

1.]1,.....’)!

where Ad=¢(..., —e;,...)—¢(...,e,...) or zero, depending on whether ¢
depends on the variable e; or not.
To calculate the joint probabilities of M molecules in the gas, notice that if

Tt¢(e1’- ~~,en) = E[¢(X?) | X’OL = (ela' R en)]
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is the semigroup associated with the Markov process X", then

Tt¢(e1a LR ] en) = exP [thkb(el’ RS ] en)'

Thus for any two functions ¢ and ¢ on E™ and £ € E™, we have

E[$(X(X3.0) | XT = €] = E[B(XDE[S(X340) | X3 | X = €]
= E[H(XDTH(X?) | X§ = €]
= T($T)(é)
= exp [sG,]$ exp [1G,]¢.

Using this argument, it is easily shown that if the molecules are initially indepen-
dent and indentically distributed with distribution f and if E,=(é%,.. ., e}, E, E,
..., E), then the joint distribution of the first M particles is given by

P[X™t))€eE,,..., X"(ty) € Ey]

0y
= ff(dfl) -+ fd¢,) exp [t.Grlxe, exp [(t2—1)Ghlxe, - - - €Xp [(ty— 1 -1)GrlXey,»

where y, is the indicator function of the set 4.

3. Preliminaries and notation. We wish to calculate the limit of (1) as n goes to
infinity. To do this, one might calculate lim,_, ., G,¢ when ¢ has a finite number
of variables. However, as is evident from (1), this is not necessary as we are only
interested in the behavior of G,$ modulo an integration. Instead, we introduce
the following notion of equivalence and convergence.

DEFINITION 3. Let I be the set of all indices ij where i and j are nonnegative
integers. Suppose that ¢ and i are functions whose variables are indexed by indices
in I and suppose that J<I. Then we define

(3.A) If fis a probability measure on E, then

[ 726 = [TTratas.

aelJ

(3.B) ¢=4 mod J if and only if there exist functions ¢; and ¢;, whose variables
have indices in I, and one to one mappings 6; of J onto J such that

95’__25{’7" ¢=z¢f

and 2=y, where ¢¢ is ¢, with the variables e, replacing e, for « € J.
(3.C) |¢| is the sup norm of ¢.

(3.D) [ ], =infy = pmoas [#]-
(3.E) ¢,— ¢ mod J as n — o if and only if |¢,—¢|; = 0 as n — co.

One should note that if ¢=1 mod J, then

[1o=[ 1.
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Similarly, if ¢, — ¢ mod J, then
[ 1ot [ 129,
J J

It is also easily verified that if ¢, =4; mod J, ¢,=y, mod J and ¢ has variables
whose indices all lie in J¢, then

1+ = h1+¢, modJ
and

$é1 = ¢y modJ.

These facts will be used throughout the paper without further comment.

Now suppose that ¢ is a function of M variables, M finite, which are indexed
by an index set J of positive integers. We wish to evaluate lim,_, , G,¢ modulo J°.
Clearly we have

n—-1 n)

G.d(es,...,e,) = n-N Z Clele;,, . .., e;,) A
N=1 10710000 dN
n-1 (n)
) =>nV Cleiles,s - - -» €5,) Mg
N=1 1,710 IN T ETC
n—-1 )
?3) + > nv > Cleles,s - - -» €5,) M.
N=1 t,41s...,iN; SOME ji €T

Since we are only interested in evaluating these sums modulo J¢, we may rename
the indices of variables which are not contained in J. Using the new indices 1j,
and adopting the convention that the indices 0i and i are the same, we find that the
first sum (2) is equivalent to

@ n—zMn_N(n_M) ~(n—=M-N+1) 2 Clenles, - - -» €1n) Ao
N=1 T

modulo J¢ since
(n)

Cleley,, - - -, 1) A

137100 INIKETC

=m-M)(n—-M-1)---n—M-N+1) Z C(egi|€11, - - -» €1n) Aoy (mod J©),

M+NZ=n,
= 0 otherwise.

As n—> o0, (4) converges absolutely since it is clearly bounded by

2M |$| >, Cu.
N=1
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The second sum (3) is bounded by
2M?|p|n=t > NCy < 2M2|$|n~ 'L
N=1

and thus, using the dominated convergence theorem, we see that as n— o,
G,é(ey, . . ., ey) converges modulo J¢ to

Z Z Cleoilerss - - -5 e1n) Doip.
N=1 T

Now let the pairs ij of nonnegative integers be indices for variables e;; € E and
let ¢ be a function of a subset of these variables. We shall call i the order of the
index ij and the order of ¢ will be defined as the maximum of the orders of its
variables. Let ¢ be a function of finite order less than or equal to p. Then we define

0 P 0
Dy = Z z z Cleyleps1,1s- - -» €pa1,n) Auh.
N=1 i=0 j=1

Clearly the operator D, introduces a new set of variables of order p-+ 1. Remember-

ing the convention that the indices 0/ and i are the same, we have established for

any function ¢ whose variables are indexed by a finite set of positive integers J that
G,$ — D¢ modJ°

for p=0.

In general, we will write D¢ instead of D,¢ with the understanding that D
always adds variables whose indices are of order at least one higher than the order
of the function on which it is operating. If ¢ has infinite order, then we will always
be able to write ¢=> ¢, where ¢, has finite order and then let Dé=3 D¢,.
Finally, we let

exp [1D]¢ = Zo f? D,

4. Main theorems. Our first theorem is the following:

THEOREM 4. If ¢,, ..., ¢, are bounded functions whose variables have indices in
a finite set J of M indices, then for 8LM(t,+ - - - +1t,)<1 we have

exp [£,Galg, - - - exp [1,G1lby — exp [1, D], - - - exp [, D], modulo J¢,
where the expression on the right is well defined and finite.

Thus as n — oo, (1) converges to
[£2 exp 11Dl xp [(ta= 1 Dlxs, -+ exp (=111 Dl

This limiting distribution can be used to define a combined motion of M molecules
for which:
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I. the paths of any two molecules are independent for 16L¢< 1, and
II. the distribution of a tagged particle is that of a K-process with

v = ¥ 3 3 €0yt -y ok

Finally, we are able to show that

III. any k-process for which —y, and y_ are positive on the open interval (0, 1)
and real analytic on the closed interval [0, 1] can be constructed as the motion of
a tagged particle in an infinite particle gas as described above.

The proof of I is contained in the following theorem.

THEOREM 5. Ifa,,b,€ E,v=1,...,mandifO<t,<--- <t,arereal and 16Lt, <1,
then for i+#j and any initial probability measure f on E,
lim P[x}t,) = a,, x}(t,) = b,, 1 £ v < m]

= lim P[x!) = a,,1 S v < m] lim P[x}¢,) = b,,1 v < m].
n— o n— o

The proof of this and the following theorem is based on the fact that if ¢ and ¢
have variables whose indices form disjoint sets whose union is J, then their product
¢, written ¢ @ ¢ when the indices of their variables are disjoint, is such that

D QY)=¢Q Dy+y Q@ Dé mod Je.

Letting m be the maximum order of ¢ and 4, this equation is easily extended to

P
© DGEH =3 (D) Dsoson Dusad) ® Decsm+ Do) mod -
k=0
(see M. Kac [2] for the terminology and another instance of this phenomenon).
If we let
(...,e,...)=1 ife =aq,
©6) = 0 otherwise,

£©) = lim PLxi(e) = €] = 7= exp [tDlxs
and

Ppo(t, b) = lim Px(r) = b | x2(0) = a] = f( 1)cf “ exp [tDIxi(a, . . .),

then II is proved in the following theorem which establishes the limiting motion
of a fixed molecule in the gas as a K-process for which

NOEED) Zocgl(k)(l’)uk(l_u)n-k.

N=1k
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THEOREM 6. For 0<t, < --- <t, with8Lt,<1 and e, . . ., e, € E, we have

[, £ exp 161, - exp [tn=tn-) Dlheo)

= Ppe(t1, €) Py, e, (ta—t1, €2) - P, e (tn—tm-1, €m)
and

yor) = 4 Pras(ts Dlmo = 7 2 > G0 Ju1 -

N=1 k=0

COROLLARY. For 8Lt<1,

f(+1) = [£= exp DIk
is the solution of the differential equation
(d/d)f(+1) = yLf(+1)]

where y(u)=uy )+ (1 —u)y -, ().

To prove III, we introduce the following definition.

DEFINITION 7. Let H be the class of functions y, mapping [0, 1] into the real
numbers, for which there exist positive real numbers Cy(k) and L such that if
CN =maxk§N CN(k),

y@) = 2 By
N=1
where
S N k N-—-Ik
Buw) = 3 Call)j Jut -y
and
> NCysp!Ll), pzl
N=1

Thus if —y ., and y_, are both in H, we can construct an associated K-process for
small by taking the limiting motion of one coordinate in an n-dimensional Markov
chain as n — c0. The class H can be described more simply as follows.

THEOREM 8. F € H if and only if F is positive on the open interval (0, 1) and real
analytic on the closed interval [0, 1].

The proofs of Theorems 4 through 8 follow.

5. Proofs.
Proof of Theorem 4.

LEMMA 9. If 7,(is, . . ., ip) is the number of integers iy, . . ., i, equal to k and if

) p-1

1
Ap = Z Z o ileP(ihw ) lp)! ' Tl(il” "’ip)!’
1=

ip=lip_1=1

then A,=1:3+-...(2p—1)<2%p\.
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Proof. Use induction on p. The lemma is certainly true for p=1. Suppose that
it also holds for p. Then

p+1 P 1
Ap+1 = Z Z Tp+1(i19~"5ip+l)!"'Tl(i19"'9ip+l)!
ipy1=1ip=1 i1=1
p+1l P 1
= Z Z 7'p(ilw~~,ip+1)!"'“'1(1‘1»""[17+1)!
ips1=1lip=1 i1=1
p+1 P 1
= Z R Z Tp(il,...,ip)!"'Tip+l+1(i1,...,ip)!
pe1=lip=1 i1=1
'[1+Tip+1(i1,...,ip)]!fip+l_1(i1,...,ip)!“"rl(il,...,ip)!
p+1 4 1
= DN LE SO AR 5) X (RSN 51 PERE N (AU A
ipr1=1lip=1 il 1
= (p+1) Z T,(il,..., i) Tyl ey dp)!

p+1l P

=1
1
+ Z z z {p+1(i1"'"ip)Tp(ihH~,ip)!"'71(i1,--'9ip)!

ipr1=1ip=1

= (p+1)4,+ z Z [ ,,Z 7,“1(1‘1,...,1',”)]1,,(1'1,...,i,,)!

=1 i3=1 Lip41=1
ip P+ . .
co iy, ey dp)!

= (p+l)A,,+ii_1 e iilprﬁ(il, R A LU 1 (7PN M|
= (p+1)A,,+ppA,, = (21p+l)A,, =1:3.5.---«(2p—1D(2p+1)
and the lemma is proved.
LemMma 10. If p, q and M are positive integers and L =0, then

Z (M+Ny+---+N,)iCy, - - - Cy, < q!(2L)" exp [M/L]2".
..... Np
Proof. If BT equals the number of ways of picking 0<k,=<--- <k, =n, then
B"=B"_,+B™" ! and hence B,<2™*". Thus

> (M+N;+---+N)Cy,- - Cy

1

Ni,...sNp
33 (,z)[ > CN,,_l...CNI(M+N1+...+NP_1);¢][ > N;',-"CN,,]
k=0 N1,....Np-1 ¥
k! !
s YLk Y Cupyo Cy(MA+Ny+ -+ N,
k=0"" Nis..osNp-1
kp-1
q! -k kl k. -k kP—l! k —k "
= Lq 1 L _____L -1 pM »
klzokl! kzok2 k,,z=o k!
k1 =0kg=0

< q!L* exp [M/L)B3; 1 S q’(2L)" exp [M/L]2".
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LeMMA 11. There exists a sequence a, with lim,_, ., a,=0 for which
Ni N*°Cy = (p+2)!LP*%a,, p=z0.
Proof. Let )
S Ncy

ax(p) = mm

and
a, = Z a,(q) < oo.
q=1

We need only check that lim,_, ,, a,=0. But this follows from the monotone con-
vergence theorem, since the functions a,(-) are nonnegative monotone decreasing
with lim,_, ,, a.(p)=0.

Let E}=(ei,, ..., e;,) be an N-tuple of variables for which i, #i, when k#p;
the N-tuples may be different for different j. Using this notation, we have

(n)

n-1
Gupp- - Gubs = D n~% D Cle,|ER,) Dy,
Np=1
n-1 (n)
Z n=No-1 Z C(eip-llEK'p—-ll) A'p—l T A‘ld’l'

Np-1=1

We can break this sum into two parts; the first part having each choice of Ej, . . .,
%, such that no two sets have a variable in common, and the second being bounded
by

T R TN D W

max(Ny,..., Np)sn-1
M

'M(M+N1)' N (M+N1+ M +Np)WCN1 A CN

14

where M(M+N,)---(M+N,+---+N,) is the number of ways of choosing
€, ..., e, and

W = N1(N2+"'+N,,)n”1+"'+Nv'1+N2(N3+~-+N‘,)nN1+"'+N,-1
4 Ny NpnVato 40,1,

Ni(N 41+ -+ +Nyn¥a+*¥:-1 bounds the number of ways of having one of
the paired variables in E, and one in E;,; U - - - U E,. Clearly we have

|[W| £ (M+N;+ - +N)? Mt N1,
Using this bound for || in (7) and using Lemma 10, we have (7) bounded by
2l Wl S (MAN NP Cy, Gy,
N

®) 1e-oNp
S n7Yéall - - - |65 exp [M/LY(p+2)!(8L)"*2.
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In the first sum, the sets of variables Ey , ..., Ef, are such that no two sets have a
variable in common. Thus, since we will be integrating over all of the variables
whose indices are outside of J, we shall rename those variables by letting E}, =
(e, - - -, en,). Furthermore, we shall rename the variables whose indices are in J
as egy, €2, - - ., €. With this in mind, we have modulo J¢,

n-1

Gndp - - - Gy +error = Z Z Cle,_,s,-.|ER,)

Np=1lip-1.dp-1=n
®

n-1 n-1

'A’r-lfy-lqsl’ z z z C(e‘ofolth) Aio!o¢1°

Np-1=1 Ni=11ig,do=n

If (9) converges as n — oo, it clearly converges to D¢, - - - Dé,. To see that it does
converge, we use Lemma 9 to show that the tail of the series (9) is bounded by

S 553 sl MO N (M Nyt 4 N)C, G,

@=1Np=1 Ng=n Ni=1

=q§1(2M>vM||¢1n---||¢pn NZ PRED (ZN)( P ..

Ng=n N1=1 ip_1=1

1
( Z N‘I)CNI...CN’

i1=1

= @MYMIsil-Ugoll 2 2 v 20 D e D 3Ny

g=1ip=1 i) =1Np=1 Ng=n  Ni=1

N(,,CNI' CN,
P P 1
= QM)*M|¢y|- - |¢»] z Z Z ( Z N;’('l"""’)CN,)
a=11p=1 i1=1\Np=1
(10)
( Z Nilir - 4Cy ) . ( NiaGyoenes 1Cy )
Ng=n ! Ni=1 !
3 P 1
< @MYM|4s]---I¢sllan 2. Z I RN ALY TR
q=1 =1 i1=1
N X (A A ES) [} AR L TP (AR A 11 5. AR )

< a,QMLY ML |4y [, Z(p+2)(p+1) > 2 ol )

ip=1
. ‘Tl(il, ooy ip)!

< a@MLP MLl Igo] 2, (o+2)!

2 @l - -6, (p+3)ALM)*2.
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Thus combining the inequalities (8) and (10), we have

||Gn¢p e Gn¢1_D¢p to D?Sl ”JC
2 (n7 a9l exp [M/LY(p+3)!(BLM)"*2.

Using (10) with n=1, we see that
exp [tnD]én - - - exp [£, D]¢,

(11

converges since

"exp [tmD]¢m <+ €Xp [tlD]QSl "

S ig‘;}_,_,mmqﬁm .- D",y

Pm =0 p1=0
< foo 00 tll.- | U
s S P alll¢1ll Npml(r+ - - - +Pm+3)AELM)P: m
Pm=0 P = Op

= arf$]- - [$ml LMY i > (LM -(ALM1,)n ____(‘1 +3)!

q=0p1+ - +Pm=¢q *Pm !
= ay|$s]- - [$nl(ALM)* 3 (q+3)g+2)g+ D@ELMt, + - - - +4LML,)
q=0

= 6ar|- - |nl(4LM)*(1 —4LMt, — - - - —4LM1,)~*

for [4LMt, + - - - +4LM1,| < 1.
Finally, using (11) we have

"exp [tmGn]¢m < €Xp [thnkSl_exP [tme’m - - €Xp [tlD]¢1 "J°

s S S B Gy Ggi— Dby Dl
p1=0 pmzoPil Pn!
. 0 o0 ti’l"' ’gm
< @7 talbal - Igal exp ML) 3, - D A
p1=0 p,,.=0p1' Pm:
(D1 Pt 3)IBLM )P+ 73
< (1 +ay)|da]l - | bl (1 ~8LMt, — - - - —8LMt,) .

Letting #n — oo, the theorem is proved.
Proof of Theorem 5. Using equation (5), we have

lim P[x}(t,) = a,, x}(t,) = b,, 1 < v < m]

= '{l_l};lo fn €Xp [thn])dle{;l <+ CXp [(fm—tmq)Gn]sz,,.X{:,,.

tir - th—1t
= lim 3 Bt [nGr s, Girud,

n— o
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(t

'" 1) ff ©DPaxl xb, - - - DPmxl xh

" (tm_ tm-l)""‘

pl! .. .pm! J‘foonlxtzlxgl e me_lelm—lxgm—l

2 (Pm)(ka D1Xf:,,.) ® (D,, T Dk,,.+1Xg,,.)

km =0

v (tp—tp1)Pm Pm .
( 1) z (Pm) ff DplX:qul

pl!..-pm! km=0 km
© Dy, DFnxay) ® (G, D~ rxi)

"'(tm_tm—l)p”' & g pm) D1

Kkm =0 k1=0
f fo(Dsxa, - - DFngl,) @ (DPr~*axd, -« DPn =¥y, )

1 (=t —y)Pm

=Zk1,...

Il

KX (P2 =KD - (Pm—Fom)!

.J‘fw(Dklell e Dk"‘sz,,.) ® (Dpl-klxgl - Dp"‘_k"'XtIr,,,)

(J£= exp 16Dbe, - exp [(tn—tn- D18, )

(Jf“ exp [t D]xi, - - - exp [(t,,.—tm-1)D]levm)

lim P[x}(t,) = a,,1 < v £ m] lim P[x}¢,) = b,,1 S v < n].
n—o n— o

Proof of Theorem 6. Clearly

exp [tD]¢ ® ¢ = (Z;—‘; DyyDgp—3 - D2¢) ® (Zg Dyp-1Dgp-3- - D1‘/’)

modulo the indices of variables of ¢ and ¢ and thus exp [tD]¢ ® ¢ converges
modulo the indices of variables of ¢ and ¢ whenever exp [tD]¢ and exp [¢D]y
converge. Using this fact, we have for 8Lz < 1 and y! defined as in (6),

[ soenil @@ )

*DPx}, ®@ - ® xE.(eos - - )

o
2 %J‘n kio( )[D Dy y1x3,(eos ... )] ® D+ - Dixi, - - - X%,
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=353 (O] SPe Desidilen )] [£oD- - Dot

p=0F " K=0
tktp-k

© p
= © p-k,,1 ® kL2 .. . m
_pzokzok!(p—k)![ (l)cf D? X“-‘l(eo"")] J.f DFxs, - - - XEn

- f( S exp DN eor )| [r=exp pbe, a2,

= [[ .. 7= ew DI Ceo, - | TT [1= exp Db
{1} k=2

Now suppose that ¢ is a function on the product space E™. Then for a, b € E and
8Lt <1 we have, using (12),

fu,cf “ exp [tD]x3é(a, . . .)

-2 | [ foepuDit @ -0 x|

X s EBErr - £n)
I | a1 MO (I fre e eones)

X s € )
= 3 [fe e tobta ] [ A )

(13)

[ reexolDIi@,. ) [ S,
f&h! m
We can now easily prove the theorem if we notice that (13) holds whenever ¢
can be written as an absolutely converging series > ¢,, where each ¢, has a finite

number of variables. Since ¢=exp [t,D]x:,- - - eXp [tn—tm-1Dlx:, is such a
function, we have

[, exp 6D, -~ exp [(n=tn- DI,

=[] 7= e Do )| [ fie exp leam 10D,
{1} {1}

-+ exp [(tn—tm-1)Dlxi (€1, - - .)

- [ J: " f= exp [t; Dlx}, (eo, - - .)] qu fi® exp [(t;— 1) Dlxi,(es, - - .)]

.J‘u)‘ (o2 -, exp [(ts—22) Dlxz, - - - exp [(tm—tm-1)Dlxz (2, . . .).
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Proceeding in this manner and noting that (f;),=f;.s, we prove the first part of
Theorem 6.
Finally,

d
yar(u) = a—tPflﬂ(t; 1) imo

feoeth+1(+1 .2

dt (1 t=0

foDyia(£1,.
e

fe i C(£1legs;. .-, ea M)+ (FD—x+12(£1)]

1y N=
T N“Z ZN *l(k)( )uk(l_u)N-k’

the differentiation being justified by the absolute convergence of the resulting sum.
This completes the proof.

Proof of Theorem 8. A necessary condition for a function to be in H is that it be
real analytic, as the following lemma demonstrates.

LeEMMA 12. If F e H, then F has derivatives of all orders and
|(d/du)*F(u)| < pl(2L)".

Proof.
(0] = ()3 $ oo} ea-ur-

-(N=k)-- -(N—k—p+q+ 1)(_. P-4l __u)N-k—p+q

$0).3 S owsal L Jrro e

(N—k—gq)---(N—k—p+1)(—=1)P~u*(1 —u)¥ -2~k

2,002 .,(N]X'pr a2, (Nl: Pty

Notice that the term-wise differentiation is justified by the convergence of the
resulting sums.
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Lemma 13. If F, G € H, then FG € H.

Proof. Let
© N N
F=> > CN(k)( k)u"(l R
N=1k=0
0 N N
=73 > dN(k)( k)u"(l —u)i-E
N=1k=0
Then
[ N N
F@GE) = 3 > ex)(} Jwt -y~
N=1k=0
where
N\~ Ni\/N.
ex) = () Cruleda () (32

Ny +Ng=Nkj +tkg=kik1 =Ni:ka=N2 1 2

Letting ey =max, <, ey(k), we have
0 0 N
Z Nrey = z Ney(k)
N=1 N=1k=0
[ N -
=S >w(d)” Crledn () (1)
N=1k=0 k Ny +Ng=N ky +ka=kik1SN1;ka=Ng 1 2

_ > (N1+N2)”Cnl(k1)dnz(kz)(],&Ika) 1(11:’11 )(]IZ: )

Ng k1 EN1; k2SN

Z 2 (N1+ No)*Cy, (k1 )dn, (k2)

Ni,Ng k1 SN1;k2 SN2

o
Z NN, z (S)NgNg_qusz

N;,Ng q=0

S (B)(S Miren) (S Mo d,)

q=0

2
-

IIA

IA

IA

IA

P
> (5)(q+1)!L"”(p—q+l)!L"“’“ < @Ly*3pl.
q=0

LemMA 14. If F e H, then exp (F) € H.
Proof. Let

Fiy=3 S CN(k)(IZ )u"(l—u)”"‘.

N=1k=0

Then
exp [F)l = > > (7 ) Cutict — =,

M=171=

o
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where

co-(5) g 3 020

N,
() Eme)- - ol
in this last expression, ky <N, ..., ko, < N,. Thus "

00

i M*Cy £ Z ZMPCM(J)

A M=14=0
B 52:1,? ( ) z (n')' 14e -ZNﬁMkl’f'”z*"":j (]]:,11)

"(k")CN,(kl)- - Crlk) (1SN, kSN

DX A

Niseers Np k1 S Ni,..oy kn SNan=0
N1+"'+Nn N1 Nn .
(ar3e) (k) ()t Cute

2 @) Ny+ - - + Ny’ Cy, -+ Ca,

Niseeon Ny k1 S Ni,.o0s kn S Npn=

IA

IIA
M
e
g
g

No(Ni+ -+ NP Cy, -+ Cu,

!
1 p:
z z F |
n=0 Ni,orNp sy + o +sp=p©°1° n°
Nfi--- N3Ny - N,Cy, -+ Cy,

= i (n)~t z pLP(s;+ 1) - (s, +1)

n=0 s1+ - +sp=p

Ni,oooh Npn=

Il
Ms &
—~
b
<

i(n') P2n2n+1)---2n+p—1)

< eypt 2 (")

< pIQLY D (n)12'2°7* < pl(ALyer.
n=0

LEMMA 15 (HAUSDORFF [1]). If a polynomial F is positive (>0) on the open
interval (0, 1), then it can be expressed as

N
F) = Y Guxyn®), @20
m=0
where

N
) = ()t =,
provided that N is sufficiently large.
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LeMMA 16. If F is a complex valued function on a complex disc |z] =1+38, §>0,
real on the real numbers and analytic on the closed disc |z| £ 1; then for any sufficiently
large real constant C, F(z)+Ce H.

Proof. Let F be real on the real line and analytic in the closed disc |z| < 1. Then
there exists a 8 >0 such that F(z)=>3_, ayz” for |z| <1+ 6 where

ley] = |[FM(OQ)|/N! < (1+8)"V4, A a positive constant.

Now let
= oy i > = —ay i ©

Y2 amerise 20 o, Cd7bot Zan 420
Then

F@)+C =d+ i by(zM)+ i ay(1-z").
But N=1 N=1

1-2% = Nil (N)z"(l——z)”“", Nz,

Ko \k

and hence, letting
N
Bu@) = . Cult)( )1 -2
k=0

where C;(0)=a,+d, C,(1)=b,+d and

Cy(k) =ay for 0=k <N,

— by for k = N, N>1,

we get
F(2)+C = > By(2).
N=1

Thus we have represented F+C as a sum of Bernstein polynomials when C2
—bo+ 2% ay. We therefore need only show that there exists an L>0 such that

> N°CysplL’, pzl
N=1

But
Cy = max Cy(k) < (1+8)7A4.
k=N

Hence
D N?°Cy <4 N?exp[-NIn(1+9)]
N=0

N=0

which corresponds to

f tPexp [—tIn(1+8)]dt = p'L?
[}

I L
[In(1+6)p*+t =

for a suitable L.
We can now give sufficient conditions that F be contained in H.
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LemMaA 17. If F is analytic on the closed disc |z| £ 1, real on the reals and positive
on [0, 1], then Fe H.

Proof. Since F is analytic on |z]| £1, real on the reals and positive on [0, 1], it
can be written as exp [— Cl(z—z,)(z—z¥)- - - (z—z,)(z—z¥) exp [C+ G(z)] where z*
is the conjugate of z, G is analytic on |z| £ 1 and real on the reals. For C sufficiently
large, C+G(z) € H and hence exp [C+ G(2)] € H. Since, according to Hausdorff’s
lemma, (z—z,)(z—2z¥)- - -(z—z,)(z—z¥) € H and since H is closed under products,
the proof is complete.

LemMA 18. If F, G € H and G is a polynomial, 0< G(u)<1 0n (0, 1), then F[G(-)] € H.
Proof. Let

Flu) = i i CN(k)(IZ)uk(l_u)N—k

N=1k=0

Gu) = Zo d(pwr(1—u-»

1-G) = Zo e(q)u(1—u)" -1,
Then

riow1 = 5 5 coo(N)[ 5 donea—umeo| 3 o]

=N2 =ZM NM(J)( . )u’(l—u)““"’,

where

et = (M) Z )

o 4+petqr+ e +aN -k =5 05p,qSM

-d(p,)- - -d(p)e(qs)- - - e(gn-1)-
Using Stirling’s formula, we have

NM -1 1/2( ] 1/2( j 1/2 / i _I MN-j
(;) (@mMN) W) “m) (3%) (“W)

i) ] MN-j
< _J
21rMN(MN) (1 MN)
and thus

3 (mpCus 3 MY 3 Cu)

=1~2 NM)”Z Z CN(k)( )( M) p1+...+pk+q1+'Z+QN—k=f30§P:G§M

=0 k=
“d(p1)- - - d(pi)e(qr)- - - e(gn-x)
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P+ +pPctar+ - +aN -k =71 0Sp.g=M

< 5wy 3 3 ey iy
-d(p,)- - .d(pk)e(ql)...e(qN_k)(ﬁ)f(l__N__j‘?)Nm-j

@ MN N N NM
M7 > NGy > Y ()
N=1

m=0k=0 j=0p1+ - +pgtar+ - +aN -k =7i0=p,g=M

-d(p1)- - - d(pe(qy)- - - e(qN-k)(%)j(l —Nmﬁ)lm_j

[ MN N N m k m N-k
= +1 +1 _
= 2mMPE 2 N7 C",,,=ogo(k)[G(NM)] [1 G(NM)]

N=

A

00

= 2aM?*2 > N?*2C,

N=1
< 2eMP*2(p+2)ILP*2 < plLP

for suitable L.

We are now in a position to prove Theorem 8. If Fe H, then F is certainly
positive on the open interval (0, 1) and, by Lemma 12, it is real analytic on the
closed interval [0, 1]. Therefore assume that F is positive and real analytic on the
closed interval [0, 1]; if F had roots at O or 1, we could divide through by them.
Then we can find a domain D, symmetric about and containing the interval [0, 1]
on which F is analytic. If there exists a polynomial G mapping D conformally
onto a domain containing the unit disc; and if G is real on the reals with G(0)=0
and G(1)=1; then F[G~(w)] is analytic on the closed unit disc; real on the reals
and positive on [0, 1]. Thus, by Lemma 17, F[G~(-)]€ H and by Lemma 18
F[G~YG(-))]=F(-) € H. Therefore, to complete the proof we need only show that
G exists.

Let G,(z) be the unique conformal mapping of D onto the disc |z| <1, where
G,(0)=0 and G3(0)>0. Since D is symmetric about the interval [0, 1], [G,(z*)]*
also maps D conformally onto |z| <1 and hence [G,(z*)]*=G,(z) and G, is real
on the real axis. Let G5(z)=[G,(1)]~1G,(z). Then G, maps D conformally onto the
disc |z] <[G1(1)]~*. Clearly G, is real on the real axis with Gx(0)=0 and G,(1)=1.
Let G5(z) be a polynomial for which G3(0)=0 and |Gy(z) — G4(z)| <« for all z€ D,
and define G(z) as a[Gs(z) + G5(z*)*] where a=[G4(1)+ G5(1)*] 1. Clearly we have
(2+2¢)"*=<|a| £(2—2¢)~ L If D’ is the inverse image of the disc

Iw| < 2=2¢)"[1+[Gy(1)]* —2e]— (1 —e)~*

under the mapping G, and C is the inverse image of the circle |w| =2"[1+[G,(1)] 7]
under the mapping G,; then G;#0, o0 on C and

2aGy(z)—w = G(z)—w+h(2)
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where |G(z) —w| >&(1 —&)~ ' > |h(z)| for all z € C and w € G(D’). Thus, by Rouché’s
theorem, G(z) takes on the value w only once. Therefore, since G(D') is a disc
containing the unit disc for ¢ sufficiently small and since G is a 1-1 mapping of D’
onto the disc G(D') with G(0)=0, G(1)=1 and G real on the real axis; the proof is
complete.
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