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BY
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Introduction. Consider the right continuous sample paths w: [0, +00)—>E

={+1, — 1} with coordinates x(t) = xt = xt(w) e E together with the cr-algebras Jtt

generated by x(s), s^t, and assume that for each probability measure f on E and

e e E, there exist probability measures P¡ and Pfle on Jt'„ for which

(O.A)F/|e(.) = Fr(-|x(0) = e),

(O.B) Pf(x(0) = e)=f(e),

(O.C) Pne(x(t+h)eA\J¿t)=PÍÚXt(x(h)eA), [a.e. ?„,],

where A is a set of points in £ and f(A)=Pf(x(t) e A). Such a stochastic process

will be called a A"-process. The expression Pfte(A) is to be thought of as the prob-

ability that, starting with x(0) distributed according to fi the event A will take place

conditional on x(0) = e. A Ä'-process is a temporally homogeneous Markov process

if and only if Pfle is independent off, as the reader can easily check. If

ye(u)=JtPfle(x(t)=   1) «=/(+!),

then when y + x and y-x are real analytic on the closed interval [0, 1], they uniquely

determine the distribution of the /^-process x(t).

In this paper, I shall construct a model of an infinite particle gas with velocities

± 1 in which the motion of a tagged particle is a /^-process with specific y±x and

in which the sample paths of any two particles are independent. This will be

accomplished by constructing a gas of « like particles, each of which has velocities

± 1, and then letting n -> co. Each of the « particle gases will be a Markov jump

process in which one waits an exponential holding time and then picks an index i

according to the uniform distribution 1/« and lets the corresponding particle collide

with one or more of the remaining particles. The effect of a collision between a

single particle and a set of particles will be a change of state only for the single

particle. H. P. McKean [3] has carried out this construction for the case when

y±i(")= ± (w— 1). In this paper, we generalize his results to the case when —y+x
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and y_! are both positive on the open interval (0, 1) and real analytic on the closed

interval [0,1].

The paper is arranged as follows. In §1 we derive a few basic properties of K-

processes, including the fact that the functions y + x and y-x uniquely determine the

distribution of the process. In §2, we define the «-molecule gases. In §3, we introduce

the basic notions of convergence and equivalence that will be used throughout the

paper, and we calculate the limit as « -v oo of the generators of the «-molecule

gases. In §4 we state the main theorems and finally give their proofs in §5.

1. A-processes.   Let xt, t e [0, oo) be a A-process. Then, defining

P,u(t; A) = Pne(xt e A),

we get a formula for the probabilities of joint observations reminiscent of the case

of temporally homogeneous Markov processes.

Theorem 1. If xt is a K-process, then for 0 < tx < ■ ■ ■ < tn < oo,

Pne[x(tx)eAx,...,x(tn)eAn]

= f   Pfle(tx; d£x) ¡   Pftll(l(t2-tx;dè2)--{  P/H_iw,.1!h-tn-i;dfà.
J Ax J A2 J An

Proof. This is immediate from (0.C).

Corollary. If xt is a K-process, then

Pf]e(s+t; A) = jpne(t; dOPMi(s; A).

lfy(u) = uy + x(u) + (l—u)y-x(u), then we have the following theorem.

Theorem 2. If xt is a K-process and if Pf[e(t; +1) is differentiable in r^O, then

(2.A) ¿«+l)-yW(+l)l

(2.B)     jtP,\e(t\ +1) = PnJiV, +l)y+1[/í(+l)]+P/|e(?; -l)y-iL/¡(+l)].

Proof. Taking the equation in the Corollary to Theorem 1 and differentiating

both sides with respect to s and letting s = 0, we get (2.B). (2.A) follows from (2.B)

if we notice that

/.(+!) = ^f(de)Pne(t;+1).

Equation (2.A) of Theorem 2, which is in general nonlinear, has a unique

solution bounded by 0 and 1 if y is real analytic in the closed interval [0, 1] and if

y(0)^0 and y(l)^0. Once the solution of (2.A) is known, (2.B) becomes a linear

differential equation for Pne(f, +1). This equation, in turn, has a unique solution
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bounded by 0 and 1 if y + 1 and y_x are continuous and +y± ^0. Having uniquely

determined the transition function Pfle, we can construct the ^-process by defining

probabilities on the cylinder sets in the manner suggested in Theorem 1 :

P[x(tx) e Ax, x(t2) eA2,..., x(tn) e An]

= f   Pne(ti\dtx)\   Prtli(l(t2~tx;dÇ2)--ï   Pf^^Stn-tn-ildU,
Jax Ja2 JAn

where 0<r1< ■ • • <r„<co. Thus to each pair of functions -y+x and y_x which

are positive on the open interval (0, 1) and real analytic on the closed interval

[0, 1], there corresponds a unique A^-process.

2. »-molecule gases. To define the «-molecule gases; let £ be the set of integers

± 1, let L be a fixed positive constant and let Cft(k), ee E and k ^ N be a family of

nonnegative real numbers with the property that when CN = maxkiN-e=±x Cl,(k)

one has
CO

2 NPCN è F! U,       Pül.
N = l

We construct the «-molecule gases as follows. Let Xn(t)=[xx(t),..., x*(t)] be a

Markov jump process on the «-dimensional space £n with holding time distri-

bution, in the state [ex, ■ ■ -, en], equal to

[n - 1                  (n)

-'2""" 2 cfatai» •••»«**)
N=l i,ix.in

where 2J&,.JN denotes the sum taken over all sequences (j0,.. ,,jN), 1 ̂ jkèn,

ju¥=jp when k^tp; and where C(e\ex,..., eN) = CN (number of +l's in the set

ex,..., eN). Starting at the state [ex,..., en], the probability that the first jump is

to the state [ex,.. .,et_x, -e¡, ei + x,..., en] will be given by

n -1 (n)

2 /r"    2    C(ei\eh,...,eJ!i)
N = l_ii.in_

n-1 (n)

2 n-N     2     C(ek\eh,...,eiK)
N = l k,lx,...,iN

The generator of the «-molecule gas will therefore be

n - 1 (n)

Gn</>(ex,..., ««) - 2 n~"    2     C(e*K> • • •» eh) A^
ff-l i,ix.in

where A¡c4=cí(..., -e¡,.. .)-</>(. ■., e¡,...) or zero, depending on whether </>

depends on the variable e¡ or not.

To calculate the joint probabilities of M molecules in the gas, notice that if

Tt<p(ex, ...,en) = EWXÍ) \ Xn0 = (ex,.. .,en)]



278 D. P. JOHNSON [July

is the semigroup associated with the Markov process Xn, then

Tt<p(ex, ...,en) = exp [tGn]frex,..., en).

Thus for any two functions <f> and ¡p on En and £ e En, we have

E[frXM(Xl+t) | XI = Î] = E[<p(Xl)E[frX?+t) | X*] \Xt~Q

= E[frX»)TtfrX*) | X% = fl
= 7-^7^X0

= exp [sGn# exp [rGn]</<.

Using this argument, it is easily shown that if the molecules are initially indepen-

dent and indentically distributed with distribution/and if Ek = (ex,..., ekM, E, E,

..., E), then the joint distribution of the first M particles is given by

P[X\tx)eEx,...,X"(tM)eEM]

0)    f
=  \f(d$i) ■ ■ -f(dèn) exp [txGn]XEx exP [(i2-tx)Gn]xE2 ■ • • exp [(tM-tM-x)Gn]XKU,

where %a is the indicator function of the set A.

3. Preliminaries and notation. We wish to calculate the limit of (1) as « goes to

infinity. To do this, one might calculate lim,,.,«, Gn(/> when <f> has a finite number

of variables. However, as is evident from (1), this is not necessary as we are only

interested in the behavior of Gn</> modulo an integration. Instead, we introduce

the following notion of equivalence and convergence.

Definition 3. Let 7 be the set of all indices ij where i and j are nonnegative

integers. Suppose that <f> and i/j are functions whose variables are indexed by indices

in 7 and suppose that /<=/. Then we define

(3. A) Iff is a probability measure on E, then

\r<p= \Y\f(dta)<p.
Jj J   aej

(3.B) fr=ifj mod / if and only if there exist functions c/>, and i/sh whose variables

have indices in 7, and one to one mappings 8¡ of / onto J such that

<p = 2 ̂ » ̂  = 2 ̂
and fr = if/,- where fr, is </>] with the variables e6ia) replacing ea for a e J.

(3.C) \\<f>\\ is the sup norm of c/>.

(3.D) \\fr}=inf^0moi] \\fr.
(3.E) fri^-cf) mod J as « ->■ oo if and only if \\fr- <f>\\j -> 0 as « ̂ * co.

One should note that if fr=i/i mod /, then
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Similarly, if </>n -> </> mod /, then

It is also easily verified that if </>x = >px mod 3, </>2 = t/i2 mod 3 and ci has variables

whose indices all lie in 3°, then

<t>i + 't>2 = <Pi + >/'2   mod/

and

</>(/>x = </>ipx   mod 3.

These facts will be used throughout the paper without further comment.

Now suppose that ci is a function of M variables, M finite, which are indexed

by an index set 3 of positive integers. We wish to evaluate lim,,...*, C7nci modulo 3".

Clearly we have

n — 1 (n)

Gn</>(ex, ■ ■ ■, en) = 2 n~N    2     ciei\eh, ■■■, eiN) Aé
JV = 1 i,ii.in

n - 1 in)

(2) =%n-N        2        C(ei\eil,...,eJN)Aé
N=l ¡,;i.iN'.ikSJc

n-1 (n)

(3) +2""W 2 C(ei\eh,...,eJK)Alcf,.
N=l ¡,j'i.in;someikEj

Since we are only interested in evaluating these sums modulo 3C, we may rename

the indices of variables which are not contained in 3. Using the new indices 1/,

and adopting the convention that the indices 0/ and i are the same, we find that the

first sum (2) is equivalent to

n — M

(4) 2 n-N(n-M)- ■ ■ (n-M-N+l)^C(e0i\exx,..., eXN) A0ici
W = l i

modulo 3° since

2        C(ei\eh,...,eiN)Ai</>
i.ii.in-.ike}'

a (n-M)(n-M-l)- ■ -(n-M-N+l)^ C(e0i\exx,. ..,eXN) A0i</> (mod 3%
i

M+N    <:    «,

= 0 otherwise.

As « —> oo, (4) converges absolutely since it is clearly bounded by

2M||çi|| f CN.
N=l
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The second sum (3) is bounded by

CO

2M2\\frn~1 2 NCN S 2M2\\<p\\n-1L
JV = 1

and thus, using the dominated convergence theorem, we see that as « -> oo,

Gn</>(ex,..., eN) converges modulo Jc to

00

2   2 Cfcoiku, ■■■, eXN) \i<P-
JV = 1      i

Now let the pairs ij of nonnegative integers be indices for variables eM e E and

let i/> be a function of a subset of these variables. We shall call i the order of the

index ij and the order of ip will be defined as the maximum of the orders of its

variables. Let ^ be a function of finite order less than or equal to p. Then we define

CO p oo

A>0 =   2    2    2   C(eif\er + l.l>--->eP + l.lf) Aiit-
N = l   i = 0   ;' = 1

Clearly the operator Dp introduces a new set of variables of order p + 1. Remember-

ing the convention that the indices 0/ and i are the same, we have established for

any function </> whose variables are indexed by a finite set of positive integers J that

Gn</> -* Dp</>   mod Jc

for/>^0.

In general, we will write D</> instead of Dp<f> with the understanding that D

always adds variables whose indices are of order at least one higher than the order

of the function on which it is operating. If <f> has infinite order, then we will always

be able to write fr=J,</>k where fr has finite order and then let Dfr=J, D<f>k.

Finally, we let

exp [tD]<p =  J jï />"*•
n = 0 "•

4. Main theorems.    Our first theorem is the following :

Theorem 4. If </>x,..., </>„ are bounded functions whose variables have indices in

a finite set J of M indices, then for 8LM(tx + ■ ■ ■ +tp)< 1 we have

exp [tpGn]fr ••• exp [rÄ]^ -> exp [tpD]cpp • • • exp [txD]fr   modulo Jc,

where the expression on the right is well defined and finite.

Thus as « -> oo, (1) converges to

J/" exp [txD]XEl exp [(t2-tx)D]XE2 • • • exp [(tM-tM-i)D]XEM.

This limiting distribution can be used to define a combined motion of M molecules

for which :
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I. the paths of any two molecules are independent for 16Lr< 1, and

II. the distribution of a tagged particle is that of a ^-process with

r±i(«)= +22 c^(k)(N)uk(i-uy-k.
N=l fc=0 \"/

Finally, we are able to show that

III. any ^-process for which — y+ and y_ are positive on the open interval (0, 1)

and real analytic on the closed interval [0, 1 ] can be constructed as the motion of

a tagged particle in an infinite particle gas as described above.

The proof of I is contained in the following theorem.

Theorem 5. Ifav,bv e E,v=l,..., mandif0<tx< ■ ■ ■ < tmare real and l6Ltm< 1,

then for i^j and any initial probability measure fon E,

lim F[x?(/V) = av, xj(tv) = bv, 1 £ v ^ m]
n-*<x¡

= lim F[*r(rv) = av,l úv¿ m] lim P[x%Q = £„, 1 S " Ú m].
n-» oo n-» oo

The proof of this and the following theorem is based on the fact that if </> and i/i

have variables whose indices form disjoint sets whose union is /, then their product

<f>i/i, written </> <g) </> when the indices of their variables are disjoint, is such that

D(</> ® i/i) = </> (g Di/i+i/i (8) D</>   mod J°.

Letting m he the maximum order of </> and tfi, this equation is easily extended to

(5) Z>'(¿<8>0= J ({)(DP-x + m---Dk+mcf>)®(Dk_x + m---Dmt)   mod3°

(see M. Kac [2] for the terminology and another instance of this phenomenon).

If we let

X*,(...,«i,...) =1   if«, «a,

(6) = 0   otherwise,

ft(e) = lim P[xl(t) = e}= f/- exp [tD]xl
n-»oo J

and

Pfla(t, b) = lim P[xl(t) = b | xl(0) = a] = f    /- exp [tD]x\(a,...),

then II is proved in the following theorem which establishes the limiting motion

of a fixed molecule in the gas as a A^-process for which

y±i(«)= +22 c^(k)(N)uk(i-uy-k.
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Theorem 6. For 0 < tx < ■ ■ ■ < tm with 87_fm < 1 and e0,.. ., em e E, we have

f    r exp [txD]xlx • • • exp [(tm-tm-x)D]xîm(e0)
J{i)c

= Pf\e0(tx, el)Pfti\exV2~tl, ez) " ' -Pftm-x\em-i(fm~tm-l, em)

and

y±1(W) = |p/l±1(f;l)Uo= +  2   Í^WÍ^Wo-«)"-*.
"' jV = 1 k = O \K I

Corollary. Por8Lr<l,

Ä+l) = jfezpltDtâx

is the solution of the differential equation

(d/dtyt(+l) = y[ft(+l)]

where y(u) = uy+x(u) + (l—u)y-x(u).

To prove III, we introduce the following definition.

Definition 7. Let 77 be the class of functions y, mapping [0, 1] into the real

numbers, for which there exist positive real numbers CN(k) and L such that if

CN=ma\kiNCN(k),
oo

y(u) = 2 -Sjv(w)
N = l

where

BN(u)= 2 C*(*)(fc)«fc(l-")w-fc

and

2 N»CNSplL*,       pàl.
¡V=l

Thus if — y+i and y_j are both in 77, we can construct an associated A-process for

small t by taking the limiting motion of one coordinate in an «-dimensional Markov

chain as « -> oo. The class 77 can be described more simply as follows.

Theorem 8. F e 77 if and only if F is positive on the open interval (0, 1) and real

analytic on the closed interval [0, 1].

The proofs of Theorems 4 through 8 follow.

5. Proofs.

Proof of Theorem 4.

Lemma 9. If rk(ix,..., i„) is the number of integers ix,..., ip equal to k and if

p     p-i i
ap = 2  2 • ' ■ 2 r"&> ■ • • > O! • • • ti0i> • • •. h)*-,

•p = 1>P-1=1 ii=l

thenAp=l-l.Qp-l)S2vp\.



1968] A CLASS OF STOCHASTIC PROCESSES 283

Proof. Use induction on p. The lemma is certainly true for p= 1. Suppose that

it also holds for p. Then

p + i     p i
Av+i= 2 2 ■" 2 tp+i('i'-• ■>'p+i)'•• • ti('i>---,'p+i)!

p+i p      i
= 2 2 ■" 2 tpO'i.•■•.'p+i)!---ti('i.••■»'p+i)!

'p+i=i tp"i   ¡1=1

= 2 2 " • 2 r»('i» ■ • - w • ■ ■ Tv+i+i('i'• • •> fp)!
¡p + l = l tp = l ii = l

■[l+% + 1(l1, . . ., iP)V-Tip + i-i(ii, ■ . ., ip)\ ■ ■ ■ rx(ix, ...,/„)!

p + i      p i

=    2    2 ' ' ' 2 [1 + 1Vi(l'i> • • •» »p)K(/i,. •., ;'„)! • • • rAJu ..., ip)\
¡p + l = l ¡p = l        ¡1 = 1

p 1

= (p+1) 2 • " 2 r&>■■■,hV----ti(íi,■ ■ -,iPv-
iP=l ¡i = l

p + 1       p 1

+ 2 2 " ' 2 t«p+i&'• • ■> 'p)tpO'i' • • •» 'p)! • ■ • TiO'i'• • •. 'p)!
¡p+i=i ¡p=i   ¡i=i

= (p+i)ap+2 ••• 2   2 %+i('i."-.ü
iP=i   ¡1=1

i

p+i

2
Íp4-1 = 1

pO'i, • • -, ipV-

Tx(Íx,...,Íp)\

= (p+ l)Ap+ 2 ■ • • 2 PT'i^' • • » «p)! • • • nO'i. • • -, 'p)!
¡p = l       ¡1 = 1

= (p+l)Ap+pAp =(2p+l)Ap = 1-3-5.(2p-l)(2p+l)

and the lemma is proved.

Lemma 10. If p, q and M are positive integers and L ^ 0, then

2    (M+Nx + ■ ■ ■ + NpfCNp - • • C, S ?! (2L)< exp [M/L]2*.
Nl.Np

Proof. If 5™ equals the number of ways of picking 0^/cma • • • ̂ kx^n, then

B% = B%-X + B'Z-1 and hence Bn^2m + n. Thus

2     (M+^1+---+/VJ))«CWl)---CJVl
»1.«P

= 2 (?)[     2       C»p-, • • • CNl(M+Nx+- ■ -+Np_xf] \ f Np-kCNp]

^2f!LQ_fc        2        CNp_1---CNl(M + Nx+---+Np_x)k
Wi.Wp-l

^    C7' ^   fc, '
2= 2 ¡n^1 2 ri¿

= ?!^2 2 •■• 2^^
fcl=0)C2=0 fcp = 0   "-P-

^ ç!L« exp [M/L]F|+-i ̂  q\(2L)" exp [M/L]2»\

fcp-i .       ,
2 ^Y-Lkp-i-kpMkp
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Lemma 11. There exists a sequence an with limn^œ an = 0for which

Proof. Let

2 N"CN S (p + 2)\Lp + 2an,      p^O.

_ N>CN
an(p) =

and

(p + 2)\Lp + 2

an = 2 a»(?) < °°-

We need only check that lim,,.,.,, an = 0. But this follows from the monotone con-

vergence theorem, since the functions an( ■ ) are nonnegative monotone decreasing

withlim,^*, an(p) = 0.

Let Eii = (eil,..., eifl) be an A-tuple of variables for which ik¥=iP when k^p;

the A-tuples may be different for different j. Using this notation, we have

Gntp ■ ■ ■ cnfr =  2 n~N> 2 CK\EV KÏP
Np = l

(111

We can break this sum into two parts ; the first part having each choice of E^,...,

Ef,p such that no two sets have a variable in common, and the second being bounded

by"

2i*ii---ii*,i      2      »-»»--*»
max(W,.Nv)&n-1

(7)
■M(M+NX)- ■ -(M+Nx+ ■ ■ ■ +Np)WCNl ■ ■ ■ CNp

where M(M+NX)- ■ -(M+Nx+ ■ ■ ■ +NP) is the number of ways of choosing

eh, ...,elp and

W = NX(N2+ ■ ■ ■ +Np)nNi+'"+Np'1 + N2(N3+ ■ ■ ■ +Np)nNi+'"+N--1

+ ---+Np-xNpnNi + -'+N*-1;

Nk(Nk + x-\-\-Np)nN-L+ ■■•+ííp-i bounds the number of ways of having one of

the paired variables in Ek and one in Ek + x u ■ • • u Ep. Clearly we have

\W\ S (M+Nx+ ■ ■ ■ +Np)2nNi + '"+Np-1.

Using this bound for \W\ in (7) and using Lemma 10, we have (7) bounded by

n-12'Uil---UA     2     (M+Nx+-.-+Npy + 2CNl---CNp
(8) "i.N*

= "-1|^il • • • Hp\\ exp [M/L](p + 2)\(SL)" + 2.
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In the first sum, the sets of variables E¡¡x,..., Ef,p are such that no two sets have a

variable in common. Thus, since we will be integrating over all of the variables

whose indices are outside of J, we shall rename those variables by letting EiNi =

(eiX,..., eiN). Furthermore, we shall rename the variables whose indices are in J

as eox, e02,..., e0M- With this in mind, we have modulo Jc,

Gnfr---Gnfr + error =   2        2       cK-xU-x\EÑP)
Np = l if-i.ir-iS»

(9)
n - 1 n- 1

■\-xiP-x<t>p 2 ••• 2   2 cKio\Ek)Kb**
Np-x = l        Nx = li0.Joän

If (9) converges as « -»■ oo, it clearly converges to Dfr ■ ■ ■ D<j>x. To see that it does

converge, we use Lemma 9 to show that the tail of the series (9) is bounded by

p 00 00 CO

2   2 ••• 2 ■•■ 2 2"\\frl--\\fr\\M(M+Nxy--(M+Nx+---+Np)CNl---CNp
Q=17Vp = l        Nq=n        Nx=l

= 2(2Af)'Afii^i|..-i^ii 2 ••• 2 ■■• 2 2 N<M 2 N^)

•■•(2iAil)c„1...C„„

= (2Af)"Af||^i|...|^ii 2 2 ••• 2 2 ••• 2 ••• 2 Nh
l"ll,»l il=lNp = l jV, = n JV!=1

' ' 'NipCNl- ■ CNp

= (2MyM\\fr\\-..\\fr\\ 2 2 ••• 2Í2 Nrh.vc»p)
Q-l t,-1 ii =1 \Np = X I

(10)

•■•(2 ^Vii.VCJ---Í2 ^í1"1.vc0
\¡V, = n / \Nx=l /

S(2MyM\fr\\---\\fr\an\   2 •■■ 2 rp(ix,...,ip)\U^.V
5 = ltp = l il=l

■ • Kdi,..., g+2]!iv«i.-.v+«. • -tx(íx, . ..,ipy.Lh«x.v

S an(2MLYML2\\fr\\ ■ • ■ \\fr\\ ¿ (p + 2)(p+l) ¿ • • • £ rp(ix,..., Q!
<¡ = i *p = i      >i = i

■■■rx(ix,...,ip)\

S an(4MLYML2\\fr\\ ■ ■ ■ \\fr\\ ¿ (p+2)\
9 = 1

San\\fr\\---\\fr\\(p + 3)\(4LMy + 3.
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Thus combining the inequalities (8) and (10), we have

\Gn4>p ■ ■ ■ Gn</>x - D<f>p ■ ■ ■ D</>x\\f

Ú (n-' + an)\\</>i\\- ■ ■Up\\^vW/L](p + 3)\(%LM)^3.

Using (10) with « = 1, we see that

exp [fm£>]cim  •exp [txD]</>x

converges since

||exp[/raD]çim---exp [txD]c/>x\\

= 2 ••• 2¿^>^---^
||pm=0 Pl=o//l- rm-

£   2   •••   2 „, ' ' ' r , «ill^ll- ■ • Il^mll0>i+- ■ ■ +Pm + 3)\(4LMyi + -+»m + 3
Pm=0 Px=oPl- ' ' ' Pm-

= ailloli • • ■ ||*J|(4LM)a J 2        (4LM/0-1 • • -(4LMtm)^   (*+f>' ,
9 = 0 Pi + ■ •■ +pm -Q P1' P™'

CO

= ax\\<px\\- ■ ■ ll^ll(4£M)3 2 (q + 3)(q + 2)(q+l)(4LMtx+ ■ ■ ■ +4LMtm)"
9 = 0

= 6ax\\<px\\ • ■ • ||çim||(4LM)3(l -4LMtx-4LMQ-*

for \4LMtx +■■■ +4LMtm\ < 1.

Finally, using (11) we have

¡exp [tmGn]</>m  -exp [txGn]</>x-exp [tmD]<pm ■■ ■ exp [txD]<px\\jc

^   2 •••  2 TI"'n"" HG"m^• • • Gl^x-D^m■ • ■ zy.^1,.
Pi=0 Pm=oPl- ' ' 'Pm-

CO CO

^(«-1 + an)||çi1||...||çim||exp[M/L] 2  ■ • ■  2 7777
f?i • • • «-

Pl=0 pmtoPl- ' ' '/'m-

■(Fi+ • • • +pm + 3)\(SLM)"i + - +^ + 3

S (n^+aJWtxW■ ■ ■ UJeM'L(l-8LMtx-SLMrJ"4.

Letting « -s> oo, the theorem is proved.

Proof of Theorem 5. Using equation (5), we have

lim P[x?(tv) = av, xf(tv) = bv, 1 ^ v ¿ m]
n-* co   .

= lim  I/» exp [íiGJjátXÍi ■ ' ' exP litm-tm-i)Gn]XamxL
71-+ oo   J

= h» 2 ^'Pi'm~'v- f/^xu, • • • Gs-x^
n-oo   '—' Pi-     ■ 'Pm- J
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-  V ^l1 ' ' ' ('m~'m-ll rco r\plvi   vi    ...   T)Pm-J    v>
- 2-, -rV~\ r71 \J ^axXbx U mXamXbm

Fl • Fm• J

Pi*        Pm' J

Pm   i n \

2 \îmYD"-■ ■ ■ diú.)®o>, •• Acm+ixu

Fl-        Fm- Jcm = 0 V-m/ J

z   pi\--pj   ¿."'¿w'"W

¿*kx\---kj(px-kxy,--(pm-kmy.

■jriD^xix ■ • • v~û.) ® (^Pi "^jrf, • • • ̂ ""k-xD

= (J/« exp [^T)]^ • • • exp [(rm-rm-!)7)láB)

■ (j/» exp [ADJxk ••• exp [(tm-tm_x)D]xim^

= lim P[xr(/V) = av, 1 _ " _ m] lim P[x;n(rv) = £v, 1 S v S «].
n-* oo n-* oo

Proof of Theorem 6. Clearly

exp [tD]<f> ® 0 _ (2j] D2pD2v.2- ■ D2<^ <g> (2^7 Ajp-iAi,-3 • • ■ Air1)

modulo the indices of variables of <£ and i/i and thus exp [í7)]gí ® </> converges

modulo the indices of variables of </> and </< whenever exp [tD]4> and exp [tD]ip

converge. Using this fact, we have for 8Lr< 1 and x{ defined as in (6),

f    /"exp[rZ)]X411(8l---®X?„(«o,.--)
Jaf

= 2 S f c/"^xi11®---®xL(e0,...)

= 2 „1 f     /" Í (f W • • Ac + iXlK, ■ ■ ■)] ® 7J, • • • 7Ay?3 • • • Xfm
P = oP-Jnf      ic = o W
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(12)    -&%$\¡p/m°>-"**<***"->]¡t''>>-"*a.--*.

JE,     P,      fkfp-k    r f -i   ¡>

- p?o klwp^y{LrDP~k^ • •■>] W • • • *

= [Jx e /" exP ltD]xlxie0,...)] J/" exp [tD]x2f2   ■■&

= ï f    /» exp [fZWo,...)] n ¡f0 exp [*/>]&.
U{l)c J fc = 2«'

Now suppose that ci is a function on the product space £m. Then for a, b e E and

8Lí< 1 we have, using (12),

f    .rexp[tD]xl<p(a,...)

=     2     ÍÍ    f°™P[tP>]xlx®---®X?mia,---)]

■Xli£l>- ■ -, £m)<fK£l>- ■ -, im)

(13)       =     2     [ Í    f° exP WtâM • • • )1 (ft f/" exp [tD]xk(k\

XKÍX»--. fm)#(fl>-- -, ím)

= 2 [ í    7o0 exp [//>];&(«, ...)1 f    /(-xJ(fi, • • • >K(u ■■■)
tí Uii)c J J(i>°

=  í    f<°exp[tD]xl(a,...) \    f?#!>,...).

We can now easily prove the theorem if we notice that (13) holds whenever <j>

can be written as an absolutely converging series 2 $»» where each </>k has a finite

number of variables. Since ci = exp [t¡¡D]xl2 ■■■ exp [tm—tm-x D]xlm is such a

function, we have

f    /" exp [txD]x\x • • • exp [(tm-tn-x)D]x\m

= [ f    /- exp [txD]x\Se0,...)] ¡    /,- exp [(i2-f^Z)]*,1,

■ ■ ■ exp [(tm-tm-i)D]xlm(ex,...)

= [J    /- exp [f^vj^o,. • •)] [J  s/t" exp [(t2-tx)D]x\2(ex,...)]

• f     (/tl>g_tl exp [(í3-í2)Z)k¿3 • • • exp [(im-rm-Oßlx.1..^, • ■ ■)•
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Proceeding in this manner and noting that (ft)s=ft+s, we prove the first part of

Theorem 6.

Finally,

y±1(M) = |p/l±1(r;l)|(o

= |f  /vWi(±i,...)
atJaf t = o

= (    faDx\i(±l,-)
Jaf

= f    /" 2 C(±l\e2¡x,.. .,e2¡N)[x+x(+l)-X+x(±l)]
Jaf     n=i

= + 2 fc^(k)(N)uk(i-uy-k,

the differentiation being justified by the absolute convergence of the resulting sum.

This completes the proof.

Proof of Theorem 8. A necessary condition for a function to be in 77 is that it be

real analytic, as the following lemma demonstrates.

Lemma 12. IfPe 77, then F has derivatives of all orders and

\(d/du)pF(u)\ S p\(2L)v.

Proof.

k-q

■(N-k)- ■ -(N-k-p+q+1)(-1)*-«(1-«)»-*-!> + «

2(£)    2     fcN(k+q)(N)(k+q)---(k+l)
, = 0  W/  N = p-q  k = 0 V-T«//

■(N-k-q)- ■ -(N-k-p+l)(-iy-"uk(l-u)N-p-k

'¿(.UÄ^O^ ■p-fc

^2(«)    2   A-C^2(fW=/>!(2L)>.
q = 0  \H '   N = p-q q = 0  \" >

Notice that the term-wise differentiation is justified by the convergence of the

resulting sums.
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Lemma 13. If F, Ge H, then FG e H.

Proof. Let

f(ü)= 2 f ^wííVo-«)*"*

g(u)= 2 2dN(k)(N)uk(i-uy-k.

F(M)G(M)= 2   ierfl^l-iíf-1
N = l fc = 0 \'C /

^)-(ï)_1   2 2       c^k^ikJfWA
\A' Wi +W2 =N fci +fc2='c:'ClÈWi;/C2SW2 \n'l/\'v2/

Then

where

Letting eN = maxkín eN(k), we have

to        W

2 ^* ^22 N"e»ikS>
N = l Jí=ljc = 0

-2ÍWÍ)"'   2 2       «üw*rfw(f)(í)
N=lk = 0 \K  '        Wi+N2=W ici+fc2=fc;fcláNi;)C2SW2 \n-l/\"-2/

NÏ^Nz kx£N1Tk2áN2 \KX+K2/        \KX/\K2/

^2     2    w+w^^a,^

<¡ 2 w* 2 (?WrqcWl¿w,
Ni.Wa a = o W/

^2o(^)(2^+ic,1)(2^--^2)

= 2 (/')(?+l)!F<,+1(/'-í+l)!Fp"Q + 1 = (4L)p+2/7!.
a = o V?/

Lemma 14. If Fe H, then exp (F) e H.

Proof. Let

F(u)= J  2 CN(k)(N)uk(l -uf-k.

Then
CO M        j  \£\

exp[F(M)]=  2  2     ; jCMÜMl-ur-*,
M=li = 0 \ J   I
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where

CM -(*)-' Î (»O-       I I      (*)
\J   I        n = 0 »! + ■•• +JVn=Ai fci +••• +k„=i \"-l /

' ' ' I fc jCs^kx)- • ■ CNn(kn);
in this last expression, kxSNx,..., knSNn. Thus

oo oo       Af

2 M*CM S  2  2 M"Cm(J)
Af = l m=1; = 0

oo        M

-__*■(?)    S M-      I I      (*)M = lj = 0 \ J   / n = 0 ¡Vi + ••• +W„=Ai fci + ■•■ +fc„ = j  \"-l /

• • .(^Cjr^O- • • CNn(kn)      (kxSNx,...,knSNn)

=    2 2 2("!)-1(Ari+---+A'n)
JVi.N„ kx £ jVi.k„ s Wn n = 0

(N1+---+Nn\-1(Nx\      (Nn

_     2 2 2(nl)-1(N1+---+NnyCNl---CNn
jVl,...,N„ kx £ Nx.fcn £ JVn n = 0

=     2     2^-y1Ni---Nn(N1+---+NnyCNl---CNn
Nx.iVn n = 0

= 2(«o-1 2      2 pi
Ç J • • • £   I

Jl = 0 Nx.¡V„ si + •■• +Sn=P    I- n<

■Wi---N^N1---NnCNl---CNn

= 2(«o-1    2    p!¿pfe+i)---(^+i)
n = 0 Si+-'*+5n=P

= J («!)-1Pp2«(2«+1)-.-(2«+/j-1)
71=0

i<2LwSo.D-f+r1)
n = 0 \       F        I

S p\(2Ly 2 (nD-1-"-»-1 g />!(4_)V2/> ;y     _ x. = ¿< ty-r—y c

n = 0

Lemma 15 (Hausdorff [1]). If a polynomial F is positive (>0) on the open

interval (0, 1), then it can be expressed as

N

F(u) = 2 amXN,m(u),       am^0
m = 0

where

X*,m(")=Q"mO-")N-m,

provided that N is sufficiently large.
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Lemma 16. If F is a complex valued function on a complex disc \z\ ^ 1 + 8, 8>0,

real on the real numbers and analytic on the closed disc \z\ ^ 1 ; then for any sufficiently

large real constant C, F(z) +Ce H.

Proof. Let F be real on the real line and analytic in the closed disc \z\ ^ 1. Then

there exists a 8 > 0 such that F(z) = 2ñ= o axzN for |z[ g 14- S where

\aN\ = \FiN\0)\/N\ g (I+ 8)-"A,   A a positive constant.

Now let

C = d-b0+ 2 aN,      d ^ 0.
bN = aN if aN ïï 0, aN =  — aN if aN < 0,

= 0   otherwise, = 0       otherwise,

Then

F(z) + C = d+2 bs(zN)+ 2 aN(l-zN).
W=l W=l

But

1 -zN = 2 (1 W(l -2)N~k,       N^l,

and hence, letting

bn(z)= 2cN(k)(N)zk(i-zy-k
fc=0 \K'

where Cx(0) = ax + d, Cx(l) = bx + d and

CN(k) = aN   forO<k<N,

= bN   for A: = AT, '
we get

F(z) + C= 2 Bn(z).
W = l

Thus we have represented F+C as a sum of Bernstein polynomials when C^

—¿o + 2w=o <2¡v- We therefore need only show that there exists an £>0 such that

2 N'CúplL',      pel.
N=l

But
CN = max CN(k) ^ (1 + 3)-"^.

Hence
CO 00

2 N"CN g A 2 //"exp [-TV In (1 + 8)]
¡v = o w = o

which corresponds to

[t>exp[-tln(l + 8)]dt = m!^ïplL>

for a suitable L.

We can now give sufficient conditions that F be contained in H.
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Lemma 17. If F is analytic on the closed disc \z\ ^ 1, real on the reals and positive

on [0, 1], thenFeH.

Proof. Since F is analytic on \z\ £ 1, real on the reals and positive on [0, 1], it

can be written as exp [- C](z—zx)(z—z^)---(z—zn)(z-z*) exp [C + G(z)} where z*

is the conjugate of z, G is analytic on |z| g 1 and real on the reals. For C sufficiently

large, C+G(z) e H and hence exp [C+G(z)] e H. Since, according to Hausdorff's

lemma, (z-z^z-zf)- • -(z—z^z-z*) e H and since H is closed under products,

the proof is complete.

Lemma 18. IfF,GeHandGisapolynomial,0<G(u)<lon(0,l),thenF[G()]eH.

Proof. Let

F(u)= 2   2 CN(k)(N)uk(l-uy-k
N=l k = 0 \K /

M

G(u) = 2 d(p)u"(l-u)M-1'
p = 0

M

l-G(u)= 2e(g)W(l-u)M-".
a = o

Then
oo       N i ir\ r M "i/crM

F[G(u)} =22 C»W(l)   2 d(p)u*(l-uy-»      J e(q)u\l-u)

^ N-ë-  -        INM\
= 2 2Cnm(j){ ; )u>(i-uy«-\

where

CM'Cfy'íc^íi)       i
\   J    I     k = o \ "■ / Pi + •■■ +Pk+ai + ■•• +

M-a

^w-k=í;0áP.aáM

• <^(Fi) • • -d(Pk)e(qi)- ■ ■ efov-*)-

Using Stirling's formula, we have

(7)"'-*"™ »"•(^)"2(|^)'W('-^)""'

u,fí'(i{n)'(,~¡h)rMN)
and thus

oo oo JVM

2 (NMyCw i 2 (w 2 ¿™t/)
iy-1 jv = i í = o

-î<wÏ2c^,(Xf)"' 2
jv = i j = ok = o x'wx  y   /      pi + ■••+pfc+ïi +■■■ +aw-ic =i;0Sp,aSM

d(Pi)- ■ ■ d(pk)e(qx)- • • e(qN.k)



294 D. P. JOHNSON [July

M

NM-i

NM-i

oo NM     N //V\ ^->

s 2 i.NMy 2 2 c»Hk )2nMN 2

•4/>i)- • • d(pk)e(qiy ■ ■ e(q^k)(j^j(l -^)

oo MN      N      /»/s    NM

íaw*'«2tf'«c,2 2Ö2 2
N = l m = 0/c = 0   \ ^ /   7 = 0pi+---+Pic+9l + ---+9JV-fc=7':0^p,g^M

ÂA7Jl1_AÂ7J

00

= 2ttMp + 2 2 7V*+aCw
JV = 1

S 2TrM» + 2(p + 2)\U> + 2 S plL"

for suitable _.

We are now in a position to prove Theorem 8. If FeH, then F is certainly

positive on the open interval (0, 1) and, by Lemma 12, it is real analytic on the

closed interval [0, 1]. Therefore assume that Pis positive and real analytic on the

closed interval [0, 1]; if Phad roots at 0 or 1, we could divide through by them.

Then we can find a domain D, symmetric about and containing the interval [0, 1 ]

on which F is analytic. If there exists a polynomial G mapping D conformally

onto a domain containing the unit disc; and if G is real on the reals with G(0) = 0

and G(l)= 1 ; then F[G_1(w)] is analytic on the closed unit disc; real on the reals

and positive on [0, 1]. Thus, by Lemma 17, F[G~1()]e H and by Lemma 18

P[G_1(G(-))] = P(.) e 77. Therefore, to complete the proof we need only show that

G exists.

Let Gx(z) be the unique conformai mapping of D onto the disc \z\ < 1, where

Gx(0) = 0 and G'j(0)>0. Since D is symmetric about the interval [0, 1], [Gx(z*)]*

also maps D conformally onto \z\ < 1 and hence [Gx(z*)]* = Gx(z) and Gx is real

on the real axis. Let G2(z)= [G1(l)]"1G1(z). Then G2 maps D conformally onto the

disc \z\< [Gi(l)]"1. Clearly G2 is real on the real axis with G2(0) = 0 and G2(l)= 1.

Let G3(z) be a polynomial for which G3(0) = 0 and |G2(z)-G3(z)| <£ for all ze D,

and define G(z) as a[G3(z) + G3(z*)*] where a=[G3(l) + G3(l)*]-1. Clearly we have

(2 + 2e)~1S\a\S(2-2e)~1. If D' is the inverse image of the disc

|w| < (2-2£)-1[l + [G1(l)]-1-2£]-£(l-£)-1

under the mapping G, and C is the inverse image of the circle |w|=2"1[l + [Gi(l)]~1]

under the mapping G2; then G2=£0, oo on C and

2aG2(z)-w = G(z)-w + h(z)
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where \G(z)—w\ >e(l -e)~1> \h(z)\ for all ze Cand we G(D'). Thus, by Rouché's

theorem, C7(z) takes on the value w only once. Therefore, since G(D') is a disc

containing the unit disc for e sufficiently small and since G is a 1-1 mapping of D'

onto the disc G(D') with G(0) = 0, G(l) = 1 and G real on the real axis; the proof is

complete.
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