MEASURES ON F-SPACES(")

BY
G. L. SEEVER(?)

0. Introduction. A partially ordered set (P, <) has the property (1) iff for any
sequences {X,}ncw and {V,}new in P such that x, <y, for all n, m, there exists x € P
such that x,<x =<y, for all n.

THEOREM A. Let S be a compact Hausdorff space. Then the conditions

(a) S is a Stonian space (i.e., disjoint open subsets of S have disjoint closures),

(@") Cr(S) (=set of continuous, real-valued functions on S) is a conditionally
complete lattice,

(") S is totally disconnected and the Boolean algebra O of open closed subsets of S
is complete,

(b) S is a o-Stonian space (i.e., disjoint open subsets of S, at least one of which is an
F,, have disjoint closures),

(b") Cgr(S) is conditionally o-complete,

(b") S is totally disconnected and 0 is o-complete,

(c) S is an F-space (i.e., disjoint open F, subsets of S have disjoint closures),

(c') Cgr(S) has the property (1),

(c”) S is totally disconnected and O has the property (1),
are related as follows. (a) < (a’) <> ("), (b) < (b"), (c) < (c') <= (c"), and if S is
totally disconnected, then (c’) = (c”).

The equivalences (a) <> (a’) <> (a”) and (b) <> (b’) <> (b") are proved in [12]. The
equivalence of (c) and (c) is the principal result of §1 of this paper. (c”) = (c) is
proved in [6, p. 1619]. Since there exist connected F-spaces [4, pp. 374—375],
(c) does not imply (c”). Since there exist Boolean algebras which are o-complete but
not complete, (b) does not imply (a). A closed subspace of an F-space is again an
F-space (corollary to Theorem 2.1). fw, the Stone-Cech compactification of the
discrete space » of nonnegative integers, is the Stone space of the complete Boolean
algebra 2¢ and so is Stonian. Thus fw ~ w is an F-space. Bw~ w is the Stone space
of the Boolean algebra & of subsets of w modulo the finite subsets of w, and # is not
o-complete; indeed, if {e,}neo i an increasing sequence in # such that \/,e, e,
(=supremum of {e, : n € w}) exists, then there exists N € w such that n=ZN = e,
=ey. Thus (c") does not imply (b").

The remainder of the paper is devoted (essentially) to a study of the space M(S)

Received by the editors March 21, 1967.

(Y) This paper, with minor alterations, is the author’s thesis written at Berkeley under the
supervision of Professor W. G. Badé.

(?) Partly supported by the Air Force Office of Scientific Research.

267



268 G. L. SEEVER [August

of regular, complex-valued Borel measures on .S when S is an F-space. The principal
results of §§2 and 3 are, respectively,

THEOREM B. Let S be an F-space. Then o(M(S), C(S))-convergent sequences are
o(M(S), M(S)*)-convergent, and

THEOREM C. Let # be a Boolean algebra which has the property (1) (i.e., a
Boolean algebra whose Stone space is an F-space). Then a subset K of ba (%)
(=bounded, additive, complex-valued functions on %) is bounded (with respect to the
total-variation norm on ba (%)) iff sup,ex |(E)| <o for all E€ .

The paper concludes with the following generalization of the Vitali-Hahn-Saks
theorem [3, p. 158] which is obtained by combining Theorems B and C.

THEOREM D. Let # be a Boolean algebra which has the property (1), p € ba (%),
and {pi,}re, a Sequence in ba (%) such that

(1) each p, is absolutely continuous with respect to p,

(2) {n(E)}new converges for all E€ %.
Then the p, are uniformly absolutely continuous with respect to p.

Theorem B was proved by Grothendieck for S Stonian [5] and by Andd [1] for
S o-Stonian. Our proof is a modification of Grothendieck’s. Theorem C was proved
by Nikodym [9] for # o-complete and the members of K countably additive, and
was conjectured by Badé. Theorem D was proved by Ando for # s-complete.

I wish to thank Professor W. G. Badé for his assistance in the preparation of this
paper. I also wish to acknowledge my debt to Andd’s paper [1]. This paper would
never have been written (by me, at any rate; however, most of the results of §§2—4
were obtained independently by Haskell Rosenthal) had I not read Andé’s paper.

1. A characterization of F-spaces.
NortaTioN. For S a set and f, g: S— R (=reals), fA g and fV g are defined by

(fAg)s) = min (f(s), g(s)), (fVg)s) = max (f(s),8(s)), s€S,

and for A<S, y, is the characteristic function of 4. If S is a topological space, and
A, B< S, then A < B means that the interior of B contains the closure of 4.

LeMMA 1.1. Let S be a compact Hausdorff space. If A, B< S and A < B, then there
exists an open F, subset U of S such that A<U<B.

Proof. Let fe Cr(S)beOon A and 1 on S~ B. Set U={se S : f(s)<43}.

LemMa 1.2. Let S be a Hausdorff space, D a dense subspace of R, and
{W(r) : r € D} a set of open subsets of S such that

(M) r,seD,r<s = W(r)<W(s),

¥)) UreD w(r)=Ss,

3 MNrep W(r)=2.
Then the function f. S — R defined by f(s)=inf {r : s€ W(r)}, s € S, is continuous.
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Proof. [8, p. 114].

THEOREM 1.1. Let S be a compact Hausdorff space. Then S is an F-space iff
Cr(S) has the property (1).

Proof. Suppose Cg(S) has the propefty (D). Let U and V be disjoint, open F,
subsets of S. Let u, ve Cg(S) be such that 05w, v=1, U=u"[R~{0}], V=
v [R~{0}]. Set f,=(1—0)", g,=1Anu. Then f,2g, for all n,m. Let fe Cp(S)
be such that f,=f2g, for all n. Then fis 1 on U and O on V.

Now suppose S is an F-space. Let {f,},co and {gn}nco be sequences in Cg(S)
such that f,, = g, for all n, m. We may assume that for any s € S and n € w, 1 > f,(s)
2 fus1(8) = gn+1(s) = ga(s)>0. Let D be the set of dyadic rationals. For r € D,

U(r) = "Lejw{te S gat) > r},

viry= U {teS: fi(t) <r},
U(r) and V(r) are disjoint, open F, sets. Thus for r € D,
*) V(r) < S ~ U(r).

We now construct open sets W(r), r € D, such that

(@) reD=V(F@)<W(r)<S~U(r),

@ii) r,se D, r<s = W(r)<W(s).
Lemma 1.2 and (ii) will yield the continuity of the function f: .S — R defined by
f@)=inf{r : te W(r)}, t € S, and we shall see that (i) will yield f, 212 g, for all n.
If re D and r21 (resp., r<0), let W(r) be S (resp., @). These W(r) obviously
satisfy (i) and (ii). We now construct by induction on n the sets W(k/2"), k=0,
..., 2" Suppose W(k/2"), k=0,..., 2" have been chosen such that
(i) V2™ < Wk2®) < S ~ U(k/2Y), k=0,...,2"%,
(ii,) WER2M < W(k+12®, k=0,...,2"—1.
To find W((2k+1)/2**1) it is enough (Lemma 1.1) to show
0) V(@k+1)/2"*Y) U W(k/2®) < W((k+1)/2") N (S ~ U(QRk+1)/2"+1)).
Note first that
*% r,seD,r<s=S~U@lr)c S~ U),

= V(r) < V().
From (**) and (ii,) we obtain
V((Qk+1)/2**Y) < V((k+1)/2") < W((k+1)/2M),
Wk/2") < W((k+1)/27)

which yields

0)) V(Qk+1)/2** ) U W(k/2") < W((k+1)/2).
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From (*), (i,) and (**) we obtain

V(2k+1)/27*1) < S ~ U((2k+1)/2"*1),

Wk/2™)y < S ~ Uk/2") = S ~ U((2k+1)/2"+Y)

which yields
V3] V((Qk+1)/2** )y U W(k/2") < S ~ U((2k+1)/2"+1).
Combining (1) and (2) we obtain (0). Thus we have
(in+1) V(&/2**Y) < W(k/2"*Y) < S ~ Uk/2"*Y), k=0,...,2"*!
(ine1) WE2Y) < W(k+D/2**Y), k=0,...,2"*1—1.

This completes our induction. We now show that condition (i) implies that £, < f
=g, for all n. Let xe€S,e>0. Let r,se€ D be such that f(x)—e<r<f(x)<s
<f(x)+e f(X)>r=5s¢ W) =>x¢ V(r) = fi(x)2r>f(x)—e¢ for all n. f(x)<s
=>xeW(s) > x¢ U(s) > g.(x)Ss<f(x)+e for all n. Thus f,=f=g, for all n.

2. Sequences of measures on an F-space. The principal result of this section
is the equivalence of sequential o(M(S), C(S))-convergence and sequential
o(M(S), M (S)*)-convergence whenever S is an F-space. Theorem 2.2 is fundamental
in this section in that it enables us to reduce the case of S an F-space to the more
tractable (and known) case of S Stonian. The case of S Stonian is an easy
consequence of Lemma 2.3 and Theorem 2.3.

Let S be a compact Hausdorff space. C(S) is the space of continuous complex-
valued functions-on S. M(S) is the space of complex, regular Borel measures on S.
C(S) is given the sup norm and M(S) the total-variation norm. For u € M(S) and

€ L*(u), we write u(f) in place of [ fdu. In this manner we identify M(S) and
C(S)*. As is well known, the norm of a member of M(S) is the same whether the
member is regarded as a measure or a functional. For u € M(S), |u| € M(S) is
defined by |u|(E)=sup Sres |[(F)| : F is a finite set of pairwise disjoint Borel
subsets of E}, E a Borel subset of S. car (u)=S~|J{U : U open, |u|(U)=0}. Note
that if £, g € Cg(S),f2g, and |u|(f) < ||(g), then fand g agree on car ().

THEOREM 2.1. Let L and M be lattices, g: L — M a lattice epimorphism, and let L
have the property (I). Then M has the property (I).

Proof. Let {x,},co and {¥,}neo be sequences in M such that x, =2 x, .12 yp+12 Vs
for all n. Let x;, y, € L be such that g(x;)=x,, g(s)=Vn. Let {Xr}ncw and {¥n}neo
be defined by

Xo = Xo V Yo, Yo = Xo A Yo,
x:+1 =Xp A (x;+1 \ y:u+1 v y:),y:+1 = y': v (x;wl A yr’|+1 A x;)

Then x5 2 X5 412 Yn+12 Yn, 8(Xn)=X,, and g(yn)=y, for all n. Let x” € L be such
that x, > x" 2>y, for all n. Set x=g(x"). Then x, = x2y, for all n.
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COROLLARY. A closed subspace of an F-space is an F-space.

Proof. Let S be an F-space and S, a closed subspace of S. Let g: Cgr(S) — Cr(So)
be the restriction map. g is onto and Cg(S) has the property (I). Thus Cg(S,) has
the property (I) and so S, is an F-space.

LEMMA 2.1. Let S be a compact Hausdorff space, S, a closed subspace of S, and
let «: M(S,) — M(S) be defined by

k(W) = w(f1S0),  fe C(S), pe M(So)

(f|So is the restriction of f to Sy). Then « is an isometry and «[M (S;)]={u € M(S):
car (u)< Sy}, and for p € M(Sy), car (u)=car («(n)).

THEOREM 2.2. Let S be an F-space and . € M(S). Then car (u) is Stonian(®).

Proof. Since car (u)=car (|u|), we may assume u>0. So=car (i) is an F-space,
and by Lemma 2.1 there exists u, € M(S,) such that car (uo)=3S,. Thus we may
assume S=.S,. We first show that Cg(S) is conditionally o-complete. Let {f,},c., be
a bounded increasing sequence in Cg(S), and let {g,},., be a decreasing sequence
in the set U of upper bounds of {f, : n € w} such that inf, u(g,)=inf,cy u(g). Let
f€ Cr(S) be such that g,=f=f, for all n. We assert that f=\/,, fp. Let ge U.
fngeUso that u(fAg)Zinf, u(g,) Zp(f). Thus fand fA g agree on car (), i.e.
fSs.

Now let 4 be a nonvoid subset of Cg(S) which is bounded above, and let U be the
set of upper bounds of A. Let {f,},c» be a decreasing sequence in U such that
inf,, u(f;) =inf,ey p(f). Set f= Ancw fo- Just as in the above paragraph we see that
f=VvA.

LEMMA 2.3 (PHILLIPS). Let {u,}ne., e a sequence in ba (2°) (= bounded; additive,
complex-valued functions on 2°) such that lim,, y,,(A‘) =0 for all A< w. Then

lim > |p{k})| = 0.

kew

In particular, lim,, p,({n})=0.
Proof. [10, p. 525].

THEOREM 2.3 (GROTHENDIECK). Let S be a compact Hausdorff space. In order
that K< M(S) be conditionally o(M(S), M(S)*)-compact, it is necessary and
sufficient that for any sequence {U,},c., of pairwise disjoint open sets, lim, u(U,)=0
uniformly for p € K.

Proof. [5, p. 146).

THEOREM 2.4 (GROTHENDIECK-ANDO). Let S be a o-Stonian space, and let
{tin}new be a o(M(S), C(S))-convergent sequence in M(S). Then {p.}, . is
o(M(S), M(S)*)-convergent.

(®) This theorem has also been proved by Professor Kenneth Hoffman.
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Proof. We may assume that {u,}nc o(M(S), C(S))-converges to 0. We show
(via Theorem 2.3) that {u, : n € w} is conditionally o(M(S), M(S)*)-compact and
from this deduce the o(M(S), M (S)*)-convergence. Suppose, then, that {u, : n € w}
is not conditionally o(M(S), M(S)*)-compact. Then there is a sequence {U,},c,
of pairwise disjoint open subsets of S such that {u,(U,)}c, does not converge to 0
uniformly in n. By passing to a subsequence of {,},, We may assume the existence
of an >0 such that |x,(U,)| > ¢ for all n. By the regularity of the u, and the total
disconnectedness of S we may assume the U, to be open and closed. For n € w and
A< w, set v(A)=p(Viea Ur) (Viea Uy is the supremum of {U, : k € 4} in the
Boolean algebra of open closed subsets of S). Clearly, v, € ba (2%) for all n, and
lim, v,,(4) =0 for all 4<w. By Lemma 2.3 lim,, v,({n})=0. But |v,({n})| = |.(Uy)| > ¢
for all n. This contradiction establishes the conditional ¢(M(S), M (S)*)-compact-
ness of {u, : n € w}. {o}neo thus has a o(M(S), M(S)*)-cluster point. Since every
a(M(S), M(S)*)-cluster point of {u,}se. i also a o(M(S), C(S))-cluster point, and
since {gn}nee o(M(S), C(S))-converges to 0, 0 is the only o(M(S), M(S)*)-cluster
point of {i,}ncew, i-€., {tnlnew @(M(S), M(S)*)-converges to 0.

Theorem 2.4 was proved by Grothendieck for S Stonian [5, p. 168] and by
Andé [1, p. 395] for S o-Stonian. The above proof is a modification of Grothen-
dieck’s proof and is completely different from Andé’s. That Grothendieck’s proof
could be so modified has also been observed by Isbell and Semadeni [7, p. 46].

DEFINITION. A G-space is a compact Hausdorff space S for which
o(M(S), C(S))-convergent sequences are o(M(S), M(S)*)-convergent.

THEOREM 2.5. An F-space is a G-space.

Proof. Let S be an F-space, and let {u,},c, be a sequence in M(S) which
o(M(S), C(S))-converges to 0. Set p=>,c0 2 "|pma|, and set So=car (u). By
Theorem 2.2 S, is Stonian. car (u,)< S, for all n so we may regard ., as a member
of M(S,) (via Lemma 2.1). {}nece o(M(S,), C(So))-converges to 0. By Theorem
2.3 {pntnew o(M(So), M(So)*)-converges to 0, and this is the same as its
a(M(S), M(S)*)-convergence to 0.

COROLLARY. There exist connected G-spaces.

Proof. There exist connected F-spaces [4, pp. 374-375].

The above corollary answers a question posed by Isbell and Semadeni [7].
Namely, do connected G-spaces exist ?

We conclude this section with an example of a G-space which is not an F-space.

LEMMA 2.4 (GROTHENDIECK). Let E be a Banach space. Then the following
conditions are equivalent.

(a) Every o(E*, E)-convergent sequence in E* is o( E*, E**)-convergent.

(b) Every continuous linear map of E to a separable Banach space is weakly
compact.

Proof. [5, p. 169].
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LEMMA 2.5. Every infinite, compact Hausdorff space possesses a pair of open,
disjoint, nonclosed F, subsets.

Proof(*). Let {s,}.c, be a discrete sequence of distinct points in S, and let
A={s, : new}~. For x € 4, let fo(x) be (—1)*/(n+1) if x=s, for some n and 0 if
x € A~{s, : n € w}. f, is continuous on 4 and so has a continuous extension, say f,
to S. Let Uy=f"1[(0; )], U,=f"1[(—00; 0)]. Clearly, U, and U, are disjoint
open F, subsets of S. Let x, be a cluster point of {ss, 4 }new, k=0, 1. Then x, € Ug
~U,, k=0, 1.

THEOREM 2.6 (BADE). Let S be an infinite F-space, U, and U, disjoint, open,
nonclosed F, subsets of S, and let x;€ U7 ~U,, i=1, 2. Let S, be the space obtained
Jfrom S by identifying x, with x,. Then S, is a G-space which is not an F-space.

Proof. Let g: S — S, be the quotient map. Since S is compact, g maps F, sets
onto F, sets. Let V;=q[U],i=1,2. Since S is an F-space, Uf N Us=g. In
particular x; ¢ U; U U,, i=1,2. Thus V; N V,= 3, and ¢ *[V;]=U, i=1, 2. Thus
V, and V, are open. V;-=2q[U; 1=2{q(x))}, i=1, 2. Thus g(x,) € Vi N V5. There-
fore S, is not an F-space.

We identify C(S,) with {fe C(S) : f(x,)=f(x;)}. Let F be a separable Banach
space, and let u: C(S,) — F be a continuous linear map. Let f, € Cg(S) be such that
0=fo =1, fo(x1)=0, fo(x5)=1. Let P: C(S) — C(S,) be defined by

Pf = f+(f) =[x Dfo, e C(S).

P is clearly a projection. u o P is weakly compact by Lemma 2.4. Let j: C(S,)
— C(S) be the inclusion map. Then u=(u o P) o j and so u is weakly compact.
The projection P is due to Isbell and Semadeni [7].

3. Uniform boundedness. The principal result of this section is the extension of
the Nikodym boundedness theorem [9] to ba (#) for # a Boolean algebra which
has the property (I).

DEerFINITION. Let # be a Boolean algebra. ba (#) is the space of bounded,
additive, complex-valued functions on # and is equipped with the total variation
norm (|u| =sup (Cees |W(E)| : @ #F <A, F finite, E, Fe #, E+F = EA F=0)).
For u € ba (%), |p| € ba (%) is defined by

M(E)=sup{2 |WE)| : & £ F < %;
FeF

Z finite, \/ F<SE;F,GeZ F#G = FA G=0}, Ec®.

The next two lemmas are simply preparation for Theorem 3.1. The portion of
Theorem 3.1 that we use in the sequel is known, and a much shorter proof of that
portion can be found in [2, p. 856].

(*) This proof is due to the referee.
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LeMMA 3.1. Let # be a Boolean ring, and let E,, . .., E, € # be such that i>j
= E;AE;=0 or E, S E;,. Then there exist pairwise disjoint E;, . .., E, € # such that
each E is exceeded by some E,, and each E, is the maximum of the E it exceeds.

Proof. We induct on n. For n=1 there is nothing to prove. Suppose the lemma is
valid for all k<n. Let E, ..., E,_, be pairwise disjoint elements of # such that
each E;~ E, is the maximum of the E] it exceeds, and each E is exceeded by some
E;~E,. Set E,=E,. Let i<n. There exist ji, ..., j, such that E,~E,=\/}., Ej,.
If E, A E,=0, then E;=V/}., E},. If E, 2 E,, then E;=(E,~E,)V E,=E, v \/}., E],.
Thus each E, is the maximum of the Ej it exceeds. Clearly, each E; is exceeded
by some E,.

LemMMA 3.2. Let & be a Boolean ring, and let {E,},., be a sequence in # such that,
n,mew,n>m = E,SE, or E, A E,=0. Then there is a strictly increasing sequence
{Ni}new in w such that {E, }nc, is either decreasing or disjoint.

Proof. A sequence {Fy}se, in & has the property (P) iff mo< - - - <m,, F,, A Fp,
=0 for i#j = there exists m>m,, such that F, A \/{-, F,,=0. Clearly, a sequence
with the property (P) has a disjoint subsequence. Consequently, if some sub-
sequence of {E,},c, has the property (P) then {E,},, has a disjoint-subsequence.
Suppose, then, that no subsequence of {E,},c, has the property (P). There exist
my<---<m, such that E, AE,=0 for i#j and such that j>m, = E,A
V{-0 En,#0. By the condition on {E,}.c, j>m, = there exists uniquely i such
that E; < E,,. It follows that one of the E,,, which we take to be E, , exceeds E; for
infinitely many j. Suppose n, < - - - <mj have been selected such thati>; = E, <E,,
and such that E, 2 E; for infinitely many j. Let {p},, be a strictly increasing
sequence in w such that {p, : icw}={icw:i>n, E<E,}. {E,}ic, does not
have the property (P) so that there exist i, < - - - <i, such that E, , A Ep,, =0 for
h+#j, and such that h> i, = E,, A V{0 E,, #0. Thus one of the E,,, which we take
to be E,,, ,, exceeds E,, for infinitely many i.

'THEOREM 3.1. Let & be a Boolean ring, and let p be a real-valued, nonnegative,
subadditive(®) function on # such that p[#) is unbounded. Then
(i) there exists a sequence {Ey}ne,, in & which is either decreasing or disjoint and is
such that p(E,) — oo,
(i) if p satisfies the additional condition that E,Fe #,E2F = p(E~F)2
|o(E)—p(F)|, then the sequence {E,},c., can be taken to be disjoint.

Proof. To prove (i) it is enough to show the existence of a sequence {F,},.,, in #
such that n,me w,n>m = p(F,)>m, and either F,<F, or F,AF,=0. We
construct such a sequence inductively. Let F, € & be such that p(F,)>0. Suppose
Fy, ..., F; have been chosen such that p(F))>i, i=0,..., k, and such that k=i
>j20 = F,<F, or FAF;=0. Let Fe % be such that p(F)>(k+1)(k+2). By

(®) By subadditive we mean: EA F=0=p(EV F) S p(E) + p(F).
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Lemma 3.1 there exist pairwise disjoint members Fy, . .., F; of # such that each
FAF, is the maximum of the F; it exceeds, and each F| is exceeded by some
FAF, Set Fp.,=F~\/f.o F.. F=\/¥*¢} F|, and the F; are pairwise disjoint so
that by the subadditivity of p, (k+ 1)(k +2)<p(F)<3>¥k*d p(F)). Let Fy, ., be one of
the F/ for which p(F))>k+1. F/AF;#0 = F/<F; Thus k+12i>j20 =
FAF,=0o0r F,£F,

Now suppose p satisfies the condition of (ii). Let {F,},, be a decreasing sequence
in % such that p(F,) — oo. Let n,=0. Suppose n, < - - - <n, have been chosen such
that p(F, ~ ,,,“)>1 i=0,...,k—1. Let n.,.,>n, be such that p(F, )>k
+P(Fnk) p(Fu~Fpy )2 lp(Fuk) P(Fr s )| 2 p(Fry ) — p(Fn) > k. Set Ey=F, ~

Fo.pokew. Then {Ei}rew is disjoint and p(E,) — c0.

(ii) of Theorem 3.1 is due to Badé and Curtis [2, p. 856]. We are indebted to
Professor Badé for the observation that our proof of the Badé-Curtis result yields
the stronger theorem stated here. A simple application of Theorem 3.1 is: if Zis a
o-complete Boolean ring, and u: % — R U {—o0} is countably additive, then
sup u[#] <. [Proof: take p(E)=max (u(E), 0). p is bounded on both decreasing
and disjoint sequences.]

The following lemma is the Boolean algebra analogue of Theorem 2.2. It can be
obtained as a corollary to Theorem 2.2 by an appeal to the Stone representation
theorem.

LEMMA 3.3. Let # be a Boolean algebra which has the property (1), n € ba (%),
and let /"={E€ % : |u|(E)=0}. Then B| A" is complete.’

Proof. First suppose A" ={0}. Let {E,},c, be an increasing sequence in %. Let
{Fa}neo be a decreasing sequence in the set % of upper bounds of {E, : n € w} such
that inf, |u|(F,)=infrex |u|(F). Let E€ % be such that E,<E<F, for all n€ w.
We assert that E= /¢, E,. Let Fe %. EAFe % so that |u|(EA F)Zinf, |u|(F,)
2 |u|(E). 0=|u|(E~EAF) = E~E A F=0. Therefore E< F. The proof that & is
complete is just about the same as the analogous part of the proof of Theorem 2.2.

Now let # and p be as in the lemma. Let g: # — #,=%/.4" be the projection.
By Theorem 2.1 %, has the property (I). Let p, € ba (#,) be defined by uo(q(E))
=u(E), E € Ho. |1o|(q(E))=0 = po(q(F))=0 whenever FSE = u(F)=0 whenever
FZE = |u|(E)=0 = q(E)=0. By the above paragraph %, is complete.

THEOREM 3.2. Let # be a Boolean algebra which has the property (I). Then
Kcba (B) is bounded iff sup, e |u(E)| <o for all E€ &.

Proof. The ‘only if’ part is obvious. Suppose that K is unbounded, but that
Sup,ex |#(E)| <o for all E€ &. Let {u,}nc,, be an unbounded sequence in K. Set
B=Dnew 2™ *|ttn| lun]l 7%, and set &' ={E€ B : W(E)=0}. Let q: B —> B =B|N
be the projection, and let u, € ba (%) be defined by u,(q(E))=p.(E), E€ B. #'is a
complete Boolean algebra, {u, : n € w} is an unbounded subset of ba (#’) such that
sup,, |un(E)| <o for all E e #'. Thus it is enough to prove the theorem under the
additional hypothesis that # is complete. For Ee %, set p(E)=sup,cx |i(E)|.
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p satisfies all the conditions of Theorem 3.1 so that there exists a disjoint sequence
{E;}new in & such that sup, p(E,)=00. Let {v,},c, be a sequence in K such that
lim, |v,(E,)|=00. For A<w, let A,(A)=v,(V rea Ei)va(E,;) 1. Clearly, A, € ba (29)
for all n, and A,(4) — O for all Acw. By Lemma 2.3 lim, A,({n})=0. But A, ({n})
=v,(E,)v.(E,) =1 for all n.

COROLLARY. Let S be a totally disconnected F-space, and let K< M(S). Then K is
bounded iff sup,cx |n(E)| <o for all open closed E< S.

Proof. Let # be the Boolean algebra of open closed subsets of S, and for
we M(S), let ieba(#) be the restriction of u to #. Then K is bounded iff
{ii : p € K} is bounded.

For the moment define an N-space as a totally disconnected, compact Hausdorff
space for which the conclusion of the above corollary holds. Thus the corollary
states that totally disconnected F-spaces are N-spaces. We wish now to define
N-spaces in such a way that all F-spaces are N-spaces. To this end we make first
the

DEerFINITION. Let S be a compact Hausdorff space. A subset N of C(S) is normal
iff for any pair A4, B of disjoint closed subsets of S, there exists f€ N such that
f|A=0,f| B=1.

DEFINITION. An N-space is a compact Hausdorff space S such that for any
K<=M(S), K is bounded if {fe C(S) : sup,ex |(f)| <00} is normal.

LeMMA 3.4. A closed subspace of an N-space is an N-space.

Proof. Let S be an N-space, and let S, be a closed subspace of S. Let K< M(S,)
be such that N={fe C(S,) : sup,cx |#(f)| <o} is normal. Let x: M(S,) — M(S)
be the map of Lemma 2.1. Let 4 and B be disjoint closed subsets of S. There exists
foeNsuchthatfobisOonANS;andl on BN S,. Let f,: AUBU S;— Rbe 0
on A, 1 on B, and equal f; on S,. f; is continuous and so has a continuous extension,
say f, to all of S. sup,ex |<()(f)| =Sup,exixs |1(fo)| <oo. Thus

{gCS) : sup |ulg)] < o}
is normal. Since S is an N-space, «[K] is bounded. Therefore X is bounded.

LeMMA 3.5. Let S be a compact Hausdorff space, E a Banach space, and u: E —
C(S) a continuous linear map. Then u is onto iff for any p € M(S), {u(x)|car (u) :
x € E}=C(car (r)).

Proof. The ‘only if’ part is obvious. We first show that u* has closed range
which will imply that u has closed range [3, p. 488]. Let {u,},,-be a sequence in
M(S) such that {#*(un)}ne converges. Let v=1,c, 27 "||pal = |1a], and let S,
=car (v). For x € E, let uo(x) =u(x)|S,. 4, is onto so that there exists r >0 such that
for p € M(Sy), ||| Srlug()|. car (1,)<= S, so that there exist pu, € M(S,) such that
k(pn)=pq (« as in Lemma 2.1). u§(p,)=u*(u,). Thus for n,me w, |p,—pnl=
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lin—pnl S 7 |ud(en—pn)| =1 [4*(ea—pm)|. Thus {p}reo is Cauchy. Whence
{u*(s)}neo converges to a member of u*[M(S)].

We complete the proof by showing that u[E] is dense, and this is the same as
showing that u* is one-to-one. Let u*(u)=0, and let f € C(S). Let x € E be such that

u(x)|car (u)=f|car (). Then u(f)=p(u(x))=u*(u)(x)=0. Thus x=0.
LemMA 3.6. If S is an N-space, then each normal subspace of C(S) is dense.

Proof. Let N be a normal subspace of C(S). Let p€ M(S) vanish on N.
N<{fe C(S) : sup,|(np)(f)| <oo} so that the latter set is normal. Since S is an
N-space, {np : n € w} is thus bounded. Therefore p=0. It follows that N is o(C(S),
M (S))-dense and so is norm dense [3, p. 422].

THEOREM 3.3. Let S be a compact Hausdorff space. Then the following conditions
are equivalent.

(a) S is an N-space.

(b) A sequence {p,}ne,, in M(S) is o(M(S), C(S))-convergent iff

{ fe C(S): linm () exists}

is normal.

(c) If E is a Banach space and u: E — C(S) is a bounded linear map with normal
range, then u is onto.

(d) For each n € M(S), car (1) is an N-space.

Proof. (a) = (b). {fe C(S) : sup, |u.(f)| <oo} is normal so that {u, : n € w} is
bounded. Alaoglu’s theorem [3, p. 424] insures the existence of a o(M(S), C(S))-
cluster point of {g,}ne., and the density of { f€ C(S) : lim, p,(f) exists} insures the
unicity of this cluster point, i.e. {up}rc o(M(S), C(S))-converges.

(b) = (c). Itis enough to prove that u* has closed range. Let {#*(u,)}ne cOnverge
to x*. {un(f)}rew converges for all '€ u[E] and $0 {pn}new o(M(S), C(S))-converges,
say to p. Then u*(u)=x*.

(c) = (a). Let KcM(S) be such that E,={f€ C(S) : sup,ex |p(f)| <0} is
normal. We may assume that K contains the unit ball of M(S). For fe E,, let
| fllo=sup,ex |#(f)|- (Eo, || - |lo) is @ normed space and (since K contains the unit ball
of M(S)) the inclusion map u,: E, — C(S) has norm at most 1. Let (E, |-|)
be the completion of (E,, | ||o), and let u: E — C(S) be the continuous extension
of u,. u has normal range and so is onto. Thus there exists >0 such that for
we M(S), |u] Srlu*()]. Let pe K. |u*(w)] =sup {|u(f)|: f€ Eo, | o<1} and for
feEo, [u(f) =] Slo. Thus [u| =r.

(a) = (d). For pe M(S), car (u) is a closed subspace of S.

(d) = (c). Let ue M(S). Let So=car (r). {u(x)|S, : x € E} is obviously normal
so that x — u(x)|S, has normal range. By Lemma 3.5 u is onto.

COROLLARY 1. An F-space is an N-space.
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Proof. Let S be an F-space. Let u € M(S). car () is Stonian and so is totally
disconnected. By the corollary.to Theorem 3.2 car () is an N-space.

COROLLARY 2. Let A be a commutative Banach algebra whose spectrum is a
totally disconnected N-space. Then the Gelfand homomorphism of A is onto.

Proof. Let S be the spectrum of A, and let y: 4 — C(S) be the Gelfand homo-
morphism. By the Silov idempotent theorem [11, p. 168] ¥[4]=>{xz : E<S, E open
and closed} and so is normal. Thus y[4]=C(S).

Corollary 2 was proved by Badé and Curtis [2, p. 858] for totally disconnected
F-spaces. I do not know if the hypothesis of total disconnectedness can be dropped.
The following theorem shows that Corollary 2 is indeed a generalization of the
Badé-Curtis result.

THEOREM 3.4 (BADE). Let S be an infinite totally disconnected F-space, and let S,
be constructed from S as in Theorem 2.6. Then S, is an N-space but not an F-space.

Proof. We have already seen that S, is not an F-space. Let {u,}.c., be a sequence
in M (S) such that {u,(E)}.., converges for all open closed E< S,. Let E; and E, be
disjoint open closed subsets of S such that E; U E;=S and x; € E,, i=1, 2 (we use
the notation of Theorem 2.6). Let fo=xz, and now define P as in Theorem 2.6.
Let E be an open closed subset of E;. Then

P(xe) = xr if x, ¢ E,
= %—XE‘.,E ifx,eE.

Thus {(P*p.)(xs)}new converges whenever E is an open closed subset of E;. It
follows that {(P*u,)(xz)}ne CONverges whenever E is an open closed subset of S.
Thus {P*u,}nee o(M(S), C(S))-converges, say to v. Let u=v|C(S,). Let '€ C(Sy).
n(f)=pn(Pf) = (P*pa)(f) = () =p(f).

The hypothesis of total disconnectedness can be dropped in Theorem 3.4. The
proof of the more general theorem has more length than the theorem has interest
and so is not given.

I do not know if there are G-spaces which are not N-spaces or if there are N-spaces
which are not G-spaces.

4. The Vitali-Hahn-Saks theorem. In this section we combine Theorems 2.4
and 3.3 to obtain a generalization (Theorem 4.1) of the Vitali-Hahn-Saks theorem
(for whose statement see the remarks following the proof of Theorem 4.1).

LemMA 4.1. Let S be a compact Hausdorff space, p.€ M(S), and let {j,}re,, be a
a(M(S), M(S)*)-convergent sequence in M(S) such that each p, is absolutely
continuous with respect to p. Then {u,, : n € w} is uniformly absolutely continuous with
respect to p.

Proof. Let {i,}nee o(M(S), M(S)*)-converge to v. The set of measures in M(S)
which are absolutely continuous with respect to p is a norm-closed subspace of
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M(S) and hence is o(M(S), M (S)*)-closed. Thus v is absolutely continuous with
respect to u. Thus we may assume v=0. Now suppose the lemma is false. Then
there is a sequence {E,},., of Borel sets such that |u|(E,) — 0 and {u,(E,)}ne does
not converge to 0 uniformly for k € w. By passing to subsequences if necessary we
may assume the existence of an ¢>0 such that |u,(E,)| >¢ for all n. One easily
constructs inductively a strictly increasing sequence {n,}.c, in « such that for
each k,
lF‘nk(Enk)I-e > If"nkl (igyﬂ Ei)'

Let E;=En,~Uizns, Eis #e=Fn, Then {ui}eea o(M(S), M(S)*)-converges to 0,
each p; is absolutely continuous with respect to p, {Ei}ie, is disjoint, and
|wi(ER)| > € for all k. For A<w, let v(A4)=pi(Uies EY)- {"i}rew is @ sequence in
ba (2°) such that »,(4) — O for all 4 € 2®. By Lemma 2.3 »,({k}) — 0. But v,({k})
=w(Ey) and |u(Ey)| > & for all k.

THEOREM 4.1. Let # be a Boolean algebra which has the property (1), Aeba (%),
and let {u,}neo be a sequence in ba (%) such that

(1) each ., is absolutely continuous with respect to A,

(2) for E € B, {pp(E)}nee converges.
Then {u,, : n € w} is uniformly absolutely continuous with respect to A.

Proof. Let S be the Stone space of # and 7 the Stone isomorphism of & to the
algebra O of open closed subsets of S. For veba (%), let H(v) be the unique
member of M (S) which satisfies

H@)n(E)) = (E), EecZ.

H is a linear isometry of ba (#) onto M(S). S is an N-space, and {H(u,)(E)}new
converges for all open closed Ec S so that {H (u,)}ne o(M(S), C(S))-converges.
S is also a G-space so that {H(k,)}nee o(M(S), M(S)*)-converges. By Lemma 4.1
{H (tn)}new is uniformly ‘absolutely continuous with respect to H(A). The theorem
now follows.

The statement of the Vitali-Hahn-Saks Theorem is obtained by replacing in the
statement of Theorem 4.1 ‘has the property (I)’ by ‘is o-complete’ and ‘ba (%)’
by ‘ca (#)’. Ando proved Theorem 4.1 for the case of # o-complete.
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