RATIO PROPERTIES IN
LOCALLY COMPACT AMENABLE GROUPS

BY
WILLIAM R. EMERSON

0. Introduction and summary. Let I' be a locally compact (Hausdorff) topo-
logical group, and let |*| denote a fixed left Haar measure on the Borel sets of I’
(in the sense of [1, §51]). It is known (see [2]) that the existence of a left invariant
mean on L®(I) is equivalent to the Folner Condition (FC):

To any £>0 and any compact set C< I, there corresponds a Borel set V of finite
nonzero measure such that

(FO YV AVIIIV] <

for all y e C.

The purpose of the present paper is the investigation of sequences {V,} of Borel
sets of I' which eventually satisfy either condition (FC) for every ¢ >0 and compact
CcT, or a stronger condition. More precisely, we say a sequence {V,,} of Borel
sets of I' has the weak ratio property, written {V,} € Wr, if and only if for all
yel

N ANA
Lm,'.’u___n:o,
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Similarly {V,} is said to have the strong ratio property, written {V,} € Sr, if and
only if for all compact C# & in T,

In §I we consider primarily properties of individual sequences of sets with ratio
properties, and obtain particularly detailed results in case I' is Abelian. We also
show that Wr# @ if and only if I' is amenable and o-compact. In §II properties
of the sets Wy and Sy are investigated, and we show that Sy is always “dense” in
Wr. From this result we conclude that Sp# @ if and only if T" is amenable and
o-compact, and obtain necessary conditions for a sequence of sets to have the weak
ratio property. Finally, in §III a generalization of the weak ratio property is made
to product measure spaces I' xS, where S is any positive measure space, and the
case of finitely generated discrete Abelian I' is considered in detail.

The following notational conventions are observed throughout: N is the set of
nonnegative integers; N * is the set of positive integers. If I' is a topological group,
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e denotes the unit of I', ¥ denotes the closure of V<T, A(y) denotes the. modular
function of I' evaluated at y € I, and we frequently use additive notation in case I
is Abelian. Finally, 4 ~ B denotes the difference of the sets A and B and I, denotes
the characteristic function of the set V.

I. Sequences of sets satisfying the ratio properties.
I.1. Definition of the ratio properties and equivalent formulations. We first make

the following basic definitions:
DEfINITION 1. A sequence {V,} of Borel sets of I' of finite nonzero measure is

said to satisfy the weak ratio property with respect to I' if and only if
. Vo A\ Val
Lim WVa Vil _ 0
n— oo I an
for all y e I'. Denote the collection of all such sequences by Wr. Furthermore, let
W2 be the subset of Wy consisting of those sequences {V,,} with only finitely many

¥V, noncompact.
DEFINITION 2. A sequence {V,} of Borel sets of I' of finite nonzero measure is

said to satisfy the strong ratio property with respect to I if and only if

. |CV, AV,
Lm—I w 2 =0
e |Vl

for all compact subsets C# @ of I'. Denote the collection of all such sequences by
Sr. Furthermore, let S2 be the subset of Sy consisting of those sequences {V,,} with

only finitely many ¥, noncompact.
The following theorems give some conditions equivalent to the ratio properties:

THEOREM 1. If {V,} is a sequence of Borel sets of I with finite nonzero measure,
the following are equivalent:
@ {Va} e Pr.
(i) Lim,. o (|CV,|/|Va])=1 for all finite subsets C# & of I.
(iii) Lim,. o (|(Nyec ¥Val/|Val)=1 for all finite subsets C# @ of T.

Proof. (ii) implies (i) upon setting C={y, e} and noting that CV,=yV, U ¥V,
and yV,AV,=(CV,~V,) U (CV,~yV,) and therefore

Lim sup M < Lim sup (|CVa~ an + ICV,.N‘)'V,,I)
n— o 'an ne> Vn
= Lim sup 2CVa| = [Va) _ g,
n—wo [Val

(iii) also implies (i) upon setting C={y, e} and noting that
YWaAVa S @Va~ GVan V)V (Ve ~ @VanVy)
and therefore

[¥Va A Vil (yVal=1yVa O Val +[Val = lyVa O Vi) =0
V2l '

< Lim sup A
n

- ©

Lim sup

n-» o0
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Now to show (i) implies (ii), let C={y,, ..., y,} be any nonempty finite subset
of I'. Therefore {V,} € Wy implies

- |yVa AV
Lim |Yt n n
n— o IV"I

But y,V,=(»:V, A V,) U V,, and therefore
CVn = U yiVn = U (‘)'(Vu A Vn) v Vn
1sisx 1sisx

=i

=0 forl £i=«

which implies

|7’1Vn A an +|Vn|
1 £ Lim sup ’ﬁf ’I'l < Lim sup =5~
n

n—> 0 n-+ o I V’ll

Finally to show that (i) implies (iii) we note that
1OCYV” ={ {0V ~ Ve A vaVa)t ~- -} ~ @e-1Va A vV}
and consequently

| > Lim inf gyan > Limi flVﬂl_1 'z«cl‘}'iVnAyH»anI
=z Limml ————— 2 Lim 1n =
n-— o anI fn— o |Vn|

-1
= 1-Limsup > Vo A Val _
no® 151k anI

THEOREM 2. If {V,} is a sequence of Borel sets of " with finite nonzero measure,
{Vya} € Sp if and only if Lim,_, o, |CV,|/| V4| =1 for all compact subsets.C# & of T.

Proof. Let {V,} € Sr, and let C# @ be any compact subset of I". Then

0 < Lim sup—l-CV—l"L_Tll'J < Lim sup |CVi‘V~ Val < Lim supl—cz"—éy-'ll =

n— o n-— o ﬂl n—-owo IV,,I

o,

and consequently Lim,_, o |CV,|/|V,|=1.

Conversely if C# @ is any compact subset of I', let C'=CuU {e} and
therefore Lim,.. |C'V,|/|V.|=1. But C'V,=V,U CV,=V, U (CV,~V,)=
CV,V (V,~CV,) and therefore, since |CV,|2|V,|, Lim,.o |CVo~V,|/|Va|=
Lim,. o |Va~CV,|/| V4| =0 implying Lim,_ ., [CV, A V,|/|Va|=0.

1.2. Uniformity of convergence. We now show that the pointwise convergence
to 0 in the definition of W; is equivalent to the formally stronger condition of
uniform convergence to 0 on compacta, and derive some useful corollaries. The
following two lemmas are pivotal in the proof of Theorem 3:

LEMMA 1. Let K be a compact neighborhood of the unit in T, and let {f,} be a
sequence of uniformly bounded positive measurable functions on I" such that
(1) Lim,_, ,, f4(y)=0 for all y € K?,
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(2) There exists an absolute constant ¢>0 such that f(eB)2 c|fu(x)—/f2(B)|
for all «, Be K.
Then f, — O uniformly on K.

Proof. Let S,(e)={yeK?: f,(y)=e} for ne N* and ¢>0. Since pointwise
convergence implies convergence in measure (|K%|<+o) we conclude
Lim,_, , |S,(¢)| =0 for all e>0. Now assume convergence to 0 on X is not uniform.
Then without loss of generality (extracting a subsequence if necessary) we may
assume that there exists an >0 and a sequence {«,}< K such that f,(e,)>7. Let
Tue)=S.(e) N K, and consider B,=T,(1/2) U a,(K~T,(/2))< K2 First |B,|
2 |K|/2>0 by left invariance of Haar measure (|K|>0 since K has nonempty
interior). But also B, < S,(e,), where ¢o=Min {5/2, ¢5/2}. For y € B, implies either
Sa@)Z7/2 in case y € T,(n/2), or else y=a,B where Be K~T,(n/2) and hence
by (2) fu&)=Su(@nB) 2 ¢| fulen) —fo(B)| Z ¢l —7/2| =cn/2. But this clearly violates
Lim, ., ,Sn(eo)| =0.

LEMMA 2. Let X be a Borel set of finite nonzero measure in the locally compact
group T, and let fx(v)=|yX A\ X|/|X| for yeT. Then for all «, BeT, fx(«f)=
| fx(e) =fx(B)|-

Proof. We apply the metric property of symmetric difference and the left
invariance of Haar measure to obtain

BXAX| 2 [BXY Ao X[+[a ' X A X| = [oBX A X|+|X A aX]|,
X A X| £ |aX A oBX|+|aBX A X| = | X ABX|+|eBX A X|.

Upon combining these two inequalities we obtain the assertion.
We now prove the *“uniform” analogue of Theorem 1:

THEOREM 3. If {V,} is a sequence of Borel sets of T" with finite nonzero measure,
the following are equivalent:
@ {Va} e Pr.
(@ii) |yVa A\ Val/|Val = O uniformly for y in compacta.
(iii) If K is any positive integer and C any compact subset of T',

Ilsr‘lk ')’an‘

[Val
(iv) If K is any positive integer and C any compact subset of T,

I{')’l’ ) Yk}Vn‘
[Val
Proof. Condition (ii), (iii), or (iv) trivially implies (i), in light of Theorem 1.
Conversely, we prove (i) = (ii), (ii) = (iii) and (ii) = (iv):
(i) = (ii): Using the notation of Lemma 2, Lim,_, ,, fy,(y)=0forally € T'. Hence
(ii) is an immediate consequence of Lemmas 1 and 2 since each fy_ is a continuous
function with values in [0, 1].

— 1 uniformly for {y,, ..., v} < C.

— 1 uniformly for {y,, ..., v} < C.
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(ii) = (iii). Fix any compact set C and ¢> 0. By (ii) there exists an n, such that
l¥Va A\ Val/|Val <e for all nZn, and y in the compact set C;=C ~*-C. Hence

| L), 7Va| 2 InVal= S nVa AviarVal
1

1sisk Si<k

= Val= D lvidinVa A Vil 2 [Val=(k=1)e
1=5i<k
since 7,4y, € C~1-C=C,; if {y,, ..., v} <= C, and (iii) follows.
@) = @v). {r1, .. vVaSUrisis Ve A V3) U V,, implying

1 < I{‘Yh RRT ')'k}Vn| < I%Vn A an
- [Val “aFze Vil

and thus (iv) follows readily from (ii).

COROLLARY 1. If {V,} € Wr, then {V,} eventually satisfies condition (FC) for
every ¢>0 and compact C<T.

Proof. Clear from (ii) of Theorem 3.
As an immediate consequence of the uniformity of convergence we obtain the
following corollaries:

COROLLARY 2. Let {V,} € Wr, let C’' be a compact subset of T, and let {y,} be any
sequence of elements in C'. Then Lim,_, o, |ynVa A Vyl/|Va| =0.

Proof. Theorem 3, (ii).

COROLLARY 3. Let {V,} € Wy, let C be a compact subset of T, and let {y,} be any
sequence of elements in C. Then {y,V,} € Wr.

Proof. For any y € T, upon setting y, =y, vy, we obtain

|7ynVn A)’nVul = lvaIWnVn AN an = |7"1Vn A an’
I’)’nVnI |Vn| | an

and upon noting that y, is in the compact set C*=C ~'yC for allne N+ we im-
mediately obtain Corollary 3 from Corollary 2.

REeMARK. Corollary 2 will be essential in the proof of Theorem 13.

1.3. T for which Wy# . We are now in a position to prove:

THEOREM 4. Wr# & if and only if T is amenable and o-compact.

Proof. Assume Wy# @. Then by Corollary 1 T must be amenable. Moreover,
let {V,} € Wr. Since any Borel set of I is o-bounded, V=, V, is o-bounded since
each V,,ne N*, is a Borel set. Consequently (¥}, the subgroup of I generated by
V, is also o-bounded. But I'={¥V"); for otherwise there is a y € I'~ (¥, which
clearly implies yV, N V,=2 (ne N*), and therefore |yV, A V,|=2|V,| and
{Va} ¢ Wr, a contradiction.

Conversely, assume I' is o-compact and amenable. Let {C,} be any sequence of
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nested compact subsets of I' such that the union of the interiors of C, cover T
By condition (FC), for each ne€ N* we may find a Borel set V, of I" with finite
nonzero measure such that |yV, A V,| <1/n|V,| for all y € K. This clearly implies
{Vaye Wr# 3.

1.4. Abelian groups. We first show that S2# & for s-compact locally compact
Abelian groups, and in fact “construct” a rather special sequence {V,} € Sp.

THEOREM 5. If T is any o-compact locally compact Abelian group, then S2+# & .
Moreover there exists {V,} € S satisfying
(i) V,&V,,1 forallne N+,
(i) Upen+ interior (V,)=T,
(iii) Each V, partitions T', i.e. " is the disjoint union of translates of V..

Proof. It suffices to construct the sequence {V,} of the theorem. It is clear that
any o-compact group I' contains an ascending sequence {K,} of compact neighbor-
hoods of the identity such that the union of the interiors of the K, is I". Consider
any such {K,} for the Abelian group we are considering, and let H, be the subgroup
of I generated by K,. Then H, is a compactly generated open subgroup of I', and
by the structure theorem for compactly generated Abelian groups there is a topo-
logical isomorphism

H, = Z° xR xC,

where a, and b, € N and C, is compact. We identify elements of the two groups
under this isomorphism. Since H, is open in I' we may take Haar measure on H, to
be the restriction of Haar measure on I'. For all 1€ N *, we define

Vi=1{0, £1,..., +t}>» x{(—t, tI}'» x C,.
Note that V! partitions I since the subgroup
H} = {2t+1)Z}°» x{2tZ}* x {0} < H,
has V! as a set of coset representatives. Also for #,, 7, e N*

Vh4+Vi = Vitt,

(L.11) Vo] = (212+l)a-. (Q)b,. |
" 2t,+1 t i

Now since K,< H, is compact there exists r=r(n) € N * such that K,< V. But by
(1.11) there also exists an so=so(n)e N* such that for s=s,, |Va+ Vi
<(1+1/m)|V¥]. We now construct ¥, inductively; let ¥;=V®, and assume V,
has been chosen inductively for k <n. We choose V, = V}™ where t(n) is subject to
(1) t(n) 2 s0(n),
(2) 2V =Vaat Ve S V:(")-
(2) is true for all sufficiently large ¢ since 2V, _, < H,_, < H, and 2V, _, has compact
closure.
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We now verify that {V,} satisfies the conditions of the theorem. (i) and (iii)
are clear, and (ii) follows without difficulty from condition (2) of the inductive
construction. To verify {V,} € SR let C# o be a compact subset of I'. Since
{interior (K,): ne N*} was constructed to be an open cover for I' and since
the K, are nested we have C< K, for n=n,. Hence, since K,< V™

r(n) t(n)
1 = Lim supl—c—}--l-—llj—"-| < Lim sup-‘K"—-*-—V"—| < Lim sup (1+;11) =1,

n -+ 0 Vn n—+ o an n-—+ o

by (1). Noting that all ¥, have compact closure, we conclude by Theorem 2 that
{V,} € SR.

We now prove that {V,} € Wr if the sets V, are * well-approximated” by disjoint
translates of each set which partitions I'. More precisely:

THEOREM 6. Let T" be a locally compact Abelian group and {V,} a sequence of
Borel sets of T' with finite nonzero measure. Then {V,} € Wr. if for every Borel set
K of T with compact closure which partitions T" there exist subsets T,<T' such that

Ve A Q (K+1-)|
Lim UL =0
Lidnded IVnI

and all K+ 7, v € T, are mutually disjoint.

Proof. Fix any y € T, let U be any compact neighborhood of y, and let H be the
compactly generated open subgroup of I" generated by U. By the structure theorem
there exist @, b € N and a compact group C such that H>~ Z° x R® x C. We identify
corresponding elements of these two groups. Now fix any £>0. For sufficiently
large r the set

K=K(@)={0, £1,..., £r}¥*x((-r,r])*xC

clearly satisfies |(K+y) A\ K| <¢|K|, where Haar measure on H is taken to be the
restriction of Haar measure on I'. Moreover K is a Borel set of I' with (finite)
nonzero measure and compact closure which partitions I". Hence, by hypothesis
there exist subsets T,,< I such that

| Z8WAN L% (K+1')|
Lim 1T =0,
- A

where the union is disjoint. Using the translation invariance of Haar measure we
also infer

I(Vn+7)A Lg (K+f+7)|
Lim ! T

Lim A =0.
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Thus, by the metric property of p(4, B)=|A4 A B|,
K+ K+7+
AN P n (S, &+7) A& (Y Kt7+)
[Vl [Vl [Val
U K+749) A(Vat)

1€Ty I

[Vl

4

and consequently
U &K+1) A ty (K-I-'r+‘y)|

€Ty

n—w n- o IVnI

Lim sup IV—Al—(-VLY)I < Lim sup

Now in general

UAcAUBf|<g|A.AB;I,

iel

and therefore

I U K+7) A U (K+f+y)| zr [(K+7) A (K+7+7y)|
Ian [Val

-3

1€Ty

U (K-i-‘r)l

t€Ty

—_— = K = & —
S g 2 1K 7

by the construction of K, translation invariance, and the disjointness of K+ 7,
7€T,. Butasn— +oo

|U (K+'r)|
| A R
since
|V A U (K+-r)|
|V|

and we finally obtain Lim sup,.. |Va A (Va+9)|/|Val Se. Since e may be arbi-
trarily small the proof is complete.

I1. Properties of Wy, WP, Sr, and S2. By Theorem 4 the theory is vacuous
unless ' is o-compact and amenable. Hence unless otherwise stated we always
assume I is a group of this category.

I1.1. Inclusions among the basic sets. We first prove a useful proposition:

ProposiTiON 1. If T' is any locally compact group, (i) Sp=@ < Sp=o
(i) Wr=2 < W=0

Proof. The forward implications are trivial. Conversely, assume {V,} € Sy or
{V.} € Wr. Since Haar measure is regular ([1, Theorem B, p. 254]), foreachne N *
we may find a compact set ¥V, < V, such that |V,~ V,| <1/n|V,|. It is now easily
verified that {V,} € S or {V,,} € W2, respectively.
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In the following results we study the questions of relations among Wy, W3, Sr,
and S2.

THEOREM 7. In any locally compact group T, (i) WR< Wy, (ii) S2<Sr, (lii)
S = Wp, (lV) Spg Wp.

Proof. (i) and (ii) are immediate from the definitions. (iv) follows since single
points are compact sets, and (iii) follows from (iv) since S2< Sp< Wr.

THEOREM 8. Suppose S+# @. Then Sp=S2 < I' is a unimodular group.

Proof. S2< S always. Hence it suffices to prove Sp=S2 < I' is unimodular,
assuming S2# .

First assume I' is not unimodular and let {V,} € S2. Let {y,} be a sequence of
elements in I' such that,

(i) SmznA(ym)<1/n|V,| forallneN+,

(ii) A(y,)<1/n forallmeN*,
where A is the modular function. Such a sequence exists because |V,|>0 and A
assumes arbitrarily small values on I'. Let E,={y,, : m=n}, and set V,=V, U E,.
We shall show that {V;} € Sp~ S2. The set ¥, is not compact since the continuous
nonvanishing function A takes arbitrarily small values on E,< V,. Therefore
{Va} ¢ S2. But {V;} € Sr. For, let C# & be a compact subset of I'. Since I' is not
unimodular, it is certainly not discrete. Thus |E,|=0 and hence |V,|=|V,|. Also

CV, =CV,UCE, =CV,u U Cyp,

m2n
implying
|CVa A CVal _ <3S |Cym| _ I |
IV | = mzn 'Vn| mgn
Moreover,
|ICV, A V,.l |CVa A V,.l < |CV, A\ CV,| ICV A
[Val Vel = [Val [Val
But
. |CVa A\ CV, |CV, AV,
Lim l—-———l Lim ——2 = 0,
n— o IVnI n-s |V|

and therefore {V,} € Sr.

To prove the converse, assume I' is unimodular and {V,} € S.~ SR. For nota-
tional simplicity assume all ¥, noncompact (if {V,} € Sr, any subsequence {V,}
€ St). Let C be any compact subset of I' of positive measure. We shall show
|CV,| =0, contradicting {V,} € Sr. It suffices to construct a sequence {y}<V,
such that

(*) Cler\lU‘Cv,: g forallteN*,
sis

for this would imply

|CV,,j>| Cv‘|= > lowl = tC|

1sist 15ist
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since I' is unimodular. Therefore |CV,|= + o0 since |C|>0 and we may choose ¢
arbitrarily large. We now inductively construct {v;}. Choose », € V,, arbitrarily, and
assume v, for 1 £i<t have already been chosen. Let C,=|J, s, Cv;. Then C~1C,
is compact. Since ¥, is not compact V, & C ~*C,. Then () holds if v, , , is chosen to
be any point in V,~C ~1C,# &, and the proof is completed.

The following lemma, which is of independent interest, is useful in the proof of
the next theorem.

LeEMMA 3. Let I" be a noncompact locally compact group with modular function A
and let R be a relatively compact subset of I'. Then there exists an infinite subset
D={y,} in T such that the Ry, are pairwise disjoint and A(y;) 2 1 for all i.

Proof. Obviously we may assume that R is compact. Let I', ={y e ' | A(y) 2 1}
and let 2 be maximal in ", such that the sets Ry, y € 2, are pairwise disjoint. This
implies Ry N R2+# & for every pe I',. Hence ', € R"'RZ and so 2 cannot be
finite (or relatively compact) because I', is not compact (observe I'=I", U I';1).

REMARK. If {y;}<T is such that {A(y,)} is a discrete subset of the positive real
numbers, in particular if lim A(y,) = oo, then {y,} is closed and discrete because A is
continuous. If R in Lemma 3 is chosen with nonvoid interior, the set 2 necessarily
is closed and discrete in I',.

THEOREM 9. Let Wy # @ . The following properties are equivalent:
(i) T is compact or discrete.

(i) We=WQ.
(iﬁ) Sp= Wp.
(iv) Sp=we.

Moreover, if T' is neither compact nor discrete, there exists {V,} € Wy such that
|CVa|=+0 for all ne N* and any Borel set C of positive measure.

Proof. If T is discrete W= W2 and Sp=S? immediately from the definition.
Also by Theorem 2 and Theorem 1 (ii) we conclude Sp=Wr. If T is compact,
trivially Sp = S2 and W= W2. To show that Sp.= Wy, we first assume Haar measure
on T is normalized so that |[I'|=1. Let {V,} € Wr. We shall show that this implies
Lim, ., |Va| =1, from which we clearly conclude {V,} € Sr. For {V,,} € W implies

Limh’—V-"—n—l-‘{"—l = Lim |Vn|"‘}||)'Vn AV _ 1

n—wo ‘V,. n—o an

forall yer.

Hence upon recalling the formula [.|y4 N B|dy=|4|-|B~*|, by dominated
convergence we obtain

. V,N\V,|dy |Vl VY .

1 = Lim [ P20 Valdy _ oy Wl Vel _ oy ).

Lim | 177 Lim === = Lim [V,
Conversely, if T' is noncompact and nondiscrete let R be any compact neighbor-

hood of the unit in I and let 2={y,, v,,...}<T, be a sequence as guaranteed by

Lemma 3. Let {V,} € Wy and define V,=V, U 2.
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(i) Clearly yV, A VoS @V, A V) U (2 VU yD), and consequently

WV A Vil vVa AV
il = (Wl

since countable sets have zero measure in nondiscrete groups, and therefore
{V:} € Wy. Since 2<V,, we have {V;} ¢ W2 and thus Wy# WQ.

(i) Continuing from (i) we shall also show that {V;} ¢ Sy, and in fact |CV,| =00
for any Borel set C in I of positive measure. First, there exists v € I with [vC N R|
>0. It follows that

[CVal = WCV4| 2 |(*C 0 RZ| = 3 |#C N Ryy|
1
= > A()PCNR| =
1

since A(y) = 1.

(iii) If W2=g, then Wr=g by Proposition 1. Hence assume {V,}e W_.
If {t,} is any sequence of natural numbers and we set V,=V, U {y,€ 2 | 1Zist,}
we clearly have {V,} € W2. But as in the above paragraph, if C is any Borel set of I'
of positive measure |C2| =0 and therefore if we choose ¢, increasing sufficiently
rapidly (depending on our choice of ¥, and C) we may guarantee |CV,|/|V,| — o
as n — 00. We conclude {V,,} ¢ SR by Theorem 2.

I1.2. Closure properties of the basic sets. We generically let Ry denote any of the
four sets Wr, W2, Sr, SP. Trivially, if {V,} € Ry any subsequence {V,} is also in Ry
as well as any sequence {U,} of Borel sets of I' with finite nonzero measure with
only finitely many U, # V,. Also, if {V ¥} € Ry for 1 i<t and {V*} is an arbitrary
sequence such that for all me N*, V¥=V® for some ne N*,1<i<t, and every
V¥ occurs only finitely often as a V¥, then {V ¥} € Ry.. The following theorem lists
further closure properties of Rr.

THEOREM 10. (i) If {V,} € Ry and {y,} is any sequence of elements of T, then
{Vayn} € Rr.

@) If {U,} and {V,} € Ry, then {U, U V,} € Ry.

(iii) If {V,} is a sequence of Borel sets of T with finite nonzero measure such that
Jor every £>0 there exists a {V}} € Wr satisfying Lim sup, - [Va A\ VEI|Val <&
then {V,} € Wr.

@iv) If{V,} is a sequence of Borel sets of T with finite nonzero measure such that for
every e> 0 there exists a {V:} € Sy satisfying V,S V¢ and Lim sup,_. ., |VE~V,|/| V|

<e, then {V,} € Sy.

Proof. (i) A Borel set V of I" has finite nonzero measure or compact closure if
and only if Vy does, where y is any element of I'. Also, if C# @ is a compact set,
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|CV A V||V]=|C(Vy) A (V¥)|/|Vy| and (i) clearly follows. (ii) follows since the
union of two Borel sets with compact closure has compact closure and

|C(U, U V) AUp U V)| £ |CU A Up|+|CVi A Vi
To prove (iii), we apply the metric property of p(4, B)=|4 A B| and infer
[YVa O Val S [¥Va AyVil+yVe A Vil +1Vi A Vil
Consequently

lyVa A Vil
[Val

€ € € £
< Lim sup ('VVn A 7Vﬁ,+l7Vn A Vn|+an A Vul)

m s LA < 2,

Lim sup

n- o

and since >0 is arbitrary we have {V,} € Wr.
Finally, to prove (iv) we note that V,< V¢ implies

CVi AVas (CVa ACYV(CVE ATV (VZ AV
=(CVa~CV)U(CVi AV)VU(V ~ V).
But
{CVE ~ CV,| = |CVE|—|CV,| £ |CVE|—|Val
S |CVE AVRIHIVEI= Vil = |CVE A Vil +|VZ ~ Vil

and therefore

(1 ] & ~
Lim supl—CV—"é}‘—L’lI < Lim sup A(CVi A Vil + Vi ~ Va]) < 2e.
n— o IV,.I n—+w IVYII
Hence {V,} € S.

By Theorem 10 (i) we see that any sequence {V,} € R can be arbitrarily trans-
lated on the right and the resulting sequence {¥,y,} remains in Rr. We now consider
the more delicate problem of left translation, and prove the following theorem:

THEOREM 11. {V,} € Wy implies {y,V,} € Wy for any sequence of elements
{ya} T if and only if every conjugacy class oF ={y~*ay : y€T'} in T has compact
closure cl (o).

Proof. Assume cl («F) is compact, and let {y,}<T'. Then

Lim la(YnVn) A (Yn Vu)l = Lim l('y': tay) Vo A\ an =0
n-® [¥aVal n-wo [Val

by Corollary 2, since y; ‘ay, =y, € o« for all ne N*. Conversely, assume cl (cF)
noncompact for some « € I and let {V,,} € W2 (< Wr). Construct {y,} subject to the
condition y;lay, ¢ V.- V; 1, which is feasible since we may assume all cl (V,)
compact, hence all cl (V,- V;;*) compact, and cl (oF) is noncompact. Then for this
sequence {y,} we have

YVuVo DAYV = ‘)'n{(')’r: lay ) Vo A Va) = ayaVa U yalVs
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and hence |ay,Vy A yaVal/|Va| =2 and {y,V,} ¢ Wr. We now prove a result of
independent interest which will also be used in the proof of Theorem 13.

THEOREM 12. Let {V,} be a sequence of Borel sets of finite nonzero measure in any
locally compact group T satisfying

(%) Lim I)’Vn A an/l an =0 foralyeU,

where U is a measurable subset of T'. Then Lim inf, ., |V | 2|U]|.

Proof. First assume |U| < +00. Then by (*) Lim,_ |yV, N V,|/|V,|=1 for all
y € U, and hence by dominated convergence

IYVnVn‘
f PLrEeldy - vl

But by Fubini’s Theorem

J'IYVII;‘lVldy_lVlf U I (y~ir) dr| dy

1
=l U, mo o d]dr =g [ 100w an

1
< — V-ildr = |V1
= 'an J‘V,. |T n I T I n I’

and therefore Lim inf, . |V ![2|U]|.

If |U|=+00 we may find measurable subsets of U with arbitrarily large finite
measure, and since (*) trivially is satisfied on any subset of U, we conclude
Lim,., |Vi!|= +o by the estimate above.

COROLLARY 4. If T is not compact, then

(i) {Va} € Wr implies Lim, ., |Vy | = + 0.

(i) If Wr# @, Lim,_, , |V,|= +co for all{V,} € Wy if and only if T is unimodular.
In fact, if T is not unimodular and e >0 there exists a sequence {V} € Wy such that
>a Vil <e.

Proof. (i) is immediate since {V,} € Wr. implies (*) is satisfied for U=T and ||
= + oo since I' is assumed noncompact.

(ii): If T is unimodular | ¥, !| =|V,| and therefore {V,} € Wy implies Lim, . o | V,|
= + 00 by (i). On the other hand, if I is not unimodular and {V,} is any sequence in
Wr then {V,y,} € Wr. for any sequence {y,}<T by Theorem 10 (i). Now since I is
not unimodular, for each n € N* we may choose ¥ € I such that A(y5) <¢/(2"| V,)).
Thus if we set Vi=V,y:, {Vi} € Wr and

D AVE =2 (V] = 2 [ValAGa) < D o2 = e

as asserted.
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THEOREM 13. If T is a nonunimodular o-compact amenable group,
C() ={xel: cl (<) is compact}

has measure zero. Moreover, if {y,} is any sequence of elements of I' for which
{A(y,)} is unbounded

C({yn}) = {e €T : cl ({ys *oy,}) is compact}
has measure zero.

Proof. Since C(I')c C({y,}) it suffices to prove the latter statement. First note
that C({y,}) is measurable: for if {K;} is any nested sequence of compacta in I’
whose interiors cover I' (such sequences clearly exist in arbitrary o-compact
groups), we have C({y,)=J; {\» ¥-Kivx 1} because cl ({y; *ay,}) is compact if and
only if {y; lay,}= K, for some i if and only if € (), y.Kiys! for some i. Now
let {V,} € WR and set V,=v,V,. Let « € C({y,}), and consider |«V, A V;|/|Val|
=|(yx *eyn)Va A\ Va|/|Va|: once more by Corollary 2 we see that this quotient
tends to zero as n — +00. Hence by Theorem 12,

|CEynp| £ Liminf |V, !| = Liminf |V; 'y, !| = Liminf |V A (v ).
n—+4+ o n— o n— o

Now the left hand side of this inequality is independent of our choice of {V,},
and we may clearly assume A(y, !) — 0. Hence for an appropriate choice of {V,}
(e.g., “repeating” terms of any {V,} with appropriate increasing ‘‘ multiplicites )
the right hand side is zero, and the proof is complete.

CoROLLARY 5. If T is a nonunimodular amenable o-compact group and {V,} € Wr.
then {y,V,} ¢ Wy for some sequence {y,}<T. '

Proof. Theorem 13 and Theorem 11.

11.3. The approximation theorem. In Theorem 9 we proved that if Wr# @ then
W2+ S2 unless I' is compact or discrete. In this section we show that nevertheless
S2 is in a sense dense in Wr, and apply this result to obtain a characterization of
Wr. We first make a definition:

DEerFINITION 3. Let T’ be any group and let K<T' be any subset of I'. For any
subset T<I' we define C(K, T) to be the maximum number of K=, r € T which
intersect, possibly +oco. Ix(T', K), the right index of K in I, is defined by

LI, K) = Inf{C(K, T:TcsI,T = Kr}.

1€T
We need the following result of Greenleaf and the author [2]:

THEOREM 14. If T is any locally compact group, there exists a Borel set K<T'
with compact closure and nonvoid interior such that I(I', K) < + oo,

We next prove:
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ProrosiTiON 2. If T is any topological group and there exists a subset K< T" with
compact closure, nonvoid interior, and finite right index in T, then every subset
C<T with compact closure and nonvoid interior has finite right index.

Proof. Let I'={J, . K7 be such that at most n right translates Kr, = € T inter-
sect. Since K has compact closure and C-has nonvoid interior, we may cover K by
finitely many right translates of C, say

Kc CoyUCoyU---UCe =C'.

But C’ has compact closure since C does, and K has nonvoid interior and therefore
we may cover C’ by finitely many left translates of K, say

C'cBKUBKU..--UBK =K'
We shall prove that this implies Iz(I', C) < nrs. For consider the decomposition

= zLe)TKT = 'LGJT((Cal'r) U (Cayr) V- - - U (Ce,T)),

and assume more than nrs of the Coyr, 1 Si<r, 7 € T, intersect. This implies more
than ns different = must occur. Hence more than ns of the C'r, r € T intersect, and
consequently m > ns of the K'r, 7 € T intersect, say [ )ysism K'7:# @. Let y, be any
element of this intersection, and for each i, 1 <i<m, let u=u(i) be some integer
1 2u=s for which y, € 8,K7;. Hence u(i) must take some value u, more than »
times, say u(i,)=u(i;)= - - - =u(i,’)=u,, where n’>n. But this implies

-1
Yo € n ﬁuoKTlp ﬁuo Yo € KT{; 56 [
1sjsn’ 1sjsn’

Combining the two preceding results we obtain

ProrosITION 3. If T is any locally compact group, every Borel set with compact
closure and nonvoid interior has finite right index in T.

We now prove a lemma which is critical in the proof of The Approximation
Theorem:

LEMMA 4. Let T be alocally compact group and let K be a Borel set of T containing
e with compact closure and nonvoid interior. Then if {V,} € W2 and 0<e< 1, there
exists a sequence {V,} of Borel sets of T such that
() VoSV |Va~Va|Se|Va| forallne N+.
(ii) Lim Sup,.« |KV,|/|Va] S1/(1—¢).

Proof. |K|>0 since K has nonvoid interior. Also K'=K-K-K~! is a set with
compact closure. For any ne N * and 8 >0 we define the Borel set E,(5) by

E(8) ={yeVa:|K' ~ Viy™'| > 8},

and let
8, = Inf{3 : |E,(8)| < elV3[}.
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Therefore E,(8)>¢|V,| if 8<8,, and |E,(3,)| S&|V,| since Haar measure is con-
tinuous.

We shall now prove that V,=V,~E,(5,) satisfies conditions (i) and (ii) of
the lemma. Clearly (i) is true. As a first step in proving (ii) we shall first show
Lim,_, ,8,=0. For assume Lim sup, ..., 8,>0; then without loss of generality we
may assume there exists an n>0 and an n, such that for n=n, we have y<3$,
and therefore

@n |Ea(m)| > e| Val.

This will result in a contradiction. For ye€ E, (1), K,=K,(n)=K'~V,y~'cK’
clearly satisfies

2.2) |K,| > 7, KynV,=ga.
Also, for each « € K’, let

Se = So(n) = {ye Ey(n) : € K,}.
We then have

@3) [ ixid =] Is.de
En(m) K’

since upon application of Fubini’s Theorem

Juuo 1= [ [ s = [ [ ] e

- [ B ek da = [ 1.l de.

Now ye€ S, implies «€ K,=K'~V,y~* and consequently oy¢ ¥V, and thus
aS, N V,=@. But S,cV, for a€ K’ and therefore «V, N\ V,=a(V,~S,) N V,.
But {V,} € Wy implies

1= IaV N VI Lim [e(Va ~ Sp) OV, < Lim mfla(V ~ SJ)|
n-»aa Vn' n—wo 'V I n— o ”l
= Lifﬂ. i}:f l—%ﬂ’s' =1- Lu,l'a_'s;xp Ii :

and hence we may conclude Lim,. o |Si(n)|/|Va| =0 for « € K’. Therefore by
dominated convergence

. S,
24 Lim = do =
24 n_lm . |Vn| o

By (2.1) to (2.4), |Ex(n)| > | V|, | K/(n)| >7 on E(y), and

Ry 1Sl J'
0 = Lim f - da—leIan " IK,(n)IdylemmfIVI(elVl-q)—en,

n-»

which is impossible.
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By Proposition 3, X has finite right index N in I', and we may write I'=_,.; K7
where at most N Kr, r € T have common intersection. Let

T0=To(n)={T€T:K‘fn V,:# Q}.
Hence
Ve U K~

1€To

Let v, € K N V,, for 7 € T, implying r € K-y, and Kr< K- K ~'y,, and therefore
KV, U K'y,

1€To

where each y, € V;. Let M =Sup,cx A(y). Since y, € K7 for 7 € T, we conclude
@25 Ay;) £ MA(7).

Now assume n, is chosen so large that for n=n,, 8, <|K|/M. By the construction,
y € V, implies |K'~ V,y~!| £, and therefore |K'y~V,| <8, A(y). Also, if Vis a
Borel set of T,
(2.6) > |Kra V| < NIV

1€T
by Fubini’s Theorem, since any point of I' lies in at most N different K7, re T.
Since ee K, for 7€ T,

@ |Kr ~ Va| S |K'y: ~ V| £ 8,A(y) S 8.MA(7),
and consequently
(2.8) |Kr N\ V,| 2 |K7|—8,M A(7) = (|K|-8,M) A(7).
Hence by (2.6) and (2.8)
N|V.| 2 Z;mfn Val 2 Z |Kr 0\ V,| 2 (K| —8,M) z A(7),

1€T 1€To
and therefore for n=n,
N|V.|
2.9 A7) £
( ) :ezo (T) lKl_snM
But also
KV;—UK": U(Klz"" n)UVm

1€To 1€To

and therefore by (2.7) and (2.9)
KV s 2 1K'y~ Vil + 1Vl S 8.M 5 A)+1V|

‘lEo ‘leo

( S, MN

l+_1?|_8_) |Val.
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Finally, since 8, —~0 asn— o0 and |V,|2(1—¢)|V,| forne N+,

imsup 51 < Lim s (14300 )l _ iy g 1 1
Limsep Jyzp = Limsee \ Uy S5 ) w7 = LM v S 1=

THEOREM 15 (THE APPROXIMATION THEOREM). Let ' be any locally compact
group, and let {V,} € Wr. Then there exists {V}} € SR such that V¥<V, for all
neN* and Lim,_ o |V~ V||V =0.

A sequence {V,} of Borel sets of T with finite nonzero measure is in Wr. if and only
if there exists V¥ € SR such that Lim, o |V, A\ V¥|[|Va] =0.

Proof. By the regularity of Haar measure we may find Borel sets V,?< ¥, for all
ne N* such that {V;)} € WP and Lim,_,, |V,~ V?|/|V.| =0. Hence we may assume
{V.} € WQ initially. Furthermore, I' must be o-compact if Wr# @ by Theorem 4,
say I'={) C; where all the countably many C; are compact. But this readily leads
to the construction of a sequence {K;} of Borel sets of I' with compact closure,
nonvoid interior, and all containing the identity such that

(1) KKy, ieN*.

(2) U, interior (K))=T".

(3) K, has finite right index in T'.

For set C/=|J,s; C; U {e} and let U be any open neighborhood of e with compact
closure. Then it is easily verified that the above conditions are satisfied by K;,= UC;.
Note that (3) follows directly from Proposition 3.

We now apply Lemma 4 to each K= K|, taking ¢=¢,=1/3i. Consequently there

exists a sequence {V, ;} of Borel sets of I' satisfying
(i) VosV,forallneN+.
@ii) |Va~Vai £(1/30)|V,| forallne N *.

(i) Lim sup,.. |[KVail/| Vel S 1/(1=1/3).

From (iii) we infer the existence of n, =ny(i) such that for all n= n, we have

Gil)' KVl /| Vil < 1)1 = 1/20).

Note also that all ¥, ; have compact closure for sufficiently large n by virtue of (i),
since {V,} € W2. We now construct {¥;*}. Without loss of generality assume ny(i) is
chosen such that ny(i) <ne(i+1) for ie N*. For 1=n<ny(l) let V¥=V,, and for
ie N* and ny(i)Sn<ne(i+1) let V¥=V, , Then each V}¥<V, by (i), each V}isa
Borel set of finite nonzero measure, and almost all ¥} have compact closure. Also
by (ii), for ny(i)Sn<ng(i+1), |V~ V¥|/|Va| £ 1/3i and therefore Lim, . o |V, ~ V¥|/
| an =0.

Finally to show that {V}} e SR, let C# @ be a compact subset of I'. Since
U interior (K;)=T is certainly an open cover of C and the K, are nested, there
exists an integer i, such that C< K, for i=i,. Therefore if i=i, and ny(i)S<n<
no(i+ 1), we have by (iii)’

Lol kv _KVal 1
L I A [Vasl = 1-1/2i
and consequently Lim, ., |CV¥|/|V¥|=1.

1
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We have just shown that if {V,} € Wy there exists {V*} € S such that

(2.10) Lim |V, A VX[/|Val = 0,

and in fact V¥ could be taken to be a subset of V,. Conversely, assume {V}} € S2
and {V,} is a sequence of Borel sets of I" with finite nonzero measure satisfying
(2.10).

Fix any y e I'. Since {V}} € SRS W2, we have Lim,. |yV¥ A V¥|/| V¥ =O0.
But

YWaAVaS GVa AyVHVUEVEAVHUIE AT,

and consequently,

* % * *
Li{giupl‘yV'l‘TAlV"l < Lh,',n_.iup lyVa A ¥V |+|‘yV|,‘VZ|§ V¥ +|V¥ AV,
%* * *
— Lim sup 2/V, A VR ||-II-/||yVn AV o
n— o n

since Lim,,_, o, |V,|/|V¥|=1; and therefore {V,} € Wr.
As an immediate corollary to The Approximation Theorem we have:

COROLLARY 6. Wp# @ < SA# &.

I1.4. A necessary condition for {V,} € Wr. In this section we apply The Approxi-
mation Theorem to obtain a necessary condition for {V,} € Wr. It should be noted
that the condition is also sufficient if I" is Abelian by Theorem 6. It is reasonable to
expect that the condition stated in Theorem 16 is in fact sufficient in general also,
but the author has been unable to prove this.

THEOREM 16. Let I' be a locally compact group, and let {V,} € Wr. Then for any
Borel set K of T' with compact closure and finite right index N there exist subsets
T,<T such that

VoA U K1'|
Lim——= 19
new A

and at most N of the K+, € T, intersect.

Proof. Since {V,} € Wy, by Theorem 15 there exists {V*} e S2 such that
Lim,_. . |V¥ A V,|/|Va]=0. Fix K of right index N, say I'=J,.r K7, where at
most N of the Kr, 7€ T intersect. Let K'=K-K~! a Borel set of I" with compact
closure. Since {V}} € SR, Lim, ., |K'V¥|/|V¥|=1.LetT,={reT: Kt N V¥# 3},
implying

Ve U K.

1€Ty
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Let o, € KT N V¥ for 7€ T,, and hence 7 € K ~'e, and consequently Kr< K- K ~'a,
=K'a,= K'V;¥. Therefore

U Kr < K'VE.
1€Ty
Finally,
V"Aqul IVnAVn*l"'lLJKTAV:
Lim sup L < Lim sup n
n® anI ST anl
* 74 ] %*
=< Lim sup (IV" AV ITII/IT Vi AV l) =0,
n-o n

and by construction at most N of the Kr, r € T,<T intersect.

III. A generalization and some special considerations. In this section we use
combinatorial arguments to study a generalization of the (weak) ratio property in
the case where the locally compact group involved is a finitely génerated discrete
Abelian group. We first make a definition:

DEFINITION 4. Let A=T'xS be the product measure space of the locally
compact topological group (T', B, |-|), where B is taken to be the Borel sets of T’
and || is a left invariant Haar measure on B, and the arbitrary measure space
(S, Z, |-])- A sequence {A,} of measurable subsets of A with finite nonzero measure
is said to satisfy the ratio property with respect to I' in A, written {A,} € Wr. 4,
ifand only if Lim,, ., [yA, A A,]/|As|=0forallye T, where yAy={(y7, s) : (7, 5) €
AosT'x S} for any A, A=TI"xS. Note that if S is a singleton of unit measure
this definition collapses to the weak ratio property of Definition 1.

If a and b are real numbers, we shall use the notation a A b=Min {a, b},
a v b=Max {a, b}.

LEMMA 4. Let b,, ..., b, be r 22 real numbers, and set

: b; +b,
S = b, So = 2—+ by, M = b, A by
lsztsr ‘ ° 2 1<zt<r ¢ 13isr ¢ e
Then
1 1 1
—_ - —_— — > = —
S-Mz Sz—5M, So—Mz5 Max |b—b|

Proof. From the identity a A b=(a+b)/2—|a—b|/2 we derive

bitbier  |bi—bias 1
M = ( (] i+1 Y i+1 ) — S —_ b _b .
1§Z‘<r 2 2 (1] zlg<'| i (+1|

And hence by the triangle inequality

M2 -
So M=%1£‘431’;' |bi—b,|-

Also if we set b=b,=Max; s, b,
M é So_‘}(lbl-bml"'lbm—brl) = S—bm = S—S/r,
and consequently S— M= S/r, S/rz M/(r—1).
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THEOREM 17. Let A=Z x S as in Definition 4 where Z is the discrete group of
integers with the counting measure. Let Ay be any measurable subset of A with finite
nonzero measure and assume

[(1+Ag) N Ao| 2 (1-&)|Ao.
Then if ce N*, we may partition A, as
Ay = (L,:JA"XS") U R
where n ranges over an appropriate index set I=1I(c), each A, consists of exactly c
consecutive integers, the A, are mutually disjoint, each S, € Z, and |R| £6c+/¢e| Ao|.

Proof. The measurable sets of A are precisely the sets of the form | ez {n} x B,
where B, € Z for ne€ Z. Hence assume Ay=|J,ez {n} x B, and let b,=|B,|. Then
|A0| =Znel bn and

I8 = U nx By (1+A) N Ay = U (1) x By N By -y).
ne. ne

By hypothesis,
elAo] Z [Ao ~ (1+A0) N Ag)| = D (Ba—|B, N B, _4))
(31) neZ
= Z (bn-1— |Bn N Bn—l[)a
neZ
and consequently
(.2) 2e|Ao| 2 D (bn V buy—|Bu N B,_,)).

neZ
Fix any ce N* and let V,={n}x B, N B,_;, A,={cn,cn+1,...,cn+c—1}, and
Ap=\Uxea, V. Therefore (1+ Ag) N Ag=|Jnez A, and

e|Ao| 2 Z ( z {bK_IBKnBK—ll})

neZ \KeA,

z (bcn+’ “tbenre-1— Z (bK A bK—l))
neZ KeAp

1\%

3.3)

‘ bcn- bcn c-
z ( 5 1+bc,,+---+———§-—1— z (bx A bx-1))

neZ KeAp
> 1S Max (jbu—b,| : 4, ve 4, U {en—1}
252, ax{bu=by| : u,ve 4, U {en—1

by Lemma 4. Now fix any §,0<8< 1, and let
E=E,={meZ: |B,NBy_i|] £ (1-8)bn V bn-1)}
Then by (3.2)
2¢[Ao| 2 D (ba V o1 —|Ba N Bya) Z D (bn V buo1—|Bn N Baosl)

neZ meE

28D bnVbp-128 bu
meE

meE

[\

(34
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Now let E*={ne Z : A, N E# @}. We shall show
2ce
< (Z££
3.5) PANE ( : +2ce)|A0|.
For, in general by Lemma 4,
'Anl = bcn-1/2+bcn+ ot +bcn+c-1/2
and consequently

D A £ D {cbnt+GBen-1—bn)+ (ben—bm)+ - - - +3(Bens c-1—bm))}

nekg* nekE*

where since 4, N E# @ we have taken any m € 4, N E and the corresponding
term b,,. Hence,

D IA S ¢ D bat D Alben—1—bul+ - +3bensc-1—bnl}

nek* neE* nek*
<c Z by+c z Max {|b,—b,| :u,vef{cn—1,...,cn+c—1}}
meE nek*

< 22 | Aol +20e] A

by (3.4) and (3.3).
We now set I=Z~E*, and therefore ne I implies 4, N E=g, ie. |Vg|>
(1—=8)(bg V bg_,) for all Ke A, where Vy={K}x(Bx N Bg_,). For any ne€ I, set

Sn = BK € 2.
Ke{en-1,..., cn+c-1)
We next prove for n€ I,
(3.6) |Ag ~ (Apx Sp)| S 8 D br.
TeAn

FOI‘ k € A'l’ 'Bk N Bk—ll >(l _8)(bk \ bk—l)’ and therefore ‘BkNBk—ll < abk,
| By -1 ~ By| < 8by_,. But for any k € 4,

Sp = n By

Te{cn-1,...,cn+c-1)
2 (BN Bi_y) ~{(Bx-1~ Be-2) V-V (Ben ~ Ben-1)
U(Bi ~ Bis)) VoV (Bense-2 ~ Bense-1)b
and therefore
|Sa] Z |Be N Beos| =8 2 by

TeAp
Thus
|Ag ~ (AaxS) = D (IBn B =SS > 8D br=1c8 D br.
ke€dn kedAp, Tedp TeAdp
Consequently,
3.7 D A ~ (4, S,)| S e8> > br < c8|A,

nel nel TeAy
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and finally by (3.1), (3.5) and (3.7),

|80 ~ U (4axS)| = |Ao ~ (Ag h(l+Ao))|+|(Aon(l+Ao)) ~ U (4, xS,)
= [Ao ~ (Ao N+ AN+ D [Ad]+ D |Ay~ (4, xS,

neke nel

el ol + (57 | Aol +2eel Aal ) + Bl ol

A

Ubpon setting 6 =+/¢, we obtain the theorem.

COROLLARY 7. There exist two functions w, and 8, defined on (0, 1) satisfying
Lim,_ o+ 8,(¢)=0, Lim,,o+ wy(e)=+00 such that |A; N (1+Ag)|Z(1—¢)|Ao]
implies

Ay = (U AnxS,,) UR
n

where each A, consists of exactly w,(e) consecutive integers, the A, are pairwise
disjoint, S,€Z, and |R|<8,(e)|Ao|l. In fact, we may take w,(e)=[e"%], 8,(c)
=6ellt.

Proof. Set c=[¢"'%] in Theorem 17, and note that we may take 8,(e)
=64/c[e~14] S 6614,
We now generalize Corollary 7:

THEOREM 18. Let A=2Z%x S be the product measure space of Z* (k€ N*) with
the counting measure and the measure space S. Let e;=(8y, ..., 8,,) € Z* for
1<j=<k. Then there exist two functions w, and 8, defined on (0, 1) satisfying
Lim,_ o+ 8,()=0, Lim,_ o+ w(e)= +00 such that

Ao N (e;+Ao)| = (1—¢)|Ay| forallj, 1 =j =k,
implies
Ay = (UA'I‘x-nxA,':xS,,)UR'
n

where |R’| £ 8,(e)| Ao|, each A} is a set of at least w,(¢) consecutive integers, A™
=A1 x - - - X A} are pairwise disjoint, and S, € X. In fact, we may take

w(e) = [e7%],  8(e) = (Tk*+Tk—2) &™x[2,

M = {(2+4\/2) (2+2\/2)k+(2_;4l%) (2_2\/2);:}“,

Proof. We proceed by induction, noting that Corollary 7 covers the case k=1.
Assume the theorem true for j<k. Let A=2Z*x S=Zx S* where S*=2Z%"1x§.
We shall find it convenient to consider A decomposed as a product in both these
ways. Assume A,< A is such that [Ay N (e;+ Ag)| = (1 — )| Ao| for 1 Sj<k, where
p>4 is a parameter to be.optimally chosen later. Then in particular considering

where
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A=2Zx S*, in which case translation by e, corresponds to translating Z by 1, we
obtain from Corollary 7

Ao = (UA"XS:)UR,

where |R|£6e74|Aq|, |A,| =[e"*'*], the A, are pairwise disjoint, S¥<S* and
measurable. For 25k, [Ag N (e5+ Ag)| Z(1—¢°)|Aol; let I; index all n in the
above representation for which |S¥* N (e, +S¥)| = (1 —¢)|S¥| (2<j<k), where we
interpret e, + S¥ by projecting e; on its last (k — 1) factors and consider S¥ = Z*~1x §
in the natural way. We then have for 2<j<k

| Aol 2 [Ao ~ {(e,+Ao) N Ao}| 2 ILnJ A x{SF ~ (Sx N (e,+S,f))}| — 6”4 A,

implying
Te*'4|Ag| 2 & z | A, x S¥|.
nely
Hence
Ay = (U’ A,,xS,’f) U R*
n
where

R* = ( U A,,XS,’S‘) UR, |R*| £ (6e”'*+7e?%-Y(k—1))|Ag| £ Tke®'* 1| Ao,

nelgu - - Uiy

and the restricted union | J’ is over n¢ I, U- - -U I,. By construction, for every
such n,

|S¥N(e,+S¥)| = (1—¢)|S¥| for2 )=k,
and by applying the induction hypothesis to Sy,
Sk = (L‘J A X - xAszS,.J) U R,

where |R,| <9, - 1(2)|S,’f|, each A}, is a set of at least w,_,(¢) consecutive integers,
and the 43 ; x - - - x A}, are disjoint. Therefore for such n

A, x S¥* = (L‘) Ay X AZ X - - - xA,':.,xS,,,,) UR,
where

Ry = Aux Ry, |Re| S 8,_3(e)]Anx SEI.

Thus we finally obtain

Ao = {L,,J’ L‘) (Apx AJ X - - X AR X SM)} UR

where R'={J; R, U R* and |R’| £(8;-,(e)+ 7¢”* k)| A,|. The double union is of
terms of the desired type where each factor from a component of Z* consists of at
least Min ([¢~**], w, -,(¢)) consecutive integers. Hence we may take

8i(e) = 8 (M) + Tet4 1ok,  wy(e) = Min ([e™1], wy-1(*?)).
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We now wish to choose p,=po(k) so as to optimize the estimate of §, inductively.
Assume §,_, is of the form: §,_,(e)=C;_,e*-1. Then §,(e)=C)_ -1+
Tke'/t -1 is admissible for any p>4. We choose p, such that A,_,/po=1/4—1/p,
and set A, =, _;/po. In this way, if we set u,,=1/A, we obtain the recursions:

e = b1 +4, p =4,
Ck = 7k+ck_1, C1 = 6.

Consequently, C,.=(7k%2+T7k—2)/2 for k=1 and

#k=(2+‘/2)(2+2\/2)k (2 ‘/2)(2 22 fork 2 1,

by standard methods of linear difference equations.
The following simple lemma is used in proving the next theorem:

LEMMA 5. {A,} € Wy, if and only if Lim, ., |gA, A\ Ayl/|As| =0 for all g in a
generating set G of T'.

Proof. Let ye T, say y=g,8,_, ‘8281, & € G, 1 Si<r, and choose ny(e) such
that for n2no, |gA, A A4l Se|A,| for 1Zi<r. Then for n2n,

lYAn O An| = |gr- - 82810 A An| S |8 8180 A\ &1 - 82|
+|gr“‘ 2AnAgr'"gaAnI"l'"""lgrAnAAn'
= IglAnAAn|+|g2AnAAn|+"'+|grAnAAnl s I'ElA,.l,

and therefore, since ¢ may be arbitrarily small, Lim, . ,, [yA, A Au|/| Al =0.

THEOREM 19. Let '=C x Z¥, |C| < + 0, be a finitely generated discrete Abelian
group, A=T" xS as in Definition 4, and {A,} a sequence of measurable subsets of A
with finite nonzero measure. Then {A,} € Wt , if and only if there exist two sequences
{wn}, {ya}, Lim,_ o, w,= +00, Lim,_, , y,=0, such that

A, = (%} CxA'{'x--'xA,':'xS,,,)u

where |R,| < 8,|A,|, each AT is a set of at least w, consecutive integers, the AT x
x AR are pairwise disjoint and each S, € X.

Proof. By Lemma 5 we need only verify the ratio property for a generating set
for T'; we take G=C U {ey,...,e}. For ceC, c+Ay=(Un (c+C)x AT x
XAFXSp) VU (c+R)=(Un Cx AT X - - x AT x S,) U R, where |R,| =|R,| £ §,|A,]
and therefore |(c+A,) N A, 2(1-38,)|A,| implying Lim,. o, [(c+A,) A A,)/|Aql
=0. Similarly for 15i<k,

e+ A, = {U CxATx --- x(AI"+1)x---xA,’2xS,,,}UR,’,
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where |R,|=|R,+ e = 8,|A,|. Since AT consists of at least w, consecutive integers,

(e +A) N Ay 2 lgn) CXATX -+ X (AP N (AP + 1)) x - - xA,';‘xS,,.l

(-3

and hence Lim,_,, |(e,+ A,) A A,|/|A,| =0 since w, — o, 8, — 0.
Conversely, let C={cy, ..., ¢y} and write

= i
An lsLtéT {C,} X An
where AL =Z* x S. Choose n,=ny(¢) such that for nzny, 15i<T,
[(Ci+Ay) 0 Ayl 2 (1=2)| A,
Therefore, for 154, jST, AL~ AL Se|A,|. Let |A!|=Max,g<r |44, and

Ay = () Al ={( (A ~ (A5~ AP~} ~ (A2 ~ Ao,
1SIST

Y O g xSz (1= ) A=A

where iy, iy, ..., ir-, is an ordering of 1, 2, ..., T. We then have

|u| 2 |db|=Te|Ay] 2 (—;—,—Te)lAnl,

and consequently A,=(CxA4,) U R, where |R,|ST?|A,|. Choose ny=ny(e)
such that n2ng implies |(e;+ A,) N Ayl 2(1—¢)|A,| for 1 Si<k. Then

I(et+Au) N Anl = l{(cx (ei+An)) v (el+Rn)} n~{(CX (An v Rn))}l
é lCX (An n (et+An))l +2anl = TlAn N (e£+An)| +2|Rn,

Therefore for 15i<k

et dn) 0 ) 2 LEANEA=2R] 5 (g L2l

> (1- QT+ 1)e)| 4,
The proof is now completed by applying Theorem 18 to Ay=A4,.
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