THE ABSTRACT TIME-DEPENDENT
CAUCHY PROBLEM

BY
MATTHEW HACKMAN

Preface. This paper treats existence of elementary solutions B(z) for equations
B'(t)=A(t)B(t), where A(t) is an unbounded operator in a Banach space. Two
points of view predominate. One is that generalization of the power-series defi-
nition of the exponential function is more fruitful than generalization of the
product-integral definition (e‘=1lim,_, . (14 ¢/n)"). The other point of view is that
smoothing of unbounded operators exclusively by resolvents (particularly in the
time-dependent case) leads to drastic losses in generality with little gain in clarity
and simplicity.

Chapter one of the paper is purely introductory. It develops essential measure-
theoretic preliminaries which are particularly relevant to the work of the rest of the
paper and do not appear to be readily available elsewhere.

Chapter two begins the paper proper. It introduces the information about
elementary solutions for the case of bounded operators from which the rest of the
paper is developed. In addition to treating existence, uniqueness, and continuity, it
includes a special growth estimate for elementary solutions that makes possible
certain of the applications of the general theorems for unbounded operators
proved later.

Chapter three is in a sense the core of the paper. Its main theorems are decidedly
technical in nature, reflecting the unabashedly anatomical outlook taken toward
the work of Hille, Kato, Phillips, and some others. These theorems comprise the
first part of the chapter. The second part of the chapter is a justification of the first
part. It rederives some of the work of Kato from the previous theorems of the
chapter, and it exhibits some interesting nontrivial further applications of the
theorems to cases not at all covered by the work of Kato inasmuch as projections
in Hilbert space take the place of resolvents for smoothing.

Chapter four is inspired by work and suggestions of I. E. Segal. If the operators
involved are affiliated with a ring of operators in a Hilbert space, then some ring-
theoretic conditions on the operators ensuring adequate smoothing projections for
construction of elementary solutions are available. One of the two cases basically
considered may be applied to operators which are matrices in constant-coefficient
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differential operators. The other case may be applied to exponentiation of operators
affiliated with factors of type IL

Chapter five treats briefly a possible direction in which one may proceed if the
operators involved are bad boundary-values of well-behaved analytic functions.
The basic case it seeks to generalize is mentioned in the last paragraph of the
chapter.

1. Banach space lemmas. Let X be a separable Banach space.

(a) DerINITION. If Q is a measure space, a function x: Q — X is called measur-
able if f(x(-)) is measurable for all fe X*. A function A4: Q — B(X) is called
measurable if A(-)x is measurable for all x € X.

The measurable functions from Q to X and from Q to B(X), respectively, form
vector spaces.

Let {x,} be a sequence dense in X. Let {f,}<X* be such that ||f,|=1, and
Su(xa)=|xa|. Then if x: Q — X is measurable, |x(w)]|=Iub,.;,. . |fx®)),
so that ||x(-)|| is measurable. If 4: Q — B(X) is measurable, then |A4(w)|=
lub,.;,...,o (| (@)X, [)/(| x,]) is measurable.

We wish to show that the measurable functions from Q to B(X) form an algebra.

When X is a Hilbert space this is easy. Let A(-) be measurable. Then | A(:)x|?
=(A(-)x, A(-)x) is measurable for all x € X. Then 2(4(-)x, A(-)y)= | A(-)(x+)|?
+i||ACYx+ip)|2— (1 +i)]AC)x]|2— (1 +i)|A(-)y]|? is measurable for all x and y
in X, so that A(-)*A(-) is measurable. Since A(-)* is trivially measurable whenever
A(-) is, A(-)=S(-)+iT(-) with S(-) and T(-) self-adjoint and measurable. Thus
we need only show that A(-)B(-) is measurable whenever A(-) and B(-) are self-
adjoint and measurable. But if A4(-) and B(-) are measurable, then
AC)+B()*(AC)+B(-))=A(-)>*+B(-)>*+A(-)B(-)+B(-)A(-) is measurable,
so that 4(-)B(-)+ B(-)A(-) is measurable. Similarly, (4(-)+iB(-))*(4(-)+iB(-))
=A(-)*+ B(-)>+iA(-)B(-)—iB(-)A(-) is measurable, so that A(-)B(-)—B(-)A(-)
is measurable. Thus A(-)B(-) is measurable.

More generally, when X is not necessarily a Hilbert space, A(-)B(-) is still
measurable when both A(-) and B(-) are. Since A(-)B(-) measurable means that
A(-)B(-)x is measurable for all x € X, it suffices to show that 4(-)x(-) is measurable
whenever A(-) and x(-) both are. Certainly if x,(w) — x(w) in the norm for each w
and if A(-)x,(-) is measurable for each n, then A(-)x(-) is measurable. If x,(-) were
measurable and countably-valued, then A(-)x,(-) would be measurable. But by a
standard result x(-) can in fact be approximated by a sequence {x,(-)} of countably-
valued measurable x,(-) for which ||x(w)—x,(w)| — O uniformly in w.

(b) We make the following definitions for convenience.

DEFINITION. #(X, Q) denotes the space of measurable functions from Q into X.
#(B(X), Q) denotes the algebra of measurable functions from Q into B(X).

DEFINITION.

LA(X, Q) = {x(-) e #(X, Q) : |x(-)| € L"(Q)},
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and
L*(B(X), Q) = {A(-) e #(B(X), Q) : |A(-)] € L*()}.

For x(-) € L*(X, Q), we set |x(-)],=([qa [*(-)]?)*"™, and for A(-) € L*(B(X), Q),
we set [4C)],=(fa [4C)[P)*.

The spaces LP(X, Q) and L?(B(X), Q) are Banach spaces for p2 1. L}(X, Q) is
precisely the space of Bochner-integrable functions from Q into X. Unfortunately,
only those A(-) € L*(B(X), Q) which are ‘“‘almost separably-valued” are Bochner
integrable with B(X) considered as a Banach space under the operator norm.
(For A(-) € #(B(X), Q), A(-) is almost separably-valued if there exists a null-set N
such that {4(w) : w € Q— N} is contained in a separable subspace of the Banach
space B(X).) For example, if Q happens to be a topological space with a countable
basis of open sets, then A(-) is almost separably-valued if it is almost everywhere
continuous as a function from Q to the Banach space B(X).

(c) We specialize to the case that Q=[a, b}, a bounded interval with Lebesgue
measure.

(1) DerINITION. A function x(-): [a, 5] — X is of bounded variation if 3K>0
such that 37, |x(t)—x(t,-,)| <K for all choices of a=ty<t;<---<t,=b. A
function A(-): [a, b] »> B(X) is of bounded variation if 3K>0 such that
iy | A(t)— At -1)| <K for all choices of a=t,<t,< - - <t,=b.

Since complex-valued functions of bounded variation are measurable, application
of continuous linear functionals shows that x(-) is measurable if it is of bounded
variation. Directly, A(-) is measurable if it is of bounded variation. Even more,
since it is continuous on [a, b] except at a countable number of points, it is almost
separably-valued.

For A(-) to be of bounded variation, it suffices to know that A(-)x is of bounded
variation Vx e X. To see this define a continuous pseudo-norm on X by ps=
>y |A(t)x— A(t;-)x|, where S represents the subdivision a=¢,<- .- <t,=b.
Then pg is uniformly bounded on each x, so that there exists ¢ with pg(x) = c||x|| for
all x € X by Bourbaki’s version of the Banach-Steinhaus theorem. Thus for all
subdivisions of [a, b], 27, | A(t)—A(t,-,)| Zc.

(2) DerFINITION. A function x(-): [a, ] — X is absolutely continuous if Ve >0,
38>0 such that >7., |x(b)—x(a)|| <& whenever {(a;, b))}, is a collection of
disjoint open subintervals of [a,b] with 3P, (b;—a)<38. A function
A(-): [a, b] = B(X) is absolutely continuous if a similar condition holds with
S7-1 |4(b)— A@)) replacing 7., [|x(b) - x(@)].

Since absolute continuity implies continuity, x(-) and A(-) are uniformly
bounded on [a, b] if they are absolutely continuous. Directly, A(-)x(-) is absolutely
continuous if A(-) and x(-) are each absolutely continuous, and A(-)B(-) is abso-
lutely continuous if 4(-) and B(-) each are. Parenthetically, we note that absolutely
continuous functions are automatically of bounded variation.

If A(-)eLY(B(X), [a, b]) and is, moreover, almost separably-valued, then
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B(t)={% A(s) ds is absolutely continuous on [a, b], and B(¢) is uniformly differ-
entiable a.e. on [a, b] with derivative B'(t)=A(t). If B,(-) and B,(-) are absolutely
continuous and are uniformly differentiable a.e. on [a, b], then so is B,(-)By(-),
and (B,(t)B,(t))' = By(t)B,(t) + By(t)Bi(¢) a.e. on [a, b).

If, however, A(-) € LY(B(X), [a, b]) is not necessarily almost separably-valued,
we know only that there exists B(-) with B(t)x=[; A(s)x ds Vx € X. This means
that [(B(ta)—B(t)x| < |x| fi? |A(s)| ds Vxe X, so that |B(t)—B(t)|=

¢ | A(9)]| ds. Thus |B()| <|A4(-)|. Vtela, bl, B(-) is absolutely continuous
on [a,b), and since [} |A(s)| ds is differentiable for almost all ¢€ [a, b],
(1/8)||B(t+8)—B(z)| and (1/8)|B(t)—B(t—8)| are bounded uniformly in & for
almost all ¢ € [a, b].

For x(-) € L*(X, [a, b)), [* x(s) ds is strongly differentiable for almost all ¢ € [a, 5]
with ([} x(s)ds)’'=x(t). Let A,(-) and A,(-) € L(B(X), [a, b]). Setting By(t)x
=} A(s)x ds (i=1,2), we may assert that, for each x e X, By(t)x is strongly
differentiable for almost all ¢ € [q, b] with (B,(t)x) = A4,(t)x. We should like to
assert that B,(t)B,(t)x is strongly differentiable for almost all ¢e€ [a, b] with
(By(t)By(t)x) =A,(t)Ba(t)x + By(¢)A4(t)x. The following lemma suffices to estab-
lish this.

LEMMA. Let x(-) be strongly differentiable a.e. on [a, b] with derivative x'(-).
Let A(-) € L\(B(X), [a, b)), and let B(t)x=[, A(s)xds Vxe X. Then B(t)x(t) is
strongly differentiable a.e. on [a, b] with derivative A(t)x(t)+ B(t)x'(¢).

Proof. Let N, be a null set such that x(-) is differentiable Vt € [a, b]— N, with
derivative at ¢ equal to x'(¢). Let Ny, be a null set such that [ | 4(s)| ds is differ-
entiable V¢ € [a, b]— Ny, with derivative at ¢ equal to | A(?)]. If {x,} is a sequence
dense in X, then for each x, the set of ¢ for which B(¢)x, is differentiable with
(B(t)x,) equal to A(t)x, is contained in [a, b] minus a null set N,.

Set N=Nyo U UZ-0 N,, and let ¢ € [a, b]— N. Then

[(A()x(8) + B(2)x'(£)) — (1/8)(B(t + 8)x(2 + 8) — B(£)x(2)) |
£ [I(4@)—(1/8)(B(t+8)— B(e))x(2)|
+ | B@+3)| - [|x'(£)— (1/8)(x(t + 8) — x(2)) |
+|B(t)—B(t+39)|- |x'(2)].
Certainly the last two terms go to zero with 8. The first term is majorized by

I(A(2)—(1/8)(B(t+ &) — B(t))xa|
+ 4@ - %= %)+ (1/3)| B(¢+8) = B()] - [ % —x(1)].

But we may choose x, to make the last two terms of this uniformly small in , and
then let & go to zero to make the first term vanish. |

Suppose now x(:) is absolutely continuous on [a, b] and (f(x(-)))’=0 a.e.
Vfe X*. Then x(-) is constant.
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When x(-) is of bounded variation on [a, b] and has a weak derivative x'(-) a.e.
on [a, b], x'(-) e L*(X, [a, b]) by a standard theorem of vector integration. In
particular this is true if x(-) is absolutely continuous on [a, b] and has a weak
derivative x'(-) a.e. But by the above paragraph x(¢)— {% x'(s) ds is then constant,
so that x(t) = x(a)+ [ x'(s) ds, and x(-) is even strongly differentiable a.e. on [a, b].

2. The Cauchy problem for bounded operators in a separable Banach space.

(a) LemMA 1. Let A(-)e LY(B(X), [a, b]). Then there exist B(-,a) and
B(-, a) e L*(B(X), [a, b]) such that

) |B(t, @)~ 1| Sexp (% |A(s)] ds)~1and | Bz, ) 1| Sexp (f}, | A(s)] ds)~1,
and (2) (B(t, a)—I)x=. A(s)B(s, a)x ds and (B(t, @)—I)x= —[% B(s, a)A(s)x ds,
forall xe X.

If A(-) is almost separably-valued, then B(-,a) and B(-,a) are also, and
(B(t, a)—I)=[. A(s)B(s, a) ds, and (B(t, a)—I)= — [ B(s, a)A(s) ds.

Proof. Set «(t)=|A(¢)|. For any n, A(t,)A(t,-,)---A(t;) is measurable on
[a, bT", and, since [ A(t2)A(tn-1)- - - A(ty)| S elts)- - -olty),

A(t)A(t,-1)- - - A(ty) € L\(B(X), [a, B]").
For t € [a, b] let B,(t) € B(X) be such that Vx e X,

B(t)x = f AQ)- - A(t)x dty- - -dbt,,
tStp=--- Bt =a

Then

I8l s 11 olty)- - -edty) dty - -d,
tzt"z et =a

= |x| J:: olt,) dt, f:ﬁ ty-1) dty_y J“:a o(ty) dt,.
Set B(t)= [} a(s) ds, so that B'(f)=«(t) a.e. on [a, b]. Then
t ty ¢ ty
1801 < [ Fedn [T 8@ dn = [ By d [ ) du

- f Bt dty- - f ® (B(t)2/2VB'(ts) dt = j Bt = 1)DB(t,) d
= (B(ynY).

If f(t,, . .., t,) is any nonnegative function in L*([a, b]"), then

f fty ..ty dty- - dt,
t2tp--- Sty =a

is a monotone increasing function of ¢ and, hence, is measurable. Thus

| Fts .ty dty- - -d,
t&tps - -ty =a



6 MATTHEW HACKMAN [August

is measurable for any f(¢,, . . ., t,) € L'([a, b]*). Thus Vfe X*
109 = | S A@)) dis- -ty
t2ta2 - 2t 20

is measurable, so that B,(-)eL*(B(X),[a,b]). Since |SpemBi()|ew
S3%-m (BB)/kY), Zk-1 Bi(*) is Cauchy in L*(B(X), [a, b]).
Set B(’, a)—1=z,?‘1 Bk(')' Then

IBG.0)~11 5 3, 101 S 3, (B K = exp (BE)-1.

This proves the first assertion for B(t, a). To prove the second assertion we note
that

3 A(t)Bk(t)ﬂ S O] 3, @k

< 140)] 2 BOYkY) < |A®)|(exp BB)-1),

so that for all n the norm of 3}, A(¢)B.(¢) is bounded by the function
| 4() || (exp B(B)—-1),

which is in L([a, b]). Since >}, Bi(t) is uniformly convergent for each ¢ € [a, b),
for each x € X we have

[ 46, awas = [ aemast 3 [ asyBspas.

k=1

But
[ aopusmas = [ acyas A(s,)- -~ A(s)x dsy - -,

28R - 8126

= A(S)A(s,)- - - A(sy)x dsy - - - ds,. ds
tRsRe> - 2824

by the Fubini theorem for Bochner integrals, = By ., ,(¢)x. Thus
f A(5)B(s, x ds = Y, By()x = (B(t, ))—I)x.
a k=1

All of the assertions for B(:, a) are established in exactly the same manner
except that B,(¢) is.defined by

B()x = (1) f A - AQ)x dty---dt,, Vxe X,
t2taZ o Bty B0

When A(-) is almost separably-valued all of the relevant integrals may be taken
directly as uniform Bochner integrals. The stronger assertions in this case follow
immediately.
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COROLLARY. B(-, a) and B(-, a) as defined above are absolutely continuous on
[a, b) and are strongly differentiable a.e. on [a, b] on each x € X with derivatives
A(-)B(-, a) and — B(-, a)A(-), respectively. When A(-) is almost separably-valued,
B(-,a) and B(-, a) are, in addition, uniformly differentiable a.e. on [a, b].

Proof. The corollary is immediate from the integral formulas and bounds for
(B(-,@)-1) and (B(-, a)-1). 1
LemMma 2. B(t, a) is invertible V't € [a, b].

Proof. Let a=ay,<a, < - -- <a,=b be any subdivision of [a, b] with

[ 1aonas < v

Then Vt € [4, i),
186, )11 < exp ([ 4@ ds)-1

< exp (fam A ds);-l <e’-1<2-1=1.
ay

Thus B(t, a)) is invertible V¢ € [a,, a;.,]. Set C(t)=B(t, a)B(a;, a,-,)- - - B(a,, ay)

for t€[a;, a;,,]). Then C(-) is absolutely continuous on [a, b], is strongly differ-

entiable a.e. on [a, b] with derivative A(-)C(-), and is invertible everywhere on

[a, b].

But B(-,a)C(-)x is strongly differentiable a.e. on [a, b] for each x € X with
derivative —B(-, a)A(-)C(-)x+B(-,a)A(-)C(-)x=0 and is, in addition, abso-
lutely continuous on [a, b]. Thus B(t, a)C(t)x=x V€ [a, b], so that B(z, a)C(¢)
=I Vtela,b], so that B(t,d)=C(t)~* Vtea,b. |

COROLLARY 1. If x(-) is absolutely continuous on [a, b) and strongly differentiable
a.e. with x'(-)=A(-)x(-), then x(t)=B(t, a)"*x(a) Vte [a, b].

Proof. B(-, a)x(-) is absolutely continuous on [a, b] and is differentiable a.e.
with derivative — B(-, @)A(-)x(-)+B(-, a)A(-)x(-)=0, so that B(t, a)x(t)=
B(a, a)x(a)=x(a) Vte€ [a,b], so that x(t)=B(t,a)"*x(a) Vtel[a,b]. |

COROLLARY 2. If C(-) is absolutely continuous on [a, b] and if C(-)x is strongly
differentiable a.e. Vx € X with derivative A(-)C(-)x, then C(-)=B(-, a)~*C(a).

Proof. Immediate from Corollary 1. ||

COROLLARY 3. B(-, a) is the unique absolutely continuous function from [a, b] to
B(X) such that B(a,a)=1I and such that B(-, a)x is strongly differentiable a.e.
Vx € X with derivative A(-)B(-, a@)x. B(-,a)~*=B(-, a), so that B(-, a) is invertible
everywhere on [a, b].

Proof. Immediate from Corollary 2. |
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COROLLARY 4. B(t,a)=B(t, s)B(s,a) Vse€ [a,t]. Thus
B(s,a) = B(t,s)"*B(t,a) Vtels,b].

Proof. For se€[a, b, let C(-) be defined by C(t)=B(t,a) for astss, C(t)
= B(t, 5)B(s, a) for s<t < b. Then C(-) is absolutely continuous on [a, b], and C(-)x
is strongly differentiable a.e. with derivative 4(-)C(-)x. Thus C(:)=B(-, a), or
B(t,s)B(s,a)=B(t,a) Viel[s,b),ie.,Vsela, t]. 1

COROLLARY 5. B(b, -)x is differentiable a.e. on [a, b] for all x € X with derivative
— B(b, -)A(-)x. If A(-) is almost separably-valued, B(b, -) is uniformly differentiable
a.e. on [a, b].

Proof. By Corollary 4, B(b, a)B(-, a)~1=B(b, -). Corollary 5 follows at once. ||

COROLLARY 6. B(-, a)~? is the unique absolutely continuous function from [a, b]
to B(X) such that B(a, a@)~*=1 and such that B(-, a)~x is strongly differentiable
a.e. Vx € X with derivative — B(-, a)A(-)x.

Proof. Let C(-) be absolutely continuous on [a, b], and let C(-)x be differ-
entiable a.e. Vx € X with derivative —C(-)A(-)x. Let C(a)=1. Then (C(¢)—Dx
=—[! C(s)A(s)xds Vxe X. Then C(-)B(-,a)x is strongly differentiable a.e.
with derivative equal to zero, so that C(¢)B(t, a)=1, so that C(:)=B(t,a)"*. |}

(b) We have obtained a bound |B(t, a)| < |B(t, @)—1I| + 1= exp (J3] A(s)| ds)
which is by no means the best possible one. If, for example, A(-)=f(-)I, where
f(-) e LY([a, b)), B(t, a)=exp ([.f(s)ds)I, so that |B(t, a)|=exp ([, Re f(s) ds),
the bound we have obtained is exact only if Re f(s)=|f(s)] a.e., i.e., only if f(s)
20 a.e.

A bound for | B(t, a)| which is exact in this case is, however, obtainable.

DEerINITION. For 4 € B(X), p(d)=inf,z, (|4 +<|—<). 1

Since |d+eaf=|4|+e and e<|d|+]|A+a], —|4]Sp(4)=|A4]. If @120
then |A+e;|—oy=|A4+as+(e;—a3)| —a; S |4+ ez —ay, so that [A+e||—al,
so that p(4)=lim,. . (|4+n|—n).

Clearly p(0)=0. If A>0, A4+ Ax| —Aa=A(|4+«| — ), so that p(Ad)=Ap(4),
and p(AA4)=Ap(A4) for A=0. Also,

[A+B+ay+og|| — (a1 +03) £ (JA+ey| =)+ (| B+os] —a2),

so that p(4+ B) =< p(A)+ p(B).
Further, if a is any real number, then for « with «+a>0,

l(4+a)+e|—e = |4+ (@+a)| —(a+a)+a,

so that p(4+al)=p(A)+a. If a and b are real numbers, then p((a+bi)l)
=a+|b|p(+il). But

| xil+n|—n=1+nH)"2—n < (1+n2+(1/4n?)2~n=(@n+(1/2n))—n=1/2n—0
as n — o0, so that p((a+bi))=a.
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Finally, if A>p(4), then 3n>0 with n+A>0. Then |A+n|—n<A implies
|4+ n| < (n+2), implies |4+ n| < (n+A)(1 +(?/(A+n)?))** for any real p, implies

(I 4+n/((+2?+p2)H < 1,

implies (A+n)—(A+ip+n)=A—(A+iu) is invertible (with [(4—(A+ip))~?|
S (A—p(A4))~?), implies p(4) = sup Re o(4).

Before we state the next proposition, let us note that if A(-) e L*(B(X), [a, b)),
[p(AC-)| S 4], so that p(A(-)) € L'([a, b]), so that we may consider

[ sty as.

PROPOSITION. || B(t, a)|| S exp ([, p(A(s)) ds).

Proof. Let n>0. Then e™*~“B(t, a)=B(t, a) is absolutely continuous on [a, 4],
B(a,a)=I, and B(.,a)x is strongly differentiable a.e. Yx € X with derivative
(A(-)+n)B(-, a)x. By the rough bound already obtained,

t
186, 0] = =215, 0)| 5 exp ([[ 4G)-+n] ds)

so that
186,01 5 exp ([ (4@ +nl-m) ds) Viea bl
Since | | A(-)+n] —n| < | A(-)] and (|4(s)+n]—n)} p(A(s) Vs e [a, ],

[ @y +nt-nyasi, [/ pacsn as,

so that
18,0l s exp ([ oA ds) Veela sl

In general the bound for ||B(t, a)| given in the above proposition, though
perhaps easy to work with, is by no means best possible. For example, if 4 € B(X)
is nilpotent with A**1=0, then exp (t4)=1+t4+ - - - +(t"/n!)A4A", so that

lexp )| < 1+2]4]+--- +@/n)]4]" = p(t),

a polynomial. Since o(4) =0, p(4) 2 0. The estimate given by the proposition in this
case is |exp (z4)| S e, If p(4)> 0, this is certainly not very good.

At least one amelioration of the estimate of the proposition is possible. Suppose
A4 € B(X) is invertible. Then 4~'B(-, @)A4 is absolutely continuous on [a, b), is the
identity at a, and 4 ~*B(-, a)Ax is strongly differentiable a.e. Vx € X with derivative
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A~*A(-)B(-, a)Ax=(A"*A(-)A) (A4~ *B(-, a)A)x. By the estimate of the proposition
| 4-2B(t, a)A| Sexp (Ji p(A~*A(s)4) ds). Thus

1B, @)l = |4471B(;, )44~ < (|4]- |4~ D|47B(, a)4|

< (l- [ D exp ([ o240 )

so that

< i JAa-1 -1
1Beal s ot (414 Dexs ([ pta-ac)a) ds).

We shall give an example shortly of a nilpotent operator 4 in Hilbert space for
which this gives a fairly reasonable estimate of polynomial type on [exp (t4)].
An estimate of this sort would seem to be of most value when

A() e LYB(X), [a,b]) Vb>a

and we wish to consider a bound on || B(z, a)| as t — co.

(c) Consider the function 6 from L'{B(X), [a, b]) into L*(B(X), [a, b]) defined
by 0: A(-) - B(-, a). We know the range of 6 consists of functions which are
absolutely continuous on [a, b], which are invertible everywhere on [a, b], which are
equal to / at a, and which have B(-, a)x strongly differentiable Vx € X with
B'(-, a) e L\(B(X), [a, b]). In fact, the range of @ consists just of all such functions
since 6(B’(-,a)B(-,a) *)=B(-,a) by uniqueness. Moreover, 8 is 1-1 since
0-*(B(-, a))=B'(-, a)B(-,a)~*.

Let us investigate the continuity of 6. We state two propositions.

PRrOPOSITION. Let A,(-) and A(-) e L(B(X), [a, b)), and let A,(-)— A(-) in
LY(B(X), [a, b]). Then B,(-, ay) — B(-, a,) in L*(B(X), [aq, b), uniformly over all
a, € [a, b].

Proof. Since A4,(-) = A(-) in LY(B(X), [a, b]), 3k such that |A,(-)|;+ [4()|s
Sk. Since |B,(ta, t,)| Sexp (J | 4a(s)| ds) for ast,<t;5b, it follows that
| Ba(ta, ;)| S =K, and, similarly, |B(t,, t,)| S K.

We know that Vx € X, B,(t, s)B(s, a,)x is absolutely continuous and differ-
entiable a.e. in s with derivative B,(t, s)(A(s)— A4,(s))B(s, ao)x, so that

(B, a)=Bult ao)x = [ Balt, XA~ Aus)Bs, aohs s,
implying
IBCt, a0) - Bo(t, ag)x]| < [x|K? f% JA(s) = Ax(s)] ds

< I51K? [ 146) = 40)] ds = IXEIAC) = Al



1968] THE ABSTRACT TIME-DEPENDENT CAUCHY PROBLEM 11
so that

IB(-» a0)= Bu(-, a0« = K2 A(-)— An(-)]1s
and B,(-, ap) = B(-, ao) in L*(B(X), [ay, b]), uniformly over a, € [a, b].

PROPOSITION. Let A,(-) and A(-) € L*(B(X), [a, b]), and let A,(-)x — A(-)x
inL*(X, [a, b]) Vx € X. Suppose further that 3k >0 such that | A,(-)|,+ | A(-)]. k.
Then B,(-, ag)x — B(-, ap)x in L*(X, [a,, b]) Vx € X, uniformly in a,.

Proof. As before, | B,(;, t;)| S K=¢*, and |B(ty, t,)| S K for a<t, <1, b.
If x(-) is any finite Riemann sum € L*(X, [q, b)), i.e., if

X)) =D Xixupa() (@=1t S+ S t,=b),
i=1

then An(-)x(-) = A(-)x(-) in L'(X, [a, b]).

Let x € X, and let {x,(-)} be a sequence of finite Riemann sums in L*(X, [a, b])
such that |B(-,@)x—xu(-)|<1/m. Then as in the previous proposition, for
t € [a, b),

(B, a)— Bt ao)x = © Bo(t, SYA(S)— An(s)B(s, ao)x d,

so that
I(B(t, a))—Bi(t, ag))x| < K f: I 4()— An(s)| - | B(5, @)x — xn(s)|| ds

+K [ 1040~ 4,6D56)] d5 S ERYm+ KIAC) = A DOl

so that |[(B(:, ao)— B,(-, a0))x| < (kK)/m+ K || (A(-) ~ An(- ))%n(-) |1, and
Bn(” ao)x g B('» ao)x

in L*(X, [a,, b]) by first choosing m large and then letting n — oo, convergence
being uniform over a, € [a, b]. |

(d) When X is a Hilbert space, some further statements can be made.

Note that if 4(-) € LY(B(X), [a, b]),

([ 4@ds,y) = [ o) ds = [ 5 amrds = (x, [ 4y as)

so that the operators C(f) and D(t) defined by C(f)x=|% A(s)xds, and D(t)x
=[! A(s)*x ds, are adjoints.

Thus if we set By(-, @)=0(—A(-)*), By(t, a)*x= — [} By(s, a)*A(s)x ds, so that
B\(t,a)*=B(-,a)"'. For example, if A(t) is skew-adjoint V¢€ [a, b], Bi(:, a)
=0(A(-))=B(-, a), so that B(-,a)*=B(-,a)~! and B(t, a) is unitary V¢ € [a, b).

Let T=A+iB, where A and B are self-adjoint. Suppose M > p(T). Then 3ny>0
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such that |A+iB+n||—n< M, or |A+iB+n| <M+n, for n>n,. If x is any unit
vector,

((4+iB+n)x, (A+iB+n)x) < M2+n%+2Mn,
so that

(1/2n)((| Ax)%+ || Bx||2+ 2Im (Ax, Bx)— M?2))+(4Ax, x) < M.

The expression in the double parenthesis is majorized in absolute value by some
K> 0 independent of x, so that (4x, x) < M +(K/2n) VYn>n,, and (4x, x) <M for
all unit vectors x. Thus sup o(4) < M, and sup o(4) < p(7T).

If M < p(T), then the same argument carries through with > replaced everywhere
by < and with K/2n appearing on the left. Thus sup o(4)2p(T), and
p(T)=sup o(4).

[We digress briefly to state some pleasant consequences of the fact just proved.

(1) If T has pure imaginary spectrum, then (7+7*) can be neither strictly
positive nor strictly negative.

To show this we need only show that (7+ T*) cannot be strictly negative, since
—T also has pure imaginary spectrum. But p(T)=sup Re o(T)=0, so that
sup o((T+T%)/2)20.

(2) If A4 is self-adjoint and S is invertible, sup o(Re SAS ~!) is minimal for
S=L

To see this we need only notice that SAS ~* has the same spectrum as 4, so that
p(SAS ~*) 2 p(A)=sup o(4).

If A is skew-adjoint, o(SAS ~1) is pure imaginary so that p(SAS =)= 0=p(4).]

From the digression it is clear that the amelioration of the estimate | B(t, a)|
<exp (f! p(A(s)) ds) is no amelioration at all if A(¢) is either self-adjoint or skew-
adjoint for each t. Consider, however, the following example.

Let X=L%([0, 1]), and let Af for fe X be defined by (4f)(x)=f(x—1%) for
x>1%, =0 for x<4. Then 42=0. Since (4*/)(x)=f(x+1%) for x<4, =0 for x>1,
(A + A¥) simply permutes the sections of a function on [0, 4] and [4, 1], so that
|4+ A4*%| =1. But (4+ A*)(1)=1 (1 =the function identically equal to 1 on [0, 1]),
so that sup o(4 + 4A*)=1, and p(4)=4. Then the estimate gives |exp (tA)| = e2.

We may, however, compute |exp (24)| directly. Certainly exp (t4)=1+14,
and t—15 |exp (t4)| ¢+ 1. More precisely, let h=hyo,1/2+hxr13,11=f+g be a
function of unit norm in X. Then

(exp (tA)h, exp (1A)h) = f: (h(x)+ 1f (e~ Dxeas, GG + 1 (x — Dxsa, (%)) dx

= 1+£7]f|2+2¢ Re f:’a Fx—1)F(x) dx.

This can only increase if we assume that f and g are 20. If we fix £, then |g|
=(1-|f|®'*. Thus by the Schwartz inequality we can choose g to maximize
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(exp (tA)h, exp (tA)h) to 1+2t| f||(1 = | f|%)**2+ 22| f| . By calculus we may maxi-
mize this to 1+ (¢/2)((12+4)"2+1).
Let us now consider the estimate
< it S -1 .
lexp el s st (IS1-15 - exp [[ p(5245) ds)
We consider only invertible S of the form M,=multiplication by e** for real a.
For fe L¥([0, 1]), (AM,f)=e~*2M Af,so that M; 1AM, =e~ %24, and p(M;1AM,)
=e~%2p(4)=4e~%"2. We need consider only M, for a=0 if we wish to obtain an
improvement of the original estimate. Clearly | M,|=e?, and | M | =1. We must
therefore minimize

t
IM.]- | M2 exp f (M AM,) ds = %™ = exp (a+H(e~[2))
0

for a=0. Le., we must minimize a+ t(e~*?%/2) for a=0. We have
(d/da)(a+1t(e—°2[2)) = 1—(te~*%[2)/4.

Since this is always nonnegative for <4 (a=0), the expression is minimized by
choosing a=0 for t<4. For >4, the derivative is negative at a=0. We therefore
set 1 —(t/4)e=*2=0 to get e*=12%/16 and e~%2=4/t at this point, so that the mini-
mum of the expression over a>0 for ¢>4 is e?#2/16. Hence the improved general
estimate is at least as good as |exp (z4)| S e*/2 for <4, <e?t2/16 for t>4. Though
not ideal, it is certainly better than |exp (¢4)| <e*? for all 1.

3. The Cauchy problem for unbounded operators in a separable Banach space.

(a) DeFINITION. CD(X)=the set of closed, densely-defined operators in X.
L(X)=the set of operators in B(X) which are 1-1 with dense range. |

Let A € L(X). Then A~* € CD(X). Under the norm | x| g4 = |4~ *x|, the range
of A=R(A) becomes a Banach space since {x,} Cauchy in R(4) means that
{A~'x,} is Cauchy in X, so that 3y € X with 4-1x, — y in X, so that x, — Ay
in R(A4).

For Te B(X) with T(R(A))<R(A4), A~*TA is bounded by the closed graph
theorem because T4 is bounded and has range in the domain of 4-*. For such T,

= = -1
1T | 2wy Mﬁ‘;l)’. L 7% 2eas mggg_ . | 4-1Tx|
= sup |A"TAx| = |A~'TA|.
il =1
If we set ppeuy(T) =Sup,zo (| T+ e[ pesy—<), then
pau(T) = SUp (|4™HT+)4| o) = sup (|4"*TA+a| —a) = p(47'T4).

Finally, if X is reflexive and x, — x with |4~!x,| <K Vn, then {4~1x,} is
Cauchy on all elements of X* of the form fo 4, so that {4~x,} is Cauchy on all
f€ X*, being uniformly bounded. By weak completeness of the closed sphere
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Jy € X such that 4~ 1x, — y weakly. Since the graph of 4~1! is weakly closed, x is
in the domain of 4-%, and 4~!x=y. Also | y| £ K since the norm-closed sphere is
weakly closed.

(b) Although reflexivity of X seems to be required to prove much in the way of
existence for solutions of the Cauchy problem when unbounded operators are
involved, we may derive the essential uniqueness lemma without it.

LEMMA. Let A(-) be a function from [a, b] to CD(X). Suppose A € L(X) has range
in the domain of A(t) Vte|[a,b], and A(-)A € L*(B(X), [a, b]). Suppose further
that there exists a sequence {A,(-)}<LY(B(X), [a, b]) for which the associated
{f° B,(t, 5)} are uniformly bounded by a constant K(f) for each f in a w*-dense
subspace Y* of X* as n=1,2,... and a<s=t=<b, and for which the functions
|44(-)A| are all dominated by some fixed function in L*([a, b]). Suppose A.(t)A
— A(t)A strongly for almost all t € [a, b).

Then if x,(+), i=1, 2, is a function from [a, b] into the range of A which is absolutely
continuous and strongly differentiable a.e. with derivative A(-)x,(-), and which has
A~ x(-) € L*(X, [a, b)), x,(a)=x,(a) entails x,(t)=x,(t) Ve [a,b].

Proof. Let x(-)=x;(-)—x3(-). Then x(.) satisfies the same hypotheses as x,(-)
and x,(-), and, in addition, x(a)=0.

For any n, B,(t, -)x(-) is absolutely continuous on [a, b] and strongly differ-
entiable a.e. with derivative B,(t, - )(— A4,(-)+ A(-))x(-), so that for any fe Y*,

fx(®)— Bu(t, a)x(a)) = f(x(2)) = f: S (Bu(t, s)(— An(5)4 + A(5)A) A~ *x(s)) ds,

so that | f(x(1))] S K(f) % ||(A(s)4 — Au(s)4)A~*x(s)| ds — 0as n — co because the
integrand converges to zero for each s and is dominated by a fixed function in
L*([a, b]). Thus x(t)=0 Vte€ [a, b], and x,(-)=x4(")-

(c) From now on unless otherwise stated we shall assume that X is reflexive.

Note that if x(-) € #(X, [a, b]) and if all x(¢) for ¢ € [a, b] are in the range of
AeL(X), A *x(-) e #(X, [a, b]). For if fe X*, there exists a sequence {f, o 4}
with f, o A —f in X*, so that (f,- A)(4~*x(-))=/(x(*)) = (4~ x(-)) pointwise,
implying that f(4~1x(-)) is measurable on [a, b].

Our fundamental existence theorems follow.

THEOREM 1. Let A(-) be a function from [a, b] into CD(X). Let A € L(X) have
range in the domain of A(t) Vte€[a,b], and let A(-)A € L*(B(X), [a, b]). Let C,
and C, € B(X), C, with dense range. Suppose 3 a sequence {A,(-)}<LB(X), [a, b])
(with associated {B,(t, 5)}asssts0) SUch that

(1) the range of B,(t, s)C1C; is in the domain of A~* Vn,asSs=t=2b,

(2) 3K>0 such that | B,(t, s)C, || + | A~ 2By(t, s)C:Ca|| <K Vn,a<sstgbh,

(3) 3k(-) € L*([a, b)) such that | A ()A| + | A@)A| Sk(t) Vte[a,b], and

@) (A, ()A* — (A(-)A)*f strongly a.e. on [a, b] Nfe X*.
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Then for a<s<t<b, there exists Bc,c,(t, s) € B(X) bounded by K and strongly
continuous in t for each s such that -

(1) Beyo,(t, t)=C, Vte|a, b), and Bo,c,(t, )x=Bc,c,(t, 5)y if C1x=Cyy,

(2) Bo,c,(t, 5) carries the range of C, into the range of A, and

[ A~1Bg,c (2, $)Ce| £ K,

(3) Bc,cy(-, 5)C, is absolutely continuous on [s, b}, and Be,c,(-, s)Cqx is strongly
differentiable a.e. on [s, b] Vx € X with derivative A(-)Bc,c,(:, 5)Cqx, so that

t
Be,c,(t, 5)Cox = C1C3x+f A(r)Bg,c,(r, 5)Cox dr Vxe X.
3

Proof. Let {x;} and {f;} be sequences in X and X*, respectively, such that
Vxe X,fe X*, >0, 3Jjwith |x—x;|<eand |f—f| <e. Fixsand t,a<s<t<b.
We have Vx € X, (B,(t, s)—I)C,Cox= j : A, (r)B,(r, $)C,Cyx dr, so that

(Bt )-D)CCorl 5 [ S (U448, )C,Co0)

]
< KIf1-Il [ ko).

Choose a subsequence N, of the integers such that f,((By,wm(t, 5)—I)C,Cqx,)
converges to some value B(t, s, f1, x;). We have

18G5, £ )] 5 KIAL ] [ ko) ar.

Choose a subsequence N, of N; such that f5((By,wv,mn(t, §)—I)C1Cax,) converges to
some value B(t, s, fa, Xa), | B(t, 5, f2, X2)| S K| f2]| - | x2| [% k(r) dr. Continue, choosing
a subsequence N; of N,_,o---oN, for which fi((By,...on,m(t,s)—I)C1Csx;)
converges to some value B(,s,f,x), |B@, s, [, x)|SK|f]- % [t k(r) dr.
Relabel, calling the diagonal sequence={N, - - - Ny(n)} simply {n}.

Then for each j, f((B.(t, s)—I)C,C.x,) - B(t, s, f}, x;). Let x€ X, fe X*. Then
S((Ba(t, s)—DC,Cyx) is Cauchy. For given £>0, choose x; € X and f; € X* such
that | f—f)| <min{|f|, 6K|Cal-|x[)~'¢}, and [x—x,|<e(12K|C,]-|Sf])~*
Then

|/ ((Ba(t, $)— Bu(t, s))C1Ca%)| = |(f—/)(B(t, 5)— Ba(t, $))C1Csx)|
+|f{(Bu(t, $)— Bu(t, 5))C1 Ca(x — x,))|
+ | f((Ba(t, $)— Bu(t, $))C1Caxy)|
< (2/3)e+| fA(Bu(t, 5)— Bu(t, 5))C1Caxy)|.

We have only to choose n, such that m, n> n, makes the last term <e/3.
Call the limit of f((B.(?, s)—I)C,C.x), B(4, s, f, x).
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Now let {tr}} be a sequence dense in [s, b]. Again by using the diagonal
process and ultimately relabeling the final subsequence, we may assume that
S((Bu(t;, s)—I)C,Cyx) converges to some B(t;,s,f,x) Vxe X,fe X*. Then
S{(B(t, s)—I)C,Csx) converges to some B(t, s, f, x) Vxe X, fe X*, te|s, b]. For,
taking s<#,<t, we have

|f((Bu(t, )= D)C,Cax) = f((But, $)—1)C:Cox)|
= |f((Bu(t, )= Bulty, $))C1Cox)| + |/ (Bult, 5)— Bult;, $))C1Cax)|
+1f(Bulty, ) — Bult), $))C1Cox)|.

The last term can be made arbitrarily small for fixed j by taking m and n suitably
large. Since

|S((Ba(t, 8)— Bult, sHC:Cox)| = f: | f(An(r)AA ™ By(r, 5)C1Cox)| dr

< KISl [ k() dr,

the first two terms can be made arbitrarily small by choosing #, sufficiently close
to ¢.

Consider now f((B,(t,s)—I)C,x). This is Cauchy Vxe X, fe X*, t€[s, b],
because f o (B,(t, s)—I)C, is a bounded sequence of linear functionals (bounded by
|l fI(K+||Cy|)) converging pointwise on a dense subset of X, namely, the range
of C,.

Thus f(B,(t, s)C1x) — some f(Bg,c,(?, 5)x). This expression is clearly linear in f
and x since each of the convergents is, and since each f(B,(z, s)C,x) is bounded by
K| fl- x> 1f(Beyes(t, s)¥)| K| f]|- | x|. By reflexivity of X, Bc,c(t, s) € B(X)
with || Bg,c,(t, s)| =K. Since each B,(s, s)=1, Bc,c,(s, s)=C,. If we anticipate the
remainder of this proof by assuming that B, ¢,(:, s)C; is absolutely continuous on
[s, ] (or even only continuous), then Bg,c,(:, s) is strongly continuous on [s, 5]
since bounded strong convergence on the dense subset consisting of the range
of C, implies strong convergence on all of X. Clearly Bc,c,(?, s)x=0 if C,x=0.

We have now that each f(Bg,c,(-,s)x) is a pointwise limit on [s, b] of the
measurable (indeed, continuous) functions f(B,(-,s)C,x). Hence Bc,c,(-,s)€
L>(B(X), [s, b]) with |B¢,c,(-, 5)|» =K, and Bg,c,(-, s)C; € L*(B(X), [s, b]) with
| Beyco(» $)Ca|| £ K ||Ca|. By an earlier remark, Bg,c,(t, 5)Cax is in the domain of
A~' VxeX,tel[s,b], and |4A~1Bc,c,(t, 5)Cox|| = K| x|. Le., A~ Bg,c,(:,5)Ca
belongs to L*(B(X),[s,b]) with |A~'Bcc,(-, $)Callw K (4~ *Be,c,(:, 5)Cs is
measurable by the remark immediately preceding this theorem).

Let us show that Vx e X, fe X*, te[s, b),

S (Beycy(t, 5)Cax) = f(C1Cax)+ f: S(A(r)A)( A~ Be,c(r, 5)Ca)x) dr.
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We have

i€+ [ FCADAA B YC0) dr =1 (B0, 9YC:Co0)
s [ 1A= 40080, ¢, Com) dr

+ [ 1O B, 9CC (A By 0, YCH)

The integrand of the first term is dominated by K| f| - | x| k(r), and it goes to zero
pointwise a.e. on [s, ¢] since (4,(r)A)*f — (A(r)A)*f strongly for almost all r € [s, b],
and |A71B,(r, s)C,Cox| £ K| x| Vre[s, b]. Thus the first term goes to zero as
n — oo, The integrand of the second term is similarly dominated, and

S o ((A(r)AXA ™ By(r, $)C1Ca— A1 Bo,c,(r, 5)Ca)x) > 0

as n — oo since for fixed r and s, 4 "1B,(r, 5)C,C; — A~ B¢, (r, 5)C; weakly. Thus
the second term goes to zero. Le., f(B,(2, s)C, C;x) converges to the right side of the
desired equality. But it also converges to f(Bg,c,(t, 5)Cax), so that

BC;C:(” S)sz = Clch+f‘ A(r)Bclcz(r, S)sz dr Vte [s, b],

the integrand being in L*(B(X), [s, b]).
All remaining conclusions of the theorem now follow directly. ||

THEOREM 2. Suppose in addition to the hypothesis of Theorem 1 that A,(-)Ax
— A(-)Ax strongly a.e. on [a, b] for each x € X, and that 3C; € B(X) such that C; is
1-1 and 3K’ >0 with |C3B,.(t, s)| =K' Vn,ass<t<b. Then if x(-) € L*(X, [s, b))
is absolutely continuous with x(t) in the domain of A=* Vt € [s, b} in such wise that
A~x(-) e L*(X, [s, b)), and if x(-) is strongly differentiable a.e. on [s, b] with
derivative A(-)x(-), then x(s)=C,Cyx entails x(t)=Bc,c,(t, s)Cox Vte€ s, b].

Proof. Apply the uniqueness lemma to x(-) and to Bg,c,(, s)Cax. |

COROLLARY 1. If C(-)eL>(B(X),[s,b]) is such that C(s)=C,, C(-)C, is
absolutely continuous on [s, b] with range in the domain of A~ in such wise that
A"1C(-)C, e L*(B(X), Is, b)), and if C(-)Cyx is strongly differentiable a.e. on
[s, b] with derivative A(-)C(-)Cox Vx € X, then C(-)=Bg,c,(-, 5).

Proof. By the theorem C(-)Cox=B¢,c,(:, 5)C2x Vx € X. Since the range of C,
is dense in X, C(-)=B¢,c,(-,5). |

COROLLARY 2. Let s € [s, b). Let x € X. If B¢, (S, S)Cax=C,y for some y € X,
then Bg,c,(t, $)Cax=Be,c,(t, S0)Ci *Be,c,(So, $)Cax for all t € [so, b). If the range of
Bg,c.(So, 5) lies in the range of C,, then

Bg,c,(t, 5) = Bo,c,(t, 50)C1 Be,o,(S0, 5) Vi € [, b).
Proof. Let x(t)=Bg,c,(t, s)Cox for t € [s, So), =Bc,c,(t, $0)C1 *Bg,c,(So, s)Cax for
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t € [so, b]. Then x(-) satisfies the hypotheses of the theorem, so that Bg,c,(t, 5)Cox
=x(t) Vte s, b), in particular, for ¢ € [sy, b].

If the range of Bg,c,(So, 5) lies in the range of C;, Bc,c (¢, 50)C1*Bc,c,(So, §) is
well-defined, and Bg,c (¢, s)Cox = Be,c (¢, 50)C 1 Bc,c,(S0, s)Cox by the first part
of the corollary Vx € X, so that Bg,c,(t, 5)= Bc,c,(t, S0)C1 *Bc,c,(S0, 5) for t € [so, b]
by density of the range of Cj.

THEOREM 3. Suppose in addition to the hypotheses of Theorems 1 and 2 that
C, € L(X). Then C3Bg,c,(t, s)Ci* € B(X), aSs<t<b, and | C3Be,c,(t, S)CT | S K.
Further, if B,(t, s)C, — Bg,c,(t, s) weakly, C3B,(t, s) > C3Bc,c,(t, $)Ci* weakly.
Also, C3Bg,c,(t, -)Ci*Ax is absolutely continuous on [a, t], and C;3Bc,c,(t, -)CiAx
is strongly differentiable a.e. on [a, t] with derivative — C3Bc,c,(t, -)C1*A(-)Ax.

Proof. Let us assume that B,(t, s)C; — Bg,c,(1, s) weakly. Then C;B,(t, 5)T;
— C3B¢,c,(t, s) weakly. Let y=C,x, | y| =1. We have
CaBn(t’ s)Clx = CaBn(ta s)y d Cchlcg(t’ s)x = Cchlcg(t, S)Cl-ly
weakly. Then || C3Bg,c,(t, s)C1ty| Slim inf | CaB,(t, s)y| =K', so that
"CaBClCz(t’ s)Cl-lll é K,-
Since C,B,(t, s) is bounded by K’ Vn and since C3B,(t, s) converges weakly to
CsBg,c,(t, s)Ci? on the range of C;, which is dense, C3B,(t, )~ C3Bc,c,(t, $)C1?

weakly.
Let us show that

S(CsBoyc,(t, 5)C1Ax) = f(CaAx) +f‘ S(CsBe,c,(t, )C A(r)Ax) dr.

We have B,(t, s)x=x+ [; Bu(t, ')A,(r)x dr, so that
if(Can)+ [} F(CoBoat, CrAr3A%) dr =1 (CaBatt 4%)
< [[ 17CBt6 rYAOI A= A AR dr

+ [ 17(CoBAt, 1)~ CoBlt, NCT AR .

The integrand of the first integral is dominated by K'|f]-|x|k(r), and since
A(r)4 — A(r)A strongly a.e., the integrand goes to zero pointwise as n — 0.
Thus the integral goes to zero as n — co. The integrand of the second integral is
dominated by 2K’|f]-|x|k(r), and since C3B.(t, r) — C3Bc,c,(t, r)Ci* weakly
for fixed ¢ and r, the integrand goes pointwise to zero as n — o, and hence this
integral, too, goes to zero as n — 0. But f(C;B,(t, s)Ax) — f(C3Bc,c,(t, s)Ci*4x),
50 that C3Bg,c,(t, )CTAx=CsAx+ [, CaBc,c,(t, )Ci *A(r)Ax dr, the integrand
of the integral being in L*(B(X), [s, t]).
The remaining conclusions of the theorem are now immediate.
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At least one generalization of these theorems is possible. Suppose U(:) €
L*(B(X), [a, b]) is absolutely continuous, and suppose that U(-)x is strongly
differentiable a.e. Vx € X with derivative U’(-)x, where U’(-) € L\(B(X), [a, b)).
If, in addition, each U(¢) is invertible, we may write U'(-)=(U’'(-)U(-)"1)U(-),
where U’'(-)U(-)~*e L*B(X), [a, b]) by continuity, and, hence, boundedness
of U(-)~'. Then, since U(-)U(a)~! is the identity at a, U(t)U(a)"‘x=x+
5 (U s)U(s)~*)(U(s)U(a)~Y)x ds, and, consequently,

U@U()2x = x— f U@U(s)- U U(s)-x ds

Vx € X by the fundamental propositions for bounded operators. Thus U(-)~* is
absolutely continuous, and U(-)~*x is strongly differentiable a.e. Vx € X with
derivative —U(-)"U'(-)U(-) *x.

Having made these remarks, we may now generalize the three above theorems as
follows.

THEOREM 1'. Let U(:) e L*(B(X), [a, b]) be absolutely continuous, and let
U(¢) be invertible V't € [a, b). Set K, equal to |U(*)|w|U(-) | w. Let U(-)x be
strongly differentiable a.e. Vx € X with derivative U’'(-)x, where

U'(-) e LY(B(X), [a, b]).

Let A(-) be a function from [a,b] to CD(X) such that A(-)=-U(-)"U'(-)
+ U(-)~*4(-)U(-) satisfies the hypotheses of Theorem 1 with A, C,, C,, and K as
given in that theorem. Set C,(t)=U@)C,U(t)"*, C(t)=U@®)C.U®)"*, and
P(t)=U(t)AU(t)-* Vte]la,b). (Clearly all of Ci(-), Cs(+), and P(-) are absolutely
continuous on [a, b] and strongly differentiable a.e. with the obvious derivatives. The
range of Cy(t) is dense in X V¥t € [a, b], and P(t) € L(X) Vte€ [a, b).)

Then A(-)P(-) € LX(B(X), [a, b)), and foraSs<t<b, 3B;,c,(t,5)€ B(X)bounded
by KK, and strongly continuous in t for each s such that

(1) Boyo,(t,1)=Cy(t) Vt€[a,b], and Bo,c,(t, s)x=Be,c (8, 5)y if Ci(s)x=Ci(s)y,

(2) Bo,c,(t, 5) carries the range of Cy(s) into the domain of P(t)~*, and

"P (1) Be,c,(t, 5)Ca(s)|| = KK,

(3) Bo,c,(, 5)Co(s) is absolutely continuous on [s, b] and Bg,c (-, s)Cy(s)x is
strongly differentiable a.e. on [s, b] Vx € X with derivative A(-)Bg,c,(-, 5)Ca(5)x, s0
that Be,c,(t, $)Co(s)x=Cy()Co(s)x+ [} A(r)Bc,c,(r, S)Ca(s)x dr Vx € X.

Proof. Since A(-)4 € L*(B(X), [a, b]), A(-)A+U(-)"'U’'(-)4 belongs to
LYB(X), [a, b]), and, consequently, A(-)U(-)AU(-)"*=A(-)P(-) belongs to
LY(B(X), [a,b]). Let B, (t,s) be as in Theorem 1, and set Bg,c,(t, s)=
U(#)Bg,c,(t, s)U(s)~ 2. Then | B¢, c,(t, 5)| < KK,. By strong continuity and bounded-
ness of Bg,c,(#, 5) in ¢, and by uniform continuity of U(t), Be,c,(t, 5) is strongly
continuous in ¢.
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We have Bg o (t, 1)=U(t)Be,c,(t, DU(t) " *=Cy(t) Vte[a,b]l. If Cy(s)x=
Cy(s)y, then C,U(s)"x=C,U(s) "'y, so that

Be,co (8, $)U(s) " x = Be,c,(t, HU(s) Yy,

and Bg,c,(t, s)x=Bc,c,(t, 5)y-

The range of Bg,c,(t, 5)Ca(s) is the range of U(t)Bg,c,(t, s)U(s) "*U(s)C.U(s)"?,
which has the same range as U(¢)Bg,c,(t, 5)C,, Which has range in the range of
U(t)A, which lies in the domain of P(t)~1=U(t)A-*U(t)~1. We have

[ P(#)~2Bo,cy(t, 5)Co(S)| = |U(2)A~2Beyc,(t, )C2U(s) || S KKo.

Since Bg,c,(+, $)Ca(8)=U(-)X(Be,c,(+» s)C)U(s)~?, it is absolutely continuous on
[a, b], and it is strongly differentiable a.e. on all x € X with derivative

U'(-Y(Beyeo(+5 $)CHU) 1+ U( Y= U() U (-)+ U(-)"*4(-)U(-))
“Boyco(+5 S)CoU(5) ™! = A(-)Beyc (-, )Co(s). 1

THEOREM 2'. Suppose in addition to the hypotheses of Theorem 1’ the hypotheses
of Theorem 2 hold for A(-). Then if x(-) € L*(X, [s, b)) is absolutely continuous with
x(t) in the domain of P(t)~* Vt € [s, b] in such wise that P(t)~*x(t) € L*(X, [s, b)),
and if x(-) is strongly differentiable a.e. on [s, b] with derivative A(-)x(-), then
x(s)=Cy(s)Ca(s)x entails x(t)=Bg,c,(t, s)Co(s)x Vte s, b].

Proof. It suffices to show that U(t) 'x(¢)=Bc,c,(t, $)CU(s)"x Vtels, b).
But U(:)"'x(-) is absolutely continuous, U(z)~*x(¢) is in the domain of 4!
because x(t) is in the domain of P(¢)~'=U(t)A-*U(t)"*, and 4-1U(-)"x(-)
=U()"P(-)"*x(-) e L*(X, [s, b]). Further, U(-)~*x(-) is strongly differentiable
a.e. on [s, b] with derivative

UC) Vx(-)+ U)W ()==UC) U CYUC) %)+ U )74 )x(-)
= (=UC) U+ UC)TAGOUEUC)x(-) = ACHU) 2 x(-)).
Finally, U(s)~x(s)=U(s) " *Cy(s)Cy(s)x = C;C,U(s) ~x.
By Theorem 2, U(t)~'x(t)=Bc,c,(t, s)CU(s)"'x Vtela, b). 1

COROLLARY 1'. If C(-) € L*(B(X), [s, b]) is such that C(s)=C\(s), C(-)Cq(s) is
absolutely continuous on [s, b] with range in the domain of P(t)~? in such wise that
P(t)"1C(-)Cy(s) belongs to L*(B(X), [s, b)), and if C(-)Cx(s)x is strongly differ-
entiable a.e. on [s, b) with derivative A(-YC(-)Cy(s)x Vx € X, then C(-)=B¢,c,(-, ).

Proof. By Theorem 2’, C(-)Cy(s)x=Bc,c,(-, 5)Ca(s)x Vx € X. Since Cy(s) has
dense range, C(-)=B,c,(-, ). 1

COROLLARY 2'. Let sy € [s, b), and let x € X. If Bg,c,(So, $)Ca(8)x=Cy(s0)y for
some y € X, then

Bc,ca(t, 5)Cy(s)x = Ec,c,(‘: so)c1(so)—lﬁc,ca(so, 5)Cy(s)x Vit € [so, b).
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If the range of Be,c,(so, 5) lies in the range of C,(s,), then
B, c,(t, 5) = Bg,c,(t, 50)Ci(S0) " Be,cy(S0, S) V2 € [s0, b).
Proof. Exactly as for Corollary 2. |}

THEOREM 3'. Suppose in addition to the hypotheses of Theorems 1' and 2,
Ci(t)e L(X) Vtela,b), ie., C,eL(X). Let C; and K’ be as implicitly contained
in the statement of Theorem 2’ (recall that C, is 1-1). Set Cy(t)=U(@t)C;U(t) .

Then Cy(t)Be,c,(t, s)Cy(s)"* € B(X) for ass<t<b, and

[ Cs(8)Beyc,(t, 5)Ci(s) 72| £ K'Ko.

Also, Co(t)Bc,c,(t, -)Ci(-) " P(-)x is strongly differentiable a.e. on [a, t] with de-
rivative

C3Beyc,(t, )Ci(-) (= A(-)P(-)+P'(-))x VxeX.

Proof. Since Cy(t)Bc,c,(t, $)Ci(s) ~* = U(¢)(CsBc,c,(t, $)CTHU(s)"Y, it is boun-
ded by K’'K, by Theorem 3. Also,

Ca(t )§C103(t’ )Ci(-)7P(+) = U(t)(CaBeyc,(t, -)CTrA)U(-)?,

which is absolutely continuous on [a, t] by Theorem 3, and which is almost
everywhere strongly differentiable ¥x € X with derivative

U(EXCaBe,cy(t, )CT1AYU(-) ™+ U(1)(CsBoc,(t, -)CTAU(-) ™Y
= U(XCsBeyc,(t, -)CT (= A()AU() 1 —AU(C)U'()U(-)™Y)
= Ca(1)Be,cy(t, )CI() M (= U(AC)U()*P(-)=P()U'()U(-)7Y).

But A(:)=-U(:)"'U'(-)+U(-)"*4(-)U(:), so that —U()A(-)U(-) =
U'(-)U(-)"'—A(-), and the expression in double parentheses is —A4(-)P(-)+
U'()UC)P()=P()U'(-)U(-)~1). But since P(-)=U(-)AU(-)"?,

P'() = U'()AU() 1 =U()AU()U'(HU()?
= U'CYUC)'PC)-PCYU'CYUC) . |

(d) We shall immediately take up some specific cases of the above theorems.
We deal first with Kato’s basic theorem. Though we do not prove precisely the
same result as he does, the change seems in the direction of improvement and
~ generalization.

Consider first a function N(-) € L*(B(X), [a, b]) and an associated operator
A € L(X). We assume each N(z) to be in L(X) and to have the same range as A.
Furthermore, we assume that 3M 2 1 such that |4~!N(-)| o S M and [N(-) 4|
<M (each N(t)~'A and A~IN(¢) is clearly bounded). Finally, we assume that
N(-) is of bounded variation productwise over every subinterval of [a, b], with
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variation bounded by M. l.e., we assume that for any subdivision a<t,<#; <---
SHEb, [T [N() N - )| = M.

[Digression: Kato assumes that N(-)~'4 is of ordinary bounded variation. This

implies N(-) is of bounded variation productwise. For (essentially reproducing
his proof), if we assume the variation of N(-)~*4 to be bounded by M,, we have

IN@) Nt - )| = [(N@) =Nt -1) "IN (- 1) +1]

T+ ||(N(t) =Nt -1) " DAAIN (- 0)]
1+ [|(N@#) " *=N(t-)"H4| - M,

IA NIA

so that

H NG NGl S [T+ MIVE) ™~ N G-

S exp (M 3 VG = N4 ) S %o

since In (x+ 1)< x for x=0, and so the product [Tr., (1 +x)Sexp Cr1 x)).

However, suppose f is a function on [a, b] with values in [0, #/2] (where
sin x = x/2) which is not of bounded variation, and we set N(t)=e"/®A. Since
N(&)™*N(t-1)=exp (((f(t-)~f®)), IN@t) Nt _)|=1, so that N() is of
bounded variation productwise over every subinterval of [g, b] with bound 1.
But

I(N@) "t =N(ti_) DA = [le" @ —e -0 = |1 -0 -1C-1))|
= ((1—cos (f(t)=f(t;-1)))*+sin® (f(t) —f{t:- )
2 sin | f()=f(t,-0)| 2 3 ft) (1))l

so that N(-)~'4 is not of bounded variation.]

Suppose now that A(-) € L}(B(X), [a, b)), and that for each ¢, A(¢) preserves the
range of 4 in such a way that 4(-)=A-14(-)4 belongs to L(B(X), [a, b]). Then
for the associated B(z, 5), a<s<t<b, B(t, s) preserves the range of 4 in such a way
that B(¢, s)=A4~1B(t, s)A. For if we consider 4(¢) as an operator 4,(¢) in the Ban-
ach space R(A), Ao(-) € L\(R(A), [a, b)), and there exists an associated Bo(t, s) for
assstsb. For x € R(A), By(-, s)x is absolutely continuous in the norm of R(A),
and, hence, in the norm of X. Since it is strongly differentiable a.e. on [s, b] in the
norm of R(A) with derivative Aq(-)By(:, s)x=A(-)By(-, 5)x, the same holds in the
norm of X, so that By(:, s)x=B(-, s)x. Thus Bz, s)=B(t, s)|R(4). Bo(-,s) is
absolutely continuous on [s,b] in the norm of R(A), ie., A~'By-,s)4
=A"'B(-,s)A is absolutely continuous in the norm of X on [s, b]. Similarly,
By(-, s)x is a.e. strongly differentiable in the norm of R(4) Vxe R(A) with
derivative Aq(-)Bo(-, s)x=A(-)B(-, s)x, so that 4~1B(.,s)Ax is a.e. strongly
differentiable in the norm of X Vx € X with derivative (4 ~*4(-)A)A ~1B(-, s)A)x.
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Thus B(t,s)=A"'B(t,s)A by uniqueness. Let us consider [4~1B(t,s)A|
=|B(t, 5)||. Recall that B(-, s)=I+3%., Bi(-), where B,(t) is defined by

B (t)x = j

A - -A@t)x dty- - -dt,
tetns ... 2ty &8

f (47N (1)) (N (1) " * AN (£)) - (N (8) >N (12 -1))
22 ... Bl 28

“(N(ta-1) T A(ta- )N (ta- 1)) - -(N(t2) "IN (1))
‘(N(1) AN (1) (N (1) A)x) dty - - - dty,

Thus
1Bu)x] < M| f INGE) -2 AEIN )] de

. f " IN(t=1) " A(tn- )N (tn-1)] dty-y-- -J:’ [N(t)~*A(t)N(ty)| dt,

by boundedness of product variation of N(-) by M and by |4~*N(-)|. and
[N(-)~*4] - £ M. Thus exactly as in the first lemma for the Cauchy problem for
bounded operators,

1801 < aemd([ INO4ONE) &)

so that
18, )1 s M exp ([ INO) 40N )
since M2 1. Exactly as in the boundedness proposition we get
le-280, 9] 5 32 exp (|| ING)*(40)+nN )] o)
so that
1B, 91 5 Moexp ([ ANO) AN+l =n) ar),
and
15,91 < M exp ([[ HNC) 24N G dr):

We may now prove the following theorem.

THEOREM. Let A € L(X). Let U(-) e L*(B(X), [a, b)) be absolutely continuous
with each U(t) invertible, and let U(-)x be a.e. strongly differentiable Vx € X with
derivative U'(-)x, where U'(-) € L(B(X), [a, b]). If P(t)=U(t)AU(t)"*, assume
that U'(t) takes the range of A into the domain of P(t)~! in such a way that

P(:)7'U’(-)4 € L\(B(X), [a, b].
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Suppose now that A(-) is a function from [a, b] to CD(X) with the following
properties:

(1) the range of P(t) is the domain of A(t), and A(-)P(-) belongs to
LY(B(X), [a, b)),

(2) the spectrum of A(t) lies in a left half-plane,

(3) 3m(-) € L*([a, b]) and strictly positive &(-) with «(-)~* € L*([a, b]) such that
for almost all t, 0S e < e(t) entails |U(t) (1 —eA(2)) "2 U(t)| £ 14+ m(t)e,

(4) there exists a measurable function n(-) on [a, b] such that

N() = UC) (1 =n(-)A(-)U()

(which has the same range as A) has N(-)"*A and A-'N(-) belonging to
L>(B(X), [a, b)), and has product variation over every subinterval of [a, b] bounded
by a constant M.

Then for a<s<t<b 3B(t,s)€ B(X) simultaneously strongly continuous in s
and t with | B(t, 5)| £ |U()| exp (Jt (m(r)+ | U (r) 1U'(r)|| dr)) such that

(1) B(t,t)=1 Vtela,b),

(2) B(t, s)P(s) has range in the domain of P(t)~!, and P(-)~B(.,s)P(s)
€ L*(B(X), [s, b)),

(3) B(-,s)P(s) is absolutely continuous on [s, b), and B(-,s)P(s)x is strongly
differentiable a.e. on [s, b] Vx € X with derivative A(-)B(-, s)P(s)x,

(4) B(t, -)P(-) is absolutely continuous on [a,t], and B(t, -)P(*)x is differ-
entiable a.e. x € X with derivative B(t, -)(P'(-)—A(-)P(-))x,

(5) B(t, 50)B(s0, s)=B(t, 5) for a<s<s,<t<bh.

B(-, s) e L*(B(X), [s, b)) is uniquely characterized by properties (1), (2), and (3).

Proof. Set A(-)=—U(-)"*U'(-)+U(-)"*4(-)U(-). We shall show that A(-)
satisfies the hypotheses of Theorem 1 with C;=17and C;=A4.

Let eo(t)=min {e(?), |2m(t)| =}, and set e,(t) =eo(t)/n. Set A,(t)=—U(t)~*U'(t)
+U(t)"*A(t)(1 —e,(t)A(2))~2U(t). We have

l4.A4] = |U@ - |U'(D]- 4]
+|U@) A=A U@ - U@ - | A P@)| - | U@,

so that

14()A] = JUC) o4l 1T O +A+120]UC) | UG | AP,

and, similarly,
14()A] = 1UC) 4] 1T OI+ 1T o lUC)] | 4@) P@)].
Thus 3k(-) € LY([a, b]) with | 4,(-)4| + | A(-)4| Sk(-). Since
A) 1 —en(D)A()) ™ = ea(t) " H(1 —en() A1) 2 -1),

we have
[4x@®] = [UC) U@ +Ben(®)~*
S |UC) U@+ Bn2m(t)+(t)~1),
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and each 4,(-) € LY(B(X), [a, b]). We may take 4,(-) to be as in Theorem 1, then,
and we have already verified hypothesis (3) of that theorem.

Let us verify hypothesis (1) of Theorem 1, that the range of B,(¢, s)4 is in the
domain of 4-! Vn and a<s<t<b. By the remarks preceding this theorem it
suffices to show that A4,(¢) preserves the range of A insucha waythat A-'4,(-)4 €
LY(B(X), [a, b]). Since P(-)~'=U(-)4~*U(-)"*, P(-)"*U'(-)4 € L\(B(X), [a, ),
) that UM)A*U()"WU'(-)A € LM(B(X), [a, b)), —A~U(-)"U'()A €
LY(B(X), [a, b]). For the other term,

[4=1U@) (1 —e() A1) AU () A]
S |4TIN@- U@ 11 —e(8) () AU - | N ()4
S [ATINC) o |N() 4] o Bn(2m(e) +e(t) 7).
Let us now verify hypothesis (2) of Theorem 1 for A(-). We have, first, for uni-

form boundedness of B,(z, s), only to show that all of the p(4,(-)) are bounded
from above by a fixed function in L*([a, b]). We have

p(A(1)) S p(U(t) U () +p(U()*A(t)1 — () A(1)) 1 U(2))
£ UG IUGI
+([UE) A1 = en(t)A()) U () +ea(t) | —ealt) ™)
= U@ U @] + (@) UE) (1 —ex(t) (1)) U@ —ealt) ™)
S U@ (U@ +ea(t) 2 (1 +ealt)m(t)) —en(8) 1
= |U®O | 1T O] +m(®),
so that

1819 = exp ([[ )+ 1U0)1 U OD )

To show uniform boundedness of A-!B,(t, s)4, we have, by the remarks
directly preceding the theorem, only to show that p(N(t)~4,(t)N(t)) is bounded
from above by a fixed function in L'({a, 5]). But

P(N(2) *A.(IN(®) < p(N()-2U(@)"U')N())
+p(N ()71 U(t) " A(1)(1 — ex(t) (1)) *U ()N (2)).
Since N(t)=U(t)"*(1-n(t)A(2))~*U(t), N(t) commutes through the argument
of the last term, so that
PN (1) A(N(1))
S [N@) A A U@ U ()4] |4N @)
+p(U(1) "2 A X1 — (1) A()) "1 U(1))
S INC)Y ] |UC) | PO U 04| 47N +ml?),

as before.
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Let us now verify hypothesis (4) of Theorem 1, that (A4.(t)4)* — (4(z)A)*
strongly for almost all te€[a, b]. First, |(4.(2)4A)*|=1|4.(t)A4]l is uniformly
bounded in 7 for fixed ¢. For

4.4l £ (U@ U OA] +[U) (1 — 1) 4x(8)) AU DA

S U@ U OA]+A+e()m@)|UE) | |A@)P@)] U@,
and (1+¢,(2)m(t))<1+1/2n<2. Thus it suffices to show strong convergence on a
dense subspace of X*, for example, the set of fo N(t). Clearly, it suffices to show
that
(fo N@)) o (U(R)At)(1 —ea()A®))U@NA — (f o N(#)) o (U(1) AU (1)) 4.
Le., we must show that fo (N(2)U(2) 2A(2)) ° ex(t)A(t)(1 —en()A(2)) "2 o U(t)A
goes to zero. Since &,(?) — 0, it suffices to show that

[ o (N@U@)2A()) o A(tX(1 —e,(1)A(1))"* - U(t)4
is uniformly bounded. But

N@OU(@) ' A@1)=U(t)"*(1 —n(2)A(2)) " *A(*) = U(t)*A(2)1—n()A(1)) 2,
so that this is bounded, A(t)U(t)4=A(t)P(t)U(t), so that this is bounded, and
(1 —ea®)A@) ] = [U@] 1UE) (1 +1/20)
<2QUu@AI U@ Vn

Thus by Theorem 1’, (1), (2), and (3) of this theorem hold. To verify the hypoth-
eses of Theorem 2’, and, a fortiori, of Theorem 3', we need only show that
Ay (t)A — A(t)A strongly for fixed 7. Since we have already shown that || 4,(1)4] is
uniformly bounded in », it suffices to show strong convergence on elements of the
form A-1N(?)Ax, i.e., it suffices to show that 4,(t)N(t)4Ax converges strongly to
A(@)N()Ax Vxe X. As before,

(AN () — AN (1) Ax
= (UE) " NAOUEN@)U () en(t)(1 — ea(t)A(2)) " A()U (1) Ax
= & (1)U ()" (A@)U@ANANO)U(E)™ H(1 — en(2)A(2)) - H(A()U () 4)x),

and ¢,(t) — 0, while the other term remains bounded by

1U@ 2 14OPOI UGN 14 NORITOT U@ [AOPO] U] ]

Thus Theorems 2’ and 3’ and Corollary 2’ hold, proving (4), (5), and the unique-
ness assertion of this theorem. The bounds mentioned have been proved in passing.
Only joint strong continuity of B(z, s) in s and ¢ remains to be shown. Assuming
for convenience that 8 and &’ are small and =0, we have for x € X,

I(B@+38, s+8)—B(@t, x| < |(B(z+8, s)—B(, s)x|
+B(t+8, s+&)| |(B(s+¥', s)—Dx]|.
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(e) We shall now take up some specific cases of the existence theorems in the case
that X is a Hilbert space. In this case approximation of unbounded operators by use
of projections on which they are bounded seems most natural and seems, at least,
to be possible in most of the cases where approximations using resolvents can be
used.

Because the additional hypothesis that X is a Hilbert space makes possible a
number of existence theorems, we shall treat only two relatively simple ones by
way of example.

THEOREM. Let A € L(X) be self-adjoint. Let U(-) € L*(B(X), [a, b]) have each
U(t) unitary, and let U(-)x be a.e. strongly differentiable Yx € X with derivative
U’'(-)x, where U’'(-) e L\(B(X), [a, b]). If P(-)=U(-)AU(-)"?, assume that U'(t)
takes the range of A into the domain of P(-) in such fashion that P(-)~*U'(-)A
€ LY(B(X), [a, b]).

Suppose now that A(-) is a function from [a, b] to CD(X) with the following
properties:

(1) each A(t) is skew-adjoint,

(2) the domain of A(t) contains the range of P(t), and A(-)P(-) € L\(B(X), [a, b)),

(3) 3m(-) € L\((a, b)) such that [A(-), P(-)*1<m(-)P(-)*

Then for a<s<t<b 3B(t, s)e B(X) jointly strongly continuous in t and s such
that B(t, s) is isometric, and

(1) B(t,t)=1 Vtela,b],

(2) B(t, 5) takes the range of P(s) into the domain of P(t)~*, and

P(-)"'B(-, 9)P(s) € L*(B(X), [s, b)),

(3) B(-, s)P(s) is absolutely continuous on [s, b], and B(-, s)P(s)x is strongly
differentiable a.e. on [s, b] Vx € X with derivative A(-)B(-, s)P(s)x,

(4) B(t, -)P(-) is absolutely continuous on [a, t], and B(t, -)P(-)x is strongly
differentiable a.e. Vx € X with derivative B(t, -)(P'(-)— A(-)P())x,

(5) B(t, 50)B(so, 5)=B(t,s) for asSs<soStsb.

B(-, s) e L*(B(X), [s, b)) is uniquely characterized by properties (1), (2), and (3).

Proof. Note first that since U(t)x=U(s)x+[: U'(r)xdr Vxe X entails
U(t)*x=U(s)*x+ [ (U'(r))*x dr Vx e X by the discussion for bounded opera-
tors in Hilbert space, U’(-)* is the strong derivative of U(-)~?, so that U’'(-)*
=—=U()"U'(-)UC-)" Thus (U@ U @)*=U'@)*U@)=-U@)"*U'(2), so
that each U(¢)~*U’(¢) is skew-adjoint.

Let us show that the hypotheses of Theorem 1 hold for 4(-)=—U(-)"*U’(-)
+U(-)"*4(-)U(-) with C;=TI and C,=A4.

Since

l4A®A] £ |UE U OA]+|UE 2 AOPOUE)]
< U] [41+1Z0 PO,

we have A(-)4 e L*(B(X), [a, b]).



28 MATTHEW HACKMAN [August

If {E,} is the spectral family for 4, set P,=(1 — E;;,)+ E_;;. Then A-1P, € B(X),
and so |A(t)P,| S| A()A(A*P,)| =n|A(t)A|. Set A,(-)=P,A(-)P,. Then each
A,(t) is skew-adjoint because each A(-) is, and A4,(-) € LY(B(X), [a, b]) Vn.
Since, by the discussion for bounded operators in Hilbert space, each B,(z, s) is thus
unitary, |B,(z,s)|<1 Vn,a<s=<t<b. Thus the first part of hypothesis (2) of
Theorem 1 is satisfied.

Since the range of 4,(t) lies in the range of P,, which lies in the domain of 41,
we may consider 4 ~!4,(-)A. By an earlier discussion, A ~14,(-)4 € L*(B(X), [a, b])
will imply that the range of B,(t, s)4 lies in the domain of 4~?*, thus proving
hypothesis (1) of Theorem 1. But [[(471P,)A(-)(P,A)| = || A~ *P.| | A(-)A| || Pal
S njA(-)A|.

Let us now verify the remainder of hypothesis (2) of Theorem 1, that A ~1B,(z, s)4
is uniformly bounded. We compute p(4~14,(-)4). We have

p(A71A4,(0)4) = p(4™*PrA(t)AP,)
S p(=Pad" U) U (AP + p((A*PR)U (1)~ A()U(1)(APw)
g |P@)-*U'@0A4]
+1 sup o(4 P U(t) " A()U (N AP,) — (4P,)U (1) A(£)U(t)(A ™ *Py)).

Since
APty —P(1)*A(1) < m()P(t),
or
ADUDAU() 1= U([)A2U(t) - 4A(t) < m()U()A2U ()3,
or
U(t)-1A(r)U(1) 42 — A2U(£) 2 A()U(t) £ m(r)A42,
it follows that

PU(t) *A()U(t)A?P,— P, A2U(t)*A(t)U(t)P, < m(t)A?P,,
and, therefore,
(A7PYU®t) P A()U(tNAP,) — (AP)U (1) *A()U(t) (A~ *P,) < m(t)P,.

Thus p(4~*A4x(-)4) = | P(-)7*U’(-)4] +3m(-), and

148,0,941 5 exp ([ @m)+1PO) 20D o)

< exp Glm()l+ | PC)UC)A]).

For hypothesis (3) of Theorem 1, we have |4,() 4| =| P,A(t)AP,| = | A(t)4],
s0 that k(-)=2] A(-)4| € L({a, b)) satisfies | 4,(-)4| + | A(-)4] Sk(.).
For hypothesis (4) of Theorem 1 we must show that (4,(¢)4)* converges strongly



1968] THE ABSTRACT TIME-DEPENDENT CAUCHY PROBLEM 29

to (A(t)A)* for almost all t. But [(4,(2)A)*|=|4.()A] = |A@)A|, so that
[[(4a(2)A4)*| is uniformly bounded for fixed z. Thus we need only show that 44,(r)
— AA(?) on a dense subset of X. For x in the range of P, and for n2k, A4,(t)x
=(AP,)A(t)x, and AP, — A strongly.

Thus conclusions (1), (2), and (3) of this theorem together with strong continuity
of B(-, s) follow from Theorem 1'. To verify the hypotheses of Theorem 2, and,
a fortiori, of Theorem 3, for A(-), we need only show that 4,(r)4 — A(t)A strongly
for almost all ¢. Again by uniform boundedness of || 4,(¢)4| for fixed ¢, it suffices to
show strong convergence on x in the range of P, for some k. For nzk, A,(t)Ax
—> P,A(t)Ax, and P, — I strongly.

Thus the uniqueness assertion holds by Corollary 1’, conclusion (4) holds by
Theorem 3’, and conclusion (5) holds by Corollary 2’. As before, joint strong
continuity of B(¢, s) in ¢ and s follows from conclusion (5), boundedness of B(t, s),
and strong continuity in ?.

It remains only to show that B(t, s) is isometric. But

(E( ’ s)P(s)x, E( ) s)P(s)x)’
= (A(-)B(-, s)P(s)x, B(-, s)P(s)x)+(B(-, ) P(s)x, A(-)B(-, s)P(s)x) = 0

Vx € X, so that | B(, s)P(s)x|2=| P(s)x[|> Vxe X. |

None of the examples up to now has made use of the auxiliary operator C, of
Theorem 1. In the following example it is used to control the bounds of the B,(t, s)
which appear. This time we do not attempt a formulation in terms of the general-
ized theorems.

THEOREM. Let & be a weakly-closed ring of operators in X with commutor 7.
Let A(-) be a function from [a, b) to CD(X) such that each A(t) is affiliated with <.
Suppose 34 € o/ N L(X) (which by polar decomposition we may take to be positive
self-adjoint) such that the range of A lies in the domain of each A(t), and A(-)A
€ LY(B(X), [a, b)).

Then 3C € o/ * N L(X) such that C=g(A) for some nonnegative Borel function g,
and for a<s<t<b 3B(t,s) in the weakly-closed ring /' generated by o7 and A,
simultaneously strongly continuous in t and s, such that

(1) B(t,t)=C Vte[a,b), and |B(t,s)|SK|A|,assSt<b, (where K may be
chosen equal to 2),

(2) the range of B(t, s)‘lies in the domain of A=* for a<s<t<b, and A~'B(-, )
€ L*(B(X), [s, b)),

(3) B(-, s) is absolutely continuous on [s, b], and B(-, s)x is a.e. strongly differ-
entiable Vx € X with derivative A(-)B(-, s)x,

(4) B(t, -) is absolutely continuous on [a, t], and B(t, -)x is a.e. strongly differ-
entiable Yx € X with derivative

—~BG )A()x (=B, 9)AG) = — A *AB(, $)A(s) = —A~1B(t, )A(s)A),
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(5) the range of B(t, s)C lies in the domain of C~!, and B(t, s)C=
B(t, so)C ~1B(so, 5)C for s<s505t<h.
B(-, s) e L*(B(X), [s, b]) is uniquely characterized by properties (1), (2), and (3).

Proof. Let us construct C;. Let {E,} be the spectral family of A. Set P,=E{,.
Since the range of A lies in the domain of every A(t), the range of 4(4-*P,)=P,
lies in the domain of every A(z), and

14C)Pa] = [AC)AA P = [AC)A] AP, = n|A()A],

so that A(-)P,e€L'(B(X),[a, b]) Vn. Letting a,=|A(-)P,|;, so that a,*, set
Ci=%e %P +37.,2 "¢ % (P,—P,_,), set C;=A4, and set C=C,C,=C, A.

For the 4,(-) of Theorem 1 let us take A(-)P,. Since B,(¢, s) is a uniform limit
of sums of strong integrals of operators in &', B,(t, s) € &', so that B,(t, s)C,C,
=B,(t, s)C;A=AB,(t, s)C; has range in the domain of 4-%, and 4~1B,(t, s)C,4
=B,(t, s)C,. We have shown hypothesis (1) of Theorem 1 to hold and will have
shown hypothesis (2) also to hold as soon as we show that || B,(t, s)C, || is uniformly
bounded for aSs<t<b, Vn.

Consider (B,(t, s)—I)P,+1 for m<n. We have

(B.(t, s)=DPpx = ft A(r)P,B,(r, s)P,x dr = f t A(r)P,B,(r, s)P,x dr,

so that (B,(t, s)—I)P,+I=B,(t, s) by uniqueness. Thus
"Bn(t’ S)Cl ll = "(Bn(ts s)-—I)C1 " + "CI " = "(Bn(t’ s)")PnCI " +‘%

< (B2, s)—DP,C, | +kia | (Ba(t, s)=I)(P.— Py, -1)C: || +1
< [(Bu(t, 5)- D) ||1"101l|+§2 I(But, )= DPx|| [(Pe—Pr-1)Ci +1

S D 27k % |By(t, 5)=I|+1 £ > 2-%e (e —1)+1 £ 2.
k=1 k=1

For hypothesis (3) of Theorem 1 we have |A,(-)4| < |A(-)P.A|=|A(-)AP,|
<[ A(-)4], and we need only choose k(-) € L*([a, b])=2[ A(-)4].

Finally, (4,()4)* — (A(¢)A)* strongly for each . As usual, since we have just
shown that [(4.(-)4)*| = A.(-)4|| < | A(-)4]|, we need only show strong conver-
gence for x in the range of some P,. But then for n2k, AA4,(f)*x=AA(t)*P,x=
AA(t)*x.

To verify the hypotheses of Theorems 2 and 3 with C3=C,, we need only show
that 4,(t)A — A(2)A strongly, and, again, for x in the range of P,, when n>k we
have 4,(t)Ax=A(t)P,Ax=A(t)AP,x=A(t)Ax.

Now if B(t, 5) is the relevant solution according to Theorem 1, it is in &' since
it is a weak limit of operators B,(t, s)C,. Setting B(t, s)=B(t, s)4, we may im-
mediately verify all the assertions of the present theorem except joint strong
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continuity of B(t, s) in ¢ and s. But this is immediate in the usual way: assuming
& and &' >0 and small,

I(B(t+S8, s+8)—B(t, s))Cx]|
< |(B(t+38, )= B(t, $))Cx| + | B(t+8, s+8)C~Y(B(s+¥', s)—I)Cx|,
< |(B(t+38, 5)—B(t, ))Cx| + | B(+38, s+8)| |(B(s+¥,5)-Dx|. 1

COROLLARY. C~1B(t, s) is a closed, densely-defined operator Ya<s=t<b. For
elements x in the range of C, C ~*B(-, s)x and C ~*B(t, -)x are absolutely continuous
on [s, b] and [a, t], respectively, and they are a.e. strongly differentiable with de-
rivatives A(-)C ~*B(-, s)x and —C ~*B(t, - )(A(-)x). If B,(t, s) is related to — A(-)*
in the same way that B(t, s) is related to A(-), C may be chosen the same for B and B,.
B,(-, 5)* and B,(t, -)* are absolutely continuous on [s, b] and [a, t}, respectively, and
B,(-, s)*x and B,(t, -)*x are a.e. strongly differentiable Yx € X with derivatives
[=By(:, )*A(-)]"x and A(-)B,(t, -)*x. C~1By(t,5)* is a closed, densely-defined
operator, and

(C1By(t, s)*)(C~*B(t,5)) = I,
and

(CB(t, )(C'By(1, 5)*) = L

Proof. Only the last statement is not immediate. But C ~1B,(t, s)*C ~*B(t, s)C?x
=B,(t, s)*B(t, s)x. By taking derivatives in ¢, By(t, s)*B(t, s)x= Bi(s, s)*B(s, s)x
=C2%x Vtels, b], so that (C~1B,(t, s)*)(C ~1B(t, 5)) is the identity on the range
of C2

A similar computation taking derivatives in s for

B(t, 5)B,(t, s)*x = C~B(t, s)C ~'By(t, s)*C*x

shows that (C ~*B(t, s))(C ~1B(t, s)*) is the identity on the range of C2 as well. ||

4. The Cauchy problem for measurable operators affiliated with a weakly-closed
ring of operators in a separable Hilbert space. (a) Some observations on measur-
able functions from a measure space Q to B(X) when X is a separable Hilbert
space are in order here.

For T € B(X), let us define |T| by the polar decomposition T=U|T|. Unless
otherwise indicated, let us assume all spectral families of projections {E,} to be
normalized from above from now on, so that E;,=( x>, Ex-

Suppose now that A(-) € #(B(X), Q), where -each A(?) is positive self-adjoint
with spectral family {E,(¢)}. Suppose first that | A(-)| < M a.e. If fis any continuous
function on [0, M], there exists a sequence {p,} of polynomials converging uni-
formly to f. Thus (p.(4(-))x,y)— (f(4(-))x,y) pointwise, so that f(A4(-)) e
MH(B(X), Q). If A<M, set f(x)=1for0=sx<A, =n(l/n+A—x) for A\SxSA+1/n,
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=0 for A+1/n=x=M. Then (f,(A(-))x,y)—> (E\(-)x,y) pointwise, so that
E,\(-) e #(B(X), Q). Since |A(-)| is in general measurable, E,(-) € #(B(X), Q)
generally by splitting up Q into a countable number of pieces on which |A(-)]
is uniformly bounded.

Let A(-)e #(B(X), Q) be arbitrary, = U(-)|A(-)|. Then A(-)*A(-) e #(B(X), Q),
so that (A(-)*A(-))¥2=|A(-)| e #(B(X), Q). If {E\(2)} is the spectral family for
|A(®), [3,, (1/2) dE(-) is measurable, so that

UC)AC) f/ /) dEx(-) = UCYE ()= Eun(-)),

and, ultimately, U(-) € #(B(X), Q).

In general let us make the following definition.

DEFINITION. Let A(-) be a function from the measure space Q to CD(X), where
X is a separable Hilbert space. Let A(-)=U(-)|4(-)| be the polar decomposition
for A(-), and let {E,(-)} be the spectral family of |4(-)|. Then A(-) will be called
measurable on Q if 4A(-)E,(-) is measurable on Q VA=0. |

Note that A(-) measurable implies that A(-)* is measurable since A(-)*=
UCYUQC)AGIU)*), and the spectral family for U(-)|A(-)|U(-)* is
U(-)E\(-)U(-)*, so that

ACYUCE(IU)®) = UCYUOECUCHUCIACIUG*)
= Ex()[4()[U(-)*
= (UC)AC)EN(-))* € #(B(X), Q).

Note also that U(-)E,(-) € #(B(X), Q) V¥nz0, so that U(-) e #(B(X), Q).
Consider now P(-) € #(B(X), Q), where each P(t) is a projection. Since
((Pi(-)P3(-))"x, y) = (Pi(-) N Po()x, y), Pi() N Py(-) € #(B(X), Q). Also,

Py(-) U Py(-) = 1=(1=Py(-)) n (1-P(-)),

so that Py(-) U Py(-) is measurable. Thus | J2, P(-) € #(B(X), Q).

[If o is a weakly-closed ring of operators in X, and if P is a projection in <7, then
P’, the central support of P, =%, UPU;*, where {U;} ranges over a countable
set of unitaries dense in the separable metric space of all unitaries of </ under
the strong topology. For if x is in the range of P and if U is any unitary in 7, there
exists a sequence {U,,} with U, x — Ux, which means that | J2, U,PU;"? contains
all images of elements in the range of P under unitaries in &, which means that it is
stable under all unitaries of &, which means that it is in &7, which means that it
is in the center of &/.

Then if P(-) e #(B(X), Q), with each P(t) a projection in &, P'(-) e #(B(X), Q).

Suppose 4 € &+, with 4= ;' AdE,. Set E} equal to the central support of
(1—E,). Then {£,} is a spectral family continuous from above. For £, =(\a>», Ex
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is equivalent to 3, =\Ux»», £+ Set A= [}’ A dE,. Since E} is the central support of
E%, E, < E,. Then Vx € X, (E\x, x) S(E,x, x). But then

(Ax, %) = f OM Nd(Eyx, x) = M(x, %)— f :‘ (B\x, %) dA

M M
> M(x, x)— fo (Exx, %) d\ = fo M(Exx, %) = (A%, ).

If A’ is any central operator in &/ with 4'> 4,
A=A = (A= ADYH A+ A 24+ -+ A A 24 A" 1)12)2 >,

sothat A"2 4" VYn20. Thenif 4’= [} A dE; and if x is a unit vector in the range
of E;,, (A™x, x)<(A"™x,x)SA§ Vn20, so that L’," (A" d(Exx, x)S1 VYn20,
which means (E,,x, x) = 1, which means x is in the range of E,, which means
E, S E,,, which means E,!2 E%,, which means E;!2 E} , which means E; < E,,
which means (4'x, x) = (4x, x), just as above, which means A’ > 4, so that A4 is the
least central operator in & majorizing A4.

If A(-) e #(B(X), Q) with each A(t) € &7+, then A(-) € #(B(X), Q) since the
associated Ej(-) e #(B(X), Q) VA=0.]

(b) Let #(2) be the *-algebra of measurable operators affiliated with </, We
shall determine some ring-theoretic conditions for solution of the Cauchy problem
for measurable functions on [a, b] with values in ().

If tr is any trace on the ring &/, there exists a sequence of vectors {x,} such that
trA=>72,(Ax, x;) VAes/*. Thus if A(-) is a measurable function on a
measure space Q with values in #(</), we have

tr[AC)] = fim (AL = Tim > (ACE D5, 30

so that tr |4(+)| is measurable.

We may now give some ring-theoretic conditions for solution of the Cauchy
problem. The essential details of the construction amount to a direct generalization
of the basic propositions for bounded operators. We first prove a lemma.

LeEMMA. Let Q be a finite measure space for which L*(Q) is separable. Let o/ be the
multiplication ring of L*(Q). Then if A(-) is a measurable function from a finite
measure space Q' to operators affiliated with sZ, there exists a measurable function
k(w, »") on Q x Q' such that for almost all ' € Q', A(w") is multiplication by k(w, »").

Proof. Let {E,(-)} be the spectral family associated with |A4(-)|. Set 4,(-)
=A(-)E,(-). Then if ve L*Q) is the function constantly equal to one, A4,(-)v
€ L>(L¥(Q), Q)< L¥(L*(Q), Q").

Thus there exists a sequence {v(-)} of countably-valued measurable functions
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from Q' to L*(Q) such that | 4,(-)v—vi(-)| £1/j a.e. on Q' (the norm being the
norm in L3Q)). Certainly v)(w)(w)=kl(w, »’) is measurable on Qx Q'. Also,

f K (@, @) — Ki(w, )| doo do’
axn’
< f 2112+ 1j2) do’ = 2(1/i2+1/j7) f &',
o’ o’

so that {k/(w, w')};>, is Cauchy in L2(Q x Q"). Let k,(w, »") € LA(Q x Q') be a limit
function. Then k,(w, v")=A4,(w')v (in L*(Q), and, hence, in L*(Q)) for almost all
o’ € Q' since

f o’ ( f lkn(w, ')~ K, )2 dw) 0,
Q’ 9]
so that
f |k n(w, ") —kin(w, ©')|? dw — 0
Q

for almost all »’ for an appropriate subsequence {j,}. Thus for almost all ' € Q’,
Ay(') is multiplication by k,(w, o).

Application of this to E,(-) gives a function p,(w, "), which, since it is equal to 0
or 1 a.e. on Qx Q’, must be the characteristic function of a measurable set G,.
Clearly knxc, =k, almost everywhere Vm = n, so that, except on a null set of G,, kn
remains constant when m = n. Then {k,} converges to a measurable function k a.e.
on Qx€'. Since kyg, =k, A(«") is multiplication by k(w, ') for almost all
' eQ. |

THEOREM. Let < be a discrete ring, and let A,(-) be a measurable function from
[a,b] to M(), e=1,2. Let Ay(-) € L\(B(X), [a, B]), and let [tr A5(-)*As(-)]'
€ L*([a, b]), where tr is an essential trace on . Set A(-)=A,(-)+Ax(-). Then
3B(t, s) € #(F) Va=<s=t=b with the following properties:

(1) B(t,t)=I Vtela,b),

(2) there exists a central A € /* N L(X) whose range is in the domain of every
B(t, 5), and which has B(-, s)A in L*(B(X), [s, b]) Vs € [a, b] (indeed, B(t, s)A is
uniformly bounded over all a<s<t<b),

() ifxe X has (Tx, x)Sk(x)tt T VT es*, B(-, s)Ax is absolutely continuous
on [s, b] and a.e. strongly differentiable on [s, b] with derivative Ay(-)B(-, s)Ax (such
x are dense in X),

(4) for x as above, B(t, -)Ax is absolutely continuous on [a, t] and a.e. strongly
differentiable on [a, t] with derivative — B(t, -)AAq(-)x,

(5) if B(t, 5) is related to — A(-)* as B(t, 5) is related to Ay(-), B(t, 5) has all of
the above properties with respect to — Ay(-)* and the same A, and B(t, s)*=B(t, s)~%,

(6) Vso € [s, t], B(t, 50)B(s0, )= B(t, 5),

(7) B(t, s)A is jointly strongly continuous in t and s.

Properties (1), (2), and (3) uniquely characterize B(t, s). Further, Ya<s=<t<b,
I : |Ao(r)|~ Ex(r) dr is a monotone increasing sequence of central operators in
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converging a.e. to an unbounded positive central operator (% |Ay(F)| dr affiliated with
o, and |B(t, s)—I|+I1<exp ([} | Ao(F)| dr). (Ex(r)} is the spectral family for | Ao(r)| )

Proof. Suppose {P;} is a sequence of mutually orthogonal central projections in
& with 32, P,=1 Set X;=PX, set H=P,, and set tr;,T=tr T VT e/}
Then [tr, 45(-)*45(-) P € L'([a, b)).

Suppose that all of the assertions of the theorem hold for 4,(-)P,+ Ao(-)P;. Let
B(t, s) and A, be the relevant “ B(t, s)” and “4”. Set

a,= sup {| Byt 5)A|, | Bz, 5)A]|},
aSsstsb

and let A =Zﬂ1 a‘-lAg. Let B(t, s)= deil B‘(t, S).
Then assertions (1) and (2) certainly hold. For assertion (3), let x € X be such
that (Tx, x)Sk(x)tr T VT e & *. We have Vt € [a, b],

tr (AB(1, s)* A(1)* As(1)B(t, $)A) £ K2 tr A,(t)* Ay(1)

(K? is independent of s and ?), so that || A,(¢)B(t, s)Ax|2 S k(x)K? tr Ay(t)*A,(2),
which means | A4(-)B(-, s)4x| € L*([s, b]), and, therefore, (4,(-)+ A45(-))B(-, s)Ax
€ LY(B(X), [s, b]). Thus j‘: Ay(r)B(r, s)Ax dr exists, and we have only to show that
it is equal to B(t, s)Ax— Ax. But this is immediate upon application of P,.

Assertion (4) follows in exactly the same manner. For assertion (5) we need only
take B(t, s)=2:2, B(t, 5). Assertion (6) is immediate. Assertion (7) follows from
joint strong continuity on elements in the range of >!., P, and uniform bounded-
ness of B(z, s)A.

Uniqueness follows by application of P; and the observation that properties (1),
(2), and (3) are inherited when everything is reduced to 4. The operator bound is
immediate.

Since & is discrete and X is separable, there exists a sequence of mutually
orthogonal central projections {P,} such that each P, is the sum of n orthogonal
equivalent abelian projections, n=1, 2, ..., 0. By the above discussion we may
assume that some P,=1.

We assume then that there exists a sequence {P;}{., of mutually orthogonal
equivalent abelian projections with 7., P,=1I. Let U, € & be a partial isometry
with U§=Uj, and U,;U,=P,. Since P,/P, is abelian, it is isomorphic to the
multiplication algebra # of L*(Q) over L%(2), where Q is a finite measure space
with L%(Q) separable. The integral of a function in L®(Q) gives a trace tr; on
P, oZP,. If we set tr' T=27.,tr, (U,;TU,;) VTex*, tr' is clearly additive,
homogeneous with respect to nonnegative real numbers, and normal. For all
Te o,

tr' T*T = Z try (Uy,T*TU,,) = Z try (Uy,T*Uy)(UnTUy))
i=1 k=1
= z try (UneTUu)(Uy T*Uyy)) = Z try (UuTT*Uy,) = tr' TT*,

Jok=1 k=1



36 MATTHEW HACKMAN [August

so that tr’ is a trace. Since for Te &%, tr' T=0 if and only if P,TP,=0 Vi, if and
only if |T*2Px||?=0 Vxe€ X, if and only if T=0, tr’ is essential.

Let S be an unbounded 1-1 positive operator affiliated with the center of &/
such that tr T=tr’' ST VT es/*. Let S have spectral resolution {E,}, and set
Q.=FEz —Ey-1. Then {Q,} is a sequence of mutually orthogonal central pro-
jections with >2, Q,=1, and tr TQ,=tr' SQ,T<2*tr' TQ,, tr' TQ,=tr TS ~1Q,
<2~k tr TQ,. If we assume, as we may, that some Q, =1, then we may assume the
isomorphism of P,&/P;, with the multiplication algebra . of L*(Q) over L¥Q)
to be such that tr gives the same measure as tr, on Q since tr and tr, give equivalent
measures inducing a unitary transformation of L3(Q). Call the isomorphism 6.

Consider now 6(Uy;A4,(-)Uy,). This is a measurable function from [a, b] to
unbounded operators affiliated with .#. Thus by the lemma there exists a function
k¢&(w, t) measurable on Q x [a, b] with 8(U,;4,(t)U;,) multiplication by k&(-, ¢) for
almost all ¢ € [a, b]. Further, for almost all ¢, k{(w, t) defines a bounded matrix
operator on /%({j}}.,) with norm |k§(w, t)] 2 Vw e Q if we set kf(w, t) equal to
zero on a suitable null set of Q x [a, b], an adjustment which changes k{(w, t) only
on a null set of Q for almost all 7 since a null set of Q x [a, b] has null t-sections for
almost all ¢ by the Fubini theorem. Indeed, the function kg(w, t) for |4,(-)|~ has
k(w, t)=0 for i#j, and k%(w, t)=k(w, t)20 Vi. If F is the set of all finite
sequences of complex rationals with /2-norm < 1, the function

sup |(kfy(w, 1))z

is measurable and 20 on Qx [a, b], and must by its properties relative to A4,(-)
be equal a.e. on Q x [a, b] to k%,(-, ©).
We have
n
tr Ax(1)*A5(t) = D, tr (Un,Aa(0)* Aa(6)Uy)

i=1
n

= Z tr (Uy45(1)* Uiy Uy do(t)Ujy)

t,/=1

_ fn S ki, R (w, 1) do 2 fﬂ k2, (w, £)? dao

{,j=1
since the Hilbert-Schmidt norm majorizes the operator norm, so that

ko%JweB@Jn

and, consequently, [ k3,(-,t)dteL(Q) by the Fubini theorem. Set Q,=
{weQ:m—1Z[; kyi(w, 1)* dt <m}, so that the Q,, are disjoint and Q={Jx., Qn
up to a null set. Let Q=271 U;;0~Y(xq,)U,;. Then VT € &,

on.T = Z Un 0~ (xa,)UyT = z Un 0~ () UrsTUxsUpe
1k=1

j=1

= Z P;TU U0 *(xa,)Urs U = TQm,

Jik=1
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so that Q,, is a central projection. Since >n-; Qn,=1, we may, as twice before,
assume that Q,,=1I for some m, so that [> k%,(-, ) dt< M a.e. on Q.

Let K(w, t) be the linear transformation on /%({j}}-,) defined by the matrix
k{(w, t). By the propositions for bounded operators 3B(w, ¢, 5) for almost all w
and Vass<t<b with |B(w,t,s)—1I|2+1exp ([; k%i(w, r)dr)<e¥, and with
B(w, -, s) absolutely continuous on [s, b] and a.e. strongly differentiable with
derivative K(w, -)B(w, -, ).

Since K(w,t) is measurable from Qx [a, b] to B(%({j}}-1))=B(H), K(w,t,)
- - - K(w, t,) is measurable from Q x [a, b]" to B(H). We have by the Fubini theorem,
defining B,(w, ¢, s) by

By, 1, s)h = f K(w, 1,)- - -K(w, t)h dty- - -dt,
2t ... 2128
for h € H, that
(Bu(w, 1, ), b') = j (K(w, t,)- - - K(w, t))h, Ky dt, - - -dt,
t2ta 2 ... 2t 28

is measurable in w, ¢, and s. Thus B(w, t, s)=1+>-, B,(o, t, 5) is measurable in
w, I, and s. Set B(t, $)=>7,., U 0~ (B(-, t, 5);)Uy,, and set 4 of assertion (2) of
the theorem equal to I. Certainly ||B(tf,s)|<e” Vassst<b, and B(t, t)=1
Vt € [a, b]. Measurability of B(z,s) in ¢t and s is also clear (since it may be
expressed in the form “ p(B(t, 5)) is measurable in ¢ and s for any positive normal
form p on ).
Suppose (Tx, x)Sk(x)tr T VT e /* for some x € X. Then
(A2(-)B(-, 5)x, A5(-)B(-, 5)x) = (B(-, s)*A(-)*45(-)B(-, 5)x, x)

£ k(x) tr (B(-, 5)*A45(-)*45(-)B(-, 5))

S k(x)e*™ tr Ay(-)*45(-),
so that || 4,(-)B(-, s)x| € L*([s, b]), and so

Ao()B(:, s)x € L(B(X), s, b]).
We wish to show that

B, s)x = x+ ft Ao(r)B(r, s)x dr.

Note that the set of x € X with (Tx, x) Sk(x) tr T, or | T 2x||2 S k(x) tr T, forms
a linear space (T'e &/ *). For
[T*3x|2 < |A|2k(x) tr T,
and
1T 2+ = (IT*2x| + | T*2y])* = 2017 2]+ | T*2y]%)
S 2(k(x)+k(Y) tr T.
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Since tr T=3, (Tx;, x;) for some separating sequence of vectors {x}, the space of
x € X with | T*3x|2S k(x) tr T is a separating set for & For any unitary U € &,
|TY3(Ux)|2= || UT"2x||?= || T*?x||2 S k(x) tr T, so that the space of xe X with
| TY2x||2 < k(x) tr T is dense in X.

Thus it suffices to show that (B(t, 5)x, y)=(x, y)+[; (4o(r)B(r, 5)x, y) dr Vy
with ||[T*2y|2<k(y) tr T. By decomposing each term in the form

x, ») = H(x+y, x+y)—(x—y, x=y)+i(x+iy, x+iy)—i(x—iy, x—iy)),

we see that it suffices to show that (B(t, s)x, X)=(x, x)+ |, ¢ (Ao(r)B(r, s)x, x) dr
Vxe X with |T*3x|2<k(x)tr T for Te o/*. Since T— (Tx, x) is a positive
normal form on &7, it defines a positive normal form on B(H) ® #, given by
T(-) = Zm=1 [o (T(w) fu(w), fu(w)) dw, where fn(w)e H for each we Q with
321 fo | ful@)||? dw <0, and where T(w) € B(H) for each w is defined by the
matrix T,(-)=0(UyTUy). Since

(B@, 1, o), o) = Unle), Sul) + [ (Ko, B, 7, S fue) dr
for almost all w € Q, we have
[ Bt 9futa) s do = [ 1fu(@)] do
+[ dr [ (KC@B,1,5) ), fulw) do
by the Fubini theorem because
[} ar [ 10k, Bw, 7 )0). Sl s
s e [ ar [ 1@ 1K@, fu@)] dr
se[ar ([ 1n@ira) ([ 1KYl do)

< | fula f' (Ao(r) Aolr)*x, X)12 dr

s efuls( Il [ 140 dr+k09) [ 0 A0 02 )

which is finite. By the Lebesgue dominated convergence theorem

S [ B s 95w, N do = 3, [ 17 do

m=1

[lar 3 | KB, (o) fule) do

Mme=l
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since

i
m=1

fn (K(w,r)B(w, 1, 5) fin(@), fu(w)) dw ‘
o 3 [ 1l K@@l do

e 5 ([ 1) ([ ke neser?)

m=1

e"(z fn [ ful@)]? dw)m( Z f Ko1)ot "2)1,2

e ("21 L | fa()] 2) 112(1‘10(")Ao(r)"‘,x, x)12

eM(x, x)(|lx|| | A:(r)] +kCe)tr Az(r)*A5(r))*'?) € L([a, b))

But then (B(?, 5)x, x)=(x, X)+ [} (4o(r)B(r, 5)x, %) dr.

Assertion (4) is proved in exactly the same manner. Assertions (5) and (6) follow
from the previous assertions and the isomorphism of < with B(H) ® . Assertion
(7) follows from boundedness of B(z,s) and absolute continuity of B(t, s)x in
t and s separately for x with (Tx, x) k(x) tr T for T € &/ *, together with (6). The
operator bound has already been established in the course of computation.

Only uniqueness of B(t, s) remains to be shown. Suppose C(-) is a function
from [s, b] to (&) with C(s)=1, with an associated central 4 € &* N L(X)
whose range is in the domain of every C(¢), and which has C(-)4 € L*(B(X), [s, b)),
and C(-)Ax absolutely continuous and a.e. strongly differentiable on [s, ] with de-
rivative Ao(-)C(-)Ax Vx with (Tx, x)<k(x)tr T VT e o *. (Note that for S € </,

(TSx, Sx) = (S*TSx, x) < k(x) tr S*TS = ||S||%k(x) tr T,

IIA

1/2

IA

A

A

IIA

so that
[42(-)C()Ax|? = (Aa(-)*A4a(-)C(-)Ax, C(-)Ax)
S | C(-)A4)%k(x) tr A5(-)*Aa(-)

and thus |A45(-)C(-)Ax]| is in L*[(s, b]).) Let x and y have (Tx, x) and (Ty, y)
dominated by trT VTex/*. Then (C(-)4x, B(-,s)y) is differentiable with
derivative (4o(-)C(-)4x, B(-, s)y)+(C(-)Ax, — Ao(-)*B(-, s)y)=0, so that

(B(t, s)*C(t)4x, y) = (Ax,y) Viels, b),

which means that B(t,5)*C(t)d=A Vte[s,b], which means that C(t)A=
B(t,s)A Vte[s, b], which means that C(¢2)=B(t,s) Vtels,b]. |

(c) If the ring &/ is not discrete, no theorem like the above one seems to be
available. However, some kind of control over the traces of the operators involved
can help in keeping domains under control. Let us give an example of an operator
A affiliated with a finite ring & for which >, (1/k!)A*x converges weakly for no
nonzero x € X.



40 MATTHEW HACKMAN [August

We take the ring &7 to be one of the standard examples of a finite factor of type
II,. Let C be the group of reals mod one. Let H,~L?*C), and set X=@Z, H,.
Leta € (0, 1) be a fixed irrational number. For f={f} € X, let (Uf)x(x) =15 -1(x—a),
so that U is unitary on X. Let (Sf),=xf,(x). Then the ring &/ generated by Uand S
is a factor of type II,. If m(-) is any measurable function on C, and if (Tf)a(x)
=m(x)f,(x) for suitable fe X, then UT=4 is affiliated with /. If we take m(x)
=exp (x~*), 4 will furnish the example desired.

To see this, let us first note that there exist arbitrarily large integers m such that
the set of iterates {ja}{4®? intersects any open subinterval of [0, 1) of length
= 1/m. For by the box argument some ra and sa for 1 £r<s<(m’+1) must fall in
an interval (k/m’, (k+1)/m’), so that 0<(s—r)a<l/m’ with (s—r)sm’, ie.,
O<ra<1/m' for some integer r between 1 and m'. Let m be such that 1/(m+1)
<ra<1l/m<1/m’. Then {sra}"'! intersects every open subinterval of [0, 1) of
length =1/m, and sr<(m+1)m’ <(m+1)2%.

Suppose now that for some nonzero f={f,} € X, >7., (1/k!)A* f were weakly
convergent as N — oo. Then (1/k!)A*f — 0 weakly as k — oo, so that (1/k!)?|| 4% f|?
<some constant K Vk. Let N be such that fy#0. We have (1/k!)?|(4*f)w+x|?
<K Vk, or

k[ (T ewp -io~) U —kal s 5 K e

7=1
so that

k
(A/kY)inf[ Jexp (x—ja)~* = K’ Yk (K’ = K3/ fy]).
j=1
Consider k=(m+1)?, where m is as described above. For any x € [0, 1), some
jae(x—1/m, x) for j between 1 and k, so that inf[]%.,exp(x—ja)~*=e™ =
exp (k2—1)t= "2 for k = 50. Thus (1/k!)e**/2 < K’ for arbitrarily large k, so that
k~*e¥*2< K’ for arbitrarily large k, or e**2-12W< K’ for arbitrarily large k,
which is impossible.

Note that T=| 4| has very badly divergent trace (tr T= [ e*~* dx). If we consider
only operators 4 which are sums of bounded operators and operators whose
absolute values have finite trace, exponentiation is always possible.

We preface the statement of the theorem by remarking that if 4 e #(¥),
and if A=UT=R+ VS, where UT and VS are polar decompositions, R is bounded
with |R|=r, and tr S<oo, then tr(TE};)<(r+1)tr(S) (where {E,} is the
spectral family for T'). For if EX, ,=0, this is immediate. Otherwise, if v is any unit
vector in the range of EZ,,, (r+2)<|Ro|+|VSv|Sr+|Sv|, so that 2= |Sy],
E% , N F,=0 in consequence (writing {F,} for the spectral family of S), and thus
E} o< Fi, giving tr (B}, o| RI?E}, )2 S r(tr S), and, hence, tr (TE,5) S (r+1) tr (S).

THEOREM. Let A € M (s7) be the sum of a bounded operator and an operator whose
absolute value has finite trace for an essential trace tr on .
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Then VR>0 3Cpe & N L(X) with measurable inverse such that the range of
Cy, lies in the domain of A* Vk2O0, and |(z%/k!)A*Cy| <2~ for |z|<R, and
>2_0 (1/kV)25A*Cy, is analytic on |z| < R with values in . It is equal to e*ACh,
where e*4 is a function on the complex numbers to () with Ae*A=e*44, 1 *22)4
=e%14e%4, and (e*4)* = 4",

The function F(z)=e*4 from the complex plane to # () is uniquely characterized
by the property that F(0)=1, and that VR>0, 3Cye &* N L(X) with measurable
inverse such that the range of Cy lies in the domains of F(z) and AF(z) Vz with
|z| < R, and F(z)Cy is analytic in |z| < R with derivative AF(z)Cp.

Proof. Let A= UT be the polar decomposition of 4, and let {E,} be the spectral
family of T. Since A4 is measurable, 3A, >0 with Ej, finite. By the remark we may
assume that tr (TEy,) < co.

Choose R>0, and set r=(4R?)~. Let Q% be the null space of E3, ;4™
so that Q¥ <E3 ,m+0r and the range of A*Q% lies in the range of E,, i+
Set P.=(\w=0 QF. Since Q**= Qk, P}, k=1,2,....

We have

wpi=tr(0) 08) s > tr 08 S D tr (Bhyearnn)
n=0

=0 n=0

= Z (A+n) tr (Exgsns1+0r—Erg+ntrom)

n=0

r-t z Ao+ m+K)r) tr (Exgsn+1+i0r—Eng+(n+ror)

n=0

S r -t tr (TES 410 as k— oo,

so that P, 4 I and P, is cofinite.
For fixed k,

A"Pk = (AEAO +(n-1+ k)r)(AE)\o +(n-2+ k)r) e (AEAO + kr)Pk’
so that | AP, || [ T7=1 (A +(j+(k—1))r), so that

IA

/Y| 4P| = r":l—l1 (Qo/G+k=1)r)+ Dk -1)/)H+1D)

IA

T (K +1? S rmexp (ZK S (1/1'))

i=1 i=1
r exp 2K(In n+1)) < (€25)r"2 exp (2K In n+(n/2) In r)
(e*)(2R) " exp (2K In n—(n/2) In 4R?) < K'(R, K)2R)~"

IA - IIA

(where K depends on A, r, and k; and A, is considered forever fixed). Thus
|(1/nt)z"4"P,|| < K'(R, k)2-" for |z| < R.

Set Cp=3p-127"*K'(R, k)+1)~*(P,—P,_,), where P,=0. Then Crpes/*
N L(X), and Cz* is measurable because P, is cofinite for k= 1.
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Let x € X have norm one, and set x;=(P,— P, _;)x. Then

Cax = 2 27*%(K'(R, k)+1)~x,,
k=1
and

»(l/n Nzn4n i 2-M3(K'(R, k) +1)~1x,

M

< D 27(K'(R, k) +1)71|(1/n)z"Amx |
k=1
M
< z z-klznxkllz-n
k=1
[ 1/2 L 1/2
s2( 324 (5 Iml) =2
k=1 k=1

so that ||(1/n!)z"4Cg|| <2™" Vn20, Vz with |z| <R.

Thus F(z, A, Cg)=27=0 (1/n!)z"ACy is an analytic function from |z| <R into
&/ with derivative AF(z, A, C), and with F(0, A, Cg)=Cyp.

Suppose F(z) is a function on |z| < R to (/) with F(0)=1, and suppose that
3Ce & * N L(X) with measurable inverse such that the range of C lies in the
domains of F(z) and AF(z), and F(z)C is analytic on |z| <R with derivative
AF(2)C.

Set D=((C~)2+(Cz')?)~!. Then C-*D and Cz'D are bounded. Consider
F(z, A, Cr)Cg*D—F(z)D. This is analytic on |z| < R with derivative

A(F(z, A, Cr)Ci*D—F(2)D).

But it is equal to zero at z=0, so that all derivatives are also equal to zero at z=0,
so that F(z, 4, Cg)Cz D~ F(z)D=0in |z| < R,and F(z)=F(z, A, Cz)Cz *in |z| < R.

Thus F(z, A, Cg)Cz? is independent of R. Denote it by e*4. For any x € X in the
range of Cp which also has Ax in the range of C;, (A4e*4—e*44)x is an analytic
function on |z| <R which is equal to zero at z=0. Since its nth derivative is
AY(Ae*4 —e*4 A)x, it is zero at z=0, so that (4e*4 —e*44)x =0 for all x in the range
of Cy which have Ax also in the range of C;, which means that 4e*4—e*44 =0
since such x are dense in X.

Since (e*4Cg)* = Cp(e*)* has derivatives with respect to z at zero equal to
Cr4*", a uniqueness result exactly like the first one above, but with auxiliary
operators applied on the left, gives (e*4)* =e>4*, or (e*4)* =e*4".

Finally, consider e*4e%4(|z,| + |z| < R). For x in the range of Cy with e%4x in the
range of Cj, (e*4¢%* —e**24)x is an analytic function in |z| < R—|z,| equal to zero
at z=0 and with all derivatives thus equal to zero at z=0, so that e*4e%4 =g +2)4
by density of the x’s. ||

Some weak generalization of the above theorem is possible. Let A(-) be a measur-
able function from a measure space 2 to unbounded operators affiliated with a
ring &7, and let P € & be a projection. Then the family of projections Q € & with
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P +A(-)Q=0 a.e. forms an ascending net. Since the unit ball of <7 is metrizable in
the strong topology (X is separable), there exists a sequence {Q,} of such projections
converging strongly to the limit projection Q,, so that P 1A(-)Q,=0 a.e. Set
0A(~)(P )= Qo.

THEOREM. Let A € &/ N L(X) have measurable inverse, and let tr be an essential
trace on . Let p be a measure on a right half line [«, ), «>0, for which
§2 Adp(d) <co.

Then if A(-) is a measurable function from [a, b] to #(Z) such that

(1) A(-)4 € LY(B(X), [a, b]), and

(2) 3e>0 such that tr (0%5.,(Ex) YD) S pw([1/A, ) for e>A>0 and Ym =0, where
{E,} is the spectral family for A,thenVa<s<t<b 3B(t, s) e M () with properties

(1) B(t,t)=1 Vtela,bl, and

(2) 3Ce A * N L(X) with measurable inverse such that A='B(-, s)C belongs to
L>(B(X), [s, b)), and such that B(-, s)C is absolutely continuous on [s, b] and a.e.
strongly differentiable with derivative A(-)B(-, s)C.

If, in addition to the other hypotheses on A(-), tr (6%, (Ex) ) S u([1/A, 00)) for
e>A>0 and Ym0, and AA(-) belongs to L*(B(X), [a, b)), then B(t, s) is uniquely
characterized by the above two properties. B(t, s) then has the additional properties

(3) B(t, so)B(so, s)=B(t,s) Vas<s=<s,<t=<b,

(4) 3C’' e o * N L(X) with measurable inverse such that C'B(t, -)A(-) belongs to
LY(B(X), [a, t]), and such that C'B(t, -) is absolutely continuous on [a, t] and a.e.
strongly differentiable with derivative — C'B(t, -)A(-), and

(5) if By(t, s) bears the same relation to — A(-)* as B(t, s) does to A(-), then
By(t, s)*=B(t,s)" .

Proof. We shall show that A(-) satisfies the hypotheses of Theorem 1 on the
Cauchy problem for unbounded operators. We will set C, of that theorem equal
to .

Let A > 1/e be such that | o Adp(}) < 0o, where E) = Et,, defines the spectral family
of 473, set Qk=0%(Ex,+nsin)» and let r=(2]A(-)4];)"2. Let P,=-o Q.
Since Qk+1= Q¥ (trivial for n=0, and then clear by induction), P, 1, k=1,2,....

We have

wrt=uw(J08) s S w0l s 3 uot@thy, o)

n=0 n=0

Y

> (+mu([Ao+(n+K)r, Ao+ (n+k+1)r))

n=0

1S ot @HRIPD+ (14 R, dot (n+k+1)r))

n=0
- F A du(A) 40
Ao +kr

as k — oo, so that P, 4 I, and P, is eventually cofinite.

IA

IIA



44 MATTHEW HACKMAN [August

For almost all ¢ € [a, b] the range of A(t)Q¥ ., lies in the range of Q¥*2, so that
the range of A(?)P, lies in the range of P,., for almost all ¢ € [a, b). Thus for
almost all (¢, .. ., t,) € [a, b]™,

P A(tn) P A(ty - 1) Py - - PLA(t) PPy

= (PPy s m)A(tn)(PiPyom-1)A(tm-1)- - - (PiPycs ) A(t,) PPy,
so that the range of (PA(ty) P)(PiA(ty-1)P): - - (P A(t,) P) P, lies in the range of
Py 4 m, and
(P A(tn) Py)- - - (PiA(t,) P)) Py
< A Pesm-1 - - - | At) P
S AU Al |4 Exgrerm-rll - - [ A A] |47 Exg sl

$ (LT Oo+ =146/ l4GA]- - 4]

£ mlrm2e(k)| A(tm)A| - - - | A@) A
= c(k)m!(2| A(-)A|) ™| At A| - - - | A@t:) 4]
as in the previous theorem.
Set An(-)=P,A(-)P,. Then [A(0)| < [A@)Ers+irll S|ADA| A7 Epgsiall £
(Ao+kr)|[A(t)A|, so that 4,(-) € LA(B(X), [a, b]). Set

C= i 2753 (c(k)+ 1)~ YA+ kr+ 1)~ (P — Py 1),
k=1

and let C=C, of Theorem 1. Let us verify hypotheses (1) and (2) of Theorem 1.
We have B,(t, s)=1+2>3., B™(t, s), where B™(t, s) is defined by

By, s)x = f An(tn): - -A(t)x dty- - -dt, VYxe X.
tZtnZ ... Bty 28
Thus BJ(t, s)P, has range contained in the range of P, ., and

"B:'(t’ S)Pk" = j “An(tm)' * 'An(tl)Pk" dtl' * ’dtm
t2tme ... 2t 28

¢ L
< cmIQ@IACAL ™ [ 14l i [ 4G 4],
< a2,
so that, letting || x| =1 and x,,=(P;— Py -,)x, we get

00

l4-2B2G, 5)Cx|| = "A > 2743(c(k)+ 1)~ Ao+ kr +1)71B2(, 5) Py

k=1

< D 2743(e(k)+ 1) Mo +hr+ 1) A En s ue | | BRCE, $)Ps]| |13

k=1

@
<2-m z 2-42||x, | < 27,
k=1
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so that |4-Br(t, s)C| £2~™ Vn. It follows easily that |4~ 1B,(t, s)C|S2 Vn,
Va<s<t<b.

For hypothesis (3) of Theorem 1 we have |4,()4| = |A(¢)P,A| < || A(2)A4]. For
hypothesis (4) we must show that (4,(¢)4)* — (A(¢)A4)* strongly for each ¢ € [a, b].
Since ||(A.(t)A)*| =||4.(1)4| £ | A(£)4], it suffices to show strong convergence on
a dense subspace of X. If x is in the range of P,, then for n=m, (4,(t)4A)*x=
P,(A(t)A)*x, which converges to (A(t)A4)*x.

We have only to set Bg,c,(f, s)C ~1=B(t, 5), where B¢, ¢,(t, 5) is as in Theorem 1,
and properties (1) and (2) of the present theorem are immediate.

Suppose now that tr (6%,(Ex) *) < pu([1/A, ©)) for e>A>0 and Vm=20, and
AA(-) € L(B(X), [a, b]). Let A(t)=A(t) foraSt<bh, =AQ2b—t)*forb<t<2b—a.
Then A(-)A4 € L*(B(X), [a, 2b—a]), and tr (83.(E}) ) S2u([1/A, ©)) for e>A>0
and Vm = 0. By following through the proof of the first part of this theorem we get
that the B,(t, s)=B,(2b—s, 2b—t)* for a<s<t<bsince B,(t, s)=1+3>_, BI\(t,5),
and B7(t, 5) is defined by

Br(t, s)x = f At - At dty- - - dip,
t2tm2 ... 2128
so that
Bi(b—s,2b=1)* = || A Aty x dy- - -dt
2b-82tmE ... 21220t

J' Ata) - At)x dy- - -dty, VxeX.
tZtnZ... Bty Bs

Thus |4-'B,(t,5s)C| <2 Vass<t<2b—a, entails |CB(t, s)|<2|4| Vas<s
stsbh.

To apply Theorem 2 on the Cauchy problem for unbounded operators and its
corollaries to B(t, s), a<s<t<b, to demonstrate uniqueness and property (3) of
this theorem, we need only set C; of Theorem 2 equal to C and show that 4,(#)4
— A(t)A strongly for fixed ¢z, a<t<b. By uniform boundedness it suffices to show
strong convergence on the range of each P,. But for x with P.x=x, Vn2k,
A ()Ax=P,A(t)P,Ax=P,A(t)Ax — A(t)Ax.

Theorem 3 applies immediately to yield property (4) for B(¢, s)=B(t,s),
a<s<t<b. Only property (5) remains to be verified. If we let C; and Cj bear the
same relation to B,(¢,s) and —A(-)* as C and C’ do to B(¢, s), we have that
C1B,(-, s)*B(-, s)Cx is absolutely continuous on [s, b] and strongly differentiable
with derivative =0 Vxe X, so that C,B(t, s)*B(t,s)Cx=C,Cx Vte[s, b],
and thus B,(t, s)*B(t,s)=1 Vas<s<t<b. Similarly, C’B(, -)By(t, -)*Cix is
absolutely continuous on [q, t] and strongly differentiable with derivative =0
Vx € X, so that C'B(t, s)By(t, s)*C1x=C'Cix Vse€ [a, t], giving B(t, 5)Bi(t, 5)*
=I Vasgs=<t<b, and thus B,(t, s)*=B(t,s)" . |

Embellishment of the above theorem by allowing variable domains in the style
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of Theorems 1’, 2, and 3’ on the Cauchy problem for unbounded operators is very
straightforward.

5. The Cauchy problem in simply-connected regions of the complex plane for
operators in a Banach space. (a) We shall present what appear to be some basic
theorems for bounded operators, but we make no attempt at a general treatment
for unbounded operators. Indeed, we shall treat only one particular case for
unbounded operators, having chosen it on grounds of simplicity and interest.

THEOREM. Let R be a simply-connected region of the complex plane, and let A(-)
be an analytic function from R to B(X). Then for all z, and z, in R, 3B(z,, z;) € B(X)
analytic in z, and such that B(z, z)=1 and (0/02,) B(z,, z;) = A(2,) B(z1, z5). B(z4, z5) is
uniguely characterized by these properties. It is also simultaneously analytic in z, and
2y, and has (0/0z23)B(zy, z5)= — B(z4, 23)A(25). It is invertible Vz,,z;€ R, and
B(zy, 29)B(z3, 23)=B(zy, 23) Vzy, 25, and z3 € R. Further, if the disc |z—zo|Sr
is in R, then ||B(zy,z5)|Se™ for |z,—zo|<r and |zp—zo|<r, where M=
280 - i <r |G-

Proof. Consider first a disc |z—z,| <r contained in R. We have

AQ) = > Afz-z)*

k=0

in [z—zo| <r, A; € B(X). Certainly
Bi(z,z0) = D (k+1)"*Az—zo)**?
k=0

is simultaneously analytic in z and z, in |z —z,| <r, By(20, 2o) =0, and (8/02)B,(z, z,)
= A(z). Similarly, we may start with A(z)B,(z, z,) and find B,(z, z,) simultaneously
analytic in z and z, in |z—zo| <r with By(zo, zo0)=0 and with (8/0z)By(z, zo)=
A(2)By(z, z,), and, in general, we may find B, ,,(z, z,) simultaneously analytic in z
and z, in |z—z,|<r such that (0/92)B,. (2, zo)=A(z)B.(z, z,), and such that
B, +1(2o, 20)=0.

Consider || By(z;, z3)| for |z, —zo| <rand |z;—zo| <r. Let M=2sup,_,,<.|4()|.
Then

Bunat 2l =1),29) = (@=2) [ AGs+21-DBueis+ 2l =), 2) ds,
so that
| Bn+1(z12+25(1 — 1), 25)| £ (Mr) J: | Ba(z18+235(1 —5), z5)|| ds,

and thus

| By(z12+22(1—1), z5)| = (M),
and
| Ba(za2+22(1 —12), 25)| = (Mre)*(1/n!) < (Mr)*(1/n?).
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Thus | B(zy, z5)| £(1/n)(Mr)*, and B(zy, z5) =1+ 271 Bi(z1, 22) is analytic in z,
and z, for |z, —zo| <r and |z5—2o| <r, With | B(zy, z5)—1I|| SeM —1, B(z,, z,)=1,
and (0/0z,)B(z,, z3)= A(z,)B(z,, z5) for such z, and z,.

Now let z, and z, be arbitrary in R, and let z(¢) be a piecewise-smooth path in R
with z(0)=z, and z(1)=z,. Set

B(z1, 25) = B(2(ty), z(tn-1))- - - B(z(t1), z(t0)),

where 0=1,<t, < --- <t,=1, and the B(z(t,), z(¢, ) are as determined above. By
the general results on bounded operators applied to z'(-)A(z(-)), B(zy, z5) is
independent of the subdivision taken. Further, by the usual deformation argu-
ments, it is independent of the path z(¢f) chosen. Uniqueness follows from the
general results on bounded operators, and analyticity in z; and z, are direct from
the expression of B(z,, z;). The other statements follow from B(z,, z5)B(z., z3)
=B (219 23)° l

Behavior toward the boundary of R is of some interest. Perhaps the simplest
theorem of this sort is the one that follows. Note first that if R is a convex region
with closure R, then any piecewise-smooth path y(¢),0<¢<1, in R may be ap-
proximated by polygonal paths {y,(¢)} in R in such fashion that |y(:) —y.(-)]|~ =0,
and [[y'(-)=ya(-)|1 > O.

THEOREM. Let R be a convex region of the complex plane, and let A(-) be analytic
from R to B(X). Let B(z,, z;) be as in the above theorem.

Suppose A(-) is a function on the closure R of R to B(X) with A(z2)=A(z) VzeR
and with A(-) continuous from R to the Banach space B(X).

Then 3B(z,, z,) continuous from Rx R to B(X) with B(z,, z;)=B(z,, z5) Vz,,
z,€R. B(z,z2)=1 VzeR, and B(z,, 25)B(z,, 25)=B(zy, z5) Vzy, 25, and z3 € R.
If y(t), 0=t <1, is any piecewise-smooth path in R, then B(y(-), y(s)) is absolutely
continuous on [s, 1], and uniformly differentiable with derivative y'(-)A(-)B(y(-), ¥(s))
a.e. on [s, 1. Similarly, B(y(t), ¥(-)) is absolutely continuous on [0, t], and uniformly
differentiable with derivative — B(y(t), y(-)A(-)y'(*) a.e.

Proof. Let z, and z, be points of R, and let ¥(¢), 0<t=<1, be a simple piecewise-
smooth path in R for 0<t<1 with ¥(0)=2z, and y(1)=z,. Define B(y(¢t), y(s)) for
0=s=<t=1 by B(»(t), (t))=1, and B(y(-), y(s)) is absolutely continuous on [s, 1]
and a.e. uniformly differentiable with derivative y'(-)4(-)B(y(-), ¥(s)). Then
B(y(t), y(s)) is jointly uniformly continuous in ¢ and s, and B(y(t), ¥(s))
=B(y(t), y(s)) for O0<s=<t<l1, so that B(y(¢), y(s)) converges uniformly to
B(»(1), (0)) as 11 and s}0. Set B(z,, z5)=B((1), ¥(0)).

It is easy to see that this definition is independent of the path chosen, and that
B(z,, z,) is continuous on R x R. The other properties are straightforward. [

(b) In at least one special case we may prove analogous theorems for unbounded
operators. We let &/ be a weakly-closed ring of operators over a Hilbert space X
with center Z2°. An operator in CD(X) affiliated with & is measurable with respect
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to Z if there exists a sequence of central projections P, 1 I in the domain of the
operator. We call the *-algebra of such operators (%, Z2) (clearly such an
operator is the closure of its restriction to the ranges of any sequence of central
projections in its domain converging monotonely upwards to the identity).

THEOREM. Let R be a simply-connected region of the complex plane, and let A(-)
be a function from R into M (L, Z).

Suppose that ¥z, € R, 3e>0 and A € Z* N L(X) such that A(-)A is analytic in
|z—zo| <e. Then Vzy, z;€ R 3B(zy, z5) € M(A, &) with the following properties:

(1) if Ry is a subregion of R with compact closure R,= R, 3Ce Z* N L(X) such
that B(z,, z;)Ce o Vz,,z,€ R,,

(2) B(zy, z,)C is analytic in z, for z,, z, € R,, and

(0/02,)(B(zy, 25)C) = A(21)B(z1, 22)C,

() B(z,z)=1 VzeR.

These properties uniquely characterize B(zy, z;). Moreover, B(z,, z5)C is simul-
taneously analytic in z, and z, over Ry with (0/02,)(B(z4, 22)C)= — B(z,, 23)A(z5)C,
and B(zy, 25)B(z,, 23) = B(zy, z3) Vz,, 24, and z3 € R.

Proof. Let R, be a simply-connected subregion of R with compact closure
Ro,=R,and let 4,, ..., A4, € Z* N L(X) be such that A(-)4, is analytic in |z—z|
<&, where the discs |z—z,| <&/2 cover R,. Set A=A,---Aye Z* N L(X). Then
A(-)A is analytic in a neighborhood of R,.

If {E,} is the spectral family for A, set P,=E{,,. Letting

N
a, = sup {|A(z)P,| : |z—z] < &/2 for some i} and M = z &,
i=1
set
C, = de"M4P + > 27" ~Mu(P,—P,_;), and C = C4.
n=2
Since A,(-)=A(-)P, is analytic in R,, IB,(z,,2;) €/ as in the preceding
theorem jointly analytic in z, and z,, and with (8/0z,)B,(z,, z3) = A(z,) P, B,(z1, z2),
(0/023)By(21, 23) = — By(21, 23)A(22) P, and B, (zy, 23)By(22, 23) = Ba(21, 23). By fol-
lowing paths through the discs |z —z;| < /2, we have || B,(z;, z5)|| Sexp (@, OV, &)
=eMe, By uniqueness B,(zy, z,)=(I—P,)+P,B,(z,, z;), and P,B,(z,, 25)=
P,B,(zy, z;) for m=n. Then for m>n>n,,

|4~ (Bn(21, 22) — Bu(zy, 29))C " = "(Bm(zh 2g) — By(z1, 22))Cy "
§ " (Pm- n)Cl " + " (PmBm(zl, 23)—P,,B,,(21, Zz))Cl "

00

so that {4 ~1B,(z;, z3)C} is uniformly Cauchy over R, x R,, and therefore converges
to an analytic f(z;, z5).
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Set B(zy, z5)=C ~'Af(z, z,). Then B(z,z)=1I, and B(z,, z,)C e & is simul-
taneously analytic in z; and z, over R,. By evaluating derivatives on projections
P,, we have that (0/0z,)B(z,, z,)C=A(z,)B(z,, 2)C, and (8/0z;)B(z,, z,)C=
— B(z,, z5)A(z)C. Also by considering behavior on projections P,,

(B(zl’ z2)C)(B(Z2’ za)C) = B(zla 23)C2,

so that B(zy, 25)B(23, z5) = B(z4, z3).

If B(z,, z,) defined on R, with values in (<, &) has B(z, z)=1, and B(z,, z,)C
analytic in z, with derivative 4(z,)B(z,, z;)C for some Ce 2+ N L(X), then
CB(zy, 2,)B(zy, z,)C is analytic in z, with derivative equal to zero, so that
CB(z,, 21)B(z1, 2)C=CC Vz,, z, € Ry, so that B(zy, 2,)B(z,, z5)=I ¥z, 2, € Ry,
and, hence, B(z,, z5)B(z, 21)B(zy, 2,)=B(zy, 2,)=B(z1, 25) Vzy,z,€ Ry,. Thus
B(z,, z,) is uniquely defined independently of the construction used. ||

Using the same notations, we may prove a theorem on values at the boundary
of R.

THEOREM. Let R be a convex region of the complex plane with closure R, and let
A(+) and B(z,, z,) be as in the previous theorem.

Suppose there exists a function A(-) on R with values in M(F, Z) such that
A(z)=A(z) Vze R, and such that A(-) is continuous on R in the following sense:
Vz, € R, there exists a sequence { P,} of projections in & with P, 4 I, A(zo)P, € 4 Vn,
and with A(z;)P, — A(z,)P, uniformly for each n and each sequence {z;} in R with
z;—> 2,.

Then there exists a function B(z,, z,) on R x R with values in #(4, %) equal to
B(z,, z5) on Rx R and continuous on Rx R in the sense just described for A(-).
B(z,z)=1 VzeR, B(zy, 2;)B(z2, 25)=B(21, 25) Vzy, 24, and z5 € R, and if ¥(1) is
any piecewise-smooth path in R,0=t<1, there exists a sequence of projections
{P.} in Z with P,AI for each 0=s,StoS1 such that B(y(-), y(50))Pn
and B(y(to), ¥(-))P, are absolutely continuous in neighborhoods of t, and s,, re-
spectively, where the neighborhoods depend on n, and they are a.e. uniformly differ-
entiable in these neighborhoods with

/OB (1), Y(s0))Pn = ¥'(1)A(1)B((2), ¥(50)) Prs

and
(9/05)B(Ato), Y($))Pn = — B(y(to), ¥(s))A(¥(5))y'(5) Pn.

Proof. Let z; and z, € R, and choose a sequence {P,} of projections in Z with
P, 4 I satisfying the needs of the definition of continuity of A(-) at z, and z,. Let
y(t),0<t<1, be a piecewise-smooth path in R with »(t)e R for 0<t<1, and
¥(0)=z,, y(1)=2,.

Fix n, and choose ¢ such that 4(-)P, is uniformly continuous on neighborhoods
|z—z,| <eand |z—z;| <ein R. Choose 8 >0 such that |y(t)—z,| <efor 1 -8<t<1,
and |y(t)—z,|<e for 0<r<8. Define f,(-) by fi(1-8)=I, fi(-) is absolutely
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continuous on [1—3§, 1], and f,(-) is a.e. uniformly differentiable on [1 -8, 1] with
derivative y'(-)A(-)P,f1(-). Define fo(-) by fe(0)=1, fo(-) is absolutely continuous
on [0, 8], and fy(-) is a.e. uniformly differentiable on [0, 8] with derivative
7' (AC)Pafo().

Set B,(zy, z2)=/f1(1) B(y(1 — 8), ¥(8)) fo(8) P,.. It is not hard to see that B,(z,, z,)
depends only on the projection P,, and that P,B,(z,, z3) = B,(z,, z5) for m=n.

Define B(zl’ 22) by B(zl’ 22)(Pn+1 - n)=Bn+ 1(211 22)_Bn(zl, 22)- Then B(zl’ 22)
e #(, Z). By the usual uniqueness properties and taking refinements of
sequences of projections, we see that the definition of B(z,, z,) is really independent
of the choice of {P,}. The properties claimed for B(z,, z,) follow by application of
suitable projections. ||

For an example of the theorem just proved let us take X=L%[0, 1]), &/ =the ring
of multiplications by bounded measurable functions, R=the square (0, 1) x (0, 1),
and A(z) the operator defined by (A(2)f)(x)=(x—2z)"1f(x) for fe L%([0, 1]).
Then (B(z, z3))(%)=((x—22)/(x— 2,))f(x). The extensions 4(-) and B(z,, z,)
to [0, 1]x [0, 1] are defined by the same formulas.
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