ON DISCONJUGATE DIFFERENTIAL EQUATIONS

BY
PHILIP HARTMANC(')

Introduction. In Wintner’s [16] terminology (when n=2), a linear differential
equation

0.1) U™+ pP V4 4 py()u =0

with continuous coefficients on a t-interval [ is said to be disconjugate on I if no
solution (#0) has n zeros on I. For n>2, most known results giving conditions
which assure that (0.1) is disconjugate concern perturbations of ¥ =0 either for a
fixed finite interval [as, e.g., in the theorem of de la Vallée Poussin (cf. [2, Exercise
5.3(d), p. 346])] or for large ¢. This paper deals with equations (1.1) which are
perturbations of equations with constant coefficients, disconjugate on —oo <t <o0.
As corollaries, we obtain theorems which are refinements of known results con-
cerning perturbations of u™=0, but we do not obtain the “best” constants
occurring in some of these results (n=2).

The proofs depend on the technique introduced in [5] for discussing asymptotic
behavior of solutions of perturbed linear systems with constant coefficients (cf.
[2, Chapter X]). This technique is based on suitable changes of variables and
arguments which have been subsumed by general theorems of Wazewski [15],
(cf. [2, pp. 278-283]). §§1 and 2 use the simple Lemma 4.2, [2, p. 285]; §3 requires
a generalization given as Theorem (*) in an Appendix below.

In addition to arguments from the theory of asymptotic integration, the proofs
use a theorem of Pdlya [14] characterizing equations (0.1) disconjugate on an open
interval I in terms of Wronskians of subsets of solutions of (0.1); for a generaliza-
tion, see [2, pp. 51-54] (also obtained in [6]). Theorems I, and 1V of Pdlya [14]
show that no solution (#0) of (0.1) on an open interval I has n distinct zeros if and
only if no solution (#0) has n zeros counting multiplicities; cf. also [13]. (A
generalization of this last fact, when the linear family of solutions of (0.1) is re-
placed by an arbitrary (not necessarily linear) interpolating family of functions,
is given in [1].)

In §4, it is observed that the results of the previous sections, together with
theorems and methods of Lasota and Opial [8], give criteria for the existence of
solutions of certain nonlinear boundary value problems.
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1. Distinct real roots. We shall first consider linear differential equations
(1.1 UM ta, UVt tau = gu (U +qo(t)u,
which are perturbations of equations
UM +a, V4 tau =0

with constant coefficients, having real distinct characteristic values.
ASSUMPTION (A,). Let ay, . . ., a,_; be n real numbers such that the polynomial

(1.2) A+ g, A1t 4gy =0
has real distinct roots A; <A, <--- <A, and let
(1.3) c=min (Ay— Ay, ..., A=A, ;) > 0.

THEOREM 1.1. Let Assumption (A,) hold. Then there exists a positive number 7,
depending on Ay, ..., A\, but independent of T, with the following properties: If
qo(t), - . -» gn-1(t) are continuous functions on 0=t <T (£00) [or on 0=t T (< 0)]
such that

n-1 1/2
(1.4) 4(0) = (2 |qj(z)|2) 20
j=0
satisfies
J;T g(s)ds <m0 or q(t) < cno

or, more generally,

t T
(1.5) J;q(s)e‘c“‘” ds, J; q(s)e=c¢-vds < 7 < 7.

Then (1.1) is disconjugate on 0=t <T (£0) [or on 05t<T (< 0)].

Proof. Let y=(u, u',..., u™ ?) and write (1.1) as a linear first order system

(1.6) Y =(4+0()y,

where A=(a;,) is the constant nxn matrix with the first n—1 rows given by
aj=1ora,=0for 1<jsn—1, k=j+1 or k#j+1 and the last row is (—a,, . . .,
—a,_,), and Q(t) is the matrix with O in the first n—1 rows and the last row is
(qo(t), M ] qn—l(t))'

Let A=A, =(A;;) be the constant n x n matrix with A, =" for j, k=1,...,n.
Since the kth column (1, A, ..., Az~1) of A is an eigenvector of A belonging to the
eigenvalue A, we have

(1.7) A-AA = J = diag (A, .. ., A).
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We make the change of variables

n

(1.8) y=Az, ie, y;= D Nz,

m=1

in (1.6) to obtain

(1.9 z' = (J+G(t))z,
where
(1.10) G(?) = (gul?)) = A1Q(DA.

It is clear that g,,(¢) is a linear combination of go(2), . . ., g, (¢) with coefficients
depending on j, k and A, . . ., A,. (The explicit formulas for g;,(¢) will not be needed
below, but a simple calculation shows that

n—-1
(1.11) gn) = 3 an(¥E/m,
where = is defined by

o= (=0T ] Qu=2);

h>j5

cf., e.g., [2, pp. 318-319].) Thus there exists a constant My=M, (A,,..., A;)>0
with the property that

n 1/2
(L12) (gllg,k(olz) < Mog(t) forj=1,....n.

(In fact, by (1.11), M, can be chosen to be |A| /=, where | A| is the bound of the
matrix A as an operator from R" to R* and #=min (|my|, ..., |m|).)
Define the functions

o(t) = M, J: q(s)e=ct=9 ds, (t) = M, f‘r g(s)e=c=v ds

and assume that the bound 7 in (1.5) is so small that
(1.13) Mgy < 1.

Then, for each k, [2, Lemma 4.2, p. 285] with ¢e=0 and #(t)=M,yq(?) and its
proof imply that (1.9) has a solution z=(z,(¢),..., zx.(?))#0 satisfying, for
0=t<T,

|z(t)| £ To(t)ziat) forl £ j < k,

|ZefD)] £ Tr(t)zi(t) fork < j < m;
cf. the Appendix below for a generalization. (Actually, the conditions of Lemma 4.2
in [2, p. 285] and its proof require that ()= Mog(¢) 2 0 be positive, but it is clear
that the validity of Lemma 4.2 with i)(z) >0 implies its validity for $(z)=0.)
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By (1.8), the corresponding solution y=(y,,(?), . . ., Yka(2)) = Az of (1.6) satisfies

(1.14) |968) = 2N £ TMonziaet) D |~

m#k

for 0=<t<T. The solution y(z) of (1.6) corresponds to a solution u=u,(z) of (1.1)
with the properties that if e,,(¢) is defined by

ec(1)zie(t) = ufl ~(t)— N za(2),
then

lew;(2)] S Cn, where C = TM, max PORENIE
m=1

Let 1Sm<=n and let W,(¢) be the Wronskian determinant of the m solutions
(1), ..., un(t) of (1.1). Then

Wm(t) = zll(’) o ’me(t) det (Af;' 1y ekj)
and, consequently, there exists a constant K=K(A,, .. ., A,;) with the property that
Wa(t) = z,4(2)- - - zum(t)(det Ap,+ 8), |8] £ Kn(1+Kn)"~?!

anddet A, =TT (A.— 1)), | £j<k=m. Hence, there exists an 5, > 0 with the property
that

Wa@)#0 for0=t<T,m=1,...,n if0 =7 <7,

It follows from a theorem of Pdlya [12, p. 317] that (1.1) is disconjugate on
0<t<T.

In order to see that (1.1) is disconjugate on [0, T), that is, on every interval
[0, ), 0<b<T, it is only necessary to extend the definition of ¢,(¢) to an interval
[—e&, T), for a suitably small e=¢(b)>0, and apply the statement already proved
with (0, T) replaced by (—e¢, b+¢).

COROLLARY 1.1. Let Assumption (A,) hold. There exists a constant no=
0(A1s - - -5 Ay) >0 with the property that if qo(t),...,q.-1(t) are continuous for
—o0<t<oo and g(t) in (1.4) satisfies q(t) < ¢y for all t, then (1.1) is disconjugate on
—o0<t<00.

This is a consequence of Theorem 1.1 which shows that the condition g(z) < ¢z,
implies that (1.1) is disconjugate on every interval [q, b), —0<a<b<co.

COROLLARY 1.2. Let Assumption (A;) hold. Let qu(t), . . ., q.-1(t) be continuous
for 0st<co and q(t) be defined by (1.4). Let u(t)#0 be a solution of (1.1) and
N=N(T) the number of zeros of u(t), counting multiplicities, on 0<t<T. Then

(1.15) 7oN(T) £ (n—1) J;T q(t) dt+ne(n—1).
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Proof. Let the nonnegative zeros (if any) of u(¢) be 0=¢,<t,<---. Then
[awrdozn its=1,1=100s
Thus if ty_,<T<ty,
J:‘I(P) dp 2 mol(N=-D/(n—1)] 2 no{(N—1D/(n—1) = (n—2)/(n— 1)}

This gives (1.15).

2. Coincident real roots. We now consider the case when Assumption (A,) does
not hold and, in fact, the extreme opposite case, A, = - - =A,, holds. We suppose
that the value of A, =--- =, is 0; cf. the Remark at the end of this section.

THEOREM 2.1. There exists a number 7, >0, independent of T, with the following
property: In the differential equation

@n U = gu (U TV - +go(tu,

let go(t), .. ., qn-1(t) be continuous for 0=t<T (<o) [or for 05t<T (< )] and
such that

n-1 1/2
@2) 90 = (3, laor>1) 2 0
k=0
satisfies
t T
2.3) t! J;sq(s) ds, tft s lg(s)dssn<m

(in particular, let
T
@4 [[awat<n o uwy<m

hold), then (2.1) is disconjugate on 0=t <T (£ ) [or on 05 t<T (< ©)).

If n=2 and ¢,(¢)=0, then the first criterion in (2.4) is known with 7, =1 (cf. [4,
Theorem 5.1, p. 345] with m(z)=t—a) and the second is an analogue of A. Kneser’s
criterion 1%g4(t) 1/4. If n22, q,(t)= - - - =q,-,(t)=0 and g,(7) is of constant sign
and monotone, then the first criterion in (2.4) has been proved by Nehari [12]. (For
a related result of de la Vallée Poussin and generalizations, see Levin [9], [10],
Nehari [11], and Hukuhara [7].) According to a theorem of Dunkel (cf. [2, Theorem
17.1, p. 315]), the convergence of the integral in (2.4) for T=oco implies asymptotic
formulae for the solutions of (2.1) for large 7. But these formulae do not imply a
disconjugacy criterion for (2.1) on 120.

Proof. Under the change of independent variables

2.5) s= —logt or t=e"%
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the interval 0<¢<T is changed to —log T<s<oo. Note that u'= —e*Du, where
D = d/ds. Thus

u® = (=1)"*D(D+1)- - - (D+k—u.

Write this relation as

k
u® = (—1)"* z B.;D’, where B, = 1,
j=1
so that
k
(2.6) D BN = MA+1)---(A+k=1).
ji=1

Thus (2.1) becomes

1

.7 Dru+ ni BriD'u = Q,_1(s)D™ u+ - - - + Qo(s)u,
i=1

where t=e"%, Q¢(s)=(—1)"qo(t), and

n-1

(2.8) 0i(s) = > (=t *qt)B; forj=1,...,n—1.

k=j

Hence, there is a constant C=C(n) such that

n—-1 1/2
29) 0(s) = (; IQ,»(s)P) < o,

where ¢(t) is defined by (2.2).

It is clear from (2.6) that the roots of the characteristic polynomial belonging to
the left side of (2.7) are 0, —1, ..., —(n—1). In view of (2.9), Theorem 2.1 follows
from Theorem 1.1 after an obvious change of integration variables.

Theorem 2.1 will be combined with the method of [3] for the case n=2, ¢,(t)=0
(cf. [2, pp. 346-347)) to obtain an analogue of Corollary 1.2.

COROLLARY 2.1. There exist positive constants M, . .., M, _, with the following
property: Let qo(t), . . ., gn-1(t) be continuous for =0, u(t)#0 a solution of (2.1),
and N= N(T) the number of zeros of u(t) on 0=t < T (< o0), counting multiplicities.
Then NSn—1 or N satisfies the inequality

-kin

n-1 T 1
(2.10) ;oMk{N/(n—l)—l} {T J; | gi(0)[™ ’dt} > 1.

Since k—n <0, (2.10) can be used to estimate N=N(T) from above. An admis-
sible choice for M,, ..., M,_, is given by M, =2*-" k=0, ..., n—1. This follows
from the proof of Corollary 2.1 and a result of Nehari [11]. (Another choice of the
constants may be given in the paper by Hukuhara [7] which is not available to me;
the pertinent (last) result stated in the review in the Mathematical Reviews does
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not seem correct.) Still another choice is, e.g., Mo=(n—-2)""2/(n—1)""(n—1)!
and M,=1/(n—k—1)! for k=1,...,n—1; cf. the argument in [2, Exercise 5.3,
p. 570]. See also Levin [9], [10].

Proof. Let N>n—1 and (0=) 1,<¢,<--- be the nonnegative zeros of u(z); so
that ty_, <T<ty. By Theorem 2.1, there exist positive constants M,,..., M, _,
such that

n-1
Z M,‘(t—s)"‘f |qxl dp > (t—s)*"" ifs=t,t=tjin_1;
k=0 s

e.g., by (2.2) and (2.4), any set of constants M, >1/y, for k=0,...,n—1 is ad-
missible. By [11], one can choose M, =2"* for k=0,...,n—1.
Letting s=t;, t=t,,,_, and adding for j=O0, ..., m gives

@1 S M5 a9 [laddo> 5 (=oon

k=0 i=0

Note that if 1 <a<oo,

t t lla
=9 [ 1ad do 5 =p=*=2( [ laule dp)

Thus, if 1/a+1/8=1,

m t m 1/8 tmn -1) lle
2. =sr [lad do's (3 amspore) (77 g dp)

0

For 1sk=<n-1, choose a=nf/(n—k) and B=n/k, so that B(1 —k—1/e)=1—n and

the last product is
m kin tm(n 1) 1-kin
(5 a=om=) ([T tarro ap) ™

j=0 0
Thus, by (2.11),
n-1 m -1+k/n (5 = 1-kin
St (3 o) ([ o)
k=0 j=0 to

From the inequality for the harmonic mean,

[i (t_s)—(n—l)]—ll(n-l) é (m+l)-n/(n—1) i (t—S).
j=0

i=0

The last sum is tp-1y— 2o <T if tpn-1yS ty-1 <T. Thus we obtain

n-1 T 1-kin
> M[on )T [ g al >
k=0 [}

If we choose m+1=[(N-1)/(n—1)]=2(N-1)/(n—1)—(n—2)/(n—1), then m+1
2 N/(n—1)—1. This, together with the last inequality, gives (2.10) and proves
Corollary 2.1.
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ReEMARK. The analogues of Theorem 2.1 and its corollary in which (2.1) is
replaced by

(2.12) (dldt—=N"u = g, (D™~ V+ - - - +qo(t)u,
and (2.2) by

n—-1 1/2
@1y g0 = (jar S a0+ )

are valid (and the corresponding ﬁumber 7, does not depend on ).
In fact, the change of dependent variables

v=-eMy
transforms (2.12) into an equation of the form

U = o (0D po(),
where

n-1
pit) = D CiX~ig(t), where Cy; = k!/j!(k—j)!.

k=j

Hence, (2.13) satisfies

S )12 £ C?g(n)]?

k=0
for a suitable constant C, independent of A.
3. Arbitrary real roots. We now consider the differential equation
3.1 UP 4, UV aou = G (DU V4 - 4 qo(t)u,

when the following holds:
ASSUMPTION (A,). Let aq, ..., a,-, be real numbers such that the polynomial

(3.2 A"+a, A" 4o 4gyo=0

has only real roots, say, A(l),...,A(g), with the respective multiplicities
h(1), ..., h(g); so that A(j)=1 and A(1)+ - - - + h(g)=n. Let

(3.3) hye = max (h(1), . . ., h(g)).

THEOREM 3.1. Let Assumption (A;) hold. Then there exist numbers C21 and
12> 0, depending on aq, . . ., a,_, but independent of T, with the following property:
If qo(t), - - ., ga—1(1) are continuous on 0=t<T (L) [or on 01T (< )] and

n—-1
(3.9 q(t) = (1+1yr-? kzo ()]
satisfies

69 [aore+onerons, | O+ O+ O ds < 7 < ns
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or, in particular,

3.6) [ "0 dt <y or (t+C)q(t) < 72

then (3.1) is disconjugate on 0=t <T (S 00) [or on 05t T (< 0)].

The proof depends on a method of Hartman and Wintner [5] for the asymptotic
integration of linear systems with nearly constant coefficients. This method involves
a change of variables which enables us to obtain rather precise information on the
asymptotic behavior of each component of the solution vector.

Proof. We shall deal only with disconjugacy for 0 << T. The passage to0<t<T
can be made as in the proof of Theorem 1.1.

(@) Let C=C(ay, - .., a,-,)=1 be a number to be fixed below and introduce the
abbreviation

(3.7) s=t+C21 if 0st<T

Assume, that for each j, there exist A(j) solutions u=u;;(2), . . ., #;;(¢) of (3.1) with
the properties that v,,(t) =u,(t)e =¥ and its derivatives satisfy
| D= tu,(t) — wit)s (k= 1)!| S yp|wi(t)|s*~t fori=1,...,x,
3.8) | D= tu, ()| S ym|wit)|s*=!  fori= x+1,..., h(j),
| D' 0;(t)] £ yylwi(D)]s™="™ for h(j) < i < n,
for 0<t<T, where wi(z) is a continuous nonvanishing function; y denotes a
constant, not always the same, depending only on ay, . . ., a,-,; and D=d/d:.

It will now be shown that if > 0 is sufficiently small and the » sGlutions u,,, . . .,
Uync1y Uz, - - -» Ugnegy ar€ numbered as u,, . . ., u,, then the Wronskian determinant

Wa(t) = det (D'~'u,;), wherei,j=1,...,m(Zn),

does not vanish for 0s¢<T.
Let 1=m=n; say, m=h(1)+ - - - + h(u—1) +v, where 1 Sv=h(u). Let A'(j)=h(j)
or v according as jSu—1 or j=p. The entry D~ u,, in W,(2) is

i
(3.9) D=y, = Di-1eMDsy, = A Z Cio1. - X T(J)D" 10
r=1

If i<h(j), let enu(r)=0. If i>H()), let
i

(3.10) e;(t) = Z Cio1.r-1X77(G)D Yoy,

r=h(+1

so that, by (3.8),
@B.11)  |e(®)] S yWiD)lnps*™ for0=Lt<T;x=1,...,h(j)i=1,...,n
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The relations (3.9), (3.10) give

(3.12) D'~ tuy, = &9 f;(1) + €5(2)],
where
min,h(;))
f;jx = Ci-l.r—l’\‘-r(j)Dr_lvix-
r=1

The mxm matrix (f;«(¢)), corresponding to (D'~'w,),i,j=1,...,m, can be
written as the product A, W™() of two m x m matrices. The matrix A, is a con-
stant matrix which is the Wronskian determinant at =0 of the first m functions of
W11y -+ -y Wiy Wals - - - » Wncgy Where wj =erMk=1/(k—1)!, By (3.9),

Di~1w,(0) = Z Cic 1o X5 *(r—K) =0,

and the sum is over the range 1 <k<min (i, r); so that
Di~1w,(0) = C;_;,-; or0,accordingasr=iorr > i
Choose W™(t) to be the matrix
(3.14) Wmt) = diag (Way(1), . . ., W),
where W,(¢) is an A'(j) x h'(j) matrix,
Wy(t) = (D' fvy,) fori,x =1,..., (@)

Thus, we have (f;(2))=AmW™().

The matrix A, is nonsingular, since its determinant is the Wronskian determin-
ant of m linearly independent solutions of an mth order linear equation #™+ - - - =0
with constant coefficients. Thus, by (3.12), the matrix (D!~ u,) can be written

(D'~ uje) = Am[W™(1) + Agi(€isx)] Do,

where D,=diag (e*,..., e») in which e’ occurs A'(j) times. Thus, the
assertion W,(¢)#0 is equivalent to

(3.15) det W™(t) # 0, where W™ = Wn(t)+ Azi(eisn)-

From (3.11), the absolute values of the elements in the columns of Agl(e;;)
corresponding to u;, are majorized by y|wi(z)|ys*~". Divide the corresponding
column of W™(t) by s**|wi(z)| and multiply the [A(1)+---+h(—1)+i]th
row by si~1. In the resulting matrix, the elements which are not in the blocks
corresponding to W,y,,..., W, (cf.(3.14)) are majorized by y5s'~*, where
i—heSh(j)—he=0. Since s=1 for =0, yns'~*<yn. By the same argument, the
elements below the diagonals on the blocks W,,..., W, are majorized by
ynst~®*<ym for i<«. The elements on and above the diagonal become 1/(i—«)!
+error, where |error| <y7; in particular, the diagonal elements differ from 1 by
at most y». Thus, it is clear that if 5, is sufficiently small and 5 <%,, then (3.15)
holds.
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(b) In order to complete the proof of Theorem 3.1, it is necessary to prove the
existence of the solutions u=u,(t) assumed in part (a). Let j be fixed, 1<j<g.
For the sake of definiteness let j=1, A=A(1), A=Ah(1) and put u(j)=A(j)—A for
Jj=1,..., g In particular x(1)=0. In (3.1), introduce the new dependent variable

(3.16) v=eMu
Then (3.1) takes the form

n-1
(3.17) 0P by 0V b ™ = > ()0,
i=0

Here b,, . . ., b,_, are constants such that the roots of
™+b, ™" o+ bt =0
are 0=p(1), u(2), . .., u(g) with the respective multiplicities h(1), .. ., h(g). Also

n-1
(3.18) plt) = O CieX~'gt), where Cy = k!fil(k—i)!.
k=i

Write (3.17) as a first order system
(3.19) Y = By+P(t)y

for the vector y=(v, v/, ..., v*~V); cf. (1.1) and (1.6).

For a given j, let J; denote the h(j) x A(j) Jordan matrix with the diagonal
elements u(j) and, if A(j)> 1, superdiagonal elements 1. The first £ columns of B
constitute an A xn matrix with J; in the upper portion and the zero matrix
0y, x (n -1y below. Thus, there exists a nonsingular constant matrix of the form

o A= (B) (b)),
such that 7, is the unit 4 x 2 matrix and

(3.21) A~1BA =J = diag (Jy, . . -, Jy).
The linear change of variables

(3.22) y= Az

sends (3.19) into

(3.23) z' =Jz+ A7'P(t)Az.

Write z=(z%, ..., 2°), where z2/=(zi, .. ., z},,) is a vector of dimension A(g), and
(3.23) as

. g
(3.24) 2 =Jz+ Y PR forj=1,...,8,

k=1

where P7*(t) is an h(j) x h(k) matrix.



64 PHILIP HARTMAN [October

Since P(¢) is an n x n matrix with O entries except for the last row (— po(t), .. .,
— pu—1(1)), it follows from (3.20), (2.23) that the ith component of P73(z)z! is of the

form
h-1

(3.25) (P2 = of D pult)zhor,

m=0

where (—al, ..., —af,) is the last column of A~1. Furthermore the elements of
P7(t) are linear combinations of py(2), . . ., p,-1(¢) With constant coefficients.

Let C= 1, >0 be constants to be specified below and introduce the abbreviation
s=t+C, as in (a) above. (Note that ¢ is still the independent variable.) Make the
linear change of variables z — w:

(3.26) z! = (expJyis)w* and zi = 0]

for j=2,..., g, to obtain

9 9
(3.27) w'= > O%nw* and w'=Jw+ > Q6w
k=1

k=1
where J,, is obtained by replacing the superdiagonal elements 1 in J; by &. If (3.26)
1s written as
z = Qo(t)w, Qo(t) = diag (exp Jis, Dy),
where D; = D,(¢) is a diagonal matrix, then (3.27) is
w' = diag (0, e, . - ., Joe)W+ Q5 P A IPAQow.
From this, we can write (3.27) in detail as

h -
629 Wt = (3 e )33 dmpalirrmwih S

h(1)

h
z‘ Ly im(2)s" ™' Wh,

r=i k=1m=0 l=2m=1r=i
i=1,...,h,and
. b k-1 g hQ)
(329 w = pwlt+eawls+ z z i sempm(2)s ™1 "W+ Z z Ly im(t)Wrs
k=1m=0 =2 m=1

for j=2,...,g and i=1,..., h(j), where c;,, dim, dj; xm are constants; L;; ;m()
and Lj; ;»(¢) are linear functions of po(t), ..., p,-,(¢) with constant coefficients;
and ¢;;=¢ or 0 according as i < h(j) or i=h(j).

Let 1 =<«=<h. Make the last change of variables w — x:

(3.30) xt=s""w! and xi=s*"""*wl, j>1.
Then (3.28)—(3.29) becomes
(3.31) xt' = (i—x)s™x}+ Z z Z Cirlympm(t)s” ™ 1xk +Z Z Z Ly ()™ Poxhy,
xi = [p()+(he—x)s ™ Ixi +ex] 41
+ D dismp() 4D > Ly ()X

where the ranges for the sums are the same as in (3.28), (3.29), respectively.

(3.32)
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Choose C2 1 so large and >0 so small that

(3.33) [sgn p()Wjex’- X" = (hx—)s™|¥'|? 2 s72|x’|2 forj > 1.

Since s=t+ C21 when ¢20, it is clear that there exists a constant

Cl = Cl(aOa ceey an—l)
such that if

n-1
(334) 0 = Co 2 lea(0)ls™
then

g g k()
I{-- -} = $@lx] i [x]* = Z} 2= > > |xki2

j=1k=1

and {- - -} denotes either the sum of the two triple sums in (3.31) or the sum of the
two double sums in (3.32). Thus, (3.31)~(3.32) imply that

k=1 x=1 x—1 1/2
staf s =57 3 a0l (3, 1)
i=1 i=1 i=1
xS —sTHX 2 Hg()]x]| - X if p() <O,
[xixt | £ ¥(2)|x]-|xx],

h h
> latr-wolsl( 3 1)
i=x+1 i=x+1 M=K+ 1

sTHX2—g(@lx] - |¥] i pG) > O.

We can now apply Theorem (*) of the Appendix below (with y* corresponding to
the 1-dimensional x! with «*=a,=0; the vectors y*,...,y*"! correspond to
yr=(x3,..., x:_,) and the x’ for which u(j) <0 with the respective a;=ay="--
=q,_,=—s"1; the vectors y*+, ..., y* correspond to y**'=(x},,,..., x3) and
the x’ for which u(j) >0 with the respective o1 =0, p=--- =571

Thus, we have to examine the functions

M=
X
-
=
~
1\

"
%,
Y

o= [ W0+ 0N+, o = [ UM+ Yo+ C) .

According to Theorem (*), if o, and o, ., exist and have a sufficiently small bound
7, then (3.31)—(3.32) has a solution x(¢)#0 such that

|x}] S yn|xt| foris«,  |x| £ ym|xt| forj#1,

0<t<T, where y denotes a constant independent of 5, but not always the same.
In view of (3.30), this means that (3.28)-(3.29) has a solution w(¢)#0 such that

Iwi(O)] = yns*~|wi(0)] and  [W()] S yms* =" |wi(2)|



66 PHILIP HARTMAN [October
for i#«, j#1, respectively. By (3.26), (3.24) has a solution z(#)#0 satisfying
|24(6) = wi(t)s* (= )!| S ynlwh(D)|s* -t fori=1,...,x,
|z}t)| = ynlwi(e)|s*~t fori= x+1,...,h,
[2(2)| £ yn|wi(e)|s*~™ forj=2,...,8.

Finally, by (3.20) and (3.22), (3.19) has a solution y=(», v', ..., v™~Y) satisfying
(3.8) if j=1 and v=uv,,. This completes the proof of Theorem 3.1.

4. Nonlinear interpolation problems. The results and methods of Lasota and
Opial [8], combined with those above, make it possible to treat nonlinear boundary
value or interpolation problems associated with certain nonlinear differential
equations

4.0 UM ta, V4 tau = f(Lu, . u™TY),
4.2 WY t)=cy fori=1,...,mk)andk =1,...,v,
4.3) O=), < ---<t,(=T) and m(l)+---+m() = n.

AsSUMPTION (B,). Leta,, . . ., a, -, be real numbers satisfying Assumption (A,) of
Theorem 1.1, or the assumption g¢o= - - - =a, _; =0 of Theorem 2.1, or Assumption
(A,) of Theorem 3.1. Correspondingly, let 0 <7T<co and let go(?), . . ., g.—1(f) be
nonnegative, continuous functions on 0=<¢<7T such that g(z) defined in (1.4)
satisfies (1.5), or q(¢) defined in (2.2) satisfies (2.3), or g(¢) defined by (3.4) satisfies
(3.5).

AsSUMPTION (B.). Let f(¢, yo, - - -, ¥a-1) be a continuous function for 0St<T
and arbitrary (¥, - - ., V- 1) satisfying

(4.4) £t Yor oo or Fact) < z O

THEOREM 4.1. Let aq,...,a,-, and qq(2), ..., q,-1(t) satisfy Assumption (B,)
and f(t, Yo, - - -» Yn-1) Satisfy Assumption (B;). Then the interpolation problem (4.1)-
(4.3), in which ¢, . . ., Cmyy are arbitrary constants, has at least one solution. If, in
addition, f(t, Yo, - - -» Ya-1) Satisfies

n-1
4.5) |f(t Yos - - s Ya-1)=S(t, 20, . . ., Za-1)| S z 91| ye— 2zl
k=0

then the solution of (4.1)—(4.3) is unique.

Proof. If v=n and m(1)=- - - =m(n)=1, then this theorem follows from [8]. In
fact, since T is finite and the main conditions in (1.5), (2.3), (3.5) involve a strict
inequality, it is clear that these conditions hold whenever g,(t) is replaced by a
continuous function Q,(t) satisfying |Q.(?)| <gi(t) +(nx—n)/nT, where ny=17,,
73, N2, Tespectively. The proof for the general case (4.1)—(4.3) is similar.
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APPENDIX
Let y*=()%, ..., yhw) be a real Euclidean vector of dimension m(k) and
y=0" ..., y)=01,..., yha) the corresponding Euclidean vector of dimension
M=m(1)+ --- +m(N). Consider a linear differential equation

(M y =A@y,

where A(t) is an M x M matrix with real continuous entries for 0<t< T (£00). Let
« be fixed, 1S«< N. Assume that there exists continuous functions ,(¢)20,...,
$(2)20 and «,(2), .. ., o (t) and «*(2), .. ., «™(¢) such that (1) implies

@ Yy S eV P+d@)] 4] |y] fork =1,...,x,
3) Yy z Oy R =) ||yl fork = k..., N.

Assume that the integrals

v

@) o) = f [(5)+ es)] {exp f [ak<p)—a"(p)1dp}¢s fork =1,..., k1,

5 0 = [ b+ o - [ @0 -all do} ds
fork = «+1,..., N,

exist and are bounded for 0=<7<7T. Suppose finally that there exist positive con-
stants y,  with the properties that

) yot) Sn for0 <t < T,k #«,
@) [1+WV=1)712 max (1, 7) < y.

THEOREM (*). Under the conditions enumerated above, there exists an m(1)+ - - -
+m(x) parameter family of solutions of (1) such that, for 05 t<T, we have y*(t)#0
and

® |70 = youOI ()] for k # .

ReMARK 1. The proof will show that one obtains a solution of (1) satisfying (8)
for which one can assign an arbitrary partial set of initial conditions y*(0),
k=1, ..., « such that y*(0)#0 and | *(0)|/|»*(0)| is small for k=1, ..., x—1.

REMARK 2. Theorem (*) has an analogue if the components of y and the entries
of A(z) are complex-valued. It is only necessary to replace y*-y* by Re y*-y* in
@, 3.

REMARK 3. Note that there is no assumption about the signs of the functions
oy, o, oF — ay, &F—a,.

For particular cases of this theorem, see [2, pp. 284-290; especially, Lemmas 4.1,
4.2 and Exercise 4.3].

Proof. Theorem (*) will be deduced from a result of Wazewski [15]. We shall use
the formulation and notation of [2, Theorem 3.1, p 282]. In order to be able to use
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this theorem, we shall suppose that ,(1)>0 for 0<¢<T and prove the existence
of solutions satisfying y*(¢)#0 and (8) for #,<1<T, where t, is an arbitrary point
of (0, 7). The passage to the case ¥(#)=0 and 7,=0 will be clear.

Let Q be the open (z, y)-set Q={(¢, y) : 0<t<T, y+#0 arbitrary}. Define an open
subset by

) Q= {(t,»)eQ:ult,y) <0,u(ty) <0}
for 1Sk <x<jS N, where
uy(t, y) = |y°|2—y208(t)|y*|? forb =«+1,..., N,
va(t, y) = |y*2—y2e2()|y*|* fora=1,...,x—1.
Correspondingly, define the subsets of Q
Uy ={u(t,y) =0, u(t,y) £0,0(t, ) <0 forl Sk <k <j=< N},
Vo= {va(t,») =0, u(1,y)) S 0, 0(1,) = 0 for1 S k < x <j< N},

where a=1,...,xk—1and b=«+1,..., N.
If f(z, y) is a function of class C?, let f(z, y) be the trajectory derivative of f
relative to (1); i.e.,

1t y) = oflor+(grad, f)- A(t)y-
Then we can verify

(10) 0.(t,y) >0 for(t,y)eVya=1,...,k—1,
(11) u(t,y) <0 for(t,y)e U, b =«+1,...,N.
For example, in order to obtain (11), note that
Uy = 200"y —y2aty" - y< —y2o00| y*[°).
Using (2) and (3), it is seen that
Hiy 2 Y12 = ()] 2°] - | Y] = YPob (el y°I12 + (D] y*| - | ¥]) — ¥?ap0 y°|%.
For (¢, y) € Uy, we have | y®| =yo,| y*| and

Iyl < 1y (1+; yzof)‘” < oy,

where, by (6), c=[1+(N— 1}%]*2>0. Thus we have
3, 2 Y20y| y¥|{(e — e)o, — oy — (c[V) [ + Yicvon]}-
Note that, by (5),

op = — (ot + (ab —)0y;
hence, for (¢, y) € U,

Y, 2 yo,| Y12y — Mo + by — cyon)}.
Thus 4u4,>0 if y>c and y> cyo,, While y>cyo, if y>cn. (Note that y*#0, for
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otherwise (1, y) e U,<Q implies that y=0, which cannot hold for (¢, y)e Q.)
Similarly (10) is verified.

Thus, in the terminology of [2, pp. 281-282], Q° is a (u, v)-subset of Q and, by a
theorem of Wazewski [13] (cf. [2, Lemma 3.1, p. 281]), the set of egress points
QY of Q° consists only of strict egress points and

N x-1

(12) Q= U UG-UV.,

b=x+1 a=1
If 0<t,<T, let yX(t,), ..., ¥*(t;) be arbitrary vectors satisfying y*(t,) #0, | y*(o)|
<you(to)| ¥(to)| fora=1, ..., k—1. Let S be the set of points (¢, y)=(to, y*(to), - - -,
Y(to), Y1, . . ., ¥¥) € Q satisfying | y°| S you(t0)| y*(t)| for b=«+1,..., N. Topo-
logically, S is a ball of dimension m(x+1)+ - - - +m(N) and S N QY is its boundary.
Thus S N Q2 is not a retract of S. But S N Q2 is a retract of Q9. In fact, a retraction
is given by the map =: Q) — S N Q2 defined by =(z, y)=(to, z), where z%=y%(t,)
fora=1,..., xand z°=y’o,(to)| ¥(to)| /oa(t)| ¥*| for b=«+1, ..., N. The map = is
continuous (since y#0, hence y*#0, on Q? and o0,(¢)>0), 7(Q)<S N Q2 and
= | § N Q2 is the identity.

By a theorem of Wazewski [13] (cf. [2, Theorem 3.1, p. 282)), it follows that there
exists a point (f,, ¥(t)) € S such that the solution of (1) determined by this initial
condition is in Q° for 1, <t < T, i.e., satisfies (8). This proves Theorem (*).

REMARK. It is clear from the proof of this theorem that the conclusion is valid if
‘the functions (4)~(5) and conditions (6)—(7) are replaced by a set of functions o,(t)
and o,(t), 1Sa<x<b< N, which are nonnegative, continuously differentiable for
0=1t<T, and satisfy the following system of differential inequalities

oy = [()—ax(Dlop—xp(1), 0z = [ea(t) = (D)]oa+xa(?),

where x,, x, are continuous functions satisfying

1/2
e > (1+72 S a?) et doyod, Kk # x

j#x
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