REGULAR BOUNDARY CONDITIONS FOR
ORDINARY DIFFERENTIAL OPERATORS

BY
STEPHEN SALAFF

Introduction. The Birkhoff theory for linear differential operators of order m
treats operators determined by a nonselfadjoint differential expression and two-
point boundary conditions. In his classic of 1908 [1], Birkhoff gave determinantal
inequalities, involving the leading coefficients in the boundary forms, from which
asymptotic eigenfunction estimates and an expansion theorem follow. Stone [14]
then showed that the Birkhoff expansion is in a sense equivalent to the Fourier
expansion.

In the present paper we focus on a question of Kamke [5, p. 197], and show that
if m is even, selfadjoint boundary conditions meet the determinantal inequalities
(which are somewhat simplified in the process). This result is not unexpected, for if
the differential expression is formally selfadjoint, the operator determined is
selfadjoint and an expansion theorem (such as the Fourier expansion) is available.

The difficulties in obtaining the result are (linear) algebraic ones. Consider the
matrix (f(x;+ X))} k=1, Where x;<x;<:--<x, Let f satisfy the functional
equation f(x+y)=g(x)g(»)[h(x)+h(y)]~!, where g and 4 are suitably restricted.
In Lemma III we use the function f(x)=cosec x to show that the given matrix, and
a class of others related to its compounds, are positive definite. This development is
central to the proof of our theorem.

1. Preliminaries.

1. Notation. In this section C?™ denotes the 2m dimensional complex vector
space, with inner product (x,y)=22%; x,5;, x=(X1, ..., Xam), Y=(V1, - - -» Yam)-
The Hilbert space H=L%(0, 1) is the space of Lebesgue square-integrable functions
in the closed unit interval, with inner product

u,v) = f: u(t)v(z) dt.

The subset H; of H consists of those functions having absolutely continuous
derivatives to order m— 1, with mth derivative in H. For u € H, we define i € C?"
by @=u(0), '(0), . . ., u™~(0), u(1), . . ., u=~1(1)), where u” is the jth derivative
of u.

The transposed complex conjugate of the matrix B is written B*. The large
cross X which occurs in matrices and equations of this chapter will indicate the
presence of certain terms whose value is not of present concern.

Received by the editors February 15, 1967.
355



356 STEPHEN SALAFF [November

2. The differential operator L. The linear differential expression /, of arbitrary
order m, is defined in H, by

m
lu = Z pm—fuo),
i=0

where po=1 and each p,, together with its derivatives to order m—j, is in H. The
formal adjoint expression /* is given for v € H,; by

0= 3 (= 1Y(Pn- ).
i=0

Lagrange’s formula [2, p. 285] is
(lu, v)—(u, I*v) = (A4, D).

Here A is a nonsingular 2m x 2m matrix of the form

1
[ x .

There will be m linearly independent, homogeneous, two-point boundary
conditions

m-1
bu= > Bju0)+Bhu(1) = 0.
i=o
The complex column vectors BY, B} are of length m. Independence requires that
rank B=m, where B is the m x 2m matrix

(Bg, RN Brg—l: B&: sty Bﬂ]i—l)’

Thus bu=0 can also be written Bii=0. We shall refer to the left side of a boundary
condition as a boundary form. Such a form is said to be of order k, 0<k<m—1, if
the highest order derivative of u appearing in it (at either endpoint 0 or 1) is the kth
derivative.

Any boundary conditions obtained from Bi=0 by taking linear combinations
(left-multiplying B by a nonsingular mxm matrix T) are termed ‘equivalent’
conditions, since Bii=0 if and only if TBi=0. We choose a particular T, corre-
sponding to the ‘normalized’ boundary forms, which will now be described.
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Letr,_,=rank (B3-,, B_,). Then r,_, is the number (0, 1 or 2) of independent
boundary forms of order m—1. There is a nonsingular m x m matrix T,,_,, and
there are two short column vectors b2_,, b1 _,, of length r,,_,, such that

0 0
TaaBR,Bi)=|0 0
ba-1 bay
If r,_,=0, this matrix consists of zeros only, T,,-, can be taken as the identity,
and the columns b3 _,, b3 _, will be empty. Now cross off the last r,,_, rows of
Tp-1(Be -2, Bi_5), and let r, _, be the rank of the matrix remaining. Again, r,_,
is 0, 1 or 2, and there are T, _,, b2_,, b} _, such that

0 0
Tm—-2Tm-1(Brg—2, Bm1—2)= 0 0

ba-2 ba-z

X X

The crosses indicate the presence of r, _, rows.

Continuing in this way till no further forms remain, we obtain the normalized
boundary forms, with I'=T,---T,_,T,_;. The normalized boundary matrix,
hereafter referred to as B, will have the form

53 0 0 - 0 (b5 0 0 --- 0

O - 0 b0 --- 0

X 0o | X 0
bmo—l.: 1}1—1.4

with rank (b7, b})=r; and >7-¢ r;=m. The normalized conditions read
BuN0)+ X +blu?()+X =0, j=0,1,...,m—1.
The crosses take the place of lower order terms at 0 and at 1.
In illustration, if m=4, ro=rz=1, r;=2, r,=0, then

53 0 0 0 {5 0 0 0

X 0 0 X 0 0
B=| |& L et

X oogx 0 0

X X X B8'X X X bi]

We now define the differential operator L, with domain D, ={u € H, : bu=0}, by
setting Lu=1Iu. Then L is a densely defined operator in H, and is closed [4].
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3. The adjoint, and selfadjointness conditions. Associated with each (normalized)
boundary matrix B is its m dimensional null space S, spanned by m linearly
independent solutions of Bx=0. Conversely, given an m dimensional subspace of
C2™ there is an m x 2m matrix B, unique to within left multiplication by an arbi-
trary nonsingular matrix 7, which annihilates this subspace. A one to one corre-
spondence between classes of equivalent boundary conditions and the subspaces
associated with their matrices is established in this way. The matrix 4 of the pre-
vious section maps S onto another m dimensional subspace 4S. Let B’ be a bound-
ary matrix corresponding to (4S5) {, the orthogonal complement of 4S in C?". We
define a differential operator L’ with D;.={v € H, : B'6=0} by putting L'v=I*v.
Then L' =L*, the operator adjoint to L [4].

When D,=D;s, i.e. when AS=S"', we say that “The conditions bu=0 are
selfadjoint with respect to /”” and abbreviate this statement by “S.A.” We also
speak of such boundary conditions as selfadjoint, or of selfadjoint type, with the
dependence on / being understood.

LeMMA 1. S.A. if and only if BA~*B*=0.

Proof. Since S is the null space of B we. have S 1= R(B*), the range of B*, and
AS=S"* if and only if S=R(4~1B*), if and only if BA~*B*=0.

Referring to the forms of 4 and B in 2, we see that A~%, B* and BA~'B* are
given, in this order, by the following three matrices.

[ (=nm-ti 1
o g 5
-1 X g
1 5
A1 = Jommmm e  FE TSRS s
E (-~
i (@)
O i
X
! p—1 J
-pos -
b+ X
@)
bg* ,
B¥ = | -ccccmmmmaeea LD
b3* ’
bi* X
(@)
L bili.l*-l..
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BA-'B* =
(= D™~ 1(bBbSx . — bgbRx ;)
o
! X
— (b3 - 2b9* — b}, b1%)
(b5~ 168* — bi - 1b5*)
In the example,
b3 X X X
0 (53*) X
0 0 0 X
B = 0 0 0 b3 ’
b} X X X
0 ( bi*) X
0 0 0 X
[0 0 0 EQJ
0 0 0 —b3b3+bibi
0 0 0 X
BA-'B* =

0 0 0 X

b353—-biby X X X

The particular consequence of S.A. we use is
(l) b?b,?,"‘_l_j=b}b,ln*_1_j, j=0, 1,...,m—].

It will be understood (as the example indicates) that the jth of these equations is
absent if r;=0. When r;=1 we interpret b}, b} as scalars.

The equations (1) are the full extent of the information we would obtain if
lu=u, for in this case all terms symbolized by crosses in 4 and B4 ~1B* vanish.

LEMMA 2. If S.A., then for j=0,1,...,m—1,
G) i ry=rn-1-5=1, then bb3 _, _,=b}b} _, _,,
(i) if ry;=2 thenry,_,_;,=0,
(iii) the cases ry=rp.;.;=0, and r;=0, r,,_, _;=1 cannot occur.

Proof. Equation (1) implies (i).
If r;=2 there is a nonsingular 2 x 2 matrix C such that

b = ((1,) and Cb} = (‘l’)

1 0
(0) b?n*-1-f = (1) b!’v'ltl-j-

Then from (1),
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Hence (ii), and the implication that r;+r, _; _; <2 for each j. Now since >7=¢ r;=m,
we must have r;+r,_,_;=2, and the cases in (iii) are excluded.

For use in §II, where S.A. is assumed, we suppose that k+2h=m and that
Pro=---=Fp_,=2, rg,=---=r, _ =1. Let the sequences {f;}, {g,} be strictly
increasing. Then of course g;+ g, -,=m—1,j=0,..., k—1.

Also, without loss of generality the normalization can be accomplished so that

G =(y 1) J=fefien

4. The Birkhoff expansion theorem. Birkhoff [1] defined regular boundary
conditions. These entail the nonvanishing of two m x m determinants, to be defined
in §II, depending only on b?, b} but not on the expression /. We write “R” for
“The boundary conditions bu=0 are regular.” Under assumption R, it can be
shown [3], [10] that (i) The eigenvalues of L form a denumerable sequence {A;} with
no finite accumulation point. The adjoint boundary conditions are also regular [8],
and the eigenvalues of L* are {A;}. (ii) Explicit asymptotic estimates, for large |A|,
can be obtained for the eigenvalues and corresponding eigenfunctions. (iii) Under
the additional assumption that each eigenvalue is simple, any function fin D, can
be expanded in a uniformly convergent series

f=2mmn

The y; and z; are the eigenfunctions of L and L* corresponding to the eigenvalues
A;, A, and (yy, z;)= 1. (iv) If the boundary conditions are ‘ strongly regular’ (another
determinantal condition if m is even, one implied by the additional assumption
of (iii)), the sequence {y;} is a Riesz basis in H, and we can normalize so that
(s> 2) =8 [T}, [2, p. 311].

5. Statement of our theorem; remarks; acknowledgement. Writers on the Birk-
hoff expansion theorem have assumed R when necessary for the analysis. The nature
of regular boundary conditions remains largely unexplored. In particular, Kamke
[5, p. 197] noted that the question of whether selfadjoint boundary conditions are
regular appeared open, except for m=2 where the answer is ‘yes’. In this paper
we prove

THEOREM. If m is even, and if the boundary conditions are selfadjoint with respect
to the differential expression u™ then they are regular for the expression I.

By virtue of this theorem, and the remark after equations (1), we can assert that
if m is even then S.A. implies R.

§$II contains a simplification of the regularity determinants, and exploitation of
the selfadjointness hypothesis to cast them into one standard form. This is done for
both even and odd m. In §III we construct a class of positive definite matrices
which will be central to the proof in §IV that the standard form is nonvanishing
for even m. Before proceeding, we make two remarks.
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(a) A proof of the theorem for odd m has not yet been found, except for m=3
and 5. We are hopeful, however, that the present methods can be extended to this
case also (}).

(b) The theorem shows that if m is even and L is normal then R. This follows
from the fact [9, p. 33] that D, = D;. for (closed) normal operators L. Conditions
for normality are listed in [12].

I would like to thank Professor H. O. Cordes for suggesting the problem under
consideration, and for showing me the close relation between Lemma III and the
proof of the theorem. I am also grateful to Professors Donald Sarason and David
Spring for many useful discussions.

II. Simplification of the regularity determinants.

1. Replacement of w; by ¢,. Defining regularity [3], we must distinguish case (E),
m even, and case (O), m odd. In (E), m=2q and the boundary conditions bu=0 are
regular if 6,0 and 6,50 in the identity

0°+ 01S+ 0232 =
wdb} cer wloobd w3 - 1(b3s + b}) E w3(b3 + bs) wde1bd o0 wd-o1b3
: : . E .
wg =Ly or wisdbho wz‘—-ll(bgl-ls'l'blln-l)‘.wz‘-l(qu‘l"'blln—ls) wPiib%h-1 ccr wRT}%-a

In (O), m=2g+1 and we have regularity if 0,70, 6,70 in the identity

oo+013=
Wfbh e e9-abd w QB8+ bs) Wbl b

wg~lbhoy v wIlbhoa @ (b5 -1+ b -15) wiiibh-1 - WBZIBG s

The sequence of distinct unit roots wg, wy, ..., w,_; is a permutation of the
naturally ordered sequence ¢, ¢;, . . ., ep—, With &;=€2"/™: wy=g,=1, w;=¢,_;,
Wo=€1, W3=Ep_o,...,We;=Ej, Waj41=Em_geyjye---

We are going to show that the numbers w; can be replaced by ¢, in the determin-
ants 6,, 6, and 6,. In (E) this will enable us to prove that ,= + 0,. A simplification
will also be possible in (O). We define the standard form

&g o T 92—117(1) 53b8 te 53-1178
0= : :
g bn_y - egIibh_y &g tbpoy - emZibhoa

This definition is operative for both (E) and (O). The first g columns of 6 involve
b (by which is meant b}, j=0, 1, ..., m—1). In (E), the last g involve 5° and in (O)
this number is g+ 1. Write 6= 6(b°, b') when it is necessary to emphasize that the
first argument appears on the right, the second on the left.

LeMMA. R if and only if (E) 6#£0;

(O) 6(b°, b*)#£0 and 6(b*, b°)#0.

(*) Added in proof. We have recently obtained a proof for odd m.
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Proof. We begin with (E). That fact that * appears only on the left and 5° only
on the right of 6, will not be altered if we execute certain interchanges among the first
g columns, and also among the last g. The particulars depend on whether g is even

or odd.
(a) g is even. The interchange is indicated in the following scheme. The first line

consists of the column subscripts of the w;, prior to the interchange, while the second
contains the new subscripts (Figure 1).

q-—-1

e

g+l gt

m-1

<o+ g—3 q-2 q—1 q q+1 q+2 ---
1 ¢g-1 0 g m-—1 g+1

FIGURE 1
(b) ¢ odd (Figure 2).
q q-1
q+1 | ¢g—-1

g-2

SK
! Q

0

- g-3 ¢g-2 ¢g—-1 q gq+1 q+2 ---
g=2 0 g-1 m—1 q m=2

FIGURE 2
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The new ordering, as shown by the integers outside the circumference in Figures
1 and 2, is cyclic in the counterclockwise sense. Putting
¢ = w,_,, geven,
= wg_2, ¢ odd,
we see that 8 is obtained from 6, by interchanging columns and replacing each
¢; by de;. Hence
(l) 00 = i 0.

In 6,, first interchange the center columns g—1 and g, so that ! appears only
on the left, and 5° only on the right.

(a) g even
qg-3 g-2 g-1 qg gq+1 g+2
0 ¢g-2 m-1 g-1 m-2 ¢
(b) g odd
q-3 g9g-2 qg-1 q g+1 g+2
g-—1 1 qg 0 g+1 m-1
and again
(V)] b6, = +6.
Taking up (O), we look first at 6,.
(a) g even
q-3 g-2 g-1 g g+1 q+2
1 g-1 0 g m-1 g+1
(b) g odd

qg-3 g-2 g-1 q g+1 g+2
g—2 0 g-1 m-1 gq m-=-2

A3 6p = +6(b°, bY).

Passing finally to 6,, we transfer the last ¢ columns, those containing b°, to the
left.
(a) g even

q-3 q-2 g-1 qg q+1 qg+2
g+l m-2 q m-1 g-1 O

(b) g odd
q-3 q-2 q-1 q q+1 qg+2

m—-2 g+1 m—-1 ¢qg 0 g-1
@ 0, = +6(0*, b°).
Equations (1)~(4) establish the lemma.
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2. Treatment of r;#1. We must come to grips with the fact that some of the
matrices (b}, b7) may be empty. Consult §1.3 for the definition of f; and g,. Let L be
the ordered set {go, ..., g -1}, Wwhere k=2/ in (E) and k=2/+1 in (O). Also, let

(b}p bg/) = (ﬁap ag;)9 Iawl + 'ﬁyjl > 0’ J = 0’1’ ceey k—1.

Shift all the rows of 6 corresponding to the f; to the top, so that

8?0 P 5?0-1 0 oo 0
q e m-1
0 efo £fo
0 q-1 0 N 0
Efh-1 T Efn-1
0 = i- q me1
0 DR 0 ejh_l DEEIEY efh_l
0 .. q-1 q ... m-1
Bsotdo Bootés %9090 %9090
0 e q-1 q ... m-1
Boi 189k -1 Bok-185c1 %ok 180k- 1 Cgp~ 189k -1
LEMMA.
k-1;h-1
- 2 _
o=c| G 1] Comer)]
0<j<j’Sh-1 j=0;5'=0
where |c|=1 and
(] l-1 q m+l-q-1
Baotds ce Baotao %090 Tt CGge8g,
0L =
0 -1 q m+l-q-1
ng -180k -1 ng 1891 Cgy 189k -1 gy - 189k -1

Proof. In the formula for 6, empty products, occurring if /=0 or 1, or if k=0,
will be interpreted as equal to one. We will refer to the columns of 6 by the ex-
ponent of ¢, they carry. Perform the following column operations on 6. Multiply
column g—1—j by ¢, and subtract from column g—j, for j=1,...,g—1. Multiply
column m—1—j by e,;, and subtract from column m—j, for j=1,...,m—1—gq.

Expand the resulting determinant from its first two rows, and then extract the
factor

h-1 k-1
H (e/;'—efo)2 H (eg,—-e,»o).
i=1 i=0

The determinant remaining is of order m—2. We got it from 6 by crossing out
rows 0 and 1, and columns g— 1 and m— 1. This process is to be carried out A times,
leading to the lemma. Thus 6, is obtained from 6 by crossing out the first 24 rows,
and columns g—j, m—j, j=1,..., h. We write 0,=0,(c, B) to stress that the col-
umns on the right contain the o,
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COROLLARY. The boundary conditions bu=0 are regular if and only if
(E) 0.#0;
(O) 6u(e, B)#0 and 6,(B, o) #0.

The corollary follows from the above and Lemma 1.
3. Use of selfadjoint type. If S.A. then
) g 1 = BoPou-y.p J=0,1,... k=1,
an immediate consequence of Lemma 1.2.
Once more, we are forced to distinguish cases (E) and (O).
In (E), k=2l and
O g 1oy = Ba;ﬁz:-x-/’ j=0,1,...,I-1

Multiply the last row of 6, by &,, and then remove the factor 8,,, _, from that row.
Next multiply the same row by B, and factor a,,, _,. Writing 6;, for the determinant
whose last row is

% &0 co.q@, el-t q - q+1-1
%gofm~1-g0° ' " Fgofm—-1-go ﬁaoern-l-vo Bgoern-l-eo

and which agrees with 6, in all other rows, we have

0zﬂool‘ = Bﬂzx - 102 and Byo 0L = CQggy_y 0;.-
Thus

(Iaﬂol'l'IBgol)leil = (|a921-1|+lﬁ921-1|)'0“'

Doing this to each of the bottom / rows of 6;, and abbreviating

5, = n -3+ Boay s - DIl | + 185D,

so that §, >0, we get

16:] = &, D],
where
e 90 | 9 ... 90
By oe80 Bootils ! @€ GgoEq+i-1
1
: 1
:
al - g-1 91-1 91-1
D= 30,-130‘ 1 By,-lel—l T %9 % @ _18a+1-1
= | Sz . .o RIS ot Wy R PR, [ - M. RNt .
& -1-g;- 5 e p2971l-g1- 2¢-1-91-1 .. 2¢—1-9] ~
a,,_ﬁ%’ g-1 ... “v,_13131 9l-1 EB"_lgq ﬁg,_,%i(q -1
1 .
1
1
+
- q~1-g, e - 2¢q-1- 2¢-1- -1
o8l 0 &goerdyl % | B,ocq’ 0 3%,31 +17%

Combining this with Corollary 2, we have

PROPOSITION E. Boundary conditions of selfadjoint type are regular in case (E) if
Jor arbitrary complex numbers o, B,, subject only to the restriction that
|es| +Bs| >0, j € L, we have D+0.
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In (O), m=2g+1, we have (5), and in addition
2@y = Bqﬁq # 0.

It will be convenient to assume |«,| =|B,| =1, and put ¢, =€'?, B,=¢'*, ) and y real.
Employing the method of (E), and the 8, defined there,

|6u(e, B)| = 8. D'(e, B)I,

where
ﬂgof'%°

Bﬂx -188" 1
D'(e, B) = e'ved cee eVel_y efred  -.. e*ed, .

> 204-9;._
%g .80 171

5 £24-9
9,50 °

Multiply each of the first / columns of D’(«, 8) by e'*~¥2,

Multiply each of the last /+ 1 columns of D’(«, B) by €'~/

The factor €' *»/2 can be removed from the middle row of the resulting deter-
minant. Changing variables

! = elv—20I2

’ - .
o oy, ﬁj _ et(x V)I2ﬁj, j GL,

we get D'(«, B)=e'*D(«’, B’), where D agrees with D’ except that its middle row is

eg LR eg + I'
Recapitulating,
PrROPOSITION O. Boundary conditions of selfadjoint type are regular in case (O) if
for arbitrary complex numbers oy, B;, subject only to the restriction that |«;| +|8;| >0,
j€L, we have D(c, B)#0.

Proof. The inequality D(«, B)#0 implies that D(c’, 8')#0, and since «,, B, are
arbitrary, that D(B’, «’)#0. Corollary 2 now applies.

In closing this section, we shift back to case (E), where we will remain until the
conclusion. The theorem of this paper will be established when Lemma IV is
proved. The forthcoming Lemma III will be auxiliary to this proof.

III. A class of positive definite matrices. In this section C,(4) will denote the
kth compound of the matrix 4, with the property that C,(4B)=C(4)C,(B).
[6, pp. 16-171.

1. A brief review of positive definiteness. The hermitian matrix 4=(a,)}.-, is
p.d. if (Ax, x)=>7,-1 a,.x;%,>0 for all nonzero vectors x=(x;,...,Xx,). It is a
consequence that A is p.d. if and only if all its principal minors (the ones chosen
from the same rows as columns) are positive, or if and only if 4 = B2 for some non-
singular hermitian B. If 4 and B are hermitian and a;, =d;d;b,., where d,, d; are
positive, j, k=1, ..., n, then A4 is p.d. if and only if B is.
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If Ais p.d. thensoare 4 ® 4 and Cy(4), k=1,.. ., n. Infact B ® B*=(B ® B)?
and C,(B?) =(C.(B))> The matrix of squares (a%)} .-, being a principal submatrix
of A ® A, is p.d. also.

2. A class of positive definite matrices. We require a notation for matrices in-
dexed by sets somewhat more general than the natural numbers. Let Q be the
ordered set {0, 1,...,g—1}. Forr=1,...,q, Q, is the set of all strictly increasing
sequences in Q of length r; p and ¢ will always be elements of Q,. Order Q, by
setting p > o if the first integer in p which differs from the corresponding integer in o
is greater than that integer. Let (a,,),,0cq, be the (%) x (f) matrix whose elements a,,
are indexed by Q, with the given ordering. Thus (a;;)i%1,, indexed by Q,, is the
usual notation for a g x g matrix. Its 7 x r submatrix with row and column indices
in p and o respectively, is written (@x)scp, keo-

LeMMA III. The matrices P, are positive definite for r=1,2, ..., q, where
P, = ( IT cosec (x,+x,,))
jepi keo 0,0€EQy
and 0<xo<Xx;< -+ <Xq_1<m[2.

Proof. First observe that each P, is a symmetric matrix with positive elements.
Now fix r, 2<r=<gq. We define the positive quantities

t; =tanx;, jeo, T, = H (ty—1),
1'>%1.9'e0

C,=]1lcosx;,  yuo= ][] cosec(x;+x).

jeo jep; keo

Let p,, be the minor of P, with row and column indices in p and ¢. Then

Poo = det (cosec (x;+ X)) sep.keo
= det (sec x; sec X, (t; + 1) “N)sep.ieo
= C;1C; Y det ((t;+ 1) ™ Yyepores
= C'\CoT,T, T] (+t)t

Jjepskeo

= C;— 1Cy lTpToy oo+

The second equation is a consequence of the identity cosec(x+y)=sec x secy
-(tan x+tan y)~*, and the fourth holds by a lemma of Cauchy [10, Volume 2,
pp- 98, 299]. It follows that p,, is positive and that

(1) P, = DrCr(Pl)Dr

Here D, is a diagonal matrix with positive diagonal elements C;~'T; %, p€ Q,.
In conclusion, P, is p.d. (it is even totally definite). Thus C,(P,) is p.d., and from
1, P,ispd., r=2,...,4q.
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We remark that this proof generalizes easily to show that if

(i) g and A are positive functions defined for the sequence xo<x; < - <X4-;
and 4 is strictly increasing.

(ii) f satisfies the functional equation f(x+y)=g(x)g(»)[A(x)+h(y)]~* then

(JLre),.,

jeoikeo

is p.d. forr=1,...,q.

IV. Proof that D0.

1. Some facts about the determinant 8. Let & denote the 2/x 2/ determinant
obtained from D by setting «,=8;=1,j€ L.

The first / columns of & will be called the left columns and the last / the right
columns. Likewise, the first and last / rows will be top and bottom. Let g, <,
<ji<:+-<ji-1529—1-g, and let

J . gl
eqo Eq+1-1

M =
Ji- R
&1 Eq+i-1

be a minor of & from the right. Then

Jjo Jjo

eo oo 61_1
M M = (=1%o

The latter determinant, to be called m, is the left minor of § chosen from the same
rows as M. By the relation =&}, m is the Vandermonde

¥)) m = H (ejk’ _ejk)'
0Sk<k’sSl-1
In evaluating this product, we will make use of the identity

(3) §—&; = 2i sin .2% (t —- S) etini2a)t+s)

Let d,, d;, ds, d, be the ‘corner’ minors of &:

s = _‘_13-;-51.2.
ds i d,
so that
&do &2,
d, = , etc
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Then writing G=73,c;j and S=]1; 5 ;. ;e sin (7/29)(j’ —j), we get from (1), (2) and
(3) that

dl = H (cj»—ej) = (2,’)1(1-1)IZSe(in/2¢z)(l-1)G

J*>jid.5'el
and
d4 _ (_ l)l + G(Zi)l(l - 1)/25e(m/qu1 -+ G).
Thus
d1d4 —_ ( — ])l + G(zi)l(l - 1)S2e(ln/24)l(1 - l)’
and employing (1),

dzda = (— l)l d1d4.

2. Proof that D#0. For r=1,2,...,1 we define L, to be the set of all strictly
increasing sequences in L of length r, and give L, the ordering of Q, (II1.2). Then
L,< Q, and (¥,0),0et,» @ Principal submatrix of P,, is p.d. This will be basic in the
proof to follow.

LemMmA IV. For arbitrary complex numbers «;, B;, subject only to the restriction
that || +|B,| >0, j € L, the 21 x 2l determinant D of 11.3 does not vanish.

Proof. The mapping ~: L —{0, 1,...,/—1} will send jeL onto j determined
uniquely by j=g;. For j € L we define n;=j+j, N=3, n; and Bi=(=1)"B,.

The integer » will now be fixed, 1 Sr</—1. The symbols p and ¢ will always
denote elements of L,. We make the following definitions:

N, = Z ny,
X; = (j+%)7/2q’ je P>
S, =TT sin (xy—x),

i'>j
S‘I, = Sp H Sin (x;+xk),

jepikel
c = (_ l)“’ NOUWI-1) olim/2U1 =)

A second mapping ~:L,— L,_, sends p onto g€ L,_, consisting of those /—r
integers in L disjoint from p. The minor m,, is defined to be

& s
G e
g%q-l-kl-r-l e elzgzl_kl-f-l
e38-1ko o gagleke
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where p={jo, . . ., jr-1} and G={ko, . . ., kK;—,-1}. In words, m,, is the left minor of &
chosen from the rows indicated by p in the top half and the ones indicated by &,
in reverse order, in the bottom half. Let M,, be the cofactor of m,, in 8. We then
have the formula

4 myM,yy = me,M,p, = (— 1)Ve*¥e8,.858,8 V20
To prove (4) define

Yoz = [ ] cosec(x;+xi) = ysp

jeoiked
Since y,5¥00 =1 Lieo:xer COSEC (X;+ Xi), We get
©)) Soysi = SoYos-
Now using (2) and (3),
Moy = (264D, I 1,
where

M= T sinx—x) 900 = ,exp [ -1 3]

i’>73:3.9€o0 2q jeo
I, = I‘I Sin (X, — X;;) #2004 =2k -k
k'>k;k.k'ed
= S;exp [;—Z r+1-0) kz k+ l)],
€5
I, = H sin (x;+ x;;) 43202 -1-k+)
jeoked
- (=i exp gt [0=n) Zj-r 3 e+ )]
jeo ked

Empty products, which arise if r=1 or /—1, will be interpreted as equal to one.
Multiplying the three partial products,

Mo = (= Y= @UY=2S,5,935 exp (mf2a)1=D)| 3= 3, e D)
€0 kea
The cofactor M, is by definition the signed minor of & from the right, the rows
indicated by 5 in the top and by o, in reverse order, in the bottom i.e. the rows
omitted by m,,. The exponent of — 1 in the sign, call it s,, carried by M, is the sum
of the row and column indices in m,, (counting from 1 to 2/) and this sum is

S (+D+ S @R+ D2,

jeo ked

By (1) the unsigned minor s,M,, is equal to the factor s,=(—1)%e57+Zkes e+ 1)
times the left minor mj; chosen from the same rows.
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The exponent of —1 in s,s, is

> GHD+ D j+ D k+D+ D QI-k)+I1d+1)2
jeb G

jeo keo keo

= > m+ D me+ > me+I(+1)2  (mod 2).
kel

jeo keo
Thus
§15p = (= [)No+Ne+N+11+ 12
and
myeMp, = 5152 pM;3

= o(— 1)+ ¥eS,5:8,8:V05 Yoz

= o(=1)o*Ne§.S;8,S:92,  (by (5))

= MypMo,.
Equation (4) is verified.

If y=(o, ¥1,- - ., ¥1-1) is any vector of / complex components let y*=T1 e, ¥;»
and 7°=[T,e, 7;- Also, let B°=TT,c, B;. In this notation

jo jo
Bioeo T ﬂyoex-x
Jre-1 Jr-1
3/,_130 T ﬁj,_181_1 o~
= -1-k - 20-1-k = Boamy,.
%ic; -y - 180 tore1 ey pq =1 THTTR
5, g24-1-k = -1-k,
@0 0 akoelzil °

The cofactor of this term in the Laplace expansion of D from the first / columns is
o?B°M,,, (Figure 3).

FIGURE 3
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Now ﬂp = ].—Ijep ﬁi = I—Ijeo (“ 1)"’3} = ( - l)N" 2, Thus

’Boaﬁﬁd&JmnM oo -= B oaBBd&&'(cS ,',S 5S ::S?r'y go)-
The sum

Z ﬁpaaﬁa &amva oo
p,0€Ly

contains just those terms in the expansion of D obtained by taking r of the rows in
the left minor from the top. It is a quadratic form (4,y,, y,) in the variables
y,=(BPaP),., with coefficient matrix A, =c(S,S555:55¥%5)p.0e1,- As remarked in the
first paragraph of this section, (¥,,),,sez, is p-d. Since S, and S; are positive, ¢4,
is also p.d. This holds for r=1,2,...,/-1.

Let yo=TTjer %, i=ITjer BBi=1lsex Byﬁj- The matrices 4o= A4, accompanying
Yo, ¥: in the Laplace expansion each have one element d,d, =(— 1)} dyd;. Since

N=>n=>j+ "Zlk = G+I(-1)2

jeL jeL

we conclude that d,d,=cS2.
We have shown that

1
D= ZO (ArYr’ ¥r)
r=

and that c~*4,is p.d., r=0, 1,. .., I. By hypothesis |«;| +|B;| >0, j € L. Hence there
exists an 7, 0<r </, and a p € L, such that B2« #0. The vector y, is not zero, and the
lemma is established.

It is possible to furnish a shorter proof if /=g [13].

3. Anillustration. In Table 1 we illustrate this lemma for the case g=3.

TABLE 1
L D
{1,2} —e¥70[|B1Bo| + |osra|® + | Breca|® + | Baes [+ 2 |Brorg + Boens [*]
{0, 2} €*[3(|BoBa|* + |aoas|® + | Boas|® + |Baeo|?) + |Boz — Baero ]
{0, 1} — ¥ 73[|BoBa|® + |eoms |2+ | Boers | + | Byro | + 2 Boexs + Baoxo|*]

{0, 1, 2} 3(1BoBrBa| + |roery 02]?) + | Boers g — Brooera + Baeroers |2

+ |01 Bz — 1802 + B0 |

+ %(|ﬁo°‘1°‘2 —Baooey | 2+ |°‘o.3132 —aaBoPy | 9]

+32(|Boersz + 2By ooz + Baergen [ + |eroBBa + 201 BoPz + aBoPy %)
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