HARMONIC FUNCTIONS ON HERMITIAN
HYPERBOLIC SPACE

BY
ADAM KORANYI(})

Let 2 denote the complex unit ball

={z=0(21,...,2) | |z] < 1}

where |z| is defined by |z|2=) |z| The Laplace-Beltrami operator for the
Bergman metric of 2 is given [4, p. 117] by

2
A= “"'Z’z)(z mom 2 A 62,)

LA

We say that a function F is harmonic in & if AF=0, and we define the classes
HP(2) of harmonic functions in analogy with the classes H?(2) of holomorphic
functions. The Poisson kernel corresponding to A is explicitly known [4]; since 2
is a symmetric space of rank one, S *(2) is exactly the set of all Poisson integrals
of L*(#), # denoting the boundary of & [3]. As we show by an easy reduction to
the case of p=oco, the same statement is true for every p=1 (with a slight modifi-
cation if p=1).

Our main concern is the generalization of the classical Fatou theorem, and of its
local version due to Privalov and Calderén ([1], [7]). For this purpose we define
the notion of admissible convergence in §3. We show that in the case of n=1
admissible convergence coincides with nontangential convergence, while for
n>1 it is stronger. It is a notion invariant under the group of holomorphic auto-
morphisms of Z; nontangential convergence in the case n>1 is not. We prove
Fatou’s theorem for admissible convergence by some explicit estimates on the
Poisson kernel and by using an extension of the Hardy-Littlewood Maximal
Theorem due to Edwards and Hewitt [2]. It is perhaps worth mentioning that this
is a new result even for holomorphic functions since previous investigations, being
based on the euclidean Poisson integral, yielded only radial or nontangential
convergence [1], [6].

The generalized Cayley transformation carries 2 onto a generalized halfplane
D. In analogy with [5] one can again define the spaces of harmonic functions
H#°(D). The results described above all have their analogues in this situation,
and the proofs are parallel to those for £. It should be noted, however, that these
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results are in general not equivalent since the Cayley transform does not carry
HP(D) onto H#*(D), except in the case of p=oco. The local Fatou theorem, which
involves only the case p=co, will be proved for the case of D, this case being easier
to handle. Finally it will be indicated how all these results extend to products of
domains of the type £ or D.

I would like to express my thanks to E. M. Stein who, on my request, proved the
version of the Maximal Theorem used in §4 at a time before either he or I became
aware of the article of Edwards and Hewitt [2].

1. Just as in [S] we denote by pn the normalized rotation-invariant measure on
4 (it is a constant multiple of the measure induced by the euclidean structure of
C™). We denote by L?(#) the usual LP-space with respect to p of complex-valued
functions on #. For a complex-valued function F on 2 and O<r<1 we write
F(z)=F(rz). We define

H*(D) = {F: 2—C| AF =0, Sup | Foll oo < oo}_

It is known [4], [5] that the Szeg6 and Poisson kernels of & are given by
b
(1—z-w)

P (4) = _ L )2 _ A=z
yz(u)_ .@(u, Z) - Y(z,z) - |1_z_17l2n

Fuz) = Sz, w) = (z, we 2),

(zeD,ue B,

where z-w denotes > z, .

THEOREM 1. (i) F is the Poisson integral of a function f € L*(#) (1 <p =< 0) if and
only if F € #7°(2).

(ii) F is the Poisson integral of a Baire measure on & if and only if F € #Y(D).

(iii) F is the Poisson integral of a function f € LX(%) if and only if F € (D) and
the family {F, | 0<r <1} is uniformly integrable.

Proof. The “only if” parts are immediate since the Poisson integral lifts as a
convolution to the group K=U(n) of holomorphic automorphisms fixing 0
(Theorem 4.7 in [5] and subsequent remarks).

The “if™ part for p=co is a consequence of Furstenberg’s main theorem [3].
If p<oo, let {«,} be an approximate identity on the group K, i.e. a sequence of
nonnegative C®-functions of compact support each having integral 1 and con-
verging to the delta measure based at the identity element of K. Defining F,(z)
=‘fK o, (g)F(g~1z) dg, F, is harmonic by the group-invariance of A. For O<r<1
we have F, ,=«, * F,. Hence, g denoting the conjugate exponent to p,

(D) [Farllo S lenllall Frllo S Mleta o,

()] ”Fn.r"pé ||an||1||F,||p§M.

By (1), F, is the Poisson integral of some f, € L*(#). By (2) we have | f,|,= M.
It follows that the family {f,} is weakly compact in L?(%) in the case (i), in the
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space of Baire measures in case (ii) and in L'(%) in case (iii). Clearly lim F,(z)
= F(z) for every fixed z, and the theorem follows.

2. For 0<p=1 we define

B, = {ueéf?l larg u;,| < mp, Z |ue|® < p}.
2

We have w(#,)=p". For p>1 we define #,=%,. We denote e=(1,0,...,0). For
a function f defined on # we define the maximal function f* by

*e) = sup ——
70 = 398 3z [, 11

and by f*(ke)=(f o k)*(e) for k € K. It is easy to see that f* is well defined on £.
Now define K,={k € K | ke € #,}. Then

K, = {k = () | larg uss] < mpy D [ual® < p}-
2

It is immediate that (i) the Haar measure of K, (p<1) is p", (ii) p<p’ implies
K,<K,, (iii) (K,)"'=K,, (iv) there exists a number m such that K,%,<%,,.
(For (iv) one can show e.g. by a simple computation that K,%,<%s, for p suffi-
ciently small, and then infer the existence of m by compactness.)

From these facts, making only some trivial modifications in the arguments of
[2, §2] one can prove the following version of the Maximal Theorem.

THEOREM 2. (i) For every p > 1 there exists a constant C, such that || f*||, < C,| f|,
for all f e L*(%).
(ii) There exists a constant C such that, for all s>0 and all f € L(%),

wueRB| f*u) > s} < Cn/;i.

3. For every 0 <a<oo we define the admissible domain at u € %,

A (u) = {ze@ |§((uu,’zz))l < (1-12-05)”}‘

For a function F on 2 and a function f on & we say that F converges to fadmissibly
(a.e.) if, for every « >0,

lim  F(z) = f(u)

2o ujzed o(u)

for (almost) all u e Z.

THEOREM 3. Admissible convergence is invariant under the group G of holomorphic
automorphisms of 2.
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Proof. Let g € G. By [5, (3.4)],

| L (g2, 8w)| _ |L(z,u)| |4,(u)]
P(gz,gu) Pz, u) [Ay2)]

where A, is a nonvanishing holomorphic function on the closure of 2. By compact-
ness, |A4,(u)|-|4,(z)| ! is between positive bounds, and the theorem follows.

In order to get a more geometrical description of admissible convergence we
define, for 0 <a< o0,

I(e) = {z co \ z e%’m-,z.)}

and I'y(ke)=kT',(e) for k € K. The following lemma then shows that in the defi-
nition of admissible convergence we can use I',(u) instead of o7, (u).

LEMMA 1. There exist constants a, b, c, d such that &/ (u)<T,,,,(u) and T(u)
ol o4 4u) for all 0<a<oo and all u e A.

For the proof one notices that &7 (ke)=ksZ (e) (k € K), and so it is enough to
consider the case u=e. This case can be settled by a rather simple straightforward
computation.

Next, we make the estimates necessary for Fatou’s theorem.

LEMMA 2. There exists a constant C such that, for 0<r<1,

gre(u) é C/(l _r)n (u € g)a
S CA=ry/p*™  (ueB-AB,).

The proof is a simple computation based on the explicit expression

_ a=r
gre(u) - ll_ru1|2n

LEMMA 3. For every 0<a<oo there exists a constant C, such that, denoting
by F the Poisson integral of f, |F(z)| £ C.f*(u,) for all fe L*(#) (p=1), u, € %,
z € T (uy).

Proof. By K-invariance it suffices to consider the case u,=e. Let z € I'(e).
Then, writing |z| =r, we have z=rke with some k € K,(; -,. By an obvious property
of Z, 2, ()= P.(u)= P,.(k~'u). By remark (iv)in §2, p= (1 —r)and ue #—-%,,,
now imply k" lue #—%,.

Let 8=ma(1 —r). We write Z=%; U (#Bss—H;s) Y - - -. By the observation just
made, u € B9+ 1,— Byt implies k~u € B— Bty -ry; 50 Lemma 2 gives

FG) = | [, 12| < T [, 1

1-rr
+ Z C @I LQM, ayy, 1



1969] HARMONIC FUNCTIONS ON HERMITIAN HYPERBOLIC SPACE 511

This is further increased by taking each integral in the sum over all of Hy+1,.
The definition of f* now shows that

m < 1
(F@)| 5 Cmrarf*@+(C o >, s) /@) = Cuf*@)
i<
The generalization of Fatou’s theorem follows from Lemma 3 by a standard

argument [7, Chapter XVII]:

THEOREM 4. Let fe L?(#) (p=1) and let F be its Poisson integral. Then F con-
verges to f admissibly almost everywhere.

4. The generalized Cayley transform

.1+21 A
Zy—>1 H Z —>1
1—21

carries 2 onto
D = {z = (24, ., 2,) | H(z) = Imzl—z |22 > 0}-
2

The operator A is transformed into

2 L o2 RO < o
"(Z)[4(Im %) 5757 +; a2, 07, > Z % 37,05, 2 Z % 32, azl]'

We denote the boundary of D in C" by B. As in [5] we have the measure 8 on B
defined by

J;f(u) dB(u) = ff(Re u1+i§ Ju|?, ug, . . ., u,,)
-d(Re u;)d(Re uz)d(Im uy) - - - d(Im u,,).

L*(B) is defined with the aid of B. For a function F on D and t>0, Fy(z)=
F(z,+it, z,, . .., z,). We define

#?(D) = {F: D—C|AF =0, sup Il resy < oo}.

With p(z, w)=i(#, — z,) — 2 2§ z, Wy, we have p(z, z)=2h(z), and [5, Proposition 5.3]

T 1 _
20" p(z, w)*

_ S, 2)]* _ T(m) p(z, 2)"
Pl 2) = Szz) — 2" [p(u, 2)*"

S(z, w) =

for the Szeg6 and Poisson kernel of D. We say that F is the Poisson integral of a
function f on B if F(z)={ f(u)P(u, z) df(u).

By a repetition of the arguments used to prove Theorem 1 we can now prove the
following.
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THEOREM 5. (i) F is the Poisson integral of a function fe L?(B) (1<p=) if
and only if F € (D).

(ii) Fis the Poisson integral of a finite Baire measure on B if and only if F € (D).

(iii) F is the Poisson integral of a function f € L*(B) if and only if F € #*(D) and
the family {F, | t >0} is uniformly integrable with respect to .

This result, together with the formulas of [5, §4] shows that the inverse Cayley
transform carries s#7(D) into S#7(2), but not onto, unless p=oco.

To generalize the Maximal Theorem, instead of K we consider the group N of
elements (a, c)=(a, cs,..., ) ERXxC" 1 acting on D by the holomorphic
autmorphisms

n n
(a,0:z, »—>zl+a+2iz zk5k+iz ekl
2 2

P Zp >zt o k = 2).

N leaves p(z, w), hence also h(z), S(z, w) and P(u, z) invariant. We define

|(a, ¢)| = Max {Ial, iz |ck|2}.

|u] = Max {|Re uy, Z |uk|2},
2

and for p>0 we define B,={ue B| |u|<p}, N,={ge N||g|<p}. Clearly we
have N,={ge N|g-0€ B,}. If g=(a, c¢), then g~*=(—a, —c); this shows that
N;1=N,. Given two elements, g=(a, ¢), g'=(a’, ¢’) one checks by an easy com-
putation that

For u € B we define

n
gg = (a+a’——2 Im Z ChCrs c+c’).
2

From this it follows that |gg’|<2(|g|+|g’[), and this inequality implies that
N,B,<N,, for all p>0.
We define, for fe L?(B) (p=1)

4O = sup ﬁ%B) [ 1rrae

and f*(g-0)=(f- g2)*(0) (g € N). The Maximal Theorem can now be proved for
f* by the methods of [2].
For «>0 we define the admissible domain at u € B by

A (u) = {ze D |f,((';” 3' < (142-05)"}’

and we have a corresponding notion of admissible convergence.

THEOREM 6. Admissible convergence on D is a notion invariant under the group
of those holomorphic automorphisms of D which have a continuous extension to B.
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Proof. The group in question is isomorphic under the Cayley transform with
the subgroup of G fixing the point e on the boundary of 2. It is known (and easy
to check) that it is generated by N and by the maps z, > sz;, z, > 512z,
(k=2,...,n), s>0. One sees that for every fixed « these mappings only permute
the corresponding domains A4,(«), whence the assertion follows.

The analogues of the domains I'(u) are defined by

T0) = {z& D | |z—i(z)e| < ah(z)}
and T',(g-0)=gT',(0). Equivalently one can write
T(g:0) = {g'-(ite) | |g7g'| < ot}.
A straightforward computation now gives
LeEMMA 4. For every o.>0, u € B we have A, (u)<T,.,(u) and T (u) < Az, (u).

This shows that admissible convergence can again be equivalently redefined by
using the I',(u) instead of the A,(u).
The basic estimate on the Poisson kernel is now

P(u, ite) < c/t" (u € B),
ct™lp™  (Ju] z p),

as one sees immediately from the explicit formula

A

tn
((Re w2+ (1+ 25 |u |2
Proceeding from here in the same way as in the case of 2 we obtain the following
version of Fatou’s theorem.

P(u, ite) = ¢

THEOREM 7. Let fe LP(B) (p21) and let F be its Poisson integral. Then F con-
verges to f admissibly almost everywhere.

In concluding this section let us note that, although we defined the notions of
admissible convergence in 2 and D independently, they can easily be tied up with
each other. In fact one can check that, at least in a neighborhood of 0, there is a
relation of the type of Lemmas 1 and 4 between A4,(0) and the Cayley transform
of &7, (—e).

5. In this section we follow closely the argument of Calderén [1], [7]. For
o>0 and h>0 we define the truncated domains

IY(g-0)={g'-ite|0 <t < h,|g7g| < at}.

LEMMA 5. Let E< B and let u, be a point of density of E with respect to the family
of sets {gB, | g€ N, p>0}. Then, given any >0, h>0, ag>0, there exists hy>0
such that

Tho(ue) = \J Thw).
uek
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Proof. We write uo=g,-0 (go € N). For u;=g,-0 € B we define
D;, = g1Bu; 4105 %01-

Now, for any g-0 (g € N), g-0 € D,, implies

lga gl = (g5 g8 ) < 2(1g5 'a:|+ g e]) < 2(1+>)| g5 8.
g

This shows that the set D' =goBa + o 1195 10, CONtains D, . We have
B(D,,)[B(D") = o[2%(ctg+ ).

Since u, is a point of density, it follows that there exists ¢ >0 such that | g5 1g,| <c
implies D, N E# &.

We show that for any h,>0 such that hy<h, c/e, has the required property.
Let z € Th9(u,). Then z=g, -it,e with 0<t, <h, | g5 81| <oty By the choice of A,
|g5'g:| <c, hence D, N E# &. Let u=g-0e D, N E. Then

lg g1l = |gr'gl < (afao)|go 8] < aty,
i.e., z € I'"(u), finishing the proof.

THEOREM 8. Let F be a harmonic function on D. Let E< B be measurable and
suppose that for every u € E there exist «>0, h>0 such that F is bounded in T""(u).
Then, at almost every point of E, F converges admissibly to a finite boundary value.

-Proof. First we note that it may be assumed that « and 4 are the same for each
u € E, that |F| = M uniformly in every I'%(u), and that E is bounded and closed.
In fact, defining

Ew ={ucE||F| =j inTijfw)}

for any > 0 there exists € such that, writing £, =\, r.1<q Eju, B(E— E;) <e. Since
F is continuous, the closure of F; has the same property as E,, and our statement
follows.

Now let I'=ycz I'(u). We will show that F=p+r where p € #<(D) (so it
converges admissibly a.e. on B), and |r| is majorized in I' by a positive harmonic
function v which converges admissibly to 0 a.e. on E. Lemma 5 will then imply
that r also converges admissibly to O a.e. on E.

For this purpose we define the functions f, on B by

Jalu) = Fyn(w) ifu+ti(e/n)eT
=0 otherwise

and let p, be the Poisson integral of f,. | p,| < M for each n; by weak compactness
a subsequence of {p,} converges to some function p € # (D).

Writing r, = F};,— p,, the subsequence of {r,} corresponding to the above con-
verges to a harmonic function r such that F=p+r. Note that each r, is continuous
onT, 0on E, and |r,|<2M on T
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Define v by v(z)=(Q2M/h)h(z)+ Cw(z), where w is the Poisson integral of E’
(the complement of F in B), and C is a constant to be determined later. It is easy
to see that h(z), and hence v, is harmonic. To show |r|<v in I' it is enough to
show |r,| £ v for each n. By the maximum principle it is enough to show this on oI,
the boundary of I'.

So let z € oI". We distinguish three cases. (i) If 4(z)=0, i.e. z € E, then r,(z)=0,
and |r,(z)| £ ov(z) is trivially true. (ii) If A(z)=h, then by |r,(z)| £2M and w(z)20,
1ra(z)| £v(z) for any choice of C20. (iii) If 0< h(z) < h, then z ¢ I'(u) for all u € E,
by definition of I'. Writing z=g'-ite, this means that |g~'g’|=at for all ge N
such that g-0 € E, i.e. g'B,,<E’. By some obvious changes of variables we have
now

we) = [ Pz dsw 2 [ P z) dew)
_ f Pu, ite) dB(s) = f P(, ie) dB(u) = C..

Hence, choosing C=2M/C,, we again have |r,(z)| Sv(z), and the proof is finished.

6. Forj=1,..., klet 2, be acomplex ballin some C¥,andlet 2=2, x - - - X D,.
It is well known that the Szeg6 kernel of 2 is F(z, w)=I1F(2’, w’), and a similar
relation holds for the Poisson kernel. Noticing that, by the formulas of §l,
|F W, z;)| - P(W, )~ has a positive lower bound, it follows that|#(u, z)|
-P(u,z)~' is bounded from above if and only if |F(W, z%)| - AW, 2)~* is
bounded from above for each j. Therefore it is reasonable to define (unrestricted)
admissible convergence for 2 in formally the same way as in §3.

Restricted admissible convergence is defined by adding the condition that as
z=(z',..., z*) > u, besides z staying in an admissible domain, 1 — |z"| < M(1 —|z*|)
should be satisfied for some M and all r,s=1,..., k. With these definitions,
by the argument of [7, Chapter XVII] we obtain the following.

THEOREM 9. If fe LP(#,x - - - xB,) (p>1) and'F is its Poisson integral, then F
converges to f admissibly a.e. If f € L%, x - - - x B,.), then F converges to f admissibly
and restrictedly a.e.

Of course, a similar theorem is true for products of domains of type D, or even
for a mixture of the two types.

Our proof of Theorem 8 can also be extended to the case of products of domains
D. The additional arguments one has to make are exactly the same as in the case
of products of halfplanes and are explicitly pointed out in [7, Chapter XVII].
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