WEAK WAVE OPERATORS FOR THE
NONLINEAR WAVE EQUATION

BY
A. ROBERT BRODSKY(%)

The purpose of this paper is a study of wave operators for the equation

*) Ou=qu, [O= Z Py 612’ q20.

In [2] and [3], Strauss studied this problem when ¢ has sufficiently rapid decay at
infinity. In this paper we will derive some information for the case g=1. The basic
parts used will be the energy estimates of Strauss derived in [2] and an elementary
lemma about Hilbert spaces. While the results in this paper refer to the existence of
wave operators in the weak topology, they open new methods of attackmg the
p‘rbblem in the strong topology.

1. The abstract problem. Let H be a real separable Hilbert space with norm
| I, and inner product < , >. Let Uy(¢) denote a strongly continuous one-
parameter group on H. Let K be a locally Lipschitzian transformation on H
(possibly nonlinear) such that the integral equation

) (1) = Un(tio+ f Us(t—5)K((s)) ds

has unique global solutions for any ¢, € H. Let U,(¢) denote the map from ¥,
to (). U,(t) satisfies

(a) U,(0) is the identity,

(b) Ui(t+r)=Uy(t)Us(r),

(© U(=0)=Uy(t)~*
Only (b) is nontrivial. However, this follows from the locally Lipschitzian character
of K and the fact that the norms of the U,(7), are bounded subsets of R. The basic
object of study in this paper are the limits as |t| — 00 of Uy(—)U,(t}. We will
show that these limits exist in the weak topology on H for i in a certain dense
subset of H.

We will need the following assumptions.

(A1) There exists a dense set 2 < H and a function | | from H to [0, o] which is
finite on £ and a p > 2 such that the following are true.
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(A2) If g€ 9,
[UL]12+ Uy )] = ]2+ ||

for all 1.
(A3) If y € 2,
[UL(] = O((1/[¢])*®)  as [¢] — oo
(A4) There exists a linear map R of 2 into 2 such that if ¢ € 2 and |¢|‘<oo,

K¢, K@)>| = |Re| []P~1.
(AS) If $ € 2, Uy(t)d € 2 for all t and
[RUo(1)$| = O((1/[t)®~>"%) as |¢] — co.
The following theorem is basic to our argument.

THEOREM 1. Let {,} be a set of elements of H indexed by the real numbers (or
any sequentially cofinal net). Assume there is a constant BZ0 such that ||| < B for
all t and {$, J,> converges as t — + oo for ¢ € D, a dense set in H. Then there exists a
€ H such that , —  weakly as t — oo.

Proof. This theorem is a natural generalization of a standard theorem about
Hilbert spaces. Consider the sequence {i,}, n integer. A simple estimate shows that
{4} is weakly convergent. Thus since H is weakly sequentially complete there is a
¥ € H such that ¢, — ¢ weakly. It then follows that ¢, —  weakly. (Similarly there
is a theorem for t - —o0.)

THEOREM 2. Under assumptions (Al), ..., (AS), for any € D, there are elements
W . and W _y in H such that Uy(—t)U,(t)y converges weakly to these elements as t
approaches + oo and — oo respectively.

Proof. We will consider only the case  — +o0o. The other case is similar. Let us
first note that

NU(= UL ]2 < ]2+ ||

Thus by Theorem 1, it suffices to show that {¢, Uy(—t)U,(t)¥> converges for all
¢ €. But

K8, Uo(—)UL(1)> —<$, Uo(—r)Ur(r))|

2 ¢

@ s [ KU KWyl ds, 12 r
by (1). But

@ KUN$)$, KCUs)| < [RU5)B] | U5l

by (A4) and (A2). But from (A3) and (AS5) it follows that the right-hand side of (3) is
0((1/3)(311 -4)/?).
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Since p is greater than 2, |<Uq(s)$, K(U,(s)¥))| is integrable and thus
($, Uo(—0)U(t)>

converges.
DEFINITION. W, and W_ are called the weak forward and backward wave

operators respectively. Theorem 2 states that they are defined on 2.

REMARK. Let us note the following elementary properties of W, and W_ . For
YeD, .
@@ 1w .92 < g2+ 1907
(b) K8, Wob—Uo(—)Us(t )| = O((1/[t])*=*"%) for ¢ € D.

COROLLARY 1. Uy(— 1)U (1 W — W .4 strongly if and only if |W ¢|l2-— Hgb[]2
+ 191

Proof. »

Sim [ Uo(=DUWI? = 9]+ 19lP= lim |Uyopl?
= l41+14/> by (A2) and (A3).-
COROLLARY 2. If ¢ € D and Uy(t)p € D, then W ,U(t)p= U)W o3
Proof. Let ¢ € H, then
(P, U)W .4y = (US(—1)p, W)
= _lim CUy(=1)¢, Uo(—s)Ur(s W

Jim (Uo(= 1), Uo(=5)Urs =) U1
r_l.i:"l'l‘1° (p, U(=n)Ui(r)Ui(t)>
= <¢, W* Ul(t)¢>-

Since ¢ is arbitrary we have the result.

DEFINITION. Let G=|;cx Uy(#)2. In practice 9=2.

If Y € 9, there exist 1 € R and ¢, € 2 such that = U,(t)¢,. For such ¢, we may
define W, ¢ by ,

W:‘ﬁl: _Uo(’)Wt'l‘o-
To guarantee that this makes sense, we need the following theorem.

THEOREM 3. If 4, and ¢, are in D and there exists s, t € R such .that Ul(t)¢1

= U,(s), then
U)W otpy = Un(s)W o4,

Proof. By hypothesis, ¥, and ¢2— Us(t—s)$, are in 2. Thus by Cordllary 2,
W U(t—s)Wy = Wy = Ug(t—s)W .9,

Therefore
U)W by = Ug(t)W 4.
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The reason for looking at the wave operators is that we would like U,(#)¢ to
behave like Uy(t)W ¢ for large t and like Uy(r) W _4 for small . If the convergence
is strong,

1O = Uo(OW 14| = [U(=)Ur ()= W, — O

as t — +00. However, in the weak topology this may not happen. In fact, for the
case of the nonlinear wave equation for ¢ € 2, U,(¢){ tends weakly to zero as does
Uy(t)$ for any ¢ € H. To make this precise let us add the assumption

(A6) If ¢, Y € D, (¢, U(t)y> — 0 as |t| — oo for i=0, 1. For the case of the
wave equation, the next result for U, follows immediately from the representation
of Uy(t) as the translation group on Ly(—o0, +00; N), N a Hilbert space. (See [1].)

THEOREM 4. Assuming (A6), Uy(t)y — 0 weakly as |t| — O for all € H.

Proof. By Theorem 1, Uy(t)$ — 0 weakly as |t| — oo for ¢ € 2. Thus, for all
deH, e, {$, Ut)y>—0 as |t| — 0. Thus (Uyt)$, > —0 as |[t| — oo.
Again by Theorem 1, Uy(t)$ — 0 weakly as |7| — oo for ¢ € H.

THEOREM 5. For € D, U,(t) — O weakly as |t| — oo.
Proof. Let s, be in 2 and s € R such that Uy(s)o=14. Thus for ¢ € 2,
B, U >0, e D.

Now apply Theorem 1.

Let us conclude this section with another condition guaranteeing that
Uo(— 1)U, (1) converges in the strong topology. This result has the advantage that
the conditions imposed are on Uy(¢) rather than U,(¢). Unfortunately, the condition
is unknown for the wave equation. We will discuss this more fully in §2.

LEMMA. Let {§}, t € [1, ©) be a net in H which converges weakly to zero as t — oo
and is bounded. Then |, converges strongly to zero if there exists an e>0 such that
YyeH,

I<gp, | = O(t°)
as t — oo. In fact, ||| =0(@~°).

Proof. Let y,=t%),. By assumption, the set {y,} is weakly bounded. Thus by
uniform boundedness, there is a constant B such that ||y,| < B for all ¢ € [1, o).
Thus [ =0(t~*).

DEFINITION. Let | |, denote a map from H to [0, o] such that if ¢ € 2, |¢|,
=|R¢| and [<$, K| = |$lol¥]7 2.

THEOREM 6. If Uy(?) satisfies condition (AT) below then Uy(—1t)U,(t ) converges
strongly to W,y for y € 2.

(A7) For any ¢ € H, there is a T(¢) such that if |t| = T, |Uy(t)¢|, is bounded, i.e.
there exists a constant C(T, ¢) such that |Uy(t)¢|o=C for [¢|ZT.
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Proof. Let ,= Uo(—t)U,(t)p— W o
Il < W]+ ]2+ 1] )22

for all . By Theorem 2, i, converges weakly to zero. Following the proof
of Theorem 2, let ¢ € H, then

(b0l < [ U KU ds
If t2 T(¢),
(40l = €T ) [ 10WIe = ds = 0@1j0>=2)

Thus ¢, tends strongly to zero by the previous lemma with e=(p—2)/p.

REMARKS. (1) There is a similar result for W_.

(2) 1t follows from the proof of Theorem 6, that |Uy(t)$|, need not actually be
bounded. What is needed is that |Uy(t)$|, be finite for all ¢ sufficiently large
(depending on ¢) and not get large too rapidly with an estimate independent of ¢.

(3) Note that we have not used all the hypotheses on K. In particular, all that was
used about K was that it satisfy (A4), and that (1) has unique solutions for ¢, € 7
and U,(?) satisfies (a), (b), (c), (A2), (A3). It is not necessary that K be everywhere
defined for example.

2. The nonlinear wave equation. Let us consider the equation
©)) Cu = Au—0%ufot? = qu®

where g=q(x,, x,, x3) is positive, once differentiable and s is an odd integer = 3.
We will assume also that g is bounded and satisfies the differential inequality

(5) rg, £ (s—3)¢; (r = |x|and ¢, = og/or).

DEFINITION. 2=Cg(R?) @ Cy(R®). Le. y=[f, g]l is in 2 if f and g belong to
Cy(R3).
DEFINITION. If y=[f, g] is in 2, let

17 = [, 1971 +g7 dx.

Let H denote the completion of 2 with respect to | |. H is a Hilbert space. We
denote its inner product by { , ). It follows from the Sobolev inequality || f|¢
= C|Vf|, for fe Ce(R®) that the components of an element i € H are functions.
(] |, denotes the norm on L,(R®).)

Let Uy(2) be the strongly continuous one parameter group corresponding to the
wave equation. For details see Thoe [4] or Lax and Phillips [1]. For y=[f, g]le H
define K(¢)=[0, —qf*]. For s=3, K is everywhere defined as a map from H to H
and is locally Lipschitzian. For s 3 this is not so. We will assume X satisfies the
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conditions of Remark 3, §1 however and also that U,(t)y € 2 for all ¢t if € 2
where U,(t) is defined by (1).
DeriNITION. If b € H,

1/(s+1)
= ([, 2qar )

where ¢ =[f, g]. A standard energy equality states that if ¢ € 2,
) [ UM+ [T+ = ]2+l +
for all .

THEOREM 7 Ifye2, [U,(t)«pl“l O(t™%) as [t| — 00,

Preof. See Strauss [2]. It is in this theorem that (5) is needed.
DerFINITION. If ¢ = {f, gl € H,

Ry = (s+1)/2)[e 0]

4]0 = (J‘ (s-;l) qg”l dx)l/(su).

THEOREM 8. If ¢, Y € H, |[<é, K{)D|'S |$|o]]** 1.
Proof. When it makes sense,

and

b, K> = [eah a,
where ¢=1, g] and y=[h, k]. Thus
(8, K1 5 ([agerr )™ ([ a)
= |gloldl* = |RS| |¥],

the last equality holding for ¢ € 2.

THEOREM 9. Any solution [Ju=0 with data & remains there, i.e. Uo(t)g C@
Furthermore if Y € D, |RU(t)}p|***=0(t~ V) as |t| — c0. .

Proof. Let Uo(t)=[u(x, t), u(x, t)]. Then
IR = [ () gt ) .
But | u?(x, t) dx is bounded and ||u,(x, 1)|~= 0(1‘1). Thus

|RU(e)*+* < (f ui(x, 1) dx) e, O gl S ') — 0(--"),
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The fact that Uy(t)2 <2 is a standard regularity theorem for the wave equation.
Letting p=s+1, we see that (Al),..., (AS) of §1 are satisfied.

THEOREM 10. If ¢,y are in 2, (¢, Uy(t)y>=0 for all t sufficiently large (and
small).

Proof. Uy(t)y is a detached solution of the wave equation. Thus u(x, t)=0 in
some forward cone and some backward cone. Let supp f'U supp g =sphere about
zero of radius L where ¢=[f, g]. For ¢ sufficiently large or small this sphere is con-
tained in the set where u(x, #) vanishes.

THEOREM 1. If y € @ and U,(t)p=[u(x, t), u(x, t)], then for any ¢>0,

J [ V|2 +up] dx = O(t~2)
r<(1-elt|
as |t| — .
Proof. See Strauss [2]. (5) is also needed here.
THEOREM 12. If ¢, ¥ € D, <{¢, Uy(t}>=0(t"1) as |t| — 0.
Proof. Let ¢=[f, g]. Let L be as in Theorem 10. Then

K¢, Ui(1)>| =

'f[Vf~ Vu+gu] dx

f [Vf - Vu+gu] dx
IxI=L

1/2
< 160([__ vupayas)
Thus for |7]| > 2L,

/ 1/2
[ U] = 181( [ 5wz an)” = 06

lxl <

by Theorem 11 with e=1}.

Theorems 10 and 12 imply (A6).

The solutions of [Ju=0 with data in H are called finite energy solutions. The
hypothesis of (A7) will be satisfied if for any u(x, t) a finite energy solution

fquf“(x, t)dx

is eventually finite and bounded. In particular, for g=1, u,(x, t) must eventually be
in L, ,(R%). Since L,& L, , there are solutions for which this integral is infinite for
t near zero. There is no obvious reason why this should oecur or for that matter any
obvious counterexample. This result is of interest however since it replaces the
problem of estimating solutions to the nonlinear equation with the apparently
simpler problem of estimating solutions to the linear equation.
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