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1. Introduction. The orthonormal system introduced by A. Haar has been

studied by P. L. Ul'janov [21]-[28] and numerous other authors. It has been our

object to continue these investigations using a classical real variable approach. The

main body of this paper deals with Haar series, although there are results on Walsh,

trigonometric, and other orthonormal series.

Because of the large number of individual results we will not try to describe them

all here but only state one theorem from each section. We will first give some

definitions and basic properties of the Haar system.

Definition 1.1. Haar's orthonormal system {ym(/)} is defined as follows on

[0, 1]: Xo(t)=l and for m = 2n + k with 0<A:<2\ « = 0, 1,...

Xm(t) = 2-'2, te(k/2\(k+l/2)/2«),

= - 2n>2,       te((k+l /2)/2", (k + 1 )/2n),

= 0, f€tO,l]\[*/2\(A+l)/n

and at the three remaining points we let Xm(t) be equal to the average of the right

and left hand limits.

Definition 1.2. For/(/)eF(0, 1) we call am(f)=Hf(t)Xm(t) dt, «7 = 0, I,...,

the Haar-Fourier coefficients of/and 2m = o om(f)Xm(t) the Haar-Fourier series off.

It follows easily [1, p. 49] that for Sm(t0) = 2?=0 ai(f)Xi(t0), m = 2n + k,0Sk<2n,

«=0, 1,..., we have

(i) If t0 is a dyadic irrational, then

(1-1) Sm(t0) = J- f f(t) dt
\'m\ Jlm

where t0 e Im, which is an interval of length 2~n or 2"""1.

(ii) If t0=p/2" is a dyadic rational, then for mi2"

(L2) S-(")"2lbí/W'i'+2iÍlí/(')'"
where Im = (t0-a, t0), Jm = (t0, t0+ß), and where a=ß=2'n~1 or a = 2-'1-1 and
ß = 2~n.

The above facts lead to the following results of A. Haar [1, p. 47]:
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Theorem A. Ififi(t) is integrable on (0, 1), then the Haar-Fourier series ofif(t)

converges tof(t) a.e.

Theorem B. Iffi(t) is integrable on (0, 1), then the Haar-Fourier series off(t)

converges tofi(t) at every point of continuity offi(t), and converges uniformly in every

interval in which f(t) is uniformly continuous.

In view of equations (1.1) and (1.2) and properties of approximately continuous

functions [13, p. 292] we also have the following:

Theorem 1.1. Iff(t) is bounded and approximately continuous on [0, 1], then the

Haar-Fourier series ofif(t) converges tof(t) on [0, 1].

Theorem 1.2. If t0 is a dyadic irrational and f(t) is integrable on (0, 1) and is

bounded and has an approximate limit at t0, then the Haar-Fourier series offi(t)

converges at t0.

Theorem 1.3. If t0 is a dyadic rational and f(t) is integrable on (0, 1) and is

bounded and has an approximate right and left hand limit at t0, then the Haar-

Fourier series off(t) converges at t0.

In Theorem 1.1 the convergence is not uniform in general. In fact, since the Haar

functions are continuous at dyadic irrationals and have right and left hand limits

everywhere, we have

Theorem 1.4. If 2r=o«iVi(0 converges to fi(t) uniformly on [0, 1], then f(t) is

continuous at dyadic irrationals and has right and left hand limits everywhere.

Remark 1.1. The condition of boundedness in Theorem 1.1 cannot be omitted

since approximate continuity at t0 does not imply that Sm(t0) converges to/(f0).

We now give a representative theorem from each of the sections which follow.

In §2 we shall study absolute convergence of Haar series and prove that the

Haar-Fourier series of a function of bounded variation converges absolutely

at all dyadic rationals and that for every dyadic irrational there exists an absolutely

continuous function whose Haar-Fourier series diverges absolutely for that

number.

In §3 we investigate relationships between the numbers am and the function f(t)

which represents the sum of the series J,amxm(t) and prove that if/(f) has the

Darboux property and am = o(m~312), then/is a constant.

In §4 we will give some applications of Haar series to general orthonormal

series and show that if {(/>m(t)} is o.n. on [a, b] and Mm denotes the supremum of the

wth function, then

(0 ¡bJ(t)K(t)dt=o(Mm) for every integrable/

(ii) For unbounded complete orthonormal systems this result may not in general

be improved.

■
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2. Absolute convergence of Haar series. We shall consider here some results

concerning the convergence of the series

(2.1)

and

(2.2)

Z. Ciesielski and J. Musielak proved [4, p. 62, Theorem 1]

Theorem C. If Zñ=i">(f,2~n)<oo, where co(f,8) denotes the modulus of

continuity off, then (2.1) converges uniformly on [0, 1].

If we assume that f(t) is only continuous on [0, 1], then the conclusion in

Theorem C is not true. In fact A. M. Olevskil has shown [14, p. 1382] that for every

complete orthonormal system there is a continuous function whose Fourier series

is absolutely divergent a.e.

The following problem was posed by Ciesielski and Musielak [4, p. 65]: Does the

convergence of (2.2) imply the uniform convergence of (2.1), am(f) being the

coefficients of a continuous function?

The answer to this question is negative (as Theorem 2.2 will show). However, in

view of the fact that |xm(f)| = w1/2, we have at once

Theorem 2.1. If'{am} is a sequence such that 2 |am|m1/2 converges, thenj, \amxm(t)\

converges uniformly on [0, 1].

Remark 2.1. Theorem 2.1 does not appear to be very sharp in view of the result

proved by P. L. Ul'janov [21, p. 45]: If {am} is a sequence such that 2 \am\m'112

converges, then 2 |amxm(f)| converges a.e. on [0, 1]. However this condition is far

from sufficient for the convergence of 2 l«mXm(f)l everywhere on [0, 1]. In fact,

Ciesielski and Musielak noted [4, p. 64]: "The uniform convergence of 2 \amXm({)\

does not imply the convergence of 2 \am\ and conversely."

In order to show that Theorem 2.1 is sharp and to answer the question of Ciesiel-

ski and Musielak we require

Lemma 2.1. Ifi{em} is a sequence such that lim e2™ =0, then there exists a bounded

function fi constant on each interval of a collection whose union is [0, 1], such that

(2.3) 2 K(fWl2em\  < CO

and

(2.4) 2 K(f)xm(0)\ = ».

Proof. Choose a sequence {cm} such that 2 cm is conditionally convergent and

2 km+ie2B| <°0- For example, if \e2m\ <2~n for m^Nn, we may let cm+1 = (- l)n/n

if m +1 = Nn and 0 elsewhere.

2 K(fkm(t)\
m = 0

2    \"m(f)\-



156 J. R. MCLAUGHLIN [March

Define/(O on [0, 1] as follows:

r   _ f(t) = c0 + cx+---+cn.x-cn   on(2-\2-" + 1),       «=1,2,...,

= 0 otherwise.

Then

i f(t) dt = lim [(c0-cx)/2 + (c0 + cx-c2)/4+ ■ ■ ■ +(c0+ ■ ■ ■ +c»-1-cB)/2tt]
Jo n-* co

= lim [(l-l/2")c0-(c1 + c2+ • • • + cn)/2"] = c0,

[•112 /.l

f(t) dt-      f(t) dt = -(c0-cx)/2 + (c0 + cx-c2)/4+ ■ ■ • = a,
JO Jl/2

/•l/2»-l fl/2"

/(/)rfi-        f(t)dt

= -(c0+---+cn_1-cn)/2'-1+---= cn+x/2\       «=1,2,....

Consequently

floCO = J" /(0 * = Co,

ax(f)= Ç'2f(t)dt-C f(t)dt = cx,
JO Jl/2

Ul/2"+1 r-1/2» -1
/(/) A-J        /(O AJ = W/2"'2        (« = 0, 1,...),

and am(/) = 0 otherwise.

Therefore
co oo

2   \am(f)mll2em\  =   2   lcm+l*2ml   <  00
m=l m = 0

and
oo oo

2 i««(flx»(o)i = 2 w = °°
m=l m=l

which establishes our lemma.

Remark 2.2. A similar argument would show that Lemma 2.1 remains valid

if we replace t = 0 in condition (2.4) by any t0 e [0, 1].

We shall now prove

Theorem 2.2. If em j 0 and 2 ejm < co, then there exists a continuous function g,

linear on each interval of a collection whose union is [0, 1], such that

(2.6) 2 K(g)\mll2em < co

and

(2.7) 2 Ms)xm(0)l = »■

Proof. For clarity the proof will be divided into three parts. In part (i) we will

show that the step function/defined in Lemma 2.1 can be "connected" at the jumps
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producing a continuous function h such that

(2.8) 2«>2\aAf-h)\ S 2- f,2" \fi-h\ S K-2-\       « = 1,2,...,
Jo

where K is an arbitrary positive constant.

In part (ii) we construct a continuous function g such that

(2.9) /(f) S g(t) S h(t)

and

(2.10) 2 K(f-g)mV2em\ < co,       m > 0,   m / 2\   n = 0, 1,....

In part (iii) we show how the above relations imply that g is our desired function.

Part (i). Let {cm} and/be as defined in Lemma 2.1 for the sequence {em} (actually

2 cm may be any conditionally convergent series). Assume (without loss of gen-

erality) that 2m = o cm = 0.

Define «(f) on [2~n, 2"n + 1] for « = 1, 2,... as follows:

h(t) = 0,       t = 2n,2~n+1,

= c0+---+cn.x-cn,       teI, = [2-n + 2-'n,2-n + 1-2~^]

where/ > ji ¿ 1,

= linear otherwise.

Now defining «(0) = 0, we see that «(f) is a continuous function.

We now choose the sequence {/} so that (2.8) is satisfied.

Letting K be an arbitrary positive constant, we may choose {jn}ñ=x such that

Jo lni—/l = ^> where hx is the function defined in (2.11) corresponding to {jl}.

Choose {jl}ñ=2 such that ji^jn for « = 2, 3,... and

2 I''2 \h2-f\ S K/2,
Jo

where «2 is the function defined in (2.11) corresponding to {j2}.

Clearly, we may define for m = 2, 3, 4,... {j'™}"= m and the corresponding «m

such that/iFàj*"1 («=»2, m+l,...) and

»l/2m-l

2m-1Jo \hm-f\ S K/2m~\

Setting now {jl} = {jn}, the corresponding « satisfies (2.8).

Part (ii). We now define g by the formula (2.11), replacing {/} by a sequence of

integers {kn} such that kn^jn, which implies (2.9), the sequence to be chosen such

that (2.10) is valid.
Setting now En = {m : xm(f) = 0 if t i [2~n, 2~n + 1]} for «=1,2,..., we shall

show

(2.12) 2   Wm(g)mliaen\ < K/2*
meEn

for a suitable sequence {kn}.
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Since 2n+ 1 =min {m : m e Fn}, it follows that

a^ + xlgWn + lY>2 = <V«*n,(*)/2«+«» = • • •

= a2"î»-n-1(2n + 1)(g)/2<fc»-1)'2

= -ko+f.-'+f,.,-*.".

Therefore, by symmetry considerations

2 \am(g)mll2em\

mGEn,m < 2'cn

(2-13) _ 2|c-0+ ■ ■ ■ +c„-x — c„\ n{n + X);2nn + x , o\i,2r    .       i        i
— tF~+"1 lZ *Z +Z>      £2<2" + l)+ J

á 23'2|f0+---|-[(^» + 0/2fc»-n + (^ + 2)/2''-n^-I+...+£2kn-1].

Letting now nj = 2*»"B(2*+l), we obtain

(•2 - " + 2 - «=» - *

<U#)  =  2«"-(fc.)/2
/•2 - " + 2 - Kn - 1 />2 - » + 2 - «n "1

í(/)í/r- g(Oí//
J2-" j2-n + 2-1»-1 J

= -2^<2[e0+--+cn_x-cn]/2kn + *

= -[c0+---+cn_x-cn]/22-2^2,

a2m(g) = a2m+x(g) = -[<•„+• •■ + c_1-rn]/23-2<*» + 1»2,

c74m = c74m + 1 = aim + 2 = aim + 3 = — [c0 + ■ • • + cn _ x — c„]/2 ■ 2 »   "   ,

Hence by symmetry considerations,

(2.14) 2       K(g)mV2em\ S 2-íl2\c0+ ■ ■ ■ +Cn.1-Cn\-[e2^+e^*í + ■ ■ ■].
meEn.m^2k

Applying now the fact that 2 e2m converges (which is equivalent to 2 em/'"

converges) to (2.13) and (2.14), we may choose kn sufficiently large and obtain

(2.12).
Therefore

2 \am(f-gW¡2em\ = 2 \am(f-g)'n1!2em\
mi>0.m#2n,n«0,l,... meE„.n = 1.2....

2 \om(g)mll2en\ < K
me En,n = 1,2.

which is exactly relation (2.10).

Pc7/7 (iii). Relations (2.4), (2.8), and (2.9) imply

2 K(g)Xm(0)\ =2l«2»(£)-2*"2| =00.
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Relations (2.3), (2.8), (2.9), and (2.10) imply

2 \am(g)mv2em\ < oo.

This completes the proof.

Corollary 2.1. For every e>0, there exists a continuous function g, differ-

entiable except on a denumerable set, such that

2 \am(g)\mll2-e < co   and   2 \am(g)xm(0)\ = <»•

Proof. Let {em} = {m~s} in Theorem 2.2.

Also, since \am(g)\S2112-M-m~112 where M = max \g(t)\, we obtain

Corollary 2.F. For every e>0, there exists a continuous function g, differ-

entiable except on a denumerable set, such that

2 K(g)\1 + em112 < »    and    2 K(g)xm(0)\ = co.

Remark 2.3. A similar argument would show that Theorem 2.2 remains valid

if we replace f = 0 in condition (2.7) by any f0 £ [0, 1].

Remark 2.4. It is known [5, p. 154] that if g is continuous on 7=[0, 1] and

\g'(t)\SM on I—D where D is a denumerable subset, then g(t) satisfies a Lip-

schitz condition of order 1. Also it is easily seen from Theorem C [4, p. 62] that if g

satisfies a Lipschitz condition of order a>0, then 2 Wm(g)xm(t)\ converges uni-

formly on [0, 1]. Thus for any function g satisfying Theorem 2.2 we must have

\g'(t)\ unbounded on I—D.

Remark 2.5. We do not know if the condition 2 Em/rn < oo in Theorem 2.2 can

be omitted.

Remark 2.6. In Corollary 2.4 we shall prove that the function g in Theorem 2.2

cannot be differentiate at the origin, and in Theorem 2.11 we will show that the

function g in Theorem 2.2 cannot be of bounded variation at the origin.

Letting V denote the class of functions of bounded variation on [0, 1], we now

state the following theorem due to P. L. Ul'janov [23, p. 374].

Theorem D. If fie V, then

2K(f)\nP <w   for all ß< 1/2.

For ß= 1/2 the theorem is false.

We note here that by modifying Ul'janov's proof slightly we obtain a stronger

Theorem D'. (i) If fie V, then

2 K(f)\mll2em < co

for every sequence {em}, em j, 0 such that 2 £2n <0°.

(ii) If em j, 0 and 2 «2" =°°, then there exists fie V such that

2 k(/)K,2*m = ».
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After we had solved the problem of Ciesielski and Musielak by Theorem 2.2,

a paper appeared by Wang Si-Lei [18, p. 222] in which he proved the existence of an

absolutely continuous function (and hence of bounded variation) whose Haar-

Fourier series was not absolutely convergent at f = 2/3. According to Theorem D

with ß = 0, this produces a solution to the problem. We note here that in Theorem

2.2 we constructed a function of unbounded variation which was not absolutely

convergent at f = 0.

Wang's proof, although very interesting, relies upon a lemma of Bosanquet and

Kestelman and is an existence proof only. Motivated by Wang's paper, we now

apply the technique developed in the proof of Theorem 2.2 to actually exhibit such

a function.

More precisely, we now prove (by construction)

Theorem 2.3. There exists a monotone and absolutely continuous function h,

different¡able except at 2/3, such that

(2.15) 2 \am(h)\mll2£m < co   for every em j 0 satisfying 2 £2" < °°

and also

(2.16) 2 W%m(2/3)| = oo.

Proof. According to Theorem D', relation (2.15) is automatically satisfied for

any absolutely continuous function. Hence we need only construct an absolutely

continuous function of the given type which satisfies (2.16).

Now select a sequence {cm} such that 2 cm ¡s conditionally convergent, and let

{kn} be that sequence of integers satisfying

(y/2nS2/3 <(*„+l)/2»,       « = 0,1,....

We now define an infinite sequence of disjoint intervals as follows:

En = {t: (kn)ß* S t < (kn+l/2)/2"}, « even,

= {t : (kn+l/2)/2» < t S (kn + l)/2%       «odd.

Notice that for « = 0, 1,... we have that E2n+2 is contiguous with and lies to the

right of F2„, and E2n+3 is contiguous with and lies to the left of F2n+i.

Now define/(f) on [0, 1] as follows:

/(f) = c0+---+cn-i-cn,       teEn_i,   «=1,2,...,

= 2c„,       f = 2/3 = 22-2"-1.
71 = 0 0

Then, as in the proof of Lemma 2.1, we obtain

(2.17) 2 KCOx»(2/3)| = 2 k»i = °°-
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If we further assume that 2 cn is an alternating series with \cn\ j 0, we obtain

that /(/) is actually monotone as can easily be seen by comparing values on

adjacent intervals.

Co-c,.

i   O) """ Ci + C2 — C3

£3._£1
»    ■   «        »-

1/2 5/8 3/4

c„ + c,-c2

Figure 1

Analogous to part (i) of the proof of Theorem 2.2, we now "smooth" out our

step function/at the jumps (see Figure 1) to give us a continuous function «,

differentiable except at 2/3, satisfying (2.16), i.e. 2 \am(h)Xm(2/3)\ =00.

Since h(t) is monotone and absolutely continuous outside of every neighborhood

of i=2/3 our result follows.

We note here that the choice of 2/3 is not essential in Wang's argument and that

his argument may be improved to include every dyadic irrational number. Thus we

shall prove

Theorem 2.4. For every dyadic irrational number t0 there exists an absolutely

continuous function f such that 2 |flm(/)xm('o)|=co-

Proof. Following Wang we shall take advantage of the following result of

L. S. Bosanquet and H. Kestelman [18, p. 222]:

Lemma A. Let{</>n(t)}(n = 1, 2,...) be a sequence of continuous functions on [0, 1].

IfforeachxbeL(0, I)

00   I r1

2 MM*
n = X I JO

(t)dt <  CO,

then 2»-i \<Pn(t)\ is bounded on [0, 1].

We now let /0 = 2"=o sn2~n be a dyadic irrational (where sn = 0 or 1),

6m(t) = \ Xm(u) du,       w = 0,l,...,

and kn = kn(t0) a positive integer satisfying (kn)/2nSt0<(kn+ l)/2\ Then for any

absolutely continuous/

am(f) = Çf(t)Xm(0 dt = - Çf'(t)dm(t) dt.
Jo Jo
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2"12 < oo,
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If for every absolutely continuous/ we have

2 K(fi)xm(t0)\ = 21 f Violto dt
I Jo

= 2l fV(o<v+*n(f)¿f
n   I Jo

then by Lemma A the series

(2.18) 2i^+^)i-2n/2 = 2^+fc„(o-2'i/2

must be bounded on [0, 1].

Choose now a subsequence {sni} of the sequence {sn} such that s„,+ i = 0 and

snt+2 = \J=l,2, .... Then

Hence,

0  <   t0-  2>»2-  =  2>n2"" =  Î^2""  <  2~?~X'
n,+ l n,■ + 2

fo-2 sn2-A2in>)12 = 2<V2 2 sn2~nV' + /c„;(fo)   =
n., + 2

and so

2 2(V«02m+ *„/'<>) = 2 2"'   Î   J"2_n *  2 2">-2-">-2 - T 1/4- co.
> = 1        n = n, + 21 = 1 1 = 1 1 = 1

Thus series (2.18) diverges at f0.

Remark 2.7. Theorem 2.4 is false for dyadic rationals. In Theorem 2.11 we will

prove that the Haar-Fourier series of a function of bounded variation converges

absolutely at all dyadic rationals.

It is easily shown [23, p. 360] that if \fi(t)\SM for all f e [0, 1], then \am(f)\

S2ll2M-m~112. Although the converse of this result is not true, we do have

Theorem 2.5. (i) If \am\SKcmm~112, where K is a constant and {sm} is a quasi-

monotone sequence, i.e. (em)/me j 0/or some ß; such that 2 £2n <°°, ¡hen 2 amXm(t)

is uniformly absolutely convergent and hence is the Haar-Fourier series of a bounded

function.

(ii) If {em} is a quasi-monotone sequence such that 2 e2<> = 'x>, then there exists a

series 2 ^m^m(t) which is absolutely divergent everywhere and which is not the

Fourier series of a bounded function although \am\SKemm~112.

Proof, (i) If t0 e [0, 1 ], then from (2.20), which appears shortly, it follows that

oo oo 00

2 KxM]   SS  2 KE2"+kn Ú  K' 2 «a»   <  «
m=l n = l n=l

where {kn} is some sequence such that 0^A:n<2n.
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(ii) Setting am = (£2» + i)2-n'2, 2nSm<2n + 1, for « = 0, 1,..., we obtain

co oo

2 a™Xm(t ) = 2 £2" * "■»(/)   on (0, 1 )
m=X n=X

where {rm(t)} are the Rademacher functions [I, p. 51]. But then ~£amXm(t) is

absolutely divergent everywhere and the Rademacher series above does not

represent an essentially bounded function since 2 £2" diverges [9, p. 455]. But since

the Haar-Fourier series of an integrable function/converges a.e. to/(Theorem A),

we must have that the Haar-Fourier series of a bounded function is essentially

bounded.

The relation on the numbers \am\ follows from (2.20).

Remark 2.8. If \am\SKemm~112 where {em} is quasi-monotone and 2 (£2n)2<00,

then 2 omXm(t) is a Haar-Fourier series since, by (2.21), we then have 2 (uÜ2<°°.

Remark 2.9. The inequality \am\SKemm~312 for em ¡. 0, 2 e2« = œ does not imply

that 2 amXm(t) is the Haar-Fourier series of a function of bounded variation. In

fact, setting

am = (-l)ne2n2~3nl2   for 2" S m < 2n + 1,       « = 0,1,...,

we obtain that

(2.19) ^amXm(t)=  J (-l)Be2-2-"rB(r)    on (0, 1).
m = 1 n = X

But, by a result of A. I. Rubinstein [17, p. 143], the function represented by series

(2.19) is not of class Lip (1, 1), i.e., is not equivalent to a function of bounded

variation.

P. L. Ul'janov has proved [23, p. 378], [21, p. 45]; see also [22, p. 439].

Theorem E. Ifam\-0, then for 2 |amXm(0| to be uniformly convergent on [0, 1]

/'/ is both necessary and sufficient that one of the following conditions be satisfied:

(a) 2omm-ll2<co,

(b) 2 lflmXm(OI converges for at least one point t0 e [0, I],

(c) 2 amXm(t) is the Fourier series of a bounded function f

In order to generalize this result to quasi-monotone coefficients we shall prove

the following (cf. [19, p. 203] where an equivalent definition of quasi-monotonic

is used).

Lemma 2.2. If{bm} is quasi-monotonic, then

(2.20) ¿V + fcm S Kb2* S K2b2™-x + km^,

(2.21) f   (^02" ^ K 2 bn= K2    2    yV+02»
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for «7=1,2,... where K is a positive constant and {kn} is any sequence of integers

such thatOSkn<2n.

Proof.

2    [(b2" + k„Wn + ̂ Y]2n(2- + knY
n = m + l

co r  2n -1 "] co

= 2    2 (*«)/''" 2(2"+1)" ¿ 22"+i 2 bi.
n = m+lLi = 2n-l J i = 2m

Relation (2.20) and the other half of inequality (2.21) are proved similarly.

We shall now apply (2.21) with bm = amm~112 and prove

Theorem 2.6. In Theorem E we may replace the condition {am} is monotonie by the

condition {am} is quasi-monotonic.

Proof. Assuming t0 e [0, 1] and 2 amm~ll2<oo we obtain

oo co 00

2 KXm(to)\ i 2(a^ + fcJ2m'2 =K   2   amm-^-^0
m = 2" »■ » m = 2""1

as n -> co, where 0Skn=kn(to)<2n and F is a positive constant.

We now show that condition (b) implies condition (a). Assuming

00

2 \amXm(to)\   =  D  <  CO,
m = X

we obtain

D = 2 \amXm(to)\ i 2 (*2» + ü2n/2 i K 2   an""1'2
m=X n=N n=2N+1

where 0Skn<2n, N=N(t0), and F is a positive constant.

Assuming now condition (c) we have that

sup 2 «m(/)Xm(0)     =  SUp 2 M/)Xm(0)|   <  CO

and hence condition (b) is satisfied. This completes our proof.

In Theorem 2.2 we showed that 2 |am(/)| <°° does not imply 2 \am(f)Xm(t)\ <co

for every t e [0, 1], for a continuous /. Hence the question naturally arises as to

whether 2 \am(f)Xm(t)\ <°o on [0, 1] implies that 2 |flm(/)|<°o for continuous

or differentiable/? The answer is no and we now prove

Theorem 2.7. There exists a differentiable function f(t) on [0, 1] such that

2 \<*m(f)Xm(t)\ <°° on [0, 1] and 2 \am(f)\2~E = co for every e>0.

Proof. A. M. Olevskiï has shown [24, p. 4] that for every complete orthonormal

system there exists a differentiable function/such that 2 lam(/)|2~e = 00 f°r every
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e>0. The fact that the Haar-Fourier series of/converges absolutely on [0, 1]

follows immediately from Corollary 2.4, which follows presently.

Applying now the fact that \am(f)\S2112Mm'12, where A/ = max |/(f)|, we

obtain

Corollary 2.2. There exists a different ¡able function f on  [0, 1] such  that

2 \am(fi)Xm(t )\ < oo on [0, 1] and for every e>0

2 laJ1-««-1» = 2 K oo.

Remark 2.10. Olevskiï has shown [21, p. 44] that if 2 |tfm|2~£<co for some e

satisfying 0<£<2, then 2 kmXm(f)| converges a.e. on [0, 1].

Remark 2.11. By utilizing the fact [7, p. 620; 8, p. 1281] that there exists a

function fie Lip (1/2) such that 2 |flm(/)| diverges, it follows immediately from

Theorem C that there exists a continuous function / such that 2 km(/)vm(f)|

converges uniformly on [0. 1] and yet 2 km(/)| =°°.

It may be of interest to note that we have a theorem analogous to Theorem 2.2

for the trigonometric system. Thus we shall now prove

Theorem 2.8. For every null sequence {ek} there exists a continuous function f

such that

(a) 2 [Ok(f) cos kt + bk(f) sin kt] converges tof(t) uniformly,

(b) 2 Wk(f) cos kt + bk(f) sin kt] is nowhere absolutely convergent,

(C)  2[\ak(f)\ + \bk(f)\]ek<K,

where ak(f), bn(f) denote the trigonometric Fourier coefficients off.

Proof. Let {Nm} be an increasing sequence of integers such that \ek\<2~m if

NmSk<Nm+1. Then setting

o* = (Nm+i-NJ-1   ifNmSk<Nm+x

we obtain for a fixed £>0

oo N2 -1        N3 -1

2«i(iogÂ:)i+*= 2 + 2 +•••
*: = «! Ni N2

(      ' -    N2-Nx   +   N3-N2   +'"

2(logN2y + °   2(logN3y + °

N2        +        N3        +---<G0

for a suitable sequence {A'm}, chosen such that \ak\ j 0.

But Payley and Zygmund have shown [29, p. 219] that since series (2.22) is

convergent, we then have J. ±ak cos kt uniformly convergent for some alternation

of signs. Also, since \ak\ \0 and 2 \ak\=co, it follows [29, p. 232] that 2 K cos kt |

diverges everywhere on [0, 27r].

Condition (c) is satisfied by construction.
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For the Haar functions the principle of localization holds, i.e. if two functions

coincide in some interval, then their Fourier series converge or diverge simul-

taneously at any interior point. With respect to absolute convergence the principle

remains true for the Haar functions although it fails for the trigonometric system

[3, II, p. 187].
In view of this it seems appropriate to consider further absolute convergence at

specific points. We shall need the following definitions in which/(/) = 0 if / xt [0, 1]:

co(ft0,h)=   sup   \f(t)-f(t0)\;
|f-<ol5fc

cox(f,t0,h)= Ç0 + h\f(t)-f(t0)\dt;

fe Lip (a, t0)   if \f(t)-f(t0)\ S k\t-t0\°,

where 0<a¿ 1, in a neighborhood of t0 (K is a positive constant).

We now prove (cf. Theorem C)

Theorem 2.9. //2"=i 2V/1(/ t0, 2~n)<co for some t0 e [0, 1], then

2 K(f)Xm(to)\   <  OO.

Proof. Choose integers kn(t0) and k'n(t0) such that (Á:J/2n < /0 ̂  (Fn + l)/2n and

(k'n)/2«Sto<(kn+l)/2\ Then

2 K(f)xm(to)\ Ú 2 [W2" + ,Sf)\ + \a2» + kk(f)\]2»12

" (     f<.k„ +l/2)/2"

= 2 2n1 [f(t)-f(t + 2-«-1)]dt
n = X        K   J(/c„)/2n

I   i>(fcl + l/2)/2« ^

+      , [f(t)-f(t + 2-»-1)]dt   \
I J<fc„)/2 )

^4 2 2»Wl(/, t0, 2-»).

We have immediately the following

Corollary 2.3. //"2 w(f to, 2~n)<cofar some t0 e [0, 1], then

2 \am(f)Xm(to)\   <  O)-

By a slight modification of the proof of Theorem 2.9 we also obtain

Theorem 2.9'. If fe Lip (a, /0) for some a>0 and t0 e [0, 1], then

2 \nF-cam(f)Xm(t0)\

converges for every e>0.

Corollary 2.4. Iff has a right and left hand derivative at t0, then 2 \am(f)Xm(to)\

converges.
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Remark 2.12. Theorem 2.9' is false for o—1, £ = 0 since if /(f) = (l -2t) we

obtain am(f) = 2'1~3nl2 if 2nSm<2n + 1 and consequently 2 \mam(f)xm(t)\ diverges

on [0, I].

Corollary 2.3 is best possible in the sense of

Theorem 2.10. For every positive null sequence {en} there exists a continuous

function f such that

(2.23) 2"(/'0'2~r>£» <œ

and

(2.24) 2 K(/)X»(0)| = °°-

Proof. Choose a sequence {cm} satisfying:

(i) 2 cn is an alternating conditionally convergent series,

00 W^K-il,
("O   2 |tVn|<CO.

For example, we may let cm = (—l)m/n(Nn-Nn_x) for Nn_xSm<Nn, where {Nn}

is chosen such that |cn| j 0 and |em| <2~n for m^Nn.x.

Define/(f) on [2~n, 2"n+1] for «= 1, 2,... as follows:

fi(t) = 0,        t = 2~n, 3.2-"-1, 2-" + 1,

= cn,       f = 7-2-"-2

= linear and continuous on the contiguous intervals.

Defining now/(0) = 0, we obtain from (ii) that co(f,0,2~n)S\cn\ if «â 1 which

together with (iii) implies (2.23). Also

\aAf)\ = 2"'2|cn+12 —-3-(Cr, + 22-"-4 + cn+32-"-5-r- • • -)|,

and hence

2n,2|û2-(/)| =2-3|Cn + 1-(Cn + 22-1 + cn + 32-2+...)| ê 2"3|cn+1|

for «= 1, 2,... by (i) and (ii) which implies (2.24).

Remark 2.13. A similar proof would suffice for any dyadic rational.

Since a function/of bounded variation has right and left hand limits everywhere,

it follows from Theorem 1.3 that the Haar-Fourier series of/converges at all

dyadic rationals (cf. [23, p. 368, Theorem 3]). We will strengthen this result and

prove

Theorem 2.11. Ift0 is a dyadic rational and a point of bounded variation for /(f),

then 2 |an(/)Xm('o)|< co-

Proof. We shall prove the theorem for f0 = 0. A similar argument will suffice for

any dyadic rational.
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Assume that

(.1/2"+1 fl/2»

2 K(f)Xm(0)\ = 2 2n   Í        f(t) dt- [ ' "   /(/) dt   = 2 |c.| = oo.
Jo Jl/2n+1

Then

r /•1/2"        /-1/2»-1-] r/'l/2n+1        /•1/2"     "I

"   Uo Jl/2"       J        "   Uo Jl/2n + 1J
/•1/2» («1/2»-1

= 2" + 1 f(t)dt-2* /(r)A
Jl/2"+1 Jl/2"

and thus

\2cn.x-cn\ S F(/;[2-"-1,2-" + 1])= F(2-»-\2-+1),

the variation off on [2""~l, 2_n + 1].

Further

2F(0, 1) = F(l/4, l)+[F(l/4, l)+F(l/8, l/4)]+[F(l/8, l/4)+F(l/16, 1/8)] +

i F(l/4, 1)+ F(l/8, 1/2)+ F(l/16, 1/4)+ • • •

i 2 \2cn-i-cn\ i 2 (|2c«_x|-|cw|) - 2 lc»l = 00.

But this is a contradiction iff is of bounded variation on [0, 1]. By an obvious

adoption of this proof we see that we need only require that/is of bounded varia-

tion in a neighborhood of 0.

Remark 2.14. In the proof of Theorem 2.11 we did not actually need the hy-

pothesis that 0 was a point of bounded variation for/(/); we only used the fact that

if

F(t) = 2" f        f(x)dx   forte(2-n,2-n + 1),       «=1,2,...,
Jl/2"

then 0 was a point of bounded variation for F(t).

Remark 2.15. 2 \am(f)Xm(0)\ <oo does not imply that f(t) is of bounded

variation at the origin.

Remark 2.16. It is known (see [1, p. 256]; [23, p. 368]) that if/(/), a function of

bounded variation, has a discontinuity at a dyadic irrational, then its Haar-

Fourier series diverges there.

Remark 2.17. Since a function of bounded variation is differentiable a.e., we

have by Corollary 2.4 and Theorem 2.11 that 2 |flm(/)vm(OI converges except

possibly on a set of measure zero of dyadic irrationals.

We now show that the converse of Corollary 2.3 is false. More precisely, we now

prove

Theorem 2.12. Iff is continuous on [0, 1], then 2 \om(f)Xm(t)\ <oo on [0, 1]

does not imply 2 <*>(fi 0, 2"n) < oo.
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Proof. Let co(2~") j 0 arbitrarily slowly as n -^ oo. Set

fi(t) = œ(2-"),       t = 2~n   for « = 0,1,...,

= 0, t = 0,

= linear and continuous on [2~n_1, 2"n].

Then /(f) is monotone and is differentiable at all dyadic irrationals. Hence by

Theorem 2.11 and Corollary 2.4 we obtain that 2 \am(f)xm(t)\ converges for every

fe[0, 1].

Since cu(/ 0, 2"n) = cu(2_n), this completes our proof.

We now investigate the sharpness of Theorem C and prove

Theorem 2.13. Ifico(8)¡0, w(8)/8\ as 8 J, 0 c7«c/ 2 "(«">" 1 = °o, then there

exists a continuous function f such that

(a) co(8,f) = 0[co(8)];       (b) 2 \an(f)x»(0)\ = «>.

Proof. Setting c„ = (- l)mcu(2_n) for «^ 1 we obtain

(i) 2 cn ¡s an alternating conditionally convergent series,

00 k«|¿|c»_:ij,
(iii) 2|cn|£|c„_1|.

Now defining/(f) as in Theorem 2.10, we obtain

co(fi 2-") S 2 max (|c_2|, |c._,|2-1,..., \ct\2-+*)

S 2|cn.2| H 8|c„| = 8^(2"")

if «^ 3 by (ii) and (iii), and

2»<2|a2»(/)l ä |cn+1|2-3   by (i) and (ii).

Consequently

2 Kcoxm(o)i = 2 i«2"(/)|2n/2 s 2-3 2 ki - <*>■

Remark 2.18. Ul'ja'nov has independently proved Theorem 2.13 [26, p. 982];

[28, p. 200].
Remark 2.19. Theorem 2.13 is similar to a result of B. I. Golubov for the Haar-

Fourier coefficients of a continuous function [8, p. 1277].

Letting

£„(/) = inf sup

where the infimum is extended over all real sequences {am}, we shall prove the fol-

lowing:

Corollary 2.5. If f is continuous, then 2Fn(/)«_1<oo implies the uniform

convergence of 2 \am(f)xm(')\ on [0, 1].

n

/(f)-    2   amXm(t)  ,
m = l
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Corollary 2.6. If {Fn} is a sequence such that F„ \ 0, nEn t, and 2 F„«  x = oo,

//?c« /«ere exists a continuous f such that

(a) £„(/) = 0(£B),       (b) 2 K(f)xm(0)\ = oo.

Proof of Corollary 2.5. By a lemma of Golubov [8, p. 1274] we have that if/(/) is

continuous on [0, I], then

(2.25) En(f)So>(n-\f)S6En(f),       ni 2.

Hence our desired result follows immediately from Theorem C.

Proof of Corollary 2.6. Let a>(«_1) = F„ in Theorem 2.13. Then (b) follows from

Theorem 2.13 and (a) follows from inequality (2.25) and Theorem 2.13.

Remark 2.20. Corollaries 2.5 and 2.6 are similar to theorems of S. N. Bernstein

for the trigonometric system [3, II, pp. 154, 165] and to theorems of B. I. Golubov

for convergence of the Haar-Fourier coefficients [7, p. 621]; [8, p. 1281].

3. Functions represented by Haar and Walsh series. The relationships between

the coefficients of Haar (and Walsh) series and the functions which the series

represent have been much investigated (see [8], [10], [11], [18] and [23]). This

section is concerned with these relationships.

L. A. Balasov has shown [2, p. 631] that a necessary and sufficient condition that

/(/) = 2 omrm(t) have a derivative at at least one point is that the limit of am2m exist.

We shall prove

Theorem 3.1. //lim amm3,2 = 0, /«e«/(/) = 2 amXm(t) has a derivative on a dense

set.

Proof. Let /0 = .1010..., where the expansion is given in binary form, and let

{tk} he a sequence of numbers such that tiento, lim tk = t0. Assuming that the first

p places of tk are the same as t0 and the (p+ l)th place differs, we have that/7 -> oo

asJc-^co. Then (cf. [2, p. 632]) \tk-t0\i2-p-3 and

lim
tk-'h

f(tk)-f(to)
to

=   lim
ifc-»*0

2   um[Xm(tk)-Xm(t0)]
m = 2? - 2

tu-ta

S lim
p-* 00 I

ep    2     2-3n/2-2n'2
n = p-2

2"P-3

where ep -> 0 as p -> oo, and this last expression equals

lim |16-£p| = 0.

Hence/'(/) exists at /0 = • 1010_

In order to complete the proof we need only notice that this argument is actually

valid for t0 plus any dyadic rational number.
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By similar reasoning applied to {wm(t)}, the Walsh orthonormal system [1, p. 59],

we obtain the following

Theorem 3.2. If Urn amm2 = 0, then /(f) = 2 cmwm(t) has a derivative on a dense

set.

In order to obtain our next results we need the following lemma which follows

from Minkowski's inequality:

Lemma 3.1. If Vp(fim) denotes the pth variation offm(t), then

(i) ifiO<pSl,

v4lf°) = 2 w-);
\n=l     / m=l

(ii) ifpZh

vÁ2f*) = 2 v¿f*y
\m=l      I m=l

We now state two theorems which are immediate consequences of Lemma 3.1.

Theorem 3.3. (i) IfO<pSl, then 2,\am\pm<co implies fi(t) = Jiamwm(t) is of

bounded pth variation.

(ii) If p^l, then 2 |am|wl,p<oo implies f(t) = 2amwm(t) is of bounded pth

variation.

Theorem 3.4. (i) IfO<pS 1, then 2 |czm|p«<p,2<oo implies f(t) = 2 amxm(t) is of

bounded pth variation.

(ii) If p^ 1, then 2 \am\mll2<oo implies /(i) = 2w»(') <s of bounded pth

variation.

Remark 3.1. By applying Theorem (4.1) in [12] we obtain:

(i) if lim £„=0, then 2 |am«J£m| <co does not imply/(/) = 2 amwm(t) is differen-

tiable a.e.

(ii) if lim £m = 0, then 2 \"mmll2em\ <co does not imply f(t) = 2 amxm(t) is differ-

entiable a.e.

Remark 3.2. Part (i) of Theorems 3.3 and 3.4 are best possible by part (iii) of

Theorem (3.1) in [12].

Remark 3.3. Part (ii) of Theorem 3.4 is best possible in the sense that if lim em

= 0, then 2 |tfm|m1,2£m<oo does not imply fi(t) = 2 amxm(t) is bounded. This is

easily seen by setting a2» =2"n'2 at selected «'s and am = 0 otherwise.

Remark 3.4. V. A. Matveev has proved [11, p. 1405] that if feL and

2 |öm(/)|/w1,2<oo, then f(t) is equivalent to a function of bounded variation.

However, since/(f) = 2 ßm(/)vm(f) a.e. whenever feL, this result follows im-

mediately from Theorem 3.4 for p= 1.

B. I. Golubov has shown ([8, p. 1296]; see also Wang [18, p. 224]) that iff is

continuous and am(f) = o(m~312) with respect to the Haar system, then / is a

constant. We shall prove, using a simpler method,
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Theorem 3.5. If f(t) = ^amXm(t) has the Darboux property and am = o(m~312),

then f is a constant.

Proof. Assume \am\S(m'3l2)e/4 if mi2N. Then x, y e ((/'- 1)/2N, i/2N), i=l,

2,..., 2N implies
oo

(3.1) \f(x)-f(y)\ S (e/2) 2 2-"- = e/2».
m = 0

Hence, letting x-> (/'- \)/2N,y -» i/2N in inequality (4.1) we obtain by the Darooux

property

\f(x)-f(y)\ S e/2"   if x, y e [(/'- l)/2", i/2"].

But this implies that

\f(x)-f(y)\  Se     if-Y, FE [0,1],

which completes the demonstration.

By utilizing Theorem 1.1 and the fact that an approximately continuous function

has the Darboux property (or just by noticing that the proof of Theorem 3.5 goes

through easily for approximately continuous functions) we obtain

Corollary 3.1. If f is bounded and approximately continuous and am(f)

= o(m '3/2), then f is a constant.

Golubov has further proved ([8, p. 1295]; see also Wang [18, p. 226] and

Matveev [10, p. 108]) that if / is continuous on [0, 1], 0<aal, and am(f) =

0(m~ll2~a) with respect to the Haar system, then/e Lip a. We will prove a some-

what more general result by a simpler method.

Theorem 3.6. Iff(t) = ~/¿amXm(t)hasthe Darboux property and am = 0(m~ll2~a),

thenfe Lip a.

Proof. Analogous to the proof of Theorem 3.5 we obtain

\f(x)-f(y)\ S K'(2-ntt + 2-{n*1)a+ ■■■) = K/2na

whenever x, y e [//2\ (/'+ l)/2"].

Consequently, if 2~n~1 < \x—y\S2~n, then

\f(x)-f(y)\ S 2K-2-™ < 4K\x-y\",

which produces our desired result.

Applying Theorem 1.1 we immediately obtain

Corollary 3.2. If f is bounded and approximately continuous and am(f) =

0(m~ll2-a), thenfe Lip a.

4. Applications of Haar series to general orthonormal series. The system of

Haar functions is an easily defined example of a complete system of bounded

orthonormal functions which is not uniformly bounded. Hence, when examining
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any conjecture about general orthonormal series, it is often advantageous to

consider the special case of the Haar system. In many cases such consideration will

also show that certain results are best possible for unbounded complete ortho-

normal systems. For example, if {</>m} is a sequence of functions with variations

{Vm}, then 2 |«m|Fm<co implies that f(t) = 2 am<j>m(t) is a function of bounded

variation; and as Remark 3.2 shows, the theorem is best possible for the Haar

system. We now proceed to some other results.

For{^m} orthonormal on [a, b], we have that if 2 \am\ converges, then 2 |fln^m(')|

converges a.e. there [1, p. 63]. We now state

Theorem 4.1. (i) If supaSst<0 \</>m(t)\ =Mm, then 2 \om\Mm<cc implies that

I \am<f>m(t)\<K> on [a,b].

(ii) For unbounded complete orthonormal systems the condition in (i) may not be

relaxed even though the series may be a uniformly convergent Fourier series.

Proof. Part (i) is obvious.

Part (ii) follows by combining the fact that Mm = 0(m112) for the Haar system with

Lemma 2.1.

For uniformly bounded orthonormal systems we have that the Fourier co-

efficients of any integrable function tend to zero [3,1, p. 66]. We now prove

Theorem 4.2. (i) If {^>m} is orthonormal on [a, b] and snpaitéb \</>m(t)\ = Mm, then

(4.1) jj(t)</>m(t) dt = o(Mm)   for every fie L.

(ii) For unbounded complete orthonormal systems (4.1) may not in general be

improved.

Proof, (i) Let M=Mm in the proof given in Bary's book [3,1, p. 66].

(ii) Combine the fact that Mm = 0(m112) for the Haar system with the result of

Ul'janov [23, p. 363] that am(f) = o(m112) cannot be improved.

For a uniformly bounded orthonormal system {</>m} on [a, b], we have that the

relation am —> 0 is a necessary condition for the convergence a.e. of the orthogonal

series 2 am<f>m(0 [1, P- 7]. We shall prove

Theorem 4.3. (i) If sup \</>m(t)\ = Mm and 2 am<f>m(t) is uniformly convergent, then

am-Mm = o(l).

(ii) For unbounded complete orthonormal systems (i) may not in general be im-

proved even though the series may be a uniformly convergent Fourier series of a

continuous function.

Proof. Part (i) is immediate.

(ii) Use the result of Ul'janov [23, p. 365] that for continuous / the relation

am(f)-mll2 = o(X) cannot be improved for the Haar system.

Remark 4.1. The uniformity condition in part (i) may not be omitted [1, p. 8].
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We now prove

Theorem 4.4. (i) If{<f>m(t)} is a normal system (i.e. jba $;(?) dt= 1, m = 0, 1,...)

and supaélib\4>m(t)\ = Mm, then ^\am\/Mm converges whenever ^aj>m(t) is uni-

formly absolutely convergent.

(ii) For unbounded complete orthonormal systems the conclusion in (i) may not in

general be strengthened.

Proof.

2 M/Mi = 2 (\ai\/Mt) Ç<f>f(t)dt
..v m m Ja

O)

= 2n fwoi*= f(îi^.(oi)*.
m Ja Ja   \ m /

(ii) If 8n f oo arbitrarily slowly, choose a nonnegative sequence {em} such that

2 en < co    and   2 £An = oo.

For example, if {nk} is chosen such that 82nk i 2k, then let en¡c = 2 'k, k = 1, 2,..., and

£m=0 otherwise.

Setting now am = 2~nl2En for 2"^«7<2n+1, we obtain that 2 \amXm(t)\S2 em and

2(lûm|//«1,2)3m^2-1'22^2n   =   =0.

Remark 4.2. In part (i) the uniformity condition may not be omitted for the

Haar system because by choosing {am} such that am = 0 if «7/2"+ 1 (« = 0, 1,...)

we obtain that 2 dmXm(t) is absolutely convergent on [0, 1].

Remark 4.3. In part (i) the condition of normality may not be omitted. To see

this we consider the orthogonal system {</>„(?)} where <bn(t) = n112 on F„ and 0 else-

where, where {En} is a mutually disjoint infinite sequence of subsets of [a, b]. Then

2 |am<7>m(0l is uniformly convergent whenever amm112 —»-0. However, this con-

dition does not imply that 2 <*mm~m converges.

Of course, if Mm ->• 0, then the fact that 2 om<pm(t) is uniformly absolutely

convergent does not imply that 2 \om\l^m converges.

W. Orlicz has proved [16, p. 232]

Theorem G. Let dniO («=1,2,...) and J,d2=oo. If {</>n(t)} is a uniformly

bounded orthonormal system on [0, 1], then there exists a continuous function f for

which the Fourier coefficients an with respect to the system {<f>m(t)} satisfy the con-

dition

2 dn\an\ = oo.

A. M. Olevskiï has noted [15, p. 654] that the conclusion of Orlicz's theorem is

not valid for the Haar system. We notice, however, that the conclusion is still valid

for the Haar system if {dn} is quasi-monotonic. This follows easily since by Lemma
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2.2 we then have 2 d2Xm(t) = oo a.e. and our desired conclusion is obtained by a

remark of Orlicz [16, p. 233].
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