COMPLEMENTED B*-ALGEBRAS

BY
F. E. ALEXANDER AND B. J. TOMIUK

1. Introduction. The theory of (left, right) complemented Banach algebras was
developed in [6]. In the present paper we restrict our attention to complemented
B*-algebras. In §3 we show that a B*-algebra is (left, right) complemented if and
only if it is dual. Since a dual B*-algebra is *-isomorphic to the B*(c0)-sum of its
minimal closed two-sided ideals each of which is *-isomorphic to the algebra
LC(H) of all compact operators on a Hilbert space H, it is thus quite natural to
focus our attention on the (left, right) complemented B*-algebras of the form
LC(H). In fact, the greater part of this paper is devoted to the study of such
algebras. In restricting our attention to LC(H) we are also able to bring to the
forefront the relationship that exists between right complementors on LC(H) and
the inner products in H which give rise to equivalent norms on H.

In §3 we also introduce the concept of a continuous right complementor p: R—R?
on a B*-algebra 4. We give the continuity of p in terms of the minimal idempotents
in A. More precisely, let & be the set of all selfadjoint minimal idempotents e in 4
and &, the set of all minimal idempotents fin A such that (f4)?=(1 —f)A. Let P be
the mapping of & into &, such that P(e)4=eA, and let & and &, have the relative
topologies induced by the norm on A. We say that p is continuous if the mapping P
is continuous. It follows that if p is continuous then the induced com plementor
p; on every closed two-sided ideal I of A is also continuous. In fact we show that p
is continuous if and only if every p,, is continuous for every minimal closed two-
sided ideal I, of 4, A€ A.

In §4 we show that to every inner product {-> in H giving rise to an equivalent
norm on H there corresponds in a natural way a right complementor on LC(H). In
fact if *.., denotes the involution on LC(H) induced by <->, then R — (R)*<>
is a right complementor on LC(H), where R, denotes the left annihilator of the
closed right ideal R of LC(H). It follows (§6) that if the dimension of H is at least
three then all such complementors on LC(H) are continuous, and in fact these are
the only ones.

In §5 we define a mapping T of H onto itself corresponding to a given right
complementor p on LC(H). T is obtained by means of the mapping P and is such
that, if we write e € & in the form e=x ® x with x€ H and |x| =1, then P(e)
=(x ® Tx)/(x, Tx). To obtain T we require that the dimension of H be at least
three. In §6 we show that p is continuous if and only if T is linear. It turns out that
if T is linear then it is a bounded positive operator with bounded inverse.
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We observe that every right complementor p: R — R? on LC(H) induces a
complementor S — S’ on the closed subspaces S of H in the sense of Theorem 1 in
[3] (see §3). It is shown in [3] that if H is infinite dimensional then every comple-
mentor S — S’ on the closed subspaces S of H defines an inner product in H
which gives rise to an equivalent norm on H and with respect to which S and S’ are
orthogonal complements of each other. However, if H is finite dimensional this is
not true in general, as is shown by examples in [3]. We show that if the dimension
of H is at least three then, in order that S — S’ define an inner product in H which
gives rise to an equivalent norm on H and with respect to which S and S’ are
orthogonal complements of each other, it is necessary and sufficient that S — S’ be
induced by a continuous right complementor on LC(H).

In §7 we return to the general complemented B*-algebra 4. We show that if A4
has no minimal left ideals of dimension less than three, then P is uniformly con-
tinuous if and only if there exists an involution *’ on A such that R?=(R))*, for
every closed right ideal R of A (Theorem 7.4).

We should like to thank Professor F. F. Bonsall for his general comments and
advice. Some of the results appearing here come from the Ph.D. research of the
first named author who has been working under his supervision. Theorem 3.6 was
originally proved by one of the authors without the use of Theorem 3.5. We are
grateful to Professor Bonsall for noticing that it is a simple consequence of this
more general result. Corollaries 3.2-3.4, Theorems 3.5 and 5.2 as well as their
proofs are due to him. We also wish to thank the referee for his many comments
and for the suggestions which contributed to the shortening of the proofs of
Theorem 5.3 and Lemma’ 6.2.

2. Preliminaries. Let 4 be a complex Banach algebra and let L, be the set of all
closed right ideals of A. Following [6] we shall say that A is a right complemented
Banach algebra if there exists a mapping p: R — R? of L, into itself having the
following properties:

(C)) RN RP=(0), (ReL,);

(Cy) R+RP=A4,(ReL));

(Cs) (RP)P=R, (ReLy);

(C,) if R,<R,, then RE< R}, (R,, Ry e L)).

The mapping p is called a right complementor on A. Analogously we define a
left complemented Banach algebra and a left complementor. Thus a complex Banach
algebra is left (right) complemented if and only if it has a left (right) complementor
defined on it.

It is easy to see that property (Cs) may be replaced by one of the following:

(C) (R°">R, (REL)).

(C3) (R?)P<R, (ReL).

In fact, since R @ R?=A and (R?)? @ R?= 4, either (R")’> R or (R?)’ <R gives
(R?)»=R.
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A Banach algebra with an involution x — x* such that ||x*x| =|x||2 is called a
B*-algebra. If A is a B*-algebra it is clear that there is a one-to-one correspondence
between left complementors and right complementors on 4. Thus it suffices in this
case to limit our attention to right complemented B*-algebras and, unless mentioned
otherwise, a complementor on a B*-algebra will always mean a right comple-
mentor.

An idempotent e in a Banach algebra A is said to be minimal if ede is a division
algebra. In case A is semisimple this is equivalent to saying that Ae (e4) is a minimal
left (right) ideal of A. If S is any subset of a Banach algebra A4, S, (S,) will denote
the left (right) annihilator of S in 4. A4 is dual if and only if for every closed right
ideal R and every closed left ideal J of A we have R,,=R and J,;=J.

Let {I, : A€ A} be a family of left (right) ideals I, in an algebra A. As usual
2> I, will denote the sum of the ideals I,, i.e., >, I is the set of all elements of 4
of the form x,, +x,,+ - +x,, with x,, € I, i=1,2,...,n. >, I, is a left (right)
ideal of 4. If S is a subset of a topological space X, cl (S) will denote the closure
of Sin X.

We will write C for the field of complex numbers and «, B, . .. for the elements
of C.

Before continuing with other concepts and definitions we first state a lemma
which will be useful to us in future.

LeMMA 2.1. If A is a Banach algebra with a right complementor p and{R,, : A € A}
is a family of closed right ideals of A, then

(NRR) = e (; RA).

Proof. Since, for each Ae A, RE>(N), R, we have (N, RE)?> R, and hence
(Na RY)?=3, Ry. Thus (Mx RR)P>cl (3 Ry). But ¢l G\ R) >R, for each A€ A.
Hence (cl (Z, R))’<Na RE and consequently cl (3, R))>(MNa RY)?. Therefore
(N RR)P=cl G R)) and the proof is complete.

Let H be a Hilbert space with inner product ( - ). If x and y are elements of H,
then x ® y will denote the operator on H defined by the relation (x ® y)(h)
=(h, y)x for all A in H. For any x € H, [x] will stand for the linear subspace
spanned by x. If T'is a linear operator acting in H, T(H) will denote the range of T,
i.e., T(H)={ye H : y=Tx for some x € H}. If {-) is an inner product in H which
defines an equivalent norm on H, we shall say that {-> is an equivalent inner
product in H. It is well known that an inner product {-) in a complex Hilbert space
H defines an equivalent norm on H if and only if there exists a positive continuous
linear operator T on H with continuous inverse such that <{x, y>=(x, Ty) for all
x, y € H. All our Hilbert spaces are over the complex field C.

Let L(H) be the algebra of all continuous linear operators on H into itself with
the usual operator norm, and let <-> be an equivalent inner product in H. Then
every T e L(H) is continuous with respect to the topology given by the norm
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I x]¢.y=<x, x)>!/? and the corresponding operator bound | T|., is equivalent to the
given operator bound. Let .., denote the operation of taking the adjoint in L(H)
with respect to <->. Then .., defines an involution in L(H) and L(H) is a B*-
algebra under the norm |T|¢., and the involution T — T*<>. Let LC(H) be the
subalgebra of L(H) consisting of all compact operators on H. Then LC(H) is also a
B*-algebra under the norm ||T||(., and the involution T — T*<>. We will denote
orthogonality in H with respect to {-)> by | (., and, for any subset S of H, S*<>
={he H : {h, hy>=0 for all h, € S}. We shall often write | for |, and * for
*.y. If S is any subset of L(H), S*<>={T*«> : Te S}.

Let {4, : A € A} be a family of Banach algebras 4,, and let (5 4,), be the set of
all functions f defined on A such that f()) € 4, for each A € A and such that, for
arbitrary >0, the set {A : | f(A)| 2 ¢} is finite (see [4, p. 106]). It is easy to see that
(3, A))o is closed under the usual operations of addition, multiplication and
multiplication by scalars for functions: (f+g)(A)=f(A)+g(}), (f2)X)=f(A)g(A)
and (ef )(A)=cf(A) for all f,ge (3 4\), A€ A and e C. (T A4,), is a Banach
algebra under the norm | f'|| =sup, || f(})|. If each 4, is a B*-algebra, then (5. A4,)o
is also a B*-algebra under the above norm | f|| and the involution f — f* given by
(f*)(A)=f(A)*», where x, is the involution on A,; we call (3 A4,), the B*(c0)-sum
of A4,.

3. Complementors and duality in B*-algebras.

LEMMA 3.1. Let A be a Banach algebra and R a modular closed right ideal of A.
Suppose there exists a closed right ideal R' of A such that R N R'=(0)and R+ R’ = A.
Then there exists a unique idempotent j such that jA=R' and (1—j)A=R.

Proof. The existence of an idempotent j with the required properties is an
immediate consequence of Lemma 2 in [6]. We show that j is unique. Suppose there
is an idempotent k with kA=R’ and (1 —k)A=R. Then k € R,=A4j and so k=kj.
But (1—k)4=R and k,je R'. Hence kj—je RN R'=(0) and so kj=j. Therefore
k=kj=j.

COROLLARY 3.2. If R is a modular closed right ideal in a Banach algebra A for
which there exists a closed right ideal R’ such that R N R'=(0) and R+ R'= A, then
the left annihilator of R is nonzero.

Proof. We have R,=A4j+#(0) in the notation of Lemma 3.1.

COROLLARY 3.3. If A is a right complemented Banach algebra with a comple-
mentor p, then for each modular closed right ideal M of A there exists a unique
idempotent with the property that M=(1 —e)A and MP=eA.

COROLLARY 3.4. If A is a B*-algebra with a complementor p, then for every
maximal closed right ideal M of A there exists a unique minimal idempotent e such
that M?=eA and M=(1—e€)A.
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Proof. By Theorem (2.9.5) (iii) in [2], M is a modular right ideal and so, by
Lemma 3.1, there exists a unique idempotent e such that M =(1 —e)4 and M?=eA.
Since M? is a minimal right ideal, e is a minimal idempotent.

THEOREM 3.5. Let A be a B*-algebra with the property that for every maximal
closed right ideal M there exists a closed right ideal M’ such that M N M’ =(0) and
M+ M'=A. Then A is dual.

Proof. Let R be a proper closed right ideal of 4. Then, by Theorem (2.9.5) (iii)
in [2], R is equal to the intersection of all the maximal modular right ideals which
contain it. In particular, R is contained in a closed modular right ideal and so, by
Corollary 3.2, R,#(0). Using the involution it is easily seen that every proper
closed left ideal of A has a nonzero right annihilator. Thus A4 is an annihilator
algebra and Corollary (4.10.26) in [4] completes the proof.

THEOREM 3.6. A B*-algebra A is (left, right) complemented if and only if it is
dual.

Proof. Suppose A is dual. Let R be any proper closed right ideal of 4 and let
R?=(R)*. Then R® is a closed right ideal of A. By Theorem 3 in [1] and the
argument on p. 652 in [6], p is a complementor on A. The converse follows from
Theorem 3.5.

DEFINITION 3.7. Let 4 be a B*-algebra with a complementor p. Let & denote the
set of all selfadjoint minimal idempotents e (i.e., e¥*=¢) and &, the set of all
minimal idempotents fin A such that (f4)?=(1—f)A. The elements of & and &,
are called projections and p-projections respectively. For any e € € let P(e) be the
unique element of &, such that P(e)4 =eA. We call P the p-derived mapping of &
into é,. The complementor p is said to be continuous if P is continuous in the
relative topologies of & and &, induced by the given norm on 4.

REMARK. Since, by Lemma (4.10.1) in [4], every minimal right ideal of 4 is of the
form eA4 with unique e € &, it follows that P maps & onto &,. We shall show later on
that if P is continuous, then it actually defines a homeomorphism between &
and &,.

THEOREM 3.8. Let A be a B*-algebra with a complementor p, and let I be a closed
two-sided ideal of A. Then p induces a complementor p; on the B*-algebra I. Moreover,
if p is continuous then so is p;.

Proof. That / is a B*-algebra follows from Theorem (4.9.2) in [4]. Since A is
semisimple, 4,=(0) and so, by Lemma 1 in [6], [;=1,=1I". Let R be a closed right
ideal of 1. We have RA < R(I+ I,)= RI< R which shows that R is also a closed right
ideal of 4. Hence for any closed right ideal R of I let R»»=R? N 1. Then R*1 is a
closed right ideal of I and it is straightforward to verify that the mapping p;: R— R™
satisfies (C,), (C,), (C3) and (C,), and therefore is a complementor on /.

Let &7 and &} be respectively the sets of projections and p,-projections in /, and
let P, be the p,-derived mapping of &’ onto &7. Since minimal right ideals of I are
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also minimal right ideals of 4, it follows that an idempotent e in / is minimal in 1
if and only if it is minimal in 4. It is now easy to verify that §’=6 N [, &=, N T
and P,=P | &', where P | &' is the restriction of P to &”. Hence, if P is continuous,
then so is P,, and the proof is complete.

THEOREM 3.9. Let A be a B*-algebra with a complementor p, and let {I, : X € A}
be the family of all minimal closed two-sided ideals of A. Let p, be the complementor
on I, induced by p. Then the following statements are true:

(a) A is isometrically *-isomorphic to (3 I,),.

(b) Each I, is isometrically *-isomorphic to LC(H,) for some Hilbert space H,.

(c) p is continuous if and only if each p, is continuous.

Proof. (a) By Theorem 3.6, 4 is dual and hence, by Theorem (4.10.14) in [4],
A is isometrically *-isomorphic to (3 I,),.

(b) Since I, is complemented, it is dual and, since it is simple, by Corollary
(4.10.20) in [4], it is isometrically *-isomorphic to LC(H,) for some Hilbert space
H,.

(c) Since A is isometrically *-isomorphic to (3 I,)o, it follows that if e, € &
and e, € &%, u#v, then e, —e,| 2 1. Similarly if f; € &1« and f, € Ly, n#v, then
| fi—f2| Z 1. Since every e € & belongs to some 1, & =\, 6'*; similarly &,=\J, &1
It is straightforward now to verify that each &3 is open and closed in &; similarly
each &» is open and closed in &,. Thus & and &, are disjoint unions of open (and
closed) sets &’* and &} respectively. But, by the proof of Theorem 3.8, P, =P | &
with range in &7, hence p is continuous if and only if p, is continuous. This com-
pletes the proof.

Theorem 3.9 thus enables us to restrict our attention to the complemented
B*-algebras of the form LC(H). §§4-6 are devoted to the study of this class of
B*-algebras.

4. Complementors on LC(H). Throughout this section, H will denote a fixed
complex Hilbert space with inner product ( , ), and A4 the algebra LC(H).

NotaTION. For every closed subspace S of H let #(S)={a € A4, a(H)<S}. For
every closed right ideal R of A4 let £(R) be the smallest closed subspace of H that
contains the range a(H) of each operator a in R.

LeEMMA 4.1. For every closed right ideal R of A, R= _#(¥(R)); and for every
closed subspace S of H, #(S) is a closed right ideal and S= S( #(S)).

Proof. By the duality of 4 and Lemma (2.8.24) in [4], R=_#(S(R)). Let S be a
closed subspace of H. Then #(S) is a closed right ideal of 4; in fact, let E be the
orthogonal projection on S, T € cl (_#(S)) and {T,} a sequence in #(S) converging
to T. Since ET,=T, for all n, we obtain T=ET, which shows that T(H)<S and
hence T € #(S). Thus #(S) is a closed right ideal of 4 and so #(S)= #(L(F(S))).
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It is clear that &(#(S))<S. Now if me S, then m ® me #(S) and there-
fore m e F(#(S)). Hence S<.%(#(S)) and so L( #(S))=S.

REMARK. Lemma 4.1 shows that R — F(R) defines a one-to-one correspondence
between the closed right ideals of LC(H) and the closed subspaces of H. Moreover
if p is a complementor on LC(H), S — S’ = %((#(S))?) defines a complementor on
the closed subspaces .S of H in the sense of Theorem 1 in [3]. We shall say § — S’ is
the complementor on the closed subspaces of H induced by the complementor p
on LC(H). Conversely every complementor S — S’ on the closed subspaces S of H
induces a complementor p on LC(H) given by the relation R?= _#(%(R)’) for every
closed right ideal R of LC(H).

We now show that the inner product in H defines a complementor on 4 in a
natural way.

THEOREM 4.2. Let R be a closed right ideal of A, S(R)* the orthogonal comple-
ment of S (R) and R* = F(L(R)*). Then the mapping p: R — R? of L, into itself is a
complementor on A; R®=(R)*.

Proof. If we show that R?=(R))*, then from the proof of Theorem 3.6 it will
follow that p is a complementor on 4. Now for every element a € 4 let N(a) denote
the null-space of a. We have cl (a(H))= N(a*)'. Since Ri={a€ A : N(a)> L (R)},

(R)* ={ae 4 :a(H) < S(R)'} = R?,

which completes the proof.
Writing | as | (,and p as p,,, Theorem 4.2 can be rephrased for any equivalent
inner product. This gives us the following corollary:

COROLLARY 4.3. If <{-) is any equivalent inner product in H and R?<> the closed
right ideal #(S(R)*<>), then p., is a complementor on A and RP<>=(R)*«>.

COROLLARY 4.4. If e is a p(.y-projection, then e*<>=e.
Proof. Let R=eA. Then
Rre> = (1—e)4 = ((ed))*<> = (A(1 —e))*> = (1 —e)*<> 4

and consequently e(1 —e*<>)4=(0). Since A4 is semisimple, e(1 —e*<>)=0 so that
e=ee*<> and, applying the involution *<>, we see that e*«>=ee*<>. Hence
e*<>=e¢ and the proof is complete.

We shall show in §6 that if the dimension of H is at least three then the comple-
mentor given in Corollary 4.3 is continuous, and that every continuous comple-
mentor on A is of this form.

In what follows we assume that there is given a complementor p: R — R® on A.

LEMMA 4.5. Let e, e,, . . ., e, be minimal idempotents in A. Then
(@) [er(H)]=(1-e)H), (i=1,2,...,n).
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(ii) L(cl (3f-1 ed))=21-1 e(H) and

](2 e‘(H)) =cl (‘Z e,A)-

i=

(i) S(Vs (1= )A)=(Ver (1= e)(H) and
#(() a-aun) = Aa-en

Proof. (i) Since (e}h,, (e—1)h;)=0 for all hy, h, € H, [ef(H)]*>(1 —e)(H). As
e, is one-dimensional, (1 —e)(H) is a maximal closed subspace of H, (i) follows.
(ii) Clearly the range of >}_, e,4 is contained in >}.; e;,(H) and so

.sf’(cl (Z eiA)) <l (Z ei(H)) = > e(H).
i=1 i=1 i=1
But the irreducibility of 4 implies that
y(cl (z e,A)) Se(H) (i=12,...,n).
i=1

Hence &(cl (P~ e,A))=2>7-1 e(H). The second part of (ii) follows now from
Lemma 4.1.
(iii) Again, by the irreducibility of 4, #((1 —e,)4)=(1—e;)(H). Hence

() a-er) = | 7@~ = A1 ~epin.

The second part of (iii) is now a consequence of Lemma 4.1.

5. The representing operator for a complementor on LC(H). Throughout this
section we use the notation of §4. p is a given complementor on 4. Furthermore we
assume that the dimension of H is at least three.

LeEMMA 5.1. For any nonzero x in H there exist unique elements y, z € H such that
x ® y, z ® x are p-projections. If x; @ y1, X, ® ys are p-projections, then (x,ys)
=0 if and only if (x5, y1)=0.

Proof. _#([x]) and (#([x]*))? are minimal right ideals of 4. By Corollary 3.4,
there are unique minimal p-projections e;, e; such that e, € #([x]) and
e, € (F([x]). Clearly e,=x ® y for some y e H. Also (1—ey)4=_#([x]*) and
hence, by Lemmas 4.1 and 4.5, e¥(H)=[x]; thus e;=z ® x for some z e H.
Because of the uniqueness of e, and e,, y and z are unique. Now write ¢; for x; ® y;
and R, for ¢4 (i=1, 2). Then

(x, y) = 0= (yy, x))(h, x;) =0 forallhe H < efef(H) =0
<ere(efd), = A(l1—-ef) < e e(l—e)A

<eA < (1—e)A < R, < RS

(C,) now completes the proof.
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NoTATION. In the rest of the paper, for any nonzero x € H, e, will denote the
unique p-projection in the minimal right ideal #([x]) and f, the orthogonal
projection (x ® x)/(x, x); e,=x ® y for some nonzero y € H.

THEOREM 5.2. Let e,=Xx, ® y, be a set of p-projections of A. Then the set {x,} is
linearly independent if and only if the set {y,} is linearly independent.

Proof. Let {x,, x,, ..., x,_} be any finite subset of {x,} and {y1, ¥a,..., Yn_1}
be the subset consisting of the corresponding elements of {y,}. Let X be the linear
hull of {x;,...,x,_,} and Y the linear hull of {y,,...,y,_1}. Let x,=x+u,
yn=y+v,wherexe X, ye Y,u | Xand v | Y. Weshow that u=0 if and only if
v=0. Suppose u#0. Then, by Lemma 5.1, there is a p-projection of the form
w @ u. Then (u, x,)=(u, u)#0, and (u, x;)=0 for i=1,2,...,n—1; hence, by
Lemma 5.1, (w,y,)#0 and (w, y)=0 for i=1,2,...,n—1. Therefore v+#0.
Similarly, if 7#0 there is a p-projection of the form v ® z and using this we can
show that u+#0.

THEOREM 5.3. There exists a semilinear mapping T of H onto itself such that, for
all nonzero x in H, e.=(x ® Tx)/(x, Tx).

Proof. Let [x] be any one-dimensional subspace of H and let e,=x ® y be the
unique p-projection in #([x]). Consider the mapping A4: [x] = [y] of one-di-
mensional subspaces of H. Then A is a one-to-one mapping of the set of all one-
dimensional subspaces of H into itself. Also 4 is onto; for, if y is any nonzero
element of H, by Lemma 5.1, there is an x € H such that 4[x]=[y]. Since, by
Theorem 5.2, A preserves linear independence and the dimension of HZ=3, the
Fundamental Theorem of Projective Geometry gives a transformation T of H onto
itself which is additive, [y]1=[Tx] and T(eh)=«'T(h) for all « € C, h € H, where
o — o' is an automorphism of C; that is, T is semilinear:.

Now for any nonzero x € H we have e, =A(x ® Tx) for some A € C. Since e, is
an idempotent, A=1/(x, Tx) (and hence (x, Tx)#0). Thus for all nonzero x€ H
we have e, =(x ® Tx)/(x, Tx), and the proof is complete.

Since a scalar multiple of T has all the properties of T, we can normalize T so that,
for some fixed nonzero x, in H and e,,=x, ® y,, we have Tx,=y,, and hence that
(xo, Tx,)=1. With these observations in mind, we make the following definition:

DEFINITION 5.4. A semilinear mapping T of H onto itself is called a p-represent-
ing operator provided it has the following properties:

(i) ex=(x ® Tx)/(x, Tx) for all nonzero x € H;

(ii) (xo, Txo)=1 for some nonzero x, € H.

6. Continuous complementors on LC(H). The notation used in this section is
the same as that of §5. As before we assume that the dimension of H is at least
three. p is a complementor on A4, T a p-representing operator on H and x, an
element of H such that (x,, Tx,)=1.
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LEMMA 6.1. If T is linear then it is a positive bounded hermitian operator with
bounded inverse.

Proof. Suppose T is linear. We break the proof up into several parts:

(i) (x1, Tx3)=0 if and only if (x5, Tx;)=0 (xy, X, € H).

This is immediate if either x, or x, is zero, so assume that both x, and x, are
nonzero. Let y, be the element of H such that e,,=x; ® y, (i=1, 2). Since e,,
=A(x; ® Tx,), ;;#0 and y;= o, Tx; with the scalars «; #0, we see that

(Xh ij) = 0 <:>(xi’ y]) = 0 (l,.] = l, 2)
But, by Lemma 5.1, (x;, y2)=0 <> (x5, y1)=0. Hence (i) is established.

(i1) (x1, Txg) = (x2, Txy) (X1, xg € H).

This is clear if either (x;, Tx;)=0 or (x;, Tx;)=0 for then both terms are zero by
(i). Hence assume that both terms are different from zero. (Notice that if x#0
then (x, Tx)#0 by the proof of Theorem 5.3.) Then there exist nonzero scalars
@, ¢y such that
M ay(x3, Txy) +(x1, Tx) = 0, ag(Xz, Txg)+(x1, Txg) = 0.

Applying (i) to (1), using the linearity of T and taking complex conjugates we
obtain

2 ay(x1, Txy)+(x2, Tx;) = 0, ag(Xa, Txg)+ (X2, Tx;) = 0.

From (1) we obtain
ay(x1, Txy) = ag(xz, Txy)

and from (2)

ay(x1, Txy) = ag(Xg, TXg).
As (x;, Tx;)#0 for i=1, 2, it follows that

(x1, Txy) — (g Tx;)
(x1, Tx1)  (x2, Tx2)

Since (x4, Txo)=1 (hence real), we see that (x, Tx) is real for all x € H for which
(xo0, Tx)#0. Now, if (xo, Tx)=0, then (xo, T(xo+x))#0 which implies that
(xo+x, T(xo+x)) is real. Thérefore (x, Tx)=(xo+x, T(xo+x))—1 is real for all
x € H, and hence from the first equations of (1) and (2) we obtain (ii). (Cf [3, p. 730].)
(iii) (x, Tx)>0 for all nonzero x € H.
Suppose there is an x € H such that (x, Tx) <0, and consider the equation

0 = (éx+nxo, T(€x+1x0)) = £3(x, Tx)+2én Re (xo, Tx)+1%(xo, Txo)

in real variables £, ». It follows that this equation has real roots ¢,#0 and 7,#0.
Therefore x= —7gxXo/€o and so 1 =(xo, Txo) =73(x, Tx)/¢2 <), a contradiction.

To complete the proof we observe that, since T is linear, defined everywhere on H
and, by (ii), is also hermitian, it is therefore bounded (by Théoréme in [5, p. 293]).
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Moreover, T is one-to-one and onto H. Hence T~ exists and is bounded; T-1 is
also hermitian.

LeEMMA 6.2. If p is continuous, then T is linear.

Proof. Suppose p is continuous. We show first that « — o’ is continuous. For
nonzero elements x, x’ € H, we have

“fx' _fx" = Ssup

Rll=1

', hx' (x, h)x

o, x) (xx)
Since the mappings x — (x, h), for A fixed, and x — (x, x) of H into C are continu-
ous, it follows that the mapping x — f,. of H into & is continuous with respect to the
norm topology in H and the induced topology in &. Also, f, — e, =P(f,) is con-
tinuous since P is continuous. Hence the mapping x — e, is continuous.

Now let x be a fixed nonzero element of H and let y=Tx. Let x’ be any nonzero
element of [Ty]* and let y’=Tx". Since (x’, T(Tx))=0, Lemma 5.1 implies that
(Tx, y")=0. Let e,=e,, .. Since x — e, is continuous, it is easy to verify that
o — e, is continuous. By Lemma 4.5 (i) we have (y+¢'y") 1 (1 —e,)(H) for all
«€ C and so

€)) (y+o'y,h—eh) =0 (he H,aeC).
We solve (1) for o’ and obtain

o = (ys h_eah)
(V's h—eh)
whenever (y’, h—e,h)#0. Then, since « — e, is continuous, it follows that « — «’
is continuous at any point «, where (y’, h—e,h)#0. Since it is sufficient to prove
continuity at «q=0, take A=)" and obtain

(Y —ey) = (', ¥)=(', (¥, Tx)x) = (¥, y') # 0.
Hence « — «’ is continuous. Since the only continuous automorphisms of the com-
plex field C are the identity and the conjugacy we need only show that «’ =& is

impossible. So suppose o’ =& and let x’ be any nonzero element of X = [x,]*. Then
clearly the equation

(xo+ax', yo+aTx’) =0
has a solution «,#0. But this is a contradiction since
(xo+apx’y Yo+ @oTx") = (xo+aox’, T(xo+0ox")) # 0
for all x’ € X and all « € C. (See proof of Theorem 5.3.)
LeMMA 6.3. If T is linear, then p is continuous.

Proof. Suppose T is linear. Then, by Lemma 6.1, T is a positive bounded her-
mitian operator with bounded inverse T-*. Let

K, =inf{(x,Tx): |x| =1} and K, =sup{(x,Tx): |x| = 1}.
We have 0< K, £ K,, |T|=K; and |T-}|=K1*.
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We recall that every element of & is of the form x ® x with ||x| =1 and every
element of &, is of the form (x ® Tx)/(x, Tx) with x#0 (in fact we may assume
x| =1). Let x, x’ € H with | x| =|x'|=1. Then

= sup {| 28X BX ()| : he Hand Il = 1}

x®x x Qx
N(x, ™, Tx)“ I71-

xQ® Tx_x’ R Tx'
(x, Tx) (X',Tx")

IA

Let <x, y>=(x, Ty) for all x, y € H. Then clearly {-) is an inner product in A
giving rise to an equivalent norm on H. Hence if | |, denotes the operator
bound with respect to <-), then | ||., is equivalent to the given operator bound
| |I. This means that there exist nonzero positive constants Kj, K such that

Kilal = lalc> = Kalla|  (aeL(H)).

Consider now the operators x ® x and x" ® x’. Then, writing h @' k for the
operator h @ k(h')=<W', k>h, h' € H, we have

[x ® x|¢y = <x, x> = (x, Tx), lx ® x| =<'y x> = (x', Tx')
and so

|Ge, TX)—(x', TX')| S |x @ x—x" @ x| £ Kafx @ Tx—x" @ TxX'|
S KT |x ® x-x @ ¥,

Therefore (x, Tx) is a continuous function of x ® x. Since 0<K,|x| =(x,Tx)
< K;| x| for all x € H, [(x, Tx)]~! is a continuous function of x ® x for all nonzero
X ® x;in particular [(x, Tx)]~* is continuous on the set of x ® x with |[x ® x| =1.
From inequalities (1) it follows now that the mapping x ® x — (x ® Tx)/(x, Tx)
of & into &, is continuous. But P(x ® x)=(x & Tx)/(x, Tx). Hence P is continuous
and therefore p is continuous.

We summarize the above results for p and T in the following theorem:

THEOREM 6.4. The following statements are equivalent:

(i) p is continuous.

(ii) The automorphism e — &' is continuous and a =<’ for all « € C.
(iii) T is a continuous positive linear operator with continuous inverse.

Proof. (i) = (ii). This is immediate from the proof of Lemma 6.2.

(ii) = (iii). This is Lemma 6.1.

(iii) = (i). This is Lemma 6.3.

COROLLARY 6.5. If p is continuous, then the bilinear hermitian form <{x, y>

=(x, Ty) defines an equivalent inner product in H with respect to which every p-
projection e, is selfadjoint.
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Proof. Suppose p is continuous. Then, by Theorem 6.4, <x, y>=(x, Ty) defines
an equivalent inner product on H. It is straightforward to verify that

{x ® Tx)(hy), he)> = <hy, (x @ Tx)(ha))
for all hy, hy € H, i.e., x ® Tx is self-adjoint with respect to <->. Since (x, Tx) is
real, it follows that e, is also selfadjoint with respect to {->.

COROLLARY 6.6. If the p-derived mapping P is continuous then it is uniformly
continuous.

Proof. Suppose P is continuous. Then p is continuous and so, by Theorem 6.4,
for every x, x' € H, we have

Ix @ Tx—x" @ Tx'| = |x @ x—x" @ x| |T],
which shows that x ® x — x ® Tx is uniformly continuous. Moreover, since
(e, Tx) — (¢, Tx)| = K3|T| |x ® x—x' @ x'|,
x @ x — (x, Tx) is also uniformly continuous (see proof of Lemma 6.3). But
0< [T s(xTx) s |T|

for all x € H with | x| =1. Hence x ® x — 1/(x, Tx) is uniformly continuous for all
x with | x| =1. Since P(x ® x)=(x ® Tx)/(x, Tx) for all x with | x| =1, it follows
that P is uniformly continuous.

COROLLARY 6.7. If the p-derived mapping P is continuous, then it defines a
homeomorphism between & and & .

Proof. Suppose P is continuous. It is clear that P is one-to-one and onto (see
Remark following Lemma 4.1). Let P! be the inverse mapping of P. Since p is
continuous, by Theorem 6.4, {(x,y)=(x, Ty) is an equivalent inner product
in H. Then, with respect to {-), every f€ &, is of the form f=x ®’ x/<{x, x> and
every e € & is of the form e=(x ®' T~'x)/{x, T~ x>, where h ®’ k is the operator
on H given by (h Q" k)(h")=<{h’, kDh for all A’ € H. In particular

P7Hf) = (x @ T7'x)Kx, T7'x).

Hence, by the proof of Lemma 6.3, P~ is continuous. From the proof of Corollary
6.6 we see that P~ is also uniformly continuous.

THEOREM 6.8. If H is infinite dimensional, then every complementor p on A
(=LC(H)) is continuous.

Proof. Suppose H is infinite dimensional and let T be a p-representing operator
on H. We show that T maps closed maximal subspaces onto closed maximal
subspaces of H. In fact, let X’ be a maximal closed subspace of H and Y’ its image
under T. As T is a semilinear operator Y’ is a linear subspace of H. If Y’ is not of
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codimension one, then there are linearly independent elements y;, y,, both or-
thogonal to Y'. Let x,=T"1'p,, x,=T"1y,. Then x,, x, are linearly independent.
(In fact T(oyx;+ooxy)=aiTx; +asTxs=0a1y;+asy,, hence o;x;+ayx,=0 if and
only if ajy; +asy,=0 if and only if «; =5 =0.) Moreover x;, x, ¢ X’. Hence X’ is
not a maximal closed subspace of H, a contradiction. Thus Y’ is of codimension
one.

Suppose yecl (Y’'),but y¢ Y'. Then T-y=x ¢ X'. Thus x and X’ span H and
so Tx and T(X’) span H since T maps H onto H. This shows that cl (Y')=H,
which is a contradiction since the orthogonal complement of Y’ is one-dimensional.
Thus cl (Y')=Y". But, by Lemma 2 in [3], « — ¢’ is continuous and, by the proof
of Lemma 6.2, «' =«. Hence p is continuous, and the proof is complete.

LEMMA 6.9. Let <-) be an equivalent inner product on H and let Q be the positive
selfadjoint operator on H such that {x,y)>=(x, Qy) for all x,ye H. Let T be a
P<.y-representing operator on H. Then T=«Q, for some positive real number «.

Proof. By Corollary 4.3, R?<> = #(F(R)*<>). Let x be any nonzero element of
H, and let R= _#([x]). Then R?<>= _¢(&(R)'<>) is a maximal closed right ideal,
and we have e,4=R and (1—e,)4=R". By Corollary 4.4, e¥«>=e, and so
e.(h)=<h, x)x[{x, x> for every h € H. But with respect to the given inner product
( - )in H, e,=Ax ® Tx. Hence

<hy xpx _ (h, OQx)x
x> X, x)

for all h € H. This means that (h, Tx— pQx)=0for all h € H, or Tx=pQx, for some
scalar p. Therefore Tx=p(x)Qx for all nonzero x € H, where p(x) is a complex-

valued function of x. We show now that p(x) is actually a constant. In fact for any
nonzero x,, X, in H we have

e.(h) = = Ah, Tx)x,

T(x1+x5) = p(x1+x)Q0x1+x5) = p(os +x3) QX1+ p(xs +X2) 0z,
Tx1 + TX2 = p(xl)Qxl + P(Xz)sz,
and
T(x;,+x5) = Tx,+Tx,.

Therefore if x,, x, are linearly independent, Qx;, Qx, are also so, and hence
p(x1) = p(x2)= p(x, + x5). In particular, p(ex,)=p(x’) for all nonzero scalars « € C
and all nonzero x’ € X=[x,]*. Let p(0)=p(x,). Since every x € H can be written in
the form x=ax,+x" with x’ € X and « € C, we have

P)Q(x) = Tx = T(axo)+Tx" = plaxo)Q(exo) + p(x)Q(x") = p(x0) 2(X)-

Therefore Tx = p(x,)Qx for all x € H, i.e., T=xQ, where k= p(x,). Since T and Q
are positive operators, « is a positive real number.

COROLLARY 6.10. If p is continuous then a p-representing operator is unique up to
a positive real multiplicative constant.
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THEOREM 6.11. The following statements are equivalent:
(i) p is continuous.
(i) There is an equivalent inner product {-> in H such that p=p..,.
(iii) R” can be expressed as (R))* for some involution ' in A (and hence there is an
equivalent norm on A which satisfies the Bx-condition for *').

Proof. (i) = (ii). Suppose p is continuous. Then, by Theorem 6.4, {x, y>
=(x, Ty) defines an equivalent inner product in H and so, by Corollary 4.3, p(., is a
complementor on A. We shall prove that R?<> = RP®. So let M be a maximal closed
right ideal of 4 and let e be the p-projection contained in M?. By Corollary 6.5, e is
selfadjoint with respect to {->. But if f is the p(.,-projection in M?, then, by
Corollary 4.4, f is also selfadjoint with respect to <->. Hence, since &#(M?) is one-
dimensional, we have e=f. Thus for maximal closed right ideals M, M?= M%<,
Now let R be any closed right ideal of A. Then R is equal to the intersection of all
maximal closed right ideals M of 4 containing R. Let .# be the set of M such that
R< M. Then, by (C,) and Lemma 2.1, we obtain

R? = cl( z M") =cl ( Z M”<~>) = RP¢»,
Me Me #

(ii) = (i). This is immediate from Lemma 6.9 and Theorem 6.4.

(ii) = (iii). This follows at once by letting *' =x*..

(iii) = (ii). We show first that a*'a=0 implies a=0. Let R, be the closed right
ideal of A generated by a. If a¥'a=0, then a*" € (R,), and hence a € (R,)* N R,=(0).
Now if e is any p-projection then, by the proof of Corollary 4.4, e*' = and therefore
(Ae)*' =eA. Since A=LC(H), e is of the form e=u ® v, u,ve H, and so de=
{h®v:heH} and eA={u @ h: he H}. Hence (h @ v)*¥ =u @ b’ for some
h' € H. Let Q be the mapping on H such that Qh=~h'. It is easy to verify that Q is
linear one-to-one and onto; also

(x, Qe =uQOxQv)=( Qv)*(x ®v) =[x ®)*(¥ Qv)I*
= [« ® @)y @ V)]* = (), Ox)e = (Ox, y)e,
so that @ is hermitian. It follows now that Q as well as its inverse 0 ~* are bounded.
Moreover, if (Qx, x)=0 then (x ® v)*(x ® v)=0 and hence x ® v=0 by the
first part. Thus (Qx, x)=0 implies x=0. Since Qu=v and (u, v)e=e?=e we see that
(Qu,u)>0 and it is now straightforward to verify that Q is positive definite
(cf. part (iii) of the proof of Lemma 6.1). Thus <{x, y>=(x, Qy) is an equivalent

inner product in H.
For every a € A, we have

ax,y>e = (u @ Qy)(ax ®v) = (1 Q@ Qy)a(x @ v) = (¥ @ V)*a(x Q v)
=a¥(y Qu)*(x ®v) = (@*y @ )*(x ®v) = {x,a*ye

so that @ — a* ' is the involution given by (-). Hence if | ||’ denotes the operator
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bound on A with respect to the norm on H defined by { ), then || |’, which is
equivalent to the given norm on A, satisfies the B*-condition for *'. Also R”
=(R)¥ =F".

COROLLARY 6.12. Let p be continuous and let T be any p-representing operator on
H. Then the hermitian bilinear form {x, y>=(x, Ty), x, y € H, defines an equivalent
inner product in H and p=p..,. In particular ¥ (R*)=S(R)*<> for every closed
right ideal R of A and the induced complementor S — S'=%( #(S)?) on the closed
subspaces S of H satisfies S'=S*¢>.

Proof. By the proof of (i) = (ii) of Theorem 6.11, p=p.., and hence, by Corol-
lary 4.3, RP=(R))*<>. Therefore F(R)*<>=S(RP), and the Remark following
Lemma 4.1 completes the proof.

COROLLARY 6.13. If H is infinite dimensional then every complementor p on
LC(H) defines an equivalent inner product {-» in H such that p=p., and S(R)*<>
= SL(R").

Proof. This follows from the continuity of p when H is infinite dimensional.

COROLLARY 6.14. If #' is an involution on A for which R — (R))* is a comple-
mentor on A, then there exists a bicontinuous positive linear operator Q mapping H
onto itself such that with respect to the inner product {x, y)=(x, Qy) in H we have
Lax, y>=<{x,a*y) for all x, y € H: in particular a* = Q" 'a*Q.

Proof. The proof of (iii) = (ii) of Theorem 6.11 gives the existence of Q and
establishes the relation: {ax, y>=<{x, a*'y) for all x, y € H. We have

{x, a*¥'yy = (ax, Qy) = (x,a*Qy) = (Qx, Q~a*Qy) = <{x, Q" 'a*Qy).

From Corollaries 6.12 and 6.14 we see that if p is continuous and T is any
p-representing operator on H, then a*«>=T"1a*T, for every ac LC(H), where
{-> is the inner product in H given by <{x, y)>=(x, Ty).

THEOREM 6.15. Let H be a Hilbert space of dimension at least three and let S — S’
be a complementor on the closed subspaces S of H. Then, in order that there exist an
equivalent inner product {-)» in H with respect to which S and S’ are orthogonal
complements of each other, it is necessary and sufficient that S — S’ be induced by a
continuous complementor p on LC(H).

Proof. The sufficiency of the condition follows at once from Corollary 6.12. To
prove the necessity of the condition, suppose that {-) is an equivalent inner
product in H with respect to which $'=S*«> for every closed subspace S of H.
For every closed right ideal R of 4, let R?= _#(&(R)*<>). Then, by Corollary 4.3,
R — R is a right complementor on A such that R?=(R,)*<>. Hence, by Theorem
6.11, p is continuous. Moreover, if S is a closed subspace of H, then S=(R) and
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§'=8>=L((R)*«>) for some closed right ideal R of 4. This completes the
proof.

Let H be finite dimensional and of dimension at least three. Then Theorem 6.15
enables us to construct a complementor on 4 which is not continuous. In fact, the
example in [3, p. 732] shows that there exists a complementor S — S’ on the closed
subspaces S of H for which there does not exist an inner product in H with respect
to which S and S’ are orthogonal complements of each other. Let p : R — R?
= 4(Z(R)’) be the complementor on A4 induced by S — S’. Since S— S’ is
induced by p, it follows from Theorem 6.15 that p is not continuous and therefore
is not of the form p..,. This evidently cannot happen if H is infinite dimensional
by Theorem 6.8.

7. Complementors on a general B*-algebra. Throughout this section 4 is a
general B*-algebra with a complementor p. By Theorem 3.6, 4 is dual and therefore
is isometrically *-isomorphic to (3 I,)e, Where {I, : A€ A} is the family of all
minimal closed two-sided ideals of 4. Thus every element x of 4 may be regarded to
be of the form x=(x,) with x, € I, for each A € A. As before we denote by p, the
complementor on /, induced by p; R{*= R§ N I, for every closed right ideal R, of
I, which is also a closed right ideal of 4. Let LC(H,) be the algebra of compact
operators on the Hilbert space H, which is isometrically *-isomorphic to I, for
each A € A. For any subset S of 4 we will denote by S;,(S,,) the left (right) anni-
hilator of S in I,; S;,,={xel, : xy=0 for every y € S}.

LeMMA 7.1. If we identify A with (3 I,)o, then for every closed right ideal R of A
the following statements are true:
() R=(Z RN 1)) and R?=(Z [(R N I))* N I,]),.
(i) (R)* N Li=((R N L),)*
(i) (R)*=(Z (R N 1))1)*)o-

Proof. All three statements of the lemma are obviously true for R=(0). Suppose
that R+#(0).

(i) Since A4 is dual, R contains a minimal idempotent and hence R N I, #(0) for
at least one A € A. In fact it is easy to see that R'=3, R N I, is dense in R. Now
identifying 4 with (3 1), R’ can be identified with a dense subset of (5 R N 1),
and, since (3, R N 1)), is closed, we obtain (3 R N I,)y=cl (R')=R.

Since R N I, <R, by property (C,), (R N I,)’> R? and therefore

1) d (Z (RN LY N m) =CIRnLY L), > S R AL, = R
Now, by Lemma 2.1,

RNLYNI = [cl(RN L)+ D))
and, by Lemma 1 in [6], I=(J,),21, for p+# A. Hence, identifying A with (3 I,)o,
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R with G RNI), and I? with {a=(a,) : a,=0 for p=2A}, we obtain R
<cl (R N 1))+ 1I?), or equivalently, R*>(R N I,)* N I, for every A € A. Thus

R? > ¢l (2 (ROLY N IA)

and so from (1) we obtain R?=(3 (R N ,)* N I,),.

(i) We have R, N I,=(R N I,),, for each Ae A. Now suppose a € (RN I,),,.
Since I,I,=(0), for A#p, and R=(3 RN I,),, we see that ae R, and hence
ae RN I,. Thus (RN 1), <R, NI, and therefore (R N I,),,=R, N I,. But for
every left (right) ideal I of A we have I'* N I,=(I N I,)*. Hence

(R,)* N I)‘ = (Rl N I)\)* = ((R N I)\)IA)* for eaCh Ae A.
(iii) This follows immediately from (i) and (ii).

COROLLARY 7.2. Let ' be any involution on A such that a*a=0 implies a=0.
Then for every closed right ideal R of A we have:

(i) (R)* N L=(R N L))*;

(i) (R)* = (R N L))o

Proof. Let S be the socle of 4. Since A4 is dual, a&=0 implies =0 and so,
by Corollary (4.10.4) in [4], A is an A*-algebra with auxiliary norm |- |’ which
satisfies the B*-condition for x'. Therefore, by Theorem (4.1.15) in [4], %’ is con-
tinuous with respect to both norms |||’ and | - || and consequently *’ takes closed
sets onto closed sets (sets closed with respect to the topology of the given norm).
Moreover, by Lemma (4.10.13) in [4], I¥ =1, for every A € A. We can now apply
the proofs of (ii) and (iii) of Lemma 7.1 to complete the proof.

LeMMA 7.3. If there exists an involution ' on A for which R°=(R)* for every
closed right ideal R of A, then there exists an equivalent norm |-|" on A which
satisfies the B*-condition for *'.

Proof. Since R?=(R))*, we have a*'a=0 implies a=0 (see proof of (iii) = (ii)
of Theorem 6.11). Since @& =0 implies a=0, where & is the socle of 4, by the proof
of Corollary 7.2, A4 is an A*-algebra under the involution *'. Let |-|" be the
auxiliary norm on 4. By Corollary (4.1.16) in [4] there exists a constant 8 such that
lal’ =B|a| for all a € A. But, by Corollary (4.8.4) in [4],

lal? = |la*|lal’
for all a € 4, hence

(A/Blal = la|” = Blal  (ae ).

Thus the two norms are equivalent and so A is a B*-algebra under the involution %’
and the norm |- |’.
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THEOREM 7.4. If A has no minimal left ideals of dimension less than three, then the
following statements are equivalent:

(i) The p-derived mapping P is uniformly continuous.

(ii) There exists an involution ' on A for which R°=(R)* for every closed right
ideal R of A (and hence there exists an equivalent norm |- ||" on A which satisfies the
B*-condition for ').

ReMARK. The assumption in the statement of Theorem 7.4 that 4 does not
contain any minimal left ideals of dimension less than three is obviously equivalent
to the assumption that each H, is of dimension at least three. To prove the equiva-
lence of (i) and (ii) of Theorem 7.4 we will have to identify each I, with LC(H,) and
then apply Theorem 6.11 (or Corollary 6.12); and in order to do so we must make
this dimensionality condition on the minimal left ideals of 4.

Proof. (i) = (ii). Suppose that P is uniformly continuous. Then in particular p
is continuous and therefore, by Theorem 3.9, each p, is continuous. Hence, by
Theorem 6.4, every p,-representing operator is positive linear with continuous
inverse. Let {T : A € A} be a family of p,-representing operators such that |75 | =1
for all A€ A. (Such a choice of T, is always possible since a real positive scalar
multiple of a p,-representing operator is also a p,-representing operator.) We
observe that |Ty 2| =1 and ||T3| 21 for all e A. We claim that the norms |T}|
are bounded above. For suppose that this is not so. Then we can choose a sequence
{T,,} of the T, such that |T3/%| >n. For convenience write T,=T,,, H,=H,,
(n=1,2,...). Then, since |T;!||=1, there exists x, € H,, [x,]|=1, such that
|Twx.]| £2 (and hence ||T2x,|=2). Also, since |T3%||>n, there exists z, € H,
orthogonal to x, such that ||z,]|=1 and |T3/%z,||=«,>n. Let y,=«; 'z,+x, and
e, the corresponding p, -projection in LC(H,).

(M |Gty Taza)| = [(Taxn, 22)| £ 2,
@ Iyl = A+1/d)M2 2 1,
and
(3) |(Zas Toya)l Z 7 20y Tazn) = (25, ToXa)| 2 n—2
From (1) we get
4 (Pns Toyn) S 144/, +4 £9.
From (2), (3) and (4) it follows that
g les| 2 eyl = LCn Tzl Ll 5 12
Since | T %=1 and (x,, T,x,) 21,
lex,| = 1% ® Tuxall/(xn, Taxa) £ [Tuxall [xall < 2.

Thus

©) ley,—ex,ll 2 lley, | 2.
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Now, for every h € H, we have

- (hayn) In
_ h) = nl n h,—"'_'—n 'n
Sl =fralh) = i y,,)”( Om J2) ‘)“

and therefore, by (2) and Schwarz’s inequality, we obtain

Kn

(EA I n
_ < 2t —
”fy,. fx,," = Kn + 1 + ]/K12‘ xn' <

Hence || f,,—fx,| — 0 as n — co. But e, =P(f,,) and e, =P(f.,) and, from (6),
| P(fy,)—P(f:, )| = as n— oo, contradicting the uniform continuity of P.
Therefore there must exist a constant K such that |7, £ K for all A€ A.

For each A € A, let {-), be the inner product in H, given by <{x, yD>,=(x, Try),
x, y € H,. Let *, be the adjoint operation in I, with respect to {->,. Then, by
Corollary 6.12, p,=p..,, and

(M Rp = (R)L)*  (Ae ).

Identifying A with (3 1,), and using the fact that | T,| £ K for all A € A, we see that
a — a* =(a¥) is an involution on A and that a*a=0 implies a=0. Hence, by
Corollary 7.2,

(®) (RY* = (2, (RN D)YY),
for every closed right ideal R of A. But, by Lemma 7.1 (i),

R = (O (RN L)Y N L)),

and so, if we let R,=R N I, then, from (7) and (8) and the fact that for any subset
S, of I, S¥ =S¥, we obtain

R =GR, = G (RIW*), = C (RN L)¥), = R)*.

The existence of the norm |- |’ is given by Lemma 7.3; in fact ||a|’=sup, |aa|x,
where |- ||, denotes the operator bound in 7, with respect to {- ).

(ii) = (i). Suppose that (ii) holds. Then, by Lemma 7.3, there exists an equivalent
norm |-||" on 4 which satisfies the B*-condition for *". Hence, by Lemma 7.1 (or
Corollary 7.2), we have

R = (R)¥ N I = (RO L)) = (R))Y

for every closed right ideal R, of I,. Thus, by Theorem 6.11, p, is continuous and
therefore, by Theorem 3.9, p is continuous which means that P is continuous. It
remains to show that P is uniformly continuous.

Now #’ is an involution on I, for which R, — ((R,),,)* is a complementor on I,.
Therefore, by Corollary 6.14, there exists a positive hermitian linear operator Q,
of H, onto itself such that #’ is the adjoint operation with respect to the equivalent
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inner product <->, in H, given by {x, y>,=(x, Q,¥), for all x, y € H,. Also, since
R2*=((R,),,)*, by Corollary 4.3, we have that p,=p_.,, and hence, by Lemma 6.9,
that Q, is a p,-representing operator. We have

a¥ = a¥ona

and
) a¥’ = Q5'a¥Q, (axel,, A€ A).
(See remark following Corollary 6.14.)

Let ||- ||, be the operator bound on I, with respect to {->,. Since |- |" and || lIA
satisfy the B*-condition for *’ in I, and since both are equivalent to the given norm,
we have that |-|'=]-|. on each I,. Therefore, if we identify A with (3 I,)o, we
obtain

= (a¥>a) foreveryace A.

Since for every positive scalar «, «Q, is a p,-representing operator and since the
operator bound |- ||, remains the same with respect to the inner product (x, «Q,y),
x, y € H,, it follows that we may assume that | 0,]| =1 for all A € A. We claim that
| Qx| are also bounded above. For suppose on the contrary that | Q5| are not
bounded above. Then we can find a sequence {Q, } of the 0, such that | O5.}|| — o
asn — oo. Write Q,= 0, and H,=H,, (n=1,2,...). Then, for each n, there is an
x, in H,, |x,||=1, such that

(anm xn) < l/n (n =1,2,...).

Since | Q.| =1, there is a y, € H,, | y,] =1, such that

”Qnyn" > l_l/n (n = l, 2,)

Let a, be the element of A defined by a,=x, ® Q,y, (n=1,2,...). Then, by (9),
a¥ =y, @ Q.x,(n=1,2,...). Hence |a}’| — 0 as n — oo and therefore la¥|"—0
as n— oo. But |a,|=]a¥| — 1 as n— oo, contradicting the equivalence of the
norms ||-|| and |-|’. Thus there exists a constant K such that ||Q5*| £ K for all
A€ A. Let H=@), H,, the direct sum of H,, and let 0 =(Q,) be the operator on H
defined by Ox=(Qxx,) for every x=(x,) € H. Then Q is a continuous positive
linear operator mapping H onto H with continuous inverse.

Now, since every e € € is of the form x, ® x, for x, € H, with |x,| =1, we have

X ® anx’
(X, Qaxa)

Identifying H, as a subspace of H, we may write P(x, ® x,)=(xr ® Ox,)/(x», Ox»)
and therefore, by the proof of Corollary 6.6, we may conclude that P is uniformly
continuous.

P(xy, @ x)) =
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COROLLARY 7.5. If the p-derived mapping P is uniformly continuous, then it
defines a homeomorphism between & and & ,,.

Proof. This follows immediately from the proofs of Corollary 6.7 and Theorem
7.4.
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