ON THE THEORY OF
LINEAR PARTIAL DIFFERENTIAL OPERATORS
WITH ANALYTIC COEFFICIENTS

BY
FRANCOIS TREVES

Introduction. Consider a linear partial differential operator of order m, P,
having coefficients defined and analytic in some open subset Q of R**! (n=0),
and let S be a piece of analytic hypersurface in , noncharacteristic with respect
to P at some point x° (we denote by 9/dv the differentiation in the direction of the
normal to S). The present article is concerned with the Cauchy problem:

(I) Pu=f in some open neighborhood U of x°;

(1) @/ov)eu=g, on SN U (k=0,...,m—1).

The main result (see §4) can be roughly stated as follows: it is possible to determine
the neighborhood U so that, for all data f and g,. (0 <k <m— 1) belonging to a suitable
class of ““ultradistributions”, there is, in the same class, a unique solution u to
(D)—(I1). To describe the class of ultradistributions alluded to here, is not difficult.
They form a one-parameter family of ultradistributions spaces (the parameter is
real and denoted by s). One must first perform a special change of variables
(see §3) by which the set U is transformed into the strip {(x, t) € R***; |t| <7, >0},
and the hypersurface S into the hyperplane t=0. Then we may say the following:
the right-hand side fand the solution u are functions of ¢ with values in the spaces of
ultradistributions with respect to the variables x, which we introduce under the
notation K*; the Cauchy data g, are members of such K* spaces. What is the space
K*? A member v of K* is, by definition, the Fourier transform of a function &(§) in
R, which is square-integrable with respect to the measure e~ %% d¢. For s<0, the
elements of K* are analytic functions, holomorphically extendable to slabs |Im x|
< —s of the complex space. In this case, the main theorem reduces more or less to
the classical Cauchy-Kovalevska theorem, of which it provides what I think
is a new proof (in §5). For s <0, the class K* is quite large: it contains various types
of distributions in R", among which are all the ones that have compact support. In
particular, the main theorem implies that the equation Pu=f, with f say a con-
tinuous function with compact support in U, is solvable (in U). Of course, the
solution is not going to be a distribution, a fortiori not a function—at least in
general. At any event, this very weak solvability result justifies a remark made at
the beginning of the article by Nirenberg-Treves [2] (a remark which has been
slightly mysterious until now, to the authors of the article among others)(?). In this
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(*) See p. 331, line 13.
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same case s <0, the uniqueness of the solution u to the Cauchy problem (I)-(II)
yields at once the classical Holmgren’s theorem (this is proved in §5).

Exploitation of the properties of the spaces K* is made possible by a very general
result of the Cauchy-Kovalevska type, stated and proved in §0, which applies to a
certain type of ““operational differential equation”

du/dt—B(t) A u = 1.

In this article, this general result is applied to the spaces K® by choosing, as the
operator A, the square root of 1 —A (A: the Laplace operator in R"). But other
choices are possible, adapted to different problems. It seems to me that this theorem
(whose proof is quite easy) should have rather far ranging applications, besides the
one considered here, applications where analyticity of the coefficients and the
operator (1 —A)'2 are replaced by different smoothness properties and suitably
adapted operators (for instance, smoothness could mean to belong to the dth
Gevrey class and A be the operator (1 —A)'/24—with perhaps stricter requirements
on the linear partial differential equation under study).

Notations. PDE: partial differential equation,

R™: n-dimensional Euclidean space, R, : its dual;

C™: n-dimensional complex space;

x=(X1, ..., Xn)y yY=(1, ..., yn): variables in R";

E=(¢,, ..., &), =01, ..., my): variables in R,;

D, ,=0/9; 1 £j<n), D,=0[0t or d|dt; u'(t)= Du(t);

L?: space of square-integrable functions in R" or in R,.

& and & ~!: Fourier transformation and its inverse:

(Fu)(®) = fm e Ou) dx, i = /1.

0. A general Cauchy-Kovalevska theorem. In this preliminary section, we
present a generalization of the Cauchy-Kovalevska theorem. All existence and/or
uniqueness results of this article are based on this theorem. In particular, we shall
see in later sections that the classical Cauchy-Kovalevska theorem follows from it.
The proof of the generalized version of the Cauchy-Kovalevska theorem is similar
to the proof of its classical counterpart, given in Hérmander [1, Theorem 5.1.1],
and, as a matter of fact, is somewhat simpler(?).

The basic ingredients are, first of all, a one-parameter family of complex Banach
spaces E, (s real), with norm | |, which, for simplicity, we assume to be contained
in some ‘“big” vector space. We make the following assumption:

(0.1) if s25', we have a continuous injection E;— E, with norm <1.

(2) Added in proof. After the present article was submitted for publication, I have learned
that this abstract Cauchy-Kovalevska theorem has been stated, proved and applied by L. V.
Ovsyannikov in 1965 (see [3]) and, as a matter of fact, even at an earlier date, ca. 1958, by Russian
mathematicians of Gelfand’s school. For further ‘“‘exploitation” of Ovsyannikov’s theorem, see [4].
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The union of the spaces E; will be denoted by E_ .

Next basic ingredient: a linear operator A: E_, — E_,, about which the follow-
ing hypothesis is made:

(0.2) if s>s', \ is a bounded linear map E, — E, with norm <e '(s—s')~1.

Of course, the factor e~ ! has no special importance. Only, it will simplify some
forthcoming formulas and actually is present in all the applications we have in
mind.

The statements and the reasonings which are forthcoming are relative to func-
tions valued in the spaces E,. They will be functions of a variable t which can be
either real or complex. We shall also consider operator-valued functions of . Thus,
we introduce a linear operator B(t), depending on ¢ and acting on a certain linear
subspace of E_ . More precisely, let p and o be two numbers >0. We assume:

(0.3) For all real numbers s, |s| <o, and all t, |t|<p, B(t) is a bounded linear
operator of E; into itself, with norm bounded by a number = 20 independent of s and t.

We shall also need a smoothness property of B(t) with respect to ¢; it will be the
following one:

(0.4) Let s be any real number, |s| < o. If ¥(t) is a continuous map {t; |t| < p} — E,,
the same is true of B(t)¥(t). When t is complex, if furthermore ¥(t) is a holomorphic
map {t; |t| < p} — E,, the same is true of B(t)v(¢).

Then, the generalized Cauchy-Kovalevska theorem will apply to the equation

0.5) w'()—B(t) A u(t) = 1(2),
with initial datum
(0.6) u(0) = u,.

As usual, w'(¢) stands for the derivative of u(¢) with respect to . We must also say
what kind of data f(¢), u, we are willing to consider, and where equation (0.5)
should be valid.

We choose arbitrarily a real number s,, |so| <o. We require that

0.7) woe E,, and A\ u, € E,,

(0.8) £(2) is a continuous map {t; |t| < p} — E;; if t is complex, £(t) is also holo-
morphic for |t| < p with values in E,,.

We may now state the announced result (when ¢ is complex, the expression
“continuously differentiable” in the statement must be understood as meaning
““holomorphic™):

THEOREM 0.1. Under the preceding hypotheses, there is a unique function u(t)
which for some number ¢,0<e<p, and for some real number s<s,, |s|<o, is a
continuously differentiable function of t, |t| <e, with values in E,, and verifies (0.5)
for |t| <e, and (0.6).

This can be complemented by the following statement:

THEOREM 0.2. Let s be a real number such that s<s,, |s| <o and so—s<pr.
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The function u(t) of Theorem 0.1 has the following properties:

(0.9) u(?) is a continuously differentiable function of t, |t| < 7~ (so—s), with values
in Eg;

(0.10) we have, for all t, |t| < 77 (so—s5),

©11) 19Ol = ol +S so—s) | 10g (1-Z2L) |
©.12 IAUOL S IA o+ CleliGo—s) =l
0.13) [w'@®)]s £ CA—r|t|/(so—5)"1,

where

C = | Avolot s30T 1O

Proof. We make the substitution u=v+u, in (0.5)-(0.6), which become:
0.14) V—-BAV=g, v(0) =0,

with g(¢)=1£(¢)+ B(¢) A u,. Because of our hypotheses, g has the same smoothness
properties as f. We shall prove the existence of the solution v by iteration, more
precisely, by using the recursion formula

(0.15) Viri=BAV+Eg w0 =0 (k=0,1,...).
We start the recursion with vo=0, and we set w,=v, ., —v,. We get
(0.16) wo =g W0 =0,

0.17) Wi =BAW, w.,.,0=0 (t=0,1,...)

We are going to prove that, for all k=0, 1,..., all s<s,, |s| Lo, all ¢, [t] Zp,
(0.18) Wil = Cr*{e]*d~F,

where C is the constant in Theorem 0.2 and d=s,—s. First of all, (0.18) holds for
k=0, because, in view of (0.3), sup,; <, |8(?)|s = C. Suppose then that (0.18) holds
for a given k=0. By integration with respect to #, we obtain

t k+1
0.19) wo)], s e 2 g

We apply this with s+¢, 0 <e=<d, substituted for s, and we exploit, at this point,
hypothesis (0.2). We obtain

k+1
(0.20) Awi)], < Ce-to L2 g ok,
k+1

We choose ¢=d/(k+1); (0.20) becomes
(0.21) IA We(@®)|s £ Ce (1 + 1/k)ek|e|k+1d-d+D,
We combine (0.21) with (0.17), and we take (0.3) into account, which yields at once
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(0.18) with k replaced by k+ 1. Setting u=wu,+ > ;55 w, gives all the desired results.
In particular, (0.18) implies (0.13), (0.19) implies (0.11) and (0.21) implies (0.12).

Finally, we must prove the uniqueness of the solution u, that is, we prove that if a
continuously differentiable map

w(t): {t; |t] < & > Eg
for s5< 50, |So| <0, satisfies
0.22) w =BAw for|t|] <e  w0) =0,

it must vanish identically for |7| <e. Let us set g(t)=B(t)A w(t). Obviously g is a
continuous function of #, |t| <& (we may now restrict ourselves to the case where ¢
is real, although the reasoning is still valid when ¢ is complex, independently of
holomorphy), with values in E; with 55 <50, |s5| < 0. But then (0.22) tells us that the
sequence {w,}, where w,=w for all k=0, 1, ..., verifies (0.17), therefore also (0.19)
for all k, with sg substituted for s, and ¢ for p. But this means that w(¢z)=0 for
|t]<7-1d. If « happens to be >7~d, we perform a translation and bring the
origin at the points +77d, and repeat the argument. After a finite number of
steps, we see that w(¢)=0 for all real 7, || <e. Q.E.D.

1. Spaces K°. We consider the following functions of £ € R,:

h(§) = 1+ (1 =j=n),
h(€) = (&) + - - - +ha(§).

DEFINITION 1.1. Let s be a real number. We shall denote by K* the space of
(classes of ) functions F in R, such that e*®F(§) € L2,

Let s’ be another real number. We shall denote by K> the space of functions F in
R, such that h¥e"F € L2.

Of course, K+°=K*. The spaces K= carry a natural Hilbert space structure: the
one carried over from L? via the vector space isomorphism F «> h%es"F.

It is clear that #°(R,) is a dense subspace of K%, The inverse Fourier trans-
formation, & ~1, is a vector space isomorphism of €°(R,) onto (Exp N &)(R"), the
space of rapidly decreasing € functions in R* which can be extended to C™ as
entire functions of exponential type. For functions u, v € (Exp N &), we define the
(Hilbert) norm

(1.1 lulls.s = @m)="2| kel 2
and associated inner product

W, V) = 2m)" f F2 (£)2mOU(EED) dE.

DEFINITION 1.2. We denote by K*¥—by K°® when s'=0—the completion of the
space (Exp N %) normed by (1.1).
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The Fourier transformation & is an isometry of (Exp N %)(R")—normed by
(1.1)—onto €2(R,), viewed as a subspace of the Hilbert space K% : it extends as an
isometry of K** onto K*. One might say that the elements of K** are the objects
whose Fourier transform belongs to K**' (this justifies the “roof” in the notation
Ks.s’).

PROPOSITION 1.1. When s is 20, K> can be canonically identified with a space
of tempered distributions in R*. When s=0, this is the Sobolev space H*. When s> 0,
it is a space of functions which can be extended as holomorphic functions in the strip
{zeC"; |Im z;| <s, j=1,...,n}.

Proof. When s=0, K= is clearly a space of tempered distributions, i.e. a linear
subspace of %’ provided with a locally convex topology, finer than the one induced
by . Fourier transformation, which is an automorphism of ¥, defines an iso-
morphism of K** onto another space of tempered distributions: the latter can be
identified with X**. That K°* = H* is obvious in view of Definition 1.1.

Suppose s> 0. The elements of K* are functions which decay very fast at infinity,
hence K=&’ consists of € functions. Reasoning in the case where n=1, which
suffices to our purpose, we see that if p is an integer =0,

ID"u(x)l =@2mn! flgll’e-slﬁ(esh({)lﬁ(f)l) d¢
+ o 1/2
s "“"s,o(2f t2Pe 2t dt) = const pls~?~1/2,
[

by Stirling’s formula. The case of K**, s>0, s'#0, can be dealt with similarly, or
else follows from the statement (1.4) in the next proposition:

ProPOSITION 1.2. The following facts are true:

(1.3) Ifs, =5} and 5,2 55, K*1°2< K*12 and the natural injection of the former into
the latter is continuous and has norm one.

(1.4) If s, > s, K*12< K*1%2 whatever be s, s5.

Proposition 1.2 is trivial ; the natural injections it tells us about are the canonical
extensions of the identity mapping of (Exp N %).
We may introduce the spaces
K+°°=nKs, K—ao=UKs.
seR seR
It follows from Proposition 1.1 that K+ consists of functions which can be ex-

tended as entire functions to C* and whose derivatives of all orders belong to L2.
It is useful to know that K ** is nonempty. As a matter of fact, we may state:

PROPOSITION 1.3. If >0, the function x — exp (— 0|x|?) belongs to K® for all s
(hence to K** for all s, s"). The space K+ is dense in K®* for all s, s'.
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Proof. The first part of the statement follows at once from the fact that the
Fourier transform of exp (— 6]x|?) is the function

(m/6)™'* exp (- |£]2/49).

As for the second part, it follows from the fact that (Exp N £)<K*=.
We recall that &’ denotes the space of distributions in R* having a compact
support. .

-~

PROPOSITION 1.4. The space &' is contained in K** for all s<0 and all 5’ real.
The space € is dense in K** for all s<0 and all s’ real.

Proof. That '<K* for s<0 is an immediate consequence of the fact that the
Fourier transform of a distribution with compact support is an analytic function
in R, which grows at infinity slower than some polynomial. As for the density of
€2 in K> when s <0, it suffices to observe that ¢ is dense in the Sobolev spaces
K%¥=H¢ and that the latter, or even simply K°°=L? is dense in every K*® for
5§<0, as it contains (Exp N &).

PROPOSITION 1.5. Let s, s' be arbitrary real numbers. Then K =% ~% can be canon-
ically identified with the dual of K**. The duality bracket between K>* and K =5 =%
is given by

Gy vy = @m)~ f (h ea)(h~* e~ 57 d,
where 7 (&)=d(—§¢) (ue K%, ve K=*~%). The canonical antilinear isometry of
K** onto its dual, K=%~%, is given by
Jy ot = F -1 h¥ (§)eOF ).

Proof. Evident.
With the functions h; and h are associated operators acting on elements u € K~

H,u = f"l(hjﬁ), Hu = g—l(hﬁ).
More generally, if s and s are real numbers, we may consider the operators defined
by
Hu = F-Yh%0), eFu=F Ye™i),
which are endomorphisms, and in fact automorphisms, of K~ . If s; and s; are
real numbers, the operator H*e*¥ induces an isometry of K*:*%1 onto K*® =1 ~¥,
As usual in this type of situation, convolution operators (acting on the spaces

under study, here the K*%) are easy to deal with, whereas multipliers are more
complicated. Consider a function G in R, such that, for some real numbers q, a’,

h¥e™G € L*(R,).

Let then g be the inverse Fourier transform of G (this is well defined since g € K~ ).
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We set, for any u € K>, g * u=% ~(GF u), where GZ u stands for the multiplica-
tive product. It is obvious that ¥ — g * u is a continuous linear map of K** into
Ks+as'+2’ As a matter of fact, since L® makes up the set of all the multipliers of L2,
one obtains in the manner just described all the convolution operators from
Ks,s' iﬂtO Ks+a,s’+a’.

In particular, let P(¢) be a polynomial of degree m on R,. The convolution of
u € K*% with the inverse Fourier transform of P(¢) will be denoted by P(—i &/0x)u.
This agrees with the standard notation when u is a distribution. Clearly, P(—i 0/0x)
defines a continuous linear map of K** into K*% ™,

We might mention that we could have studied the case where s and 5" are n-tuples
of real numbers, (sy,...,s,), (53,..., 5,) respectively, and defined the operators

H® = Hft---Hgn, e = ghHite+sH,

With such n-tuples are naturally associated spaces K**'. This approach is suited to
situations where the different variables x, are given different roles. We will not deal
with such situations in this article.

2. About some members and multipliers of the space K°. We keep the notation of
§1. We assume momentarily that the dimension » of the base space R" is equal to
one (we continue to denote by x, y the variables in it, by ¢, n the ones in its dual
R,). In this whole section, we write | | for the norm in L? (=L*(R") or L*(R,));
R will be a number >0.

PROPOSITION 2.1. The function x — (x+iR)~* belongs to the space K* ~12-¢ for
all e>0.

Proof. Indeed, the Fourier transform of the function under consideration is
—2miY(£)e~*, where Y is the Heaviside function (=1 for £>0 and =0 for £ <0).

COROLLARY 1. The function (x+iR)~! belongs to K** for all s< R and all s’ real.
Proof. Combine Proposition 1.2 with Proposition 2.1.

COROLLARY 2. The functions (x*>+ R?)~! and x|(x%+ R®) belong to K*¥ for all
S<Rand all s' real.

Proof. Just write

@1 (x24+R»)~! = 2iIR)"Y(x—iR)"'—(x+iR)" 1,
D x/(x2+ R?) = H{(x—iR)"*+(x+iR)"1},

and apply Corollary 1.

PROPOSITION 2.2. If |s| < R, multiplication by (x+iR)~* defines a bounded linear
operator of K*, with norm <2me"!/(R—|s]).
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Proof. By virtue of Proposition 1.3, it suffices to prove that multiplication by
(x+iR)~! is a continuous map of K*®, equipped with the norm of K*, into K°.
Let u € K*=; the Fourier transform of (x+iR) " u is

+ ©
F(§) = —2in f e~ Bi(£ ) di.
0
We have
esh(é)F(é) = =2imr j+m ek,(t.n)e-mwISIh(n)esh({—n)ﬁ(f_.q) d?],
1]

where ky(&, n) =sh(€)— |s|h(n) —sh(é —n) is £0 whatever s, £, n real. We apply then
Hélder’s inequality

+ o
"eshF" < ZW(J‘O e~ Rn+lislh(m d‘l)) “eshu‘",
whence easily the result.

COROLLARY 1. If |s| < R, multiplication by (x*+ R%)~! defines a bounded linear
operator on K*® with norm <(2me'*\[(R—|s|))2.

Proof. It suffices to write that x2+ R?=(x+iR)(x—iR).

COROLLARY 2. If |s| < R, multiplication by x|(x*>+ R?) defines a bounded linear
operator on K*® with norm <2me"\|(R—|s|).

Proof. Apply (2.1).

PrOPOSITION 2.3. If |s| < R, multiplication by tan~! (x/R) defines a bounded linear
operator on K°.

Proof. First we assume s=0. The Fourier transform of tan~!(x/R) is the
distribution

UE = —ime=R¥ipp(1/¢).

It is well known that V=% ~(inpv(1/£)) is a bounded function (¢ in the comple-
ment of the origin). Let o be an arbitrary real number, |¢|<R. For ue K*=,
consider

e’ (U® x i) = (e*UF) * (e°%i).
Set then Gy ,=% ~(e~Fi1*9%), We have, in virtue of Plancherel’s identity,
22 le®*(U* » @)|| = 4n2(|(V * Gp,o)F ~H(e**d)|.
But by Hélder’s inequality
IV *Grole = [V]e=|Gr,ol2
and as a matter of fact, G ,(x)=(R/m){R%+ (x?—io)} € L*(R"), so that
IGr.olir = R(RZ—0%)~12,
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At any rate, we derive from (2.2)
le*(UR @) < C(R, o)|e%a < C(R, o)]e'a].
We apply this with o=s and ¢= —s. We obtain:
lcosh (sé)(U* * &) = C(R, s)||e™d].
But &5*® < 2¢* cosh (s¢), therefore
le*(U® * @) < 2C(R, s)e*|eil,

which is what we wanted to prove.
Suppose now that s is <0. If u, v are arbitrary elements of K*®, we have
(by Proposition 1.5)

{utan~! (x/R), v) = <{u, vtan~! (x/R)>.

This can be rephrased as follows: in the subspace K** of K*, the multiplication
by tan~! (x/R) is the transpose of the same mapping in K~°. Then the first part of
the proof, together with Proposition 1.3, implies the sought result for s <0.
RemARK 2.1. Itis not difficult to obtain an estimate for the norm of the mapping
in K*, “multiplication by tan~! (x/R)”. This norm is <

272 R(R%— %)~ 12| F =Y (pvl[€)| L.

The preceding results have a natural extension to the case where the number n of
variables is arbitrary. The extension is trivial, due to the fact that H=H,+ - - - + H,
(see p. 7).

In the statement below, and also in the forthcoming ones, we use the following
notation convention.

(2.3) Let F be a function of a single variable, x=(xy, ..., x,), p=(p1, ..., D).
We write

F(x)? = (F(x))"1- - - (F(xa)).

PROPOSITION 2.4. Let R be a number >0, s a real number, |s| < R. There is a

positive constant C(R, s) such that, for all n-tuples p, q, r multiplication by
(tan™* (x/R))*(R*+x%) ~[x[(R*+ x*)I'

is a bounded linear operator with norm < C(R, s)P*e+,

REMARK 2.2. The constant C(R, s) can be chosen so as to be a continuous
function of (R, s) in the angular domain {(s, R) € R?; |s| < R}. This follows at once
from the Corollaries of Proposition 2.2 and from Remark 2.1.

We may also combine Proposition 2.4 with Proposition 2.1 and its corollaries
(extended to the case of n variables):

PROPOSITION 2.5. Let d=(d,, .. ., d,) be an n-tuple of integers >0. For all s<R,
the space K* contains the function ¢,(x,)° - - - ¢,(x,)%, where, for every j=1,...,n,
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é4x;) is one of the following functions: (x;,+iR)™}, (x;—iR)™%, (x2+R*»)1,
x;/(x2+ R?).

3. Transformation of the “classical” situation. We consider the situation
described at the beginning of the introduction and the problem (I)-(II). By possibly
shrinking the open set (2, we may assume that the hypersurface S is exactly the set
of zeros in Q of an analytic function whose gradient never vanishes in Q, and also
that the following holds:

(3.1) The piece of hypersurface S is noncharacteristic with respect to P at every
one of its points.

We shall assume that the origin of R**! lies on S and that it is the point x° about
which we study the problem (I)—(II).

In this section, we shall perform a succession of changes of variables and of
functions which will ultimately transform our original problem (I)~(II) into a new
one to which the theorems of §0 can be applied.

FIRST CHANGE OF COORDINATES. Our first change of coordinates is standard
practice; it might involve some shrinking of the set Q. The choice of the new co-
ordinates, which we call (y,, ..., ¥.+1), has a two-fold effect: it flattens the hyper-
surface S which carries the Cauchy data, which is now defined, in €, by the equation
¥Yn+1=0; it puts the expression of the operator P (possibly after division by a non-
vanishing function) into the form

3.2 P(3, Yav1s Dy Dy ) = Diyost 2, €opi(Ds asr) DEDERLL.

In the right-hand side, the summation is performed over the (n+ 1)-tuples (p, pn+1)
such that |p|+p,+1Sm, p,.1Sm—1 (we use systematically the notation y=
D1 - s Yn)s P=(D1, - - -, Pu)). It is clear that we have made full use of hypothesis
(3.1). The coefficients c, ,, , , in (3.2) are analytic functions in Q. More precisely, for
a certain number «>0,

(3.3) the coefficients c, p, , (¥, Yn+1) can be extended as holomorphic functions
to the complex values of the variables y;,(1<j<n+1) in a neighborhood of the
polydisk in C™*1, |y;| S (12jSn+1).

SECOND CHANGE OF VARIABLES. This is given by

3.4) [ T ym=et'(n cosz(x;/S))’
: i=1

where ¢, 8 are numbers >0 which will be submitted to various conditions. Clearly
(3.4) defines an analytic diffeomorphism of the set

@9 <ot =Len Dl <o[Teos 049):
f=1

onto the set

(3.6) x| < 8nf2, j=1,...,nm |t'| <Ll
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We shall right away demand that ¢ and & be small enough so that the closure of the
set (3.5) be contained in Q.

We must look quite carefully at the expression of P in the new coordinates
(x', t'). First of all, we consider the coefficients of (3.2),

C;J.Pn...;l(x" t,) = cp.pn+1(x,’ yn+1(x" t,))-

This much is obvious:

(3.7) Given any number 8>0, if ¢ is sufficiently small, the c, , , (x',t") can be
extended as holomorphic functions in a neighborhood of the polydisk of C"**,
IxjlSe(I=jsn), |t'| S 1.

But we need to know more than just that! We observe that

’ n -1
3.8 », = Dx;+2%tan x;/®D, (1=j=n), D, ,, = 18(111 cos? (x}/S)) D,.
As a matter of fact, we shall be interested in the differential operator

0= e"'{ﬁ cos? (x}/S)}mP.

First of all, we observe (in view of (3.8)) that the coefficient of D7 in the expression
of Q@ in the coordinates (x', t') is equal to

a(x’, 1) = P,,,(x’, et’{l_[ cos? (x}/b‘)}, § t'e, 1),
i=1

where Pp(¥; ¥n+1, Dy, Dy, ,) is the principal part of (3.2) and 6, the vector whose
jth component (for each j=1,...,n) is sin (2x;/8) [Ti=ik=n;k#; €0s? (xi/3). We
derive, from (3.2) and (3.7):

(3.9) Given any 8>0, if ¢ is sufficiently small, «(x’, t') can be extended as a never-
vanishing holomorphic function in a neighborhood of the polydisk in C***, |xj| £«
U=1,...,m,|t'| 2L

We need also some information about the remaining coefficients in the expression
of Q. This is a linear combination, with the functions c, , , (X', t’) as coefficients,
of the differential operators

n

n m—pn+ ’ P
(3.10) e"‘"’nn{ﬂ cos? (x}/S)} lD{i"” {]—[ (Dx;c+g§—tan (x,'c/S)D,,) k}
j=1

k=1

where | p| +p, .1 <m (we shall now only look at the case where p, ,, <m). Suppose
for a moment that x stands for a single real variable and p for some integer >0, and
consider the operator

(3.11) ¢?(cos? (x/8))"(D+28"1 tan (x/8)t' Dy)".

We apply the following easy lemma of algebra (its proof is left to the student):
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LeMMA 3.1. Let A, B be two elements in some ring X, such that A and [A, B]=AB
— BA commute. Then, given any integer p >0, A B? belongs to the subring spanned by
AB and [A, B].

We apply the lemma with the choices
A = & cos? (x/d), B = D,+287 tan (x/8)t' D,..

Note that we have
AB = gs cos? (x/S)Dx+§ sin 2x/8)t'D,, [A, B] = -gsin (2x/9).

The operator (3.11) belongs therefore to the ring generated by these two differential
operators. Returning to (3.10) we see that it belongs to the algebra spanned by the
differential operators

8cos?()8)Dy;  (i=1,...,m), Dy,

over the algebra spanned by the functions sin (xj/8), cos (x/8), ¢’ and by & and ¢/8.
We may write the expression of « =@ in the coordinates (x', t'):

o~ Y(x', tYO(x', t', Dy, Dy)

3.12 n
G12) = DI +Z by (X, t'){ﬂ (8 cos? (x}/S)Dx;)":}DL.

.l j=1
The summation with respect to p, / is performed according to the customary rule
|p|+1<m, I<m. In virtue of (3.7) and (3.9), we may state:

(3.13) Given any 8>0, if ¢ is sufficiently small, the coefficients b, (x', t') can be
extended as holomorphic functions in a neighborhood of the polydisk C"*!, |xj| <«
(U=1,...,n),|t'| <1

THIRD CHANGE OF VARIABLES. This will be our last change of variables. Its
effect is to ““globalize” the situation with respect to the x-variables. It is defined by

3.19) x; = Rtan (xj/8), j=1,...,n; t=1t,

where R is some number >0 (its choice will depend on the applications we are
interested in, and will determine the choice of 8 and therefore, in view of the pre-
vious requirements, the one of ). At any rate, (3.14) defines an analytic diffeomor-
phism of the set (3.6) onto the strip {(x, f) € R"*!; |¢| < 1}. We have

RD, = 8cos® (xj/8)D,; (1 £j < n).

In view of (3.12), the differential operator «~'Q is transformed by (3.14) into a
differential operator / on the strip |f| <1 of R"** whose expression is given by:

L(x, 1, D, D) = Df'+ 2 R"b, (8 tan~* (x/R), 1) DD},

with summation rule, |p|+/<m, I<m.
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The original problem (I)—(II) (see Introduction) has been finally transformed into
the new one:

(3.15) L(x, ¢, D,, D)U(x, t) = F(x, 1),
(3.16) DfU(x, t)];=0 = Gi(x), k=0,...,m—1.
We have set

G.17) F(x,t) = em{,li %}m(a‘lf)@ tan-1 (x/R), 1),

n 2 N\
G.18)  Gux) = ek{n %;? fadEn (R, k=0, m-1.
7=1

Giving a meaning to (3.17) and (3.18) might raise some delicate questions, for fand
the g,’s may not be ordinary objects like functions or distributions and the sense of
the substitutions (3.14) may need some clarification. In fact, (3.17) and (3.18) might
be taken as definitions of fand g,. In the applications, we shall ask that F(x, ¢) and
G\(x) take their values in spaces K** (with respect to the variables x), and this will
define what f and g, must be. It should be said, however, that when F and G, are
functions or distributions, the same will be true of f and g, (when they are distri-
butions but not functions, the substitutions (3.14) must be defined as extensions of
the same performed on functions).

We go back to equations (3.15) and (3.16). We propose to transform them into
an ordinary differential equation, with prescribed datum at =0, of the type
considered in §0. We do the transformation according to standard rules. At first
we proceed purely formally. We set, for k=1,...,m,

(3.20) U, = H™ ¥DF-1U.
Observe that we have, for k=1,...,m—1,
(3.21) DgUk = HUk+1.
As for equation (3.15), it becomes
(3.22) DU, = > R, (8 tan~" (x/R), 1)(DLH ™*YHU,,,+F.
p,l
As one does usually, we introduce the m x m matrix
0 1 o .- 0 0
0 0 | 0 0
(3.23)
0 0 o .- 0 1
~B —B: —Bs -+ —Bm-1 Bm

where we have set
(3.24) Be= 3 R¥b,._y(8tan (x/R), (DIH "+,

IplEm-k+1
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Let then E be an m-dimensional complex vector space where a basis has been
given (in other words, E=C™), equipped with the Hilbert space structure defined
by this basis. Let us set u(t)=(Uy, ..., Uy), regarding u(?) as a function of ¢ in
[—1, 4+ 1] with values in a certain space X" of vector valued (the vectors belonging
to E) functions (or distributions, or ‘“‘ultradistributions’) with respect to the
variables x. We shall assume that the matrix (3.23) defines a linear operator on this
space X, which we denote by B(z).

We also set f(2)=(0, ..., 0, F).

Finally, equations (3.21)-(3.22) become

(3.25) Da(t)— B(t)Hu(t) = 1(2),
whereas the condition at time =0 becomes

(3.26) u(0) = u,,

setting

3.27) u, = (H™ Gy, H" %G, . . ., Gp-y),

and observing that, in view of (3.20), (3.16) can be rewritten as
(3.28) Uk|t=0 = Hm—ka_l (k = 1,..., m).

We have thus obtained a system of two equations, namely (3.25)-(3.26), which
looks like equations (0.5)-(0.6). It is now time to give a precise meaning to (3.25)-
(3.26), which will make this similarity rigorous.

4. On solvability of linear PDE’s with amalytic coefficients. Equations (3.15)-
(3.16) have been converted into the system (3.25)—(3.26), to which we want to apply
the methods of §0. For this we shall require that the data, f(#) and u,, as well as the
solution u(?), take their values in some tensor product space K* ® E. Here, just as in
§3, E is a finite dimensional complex Hilbert space; K* ® E, or more generally
K*% ® E, carries the tensor product Hilbert space structure. An element of
K*¥ ® E is, vaguely speaking, a *“vector” whose coordinates, in any given basis
of E, are elements of K**. The norm and the inner product in K*¥ ® E will be
denoted just as they were when no QFE was present: | |,o and ( , ),
Any linear operator acting on K** will be made to act on the tensor product
K% ® E by acting on the first factor, K**, and inducing the identity mapping on
the second one, E. Thus, for a and a’ real numbers, e*¥ and H* act on K% Q E
(and map isometrically this space onto K¥~%*~% ® FE).

We shall then apply the results of §0, choosing,\em\ one-parameter family of
Banach spaces E,, the spaces K* ® E, and as operator A, the operator H. Conditions
(0.1) and (0.2) are easily checked. In order to see that the norm of the map
H.KSQE—>K*QE(s>s") is <e !(s—s')"! (and, in fact, is equal to this
number), one performs a Fourier transformation and uses the fact that, for A20,
Ae~rZe .
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In accordance with this, we require that our data u, and f(¢) satisfy conditions
(0.7), (0.8). Observe that (0.7) means

4.1 u € K0! @ E.
Going back to the definition (3.27) of u,, we see that (4.1) means
4.2 G, € Ksom~k, k=0,...,m—1.

As for the solution u(?), it will have to be a continuously differentiable function of ¢
with values in K* ® E (s <s,). This is equivalent with saying (cf. (3.20)) that

(4.3) for every k=1,...,m, DFU is a continuous function of t with values in
Ks,m—k.

As s<s, is arbitrary, trivially this will also be true for k=0:

(4.4) U is a continuous function of t with values in K*™.

When we extend ¢ into the complex domain, ‘“‘continuous” and ‘continuously
differentiable”, in the above statements, and also in the following ones, must be
replaced by ‘‘holomorphic”.

It remains to check that equation (3.25) makes sense, i.e., that B(¢) operates in
the way we want, and satisfies (0.3) and (0.4). In order to prove this, we must now
choose the parameters R, 8, ¢ in (3.4) and (3.14).

CHOICE OF THE PARAMETERS. We suppose that we are given s,, an arbitrary
real number. Then we choose for R any number such that |so| <R. Then the
number o of §0 might be any positive number such that

4.5 |so] £ 0 < R.

The choice of 8 will then follow from the one of R and o, in the following manner.
We apply Proposition 2.4 and we observe that the multipliers tan~?! (x,/R),
j=1,..., n, define bounded linear operators of K® into itself, for all real s, |s| Zo,
with norm £ M, a number which depends only on R and o. We shall then require

4.6) 8M < «, the number in (3.3).

This enables us to choose 8>0. Once we have done it, we choose >0 so that
(3.7, (3.9) and (3.13) be satisfied.

The stage is now set for the application of Theorems 0.1 and 0.2. Indeed, re-
turning to the expression (3.23) of B(t), we look at the ones of the entries B, given
in (3.24), and, in fact, at the individual terms

R®b, ,._(5 tan~* (x/R), t)(DEH-™+k-1),

Since |p|Sm—k+1, DPH-™*¥-1 defines a bounded linear operator of K**
whatever be the real numbers A, X', with norm bounded independently of A, X'.
As for the multipliers b, (8 tan~* (x/R), t), we combine our choice (4.6) with
property (3.13). We conclude easily that

(4.7) B(t) is a holomorphic mapping of a neighborhood of the closed unit disk in the
complex plane (of the variable t) with values in the Banach space of bounded linear
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operators of K* ® E into itself, for all real s, |s| £ o, with norm bounded by a number
7>0, independent of t and s.

Clearly, this implies at once (0.3) and (0.4) (with p=1).

Finally we obtain, by applying Theorems 0.1 and 0.2:

THEOREM 4.1. Let F(x, t) be a continuous function of t, |t| £ 1, with values in the
space K% relative to the variables x, and if t is complex, holomorphic for |t| <1 with
values in K. Consider m Cauchy data G, € K*™ % (0<k <m). Let s be any real
number such that so—1<5<S5, and |s| <o.

There is a unique function U(x, t) with the following property:

(4.8) for each k=0,1,...,m, DFU(x,t) is a continuous function of t, holo-
morphic if t is a complex variable, in the set defined by |t| < 7~ (so—s), with values in
K*™~k_ and verifying:

49  L(x,1, D, DYU(x, 1) = F(x,1) for|t] < r=(so—5),
(4.10) DfU(x, t)|;=0 = Gi(x) foreveryk =0,...,m—1.

The “real” version of Theorem 4.1 (i.e., the version in which ¢ is regarded as a
real variable) yields a weak solvability result for linear PDE’s with analytic co-
efficients, as we have pointed out in the introduction. If then we work our way
backwards through the (analytic) diffeomorphisms of §3, we see that U(x, t)
(resp., F(x, t), resp., G(x)) is a function—or a distribution (in some strip |¢| <7),
if and only if the solution u (resp. the right-hand side f, resp., the Cauchy datum g,)
has the same property (in the preimage of the strip |¢| <7). In a sense, this estab-
lishes an equivalence between the ““solvability problem” relative to the differential
operator P and the same problem relative to L(x, t, D, D,).

5. Derivation of the classical theorems. We begin by proving Holmgren’s
uniqueness theorem.

As before (cf. §3), we consider a differential operator P of order m in the open
neighborhood of the origin, Q, in R"*?; the coefficients of P are complex valued
(real) analytic functions in Q. We are given a piece of hypersurface S, in Q, of class
%1, passing through the origin, and noncharacteristic with respect to P at that
point. We shall suppose that the complement of S, with respect to Q consists of
two connected open sets, Qf and Q. We recall the classical form of Holmgren’s
theorem(®):

THEOREM 5.1 (HOLMGREN). Under the previous assumptions, there is an open
neighborhood 0, of 0 in Q such that, for all €™ functions u in Q, verifying

5.1 Pu=0inQ, u=0inQf,
we have necessarily u=0 in 0,.

(®) The “modern” form of Holmgren’s theorem, proved in Hérmander [1] (Theorem
5.3.1), can easily be derived from a variant of Theorem 0.1. See Treves [4].
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Proof. Possibly after shrinking 2, we may find a piece of analytic hypersurface
in Q, S, with the properties listed in the initial paragraphs of §3: .S is noncharacter-
istic with respect to P at every one of its points; S contains the origin, and its
complement with respect to Q consists of two connected open sets, Q* and Q- ;
S, lies entirely on one side of S, say S;=Q-, i.e., Qf Q- ; the intersection of S
and S, consists solely of the origin.

Q+

Qr

FIGURE 1

We perform the changes of variables described in §3. They trangorm property (5.1)
into

5.2 L(x, t, D,, D)U(x,t) =0 for|t]| <1,
(5.3) U(x,t) =0 for0 <t < 1andall xeR"

Furthermore, we know that U(x, t) is a €™ function of (x, ¢) in the strip {¢|<1.
We know also that

tv— U(x, t)

is a @™ function of ¢, |¢| <1, with values in the space of continuous functions with
compact support in R™. This is seen at once on Figure 1. It suffices then to apply
Proposition 1.4 and the uniqueness part of Theorem 4.1.

We come now to the classical Cauchy—Kovalevska theorem. In order to prove it,
we go back to the original problem (I)«(I). It is convenient, and customary, to
extend all the intervening functions to the complex domain: we may assume that Q
is the real part of an open neighborhood of O in the complex space C*, QC, in
which we are given a complex analytic submanifold of codimension 1, S, whose
intersection with Q (i.e., with the real space) is equal to S. We are also given a
differential operator in the complex sense (that is, involving only the 9/0z; and no
8/0z,), with holomorphic coefficients in QC, P, which induces the real differential
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operator P in Q (by taking the z; real). We may also extend the hypothesis (3.1)
by assuming now:

(5.4) The submanifold SC€ is noncharacteristic with respect to P€ at every one
of its points.

Here, now, is the usual version of the Cauchy-Kovalevska theorem:

THEOREM 5.2. If (5.4) holds, there is an open neighborhood OC of O in C* such that
the following is true:

To every holomorphic function f in Q€ and to every m-tuple (g, ..., &n-1) of
holomorphic functions in S, there is a unique holomorphic function u in OC such that

(5.5) PCu=fin 0F€,

(5.6) (0/ov)u=g, in O€ N SC for k=0,...,m—1.

The normal derivative /v is to be understood, here, in the complex sense,
recalling that S is a submanifold of codimension 1 of Q¢.

Proof of Theorem 5.2. By possibly shrinking QC, we may find a holomorphic
function ¢ in this open set, which satisfies (6/ov)¢=g, on QC N SC for all
k=0,...,m—1. Then, (5.5) and (5.6) can be rewritten into

(5.7 PS(u—¢)=f—PC¢ in 0,

(5.8) (9/ov)¥(u—4)=0 in O€ N S€ for k=0,...,m—1.

In other words, it suffices to prove the existence and uniqueness of the solution u
when the Cauchy data g, are all identically equal to zero. That is what we suppose
from now on.

We perform (in real space) the changes of variables of §3. They lead to the
equations

(5.9) L(x, t, D,, D)U(x, t) = F(x, t),
(5.10) DfU(x, t)|i=o =0 fork =0,...,m—1.

Let us return to the expression (3.17) of Fin terms of /. In view of the hypotheses
about f, and of (3.9), if «>0 is small enough, (¢~1f)x’, t) can be extended as a
holomorphic function in a neighborhood of the polydisk of C**1, |x]| <« (1 £j<n),
[t|<1. We make then the choices described in p. 16. In particular, because of
(4.6) and by the same reasoning as the one used in p. 16, we see that the multiplier
(«~f)(8 tan~? (x/R), t) defines a holomorphic mapping of a neighborhood of the
closed unit disk |z| =1 in C?, into the Banach space of bounded linear operators of
K’ into itself. Assuming that m is >0 (otherwise the theorem to be proved is
trivial), we derive from Proposition 2.5 that

. n R2 m
{l1#)
belongs to K°. Therefore, F(x, t) is a holomorphic function in a neighborhood of
{t e C*; |t| =1} with values in K°. We apply the complex version of Theorem 4.1
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(with s,=0>0). Choosing 0<s<s,, we conclude that there is a unique solution
U(x, t) of (5.9)~(5.10) which is a holomorphic function of ¢, |t| <7~ !(e—s), with
values in K*. Since s is >0, we may apply Proposition 1.1: U(x, t) is a holomorphic
function of (x, ¢) in the open subset of C"*! defined by the inequalities

Mmx,| <s j=1...,n |t| <1t o—s5)

Reverting to the solution u of (5.5)(5.6) via the (inverse) changes of variables of
§3 completes the proof of Theorem 5.2.
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