HARMONIC FUNCTIONS AND THEIR CONJUGATES
ON HILBERT SPACE

BY
MICHAEL J. FISHER()

Introduction. Let 1 <p<oo and let H be a real separable Hilbert space. Denote
by y — T, the regular representation of the additive group of H acting on L?
(H, normal distribution). Let B be a one-one Hilbert-Schmidt operator on H and
ey, ey, €3, ... be an orthonormal basis for H. Let n, denote the normal distribution
with variance parameter ¢/2, let the function n(z)=(mt)" Y2 exp [—2z?/t], and let
the function N,(2)=zn,(z). Set

(M PAf) = f ® H(NNG) dijr.
where
) H(f) = L T,fdn, o B-X()

for fin LP(H). P(f) is the Poisson integral of /. The conjugate Poisson integrals of
are the

3 (1) = lim [ [ [T, &) di)|n@ .

[At this point we can not specify the domain of integration for the inner integral.]
0Y(f) is a type of singular integral operator and is bounded on LP(H). We shall
show that QY is the composition of the Poisson integral with a singular integral
operator of the type discussed in [1].

Let A4, denote the infinitesimal generator of the semigroup Ty, t>0. The A4, will
play the role of derivatives. P(f) is infinitely differentiable for each z>0 and we
have an integral formula for its derivatives. For p=2, (62/0z3)P(f)+ >, A}P.(f)
=0 and, conversely, if U(z) is a twice differentiable function from (0, o) to L2(H)
such that (9%2/9z2)U(z) + 2%, A2U(z)=0 and || U(2)||, is bounded in z >0, there is a
unique fin L2(H) such that U(z)=P.(f).

For fin L*(H), set U(z)="P.(f), v)(2)= — QL(f), V(2)=(vs(2), v(2), va(2), - . .),
and F(z)=(U(z), V(z)). Then |F(z)| is in L%(H) for z= 0 and the Cauchy-Riemann
equations relate the components of F. If |F(z)| >0 almost everywhere for z> 0, the
sum (92/922)| F(z)| + 2% 1 A?|F(z)| converges in measure and the sum is positive
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almost everywhere. If G(z)=((¢/02)U(z), A1v,(2), Av(2), Asvs(2),...) and if
|G(z)| >0 almost everywhere for z>0, the sum (8%/6z2)|G(z)|+ 22, A2|G(2)|
converges in measure and is positive almost everywhere.

When H is a finite dimensional Euclidean space and B is the identity operator
on H the Poisson integral and the conjugate Poisson integrals, given above, reduce
to the classical finite dimensional forms of these operators. The results to be dis-
cussed in this paper correspond to known theorems on finite dimensional spaces;
see Weiss and Stein [10] in this regard.

1. Preliminaries. To minimize the discussion of measure theory on Hilbert
space we refer the reader to the papers [3] and [5] of L. Gross and [8] and [9] of
I. E. Segal.

DEfFINITION (SEGAL). A weak distribution on a real Hilbert space, H, is an
equivalence class of linear maps, F, from the conjugate space H* of H to real
valued measurable functions on a probability space (depending on F). Two such
maps, F and F’, are equivalent if for any finite set of vectors y,, ..., y, in H*,
F(y1), ..., F(yx) and F'(y,), . . ., F'(y,) have the same joint distribution in k-space.
A weak distribution is continuous if a representative is a continuous linear map (the
range space has the topology of convergence in measure).

In what follows we shall be most interested in the normal distribution with
variance parameter ¢ > 0. This distribution is uniquely determined by the following
properties: (1) for any y in H*, n(y) is normally distributed with mean zero and
variance c|y||?; (2) » maps orthogonal vectors to independent random variables.
The normal distribution is continuous. There is an essentially unique (up to ex-
pectation preserving isomorphism) probability space (S, %, 1) and a continuous
linear map, F, from H* to the real valued measurable functions on (S, X, ) such
that F is a representative of the normal distribution. 2 has no proper sub-o-field
with respect to which all of the F(y), y in H*, are measurable. The measurable
functions on H are the measurable functions on (S, 2, ). L?(H, n))=L"(S, Z, ).
When the variance parameter is 1, we denote n=n; and L?(H)=L"(H, n). The
expectation, E(f), of a measurable function f'is E(f)= [ f dp.

A function f(x) on the points of H is a tame function if there is a Baire function g
on a finite dimensional Euclidean space, E,, and orthonormal vectors, A, .. ., A, in
H* such that f(x)=g((x, hy), . . ., (x, h)). The span of the A;, i=1,...,k in H is
called the base space of f. If F is a representative of the normal distribution and
Fx)=g((x, hy), ..., (x, h)) is a tame function f(s)=g(F(h)(s), ..., F(h)(s)) is a
measurable function on H. The expectation of fis

E(f) = (2me)~4 Lk g(1) exp [—”—;lclfz] dt,

where k is the dimension of the base space of f. This equality holds in the sense that
if either side exists and is finite then so does the other and the two are equal.
Several very useful representatives of the normal distribution are known. Of
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these the one in which we shall be most interested is the mapping studied by Gross
(in [5]) from H* to Borel measurable functions on an abstract Wiener space. We
adopt the notation and terminology of [5]. Let B be a one-one Hilbert-Schmidt
operator on a real separable Hilbert space H. Then |Bx|=|x|, is a measurable
norm on H. Let Hy denote the completion of H in this norm. Let S denote the
o-field generated by the closed subsets of Hy. The normal distribution n, induces a
Borel probability measure N, on Hjy such that the extension of the identity map on
H¥ (< H*), regarded as a densely defined map on H* to measurable functions on
(Hg, S, N,), to H* is a representative of the normal distribution on H. Continuous
functions, f, on Hjy are measurable functions on H and if g denotes the restriction
of fto H and if .# denotes the directed set (ordered by inclusion of the ranges) of
finite dimensional projections on H, the net {g(Qx) | Q € #} of measurable tame
functions converges in measure to fas Q tends strongly to the identity through &

Let N, be as above. We may regard B as an isometry from Hy to H. Hence
N, o B~1is a Borel measure on H. This measure is usually denoted by n. - B~ 1. See
[4] for a discussion of these measures. If fis a bounded continuous function from H
to a Banach space E, [, f(x) dn. o B-(x)=[,_f(By) dN(y)=E(f° B)"~.

If £, g, and fg are absolutely integrable tame functions on H, (fg)~ =/%, (af+g)"~
=af+ g for constants a, and if f< g on H, f< § almost everywhere. We shall use these
properties often. Gross [3] has studied other functions on the points of H which
give rise to measurable functions on H. If C is a Hilbert-Schmidt operator on H,
|Cx| determines a measurable function |C(-)||~ on H by

ICOI~ = lim {[COx]|~ | Qe #}

where Z is as above and Q tends strongly to the identity through & If fis a bounded
continuous function on H, f(Cx) determines a measurable function on H. Such
elementary functions as |x||, exp [— | x]2], and exp [i||x||] fail to determine meas-
urable functions on H. We refer to [3] for further discussion of these points.

2. Harmonic functions. We shall be interested in functions U: (0, o) — L?(H),
1 <p<oo, which are twice strongly differentiable. Let ey, e,, €5, ..., be an ortho-
normal basis for the real separable Hilbert space H. Let B be a one-one Hilbert-
Schmidt operator on H and let y — T, denote the regular representation of the
additive group of H acting on LP(H). {T,} is a strongly continuous group of
isometries on L?(H); if f is a bounded tame function (T,f)(x)=f(x—y)D,(x, y)
where D,(x, y)=exp [(x, y)[p— | y|?/2p). See [1]. Let A, denote the infinitesimal
generator of the semigroup Tyg,,, £>0. For any 4 in H, let A, be the infinitesimal
generator of the semigroup Tz, t>0. Each A4, is a closed densely defined linear
operator on LP(H). We say that fin LP(H) is differentiable if fis in the domain of
Ay foreach hin H. fis twice differentiable if A, fexists for A € H and if fand A4, fare
in the domain of A, for all hand k in H. f'is n-times differentiable if when Ay, ..., A,
are vectors in H and e=(«y, ..., o;) is a multi-index of order |a|=2}_; a;Sn—1
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then A%f= A} - - A% fexists and is in the domain of 4, for any hin H. f'is infinitely
differentiable if it is n-times differentiable for every n.

Let U(z) be a twice strongly differentiable function from (0, o0) to L?(H) such that
U(z) is twice differentiable as a function in LP(H) for each z>0. Such a function
will be said to be harmonicif for z>0 U,.(z) + 2%, A?U(z) =0 where the sum con-
verges in L?(H). In this section we shall characterize the harmonic functions
U: (0, c0) — L*(H) for which ||U(z)||; is a bounded function of z for z>0.

Let n, denote the normal distribution with variance parameter #/2, and let
n, o B~ denote the Gaussian measure with representative Fo B* when F is the
representative of n,, see [4]. For fin LP(H) set H(f)= j u Ty fdn, o B~Y(y). Then
IH()»< | f]l, for £20. By taking Fourier transforms one sees that (n, o B~1) *
(ngo B~ 1) =(nys 0 B~1), so that Ht(Hs(f))=Ht+s(f)' Since

HY(f) = fH Toss,f dny o B-Y(y),

it follows from the strong continuity of the T, and from the dominated convergence
theorem that lim,_ o+ H,(f)=/f. Thus H, is a strongly continuous contraction semi-
group on L?(H).

Set

nfz) = (mt)"*2exp [-2z%t],  N(2) = zn(2),
and

PAf) = f " H()N() dit.

Since 3 N(z) dt/t=1, |PN)],=[f], for z>0.

PROPOSITION 1. P, is a strongly continuous contraction semigroup on LP(H).
There is a Borel probability measure p, on H such that P,(f)= [, T, f dp(y).

Proof. The integral P,(f) =f3° H,(f)N(z) dt|t converges absolutely in L?(H) and
1P.(N,= [ f1l, as above.

1PN~ S [ TN =F1,N2) o

since [g N{(z) di[t=1. For ¢>0 there is a 8>0 such that |H(f)—f],<e when
0<t<$. Thus

1PNl S o+ [ LHOD=F 1N def.

N(z)/t -0 as z | 0 and for 28, N(z)/t<Kt~32 By the dominated convergence
theorem, lim sup, o |P.(f)—f|,<¢ for every £>0, and lim,,, P,(f)=f.

The set of Borel measurable functions f on H such that f(¢'/2x) is Borel measur-
able on (0, o) x H is closed under pointwise limits and includes the continuous
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functions and hence consists of all Borel functions. Let yz(y) denote the character-
istic function of a Borel set E in H and set p(E)= [, xe(y) dn, o B~*(y). Then
m(E)= [, xe(t*'?y) dny o B-*(y) is a bounded measurable function of t. Set p(E)
=j;° w(E)N(z) dtjt. By the bounded convergence theorem, p,(E) is a countably
additive Borel measure on H. For simple functions, F, from H to L?(H),

f F(y) dp(y) = f ) f F(y) dn, » B-X(y)N(z) di]t.
H 0 H

Since for each bounded continuous function F from H to LP(H), there is a bounded
sequence of simple functions converging pointwise to F(y), the above equality of
integrals holds for all bounded continuous functions by the bounded convergence
theorem. In particular, P,(f)=[, T,fdp.(»).

To show that P, P,=P,,, we show that p,*p,=p.,, since P(P,(f))=
fH T,fd(p. * p,)(»). To prove this identity we shall calculate the Fourier transform,
D», of measure p,. We shall see that p(y)=exp [—z||B*y|]] and hence (p, * p,)"(y)
=exp [—(z+w)||B*y|]. Thus p, * p,=p... by uniqueness of the Fourier trans-
forms of Borel measures [4].

It follows from the above considerations on the measure p, that

pu) = [ L exp [i(u, y)] dn, o B-X(y)N(z) dit
- f: exp [—t/4] B*u?IN(z) di/t.

Set a=2"1|B*u| and F(a, z)=[g exp [—ta®IN(z) dt/t for z>0 and set F(a, 0)=1.
F(a, z) is continuous on z=0 for each a=0. If s=1"122,

® 2
F(a,z) = w‘l’zf exp [__(z:) -s] ds|s'?
]

and by a theorem on uniform convergence

Fya, z) = (—2za%)m~12 J‘w exp [—(Z?)z —s] ds/s®?
0

for z>0 and a>0. Set t=s5"'(za)?, to get Fy(a,z)=—2aF(a,z) and F(a,z)=
F(a, 0) exp [—2az]. Thus p(u)=exp [—z||B*u||]. This concludes the proof.

REMARK. The operator P, is the Poisson integral of f. It follows from the fact that
PAu)=exp [—z||B*u|] that if H is n-dimensional Euclidean space and B is the
identity operator, then

P((n+1)/2 -
dp(y) = —%%2) (| ] +2%) ="+ 22 dy,

which is the Poisson kernel in E,.
For fin L?(H), T, fis a bounded uniformly continuous function from H to L?(H).
If B is a one-one Hilbert-Schmidt operator on H, T, f is uniformly continuous in
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the norm ||Bx| and Ty, f extends uniquely to a continuous function from Hp, the
completion of H in the norm | Bx!]. In the next proposition we shall use the Wiener
space representative for the normal distribution »,, the normal distribution with
variance parameter #/2.

The Wiener space representative, F, of the normal distribution #, may depend on
t since for y in H*, F(y)(s) is defined only almost everywhere. It is known [6],
however, that F may be chosen so that if h, € H¥ and h, — h in H* then F(h,)
converges to F(h) in L%(H, n,) for all +>0. We shall assume in what follows that
we are working with this representative for the normal distribution »,.

Denote by y — S, the regular representation of the additive group of H acting on
L'(H, n,). For h in H, let C, denote the infinitesimal generator of the semigroup
Sun, u>0.

ProrosITION 2. Let hy, ..., h, be in H, let A5=A5}---Af», and let Ci=Cp
-+ Cgr. Then

ASH(S) = L Tun fCHD() dn(y)
and

ASPf) = L " AH(NG) dijt.
P(f) is an infinitely differentiable function of z for z>0 and
Lrn = [ HG) NG del.
Proof. For t>0and A in H,
A H(f) = lslg)l s TsnH()— HLS))
= lim H(s™(Tuonf~1)

= lims~?! fH (T + swf—Teyf) dny(y).

sio0

Let ge L”(H), p’=p/(p—1) and < , > denote the dual pairing between L? and
L”. Set $(y)=<Tp,f, g>- By Theorem 3 of [9], '

[ so+shyan() = [ 90)Dusty, o) dny)

B B
where
_ >, y)_llyllz],
D5, 5) = exp [=2 12
Thus
AH) = lims™ [ Touf1Dyaly. sh) =11 dn3)- 5~ {Dyaly—sh) =11
s B

™Y Dyo(y, sh)—1] = s~ [Sa(1)(¥)—1]
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converges to C,(1) in LY(H, n,) as s | 0 and

|s~ 1S (1)(») = 1)| < const. exp [2/t|(h, Y)|I(|(h, )|+ 1)

for s<1, so that by the dominated convergence theorem,

AH(Sf) = fﬂ T fCH1)() dr( ).

Proceed by induction. Let a=(ey,..., o, ..., @) and B=(ay, ..., i+ 1, ... &),

ALH(f) = fim s L (Tsew+ snof — Teuf YCu(1)(y) dni(y).

Let g e LP(H) and set ¢(y) = Ty, f, g>-
<S- ! J;{ (Toy+ snpf =Ty NICH)(p) dny(y), g>

_ g L (B(y+5h) — $(R)CHD(Y) dn(y).

If ¢ were a bounded tame function, this last integral would be

L ()5~ [Sun, CE1)(P) = CHD(M)] dm().

Since the bounded tame functions are weakly dense in L®(H, n,), this equality
holds for all bounded n,-measurable functions ¢. Thus

AH(P) = lims™ [ Ty 150, CH0) = OO dn).

Each Cj(1)(y) is a polynomial and s~ *[S;,,Ci(1)(y)— Ci(1)(»)], the difference
quotient, is dominated in absolute value by an n-integrable tame function which
is independent of s for sufficiently small s. Thus the dominated convergence
theorem assures that AfH,(f) exists in LP(H) and that the desired equation holds.

Similarly one shows that the difference quotients s~ *(Tspn, AFH(f)— ARH(S))
are dominated in p-norm by a polynomial in ¢-'2, Hence the differentiability
of P.(f) follows from the dominated convergence theorem; AZP,(f) has the desired
form.

Each of the difference quotients A~ [N{¥(z + h) — Nf¥(z)] is dominated in absolute
value by a function of the form p(z, t~'2) exp [—z2/t] where p(z, t~1/?) is a poly-
nomial in each variable which is independent of 4 for sufficiently small A. Differ-
entiability of P,(f) in z now follows from the dominated convergence theorem.

We now turn to the characterization of the bounded harmonic functions
U: (0, ©) — L*(H). Let p(x) be a polynomial on H. Set

W(p)y) = L P25+ iy) dn(x).
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W(p) is the Wiener transform of p(x) and W extends to a unitary operator on L3(H)
(see [8)). If fe L*(H), W(T,f)=exp [iF(3)[2]W(f) where F is the representative of
the normal distribution with variance parameter 1. Hence if fe L% H) is in the
domain of A4;, W(A,f)=[iF(Be,)[21W(f). Thus if U: (0, c0) — L*(H) is harmonic;
i.e. U (2)+25%, A2U(z)=0 for z>0, then

Al ~)2
W~ L ) = 0

where |B*(-)|~ is the measurable function determined by |B*u|. In particular
if f'e L%(H) the Poisson integral, P,(f), of fis harmonic. For as was shown in the
proof of Proposition I, the Fourier transform, j., of the measure p, is p,(u)
=exp [—z|B*u|]. Since W(P.f)=W(f) |, exp [iF(y)/2] dp(»), we have that
W(PAf))=W(f) exp [—z/2| B*(-)|~]. Hence

_ (1B
4

W(PA[)):- W(PA/))

and P.(f) is harmonic.

THEOREM 1. If fis in L%(H) and if P,(f) is its Poisson integral, P.(f) is harmonic
and is bounded as a function of z, z>0, to L2(H). Conversely, if U: (0, ) — L*(H)
is a harmonic function such that | U(z)||; is a bounded function of z, there is a unique
function f in L3(H) such that U(z)=P(f).

Proof. The facts that P,(f) is bounded in z and is harmonic were established
above.

Let |U(z)|.=C<oo for z>0 and let U be harmonic. Let zj, z5, z;5,... be a
sequence of positive real numbers which converges to zero. By virtue of the
boundedness of the sequence {U(z;)} in L%(H) and by virtue of the weak compactness
of a closed ball in L2(H) there is a subsequence, again denoted by {U(z;)}, and a
function fin L%(H) such that {U(z,)} converges weakly to f.

Set ¢(z)= U(z +z;) — P,(U(z))). Then ¢(0)=0 and

W(¢(z))zz = W( U(Z + zi))zz - W(P z( U(zi)))zz

_ (IIL(“JM [W(U(z+2))— W(PU))]

Set a=2"1||B*(-)|~ and ¢(z)= W(é(z)). We have ¢"(z) =a*}(z) or $(z)= A4 exp (az)
+ B exp (—az). Since $(0)=0, B= — 4 and (z)=24 Sinh (az); A is a measurable
function. Since a>0 and z>0, |24 Sinh (az)| 2 2az|A|. Since |U(z)|.2C, [¥(2)].
=|#(2)|2=2C; but z| 4| B*(-)|~ |22 |#(z)| 2 and the left side of this inequality is
unbounded in z unless 4=0 almost everywhere. Hence ¢(z)=0 for z=0 and
U(z+2z)=P,(U(z))).
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If g is in L%(H),
<& PAU(z))> = E(gP(U(z))) = L <& TLU@E))>dpy) = fH (T}g, Uz)> dp.().

Since {U(z,)} converges weakly to f as z; tends to zero, {g, P,(U(z;))> converges to
<&, PAf)> as z; tends to zero by the bounded convergence theorem. Since U(z+z,)
=P.(U(z), <g, U(z))=<g, P.(f)) for all g in L H). Hence U(z)=P,f). The
uniqueness of f follows by taking Wiener transforms and noting that the Fourier
transform of p, does not vanish.

REMARK 1. Let 1<p<oo and fe LP(H) satisfy |T,f—f|,< K| y| where K is a
finite positive constant and y — T, is the regular representation of H on L?(H). We
shall show that P,(f) is harmonic in a weak sense. Let g € L*(H), p'=p[/(p—1).
Then ¢(y)=<g, Ts,f> is a Lip 1 function on Hj. In the notation of [6] p,$(x)
=g, TeH(f)>=0(t, x). By Theorem 3 of [6], v(t)=uv(z, 0) is a boundedly and
continuously differentiable function of ¢ and

dv/dt = } trace D%v(t, X)|-o

where D? is the second Fréchet derivative of v with respect to the second variable.
(The change in the above constant is due to the fact that we have replaced Gross’
parameter ¢ by #/2.) j: (dv|dt)N(z) dt/t exists and integration by parts shows that
this integral is —3{g, P.(f)..>. By formula 9, p. 44 of [6],

((D2p)(x)hy, hy) = 2t L $(x + YH2/tF(h)(p)F(ho)(y) = (hy, ho)} dny(y).
Thus

trace D3(t, x)| w0 = ; 20t [ HN2FENR -1} dn) = 2 (g, APH(P))

by Proposition 2. By inequality 38, p. 173 of [6], the trace class norm of D2u(t, 0) is
dominated by Kz~1/2 where K is a positive constant. Hence 3., [<g, A7H/(f))| is
dominated by K¢~'’2 for all n. By the dominated convergence theorem we get that
P(f)e+ 2521 AJPAf) converges weakly to zero.

REMARK 2. An argument similar to that given in the proof of Theorem 1 shows
that the bounded differentiable functions V: (0, co) — L2(H) which satisfy V'(z)
=27%1A47V(z) for z>0 must be of the form V(¢)=H,(f) for some unique f in
L?*(H). H, is as in equation (2).

3. Conjugate harmonic functions. Let B be the one-one Hilbert-Schmidt
operator of §2 and let ey, e,, €5, . . . be the orthonormal basis for the Hilbert space
H. Let n(z)=(nt)"'2 exp [—z%/t] and let the representative of the normal dis-
tribution be the map F from H* to Borel measurable functions on Hj; choose F so
that it is independent of the variance parameter. For fin L?(H), 1 <p <, set

00() =1im [[[ TuufFie)») dn)|nie) .
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PrROPOSITION 3. Q¥ is a bounded operator on L°(H) for 1 <p < co.

Proof. Let e denote a generic element of the o.n. basis of H and let Q, denote the
conjugate Poisson integral corresponding to e.

J-on [ J'HB T, fF(e)(y) dny y)] n(z) dt|t

—2z2

= 7] LB o FN) dni(3)] exp [=Z] ati;

for let ¢(y)=<g, Ts,f> With gin LP(H), p'=p[(p—1). If ¢(y) were a bounded tame
function,

fH B(NF(E)y) dn(y) = 1172 fH (1129 F(e)(y) dns().

Since the bounded tame functions are weakly dense in L®(H). the desired equality
holds for ¢(y)=<g, Tp,f) and the first assertion holds.
Set s2=1 so that the above integral is

_ 2
20 [*[ [ TomfFeexs) () exp [S5] dsls, where p = o2

Since F(e)(y) is an odd function, this integral is
0 — 22
[ 1, motFexs dnin)] exp [55] s
.
Thus

0Lf) = =~ %2 lim

R—o Itléﬂ[ Hp

TonfFX) dni()] exp [ 5] an.
Let

orn =m2f ] TafFew) )| exp [55] di.
Then

0xf) == [ [ Texw [57] atit] Fex) ami.

By Minkowski’s integral inequality,

1o¥Nl, 5 |,

Set s=t| By| so that

Jm;n Tasfor [ 75 d’/’”plF(e)(y)I dny(3).

B

—z2
J Ty, fexp [7] dtft
ISR
_22|

- To.fexp [ZZAZ2] 4t where w = By|By| -
= 1o €XP 5 [t where w = By|By| 1.
I1t1 S RUBylI t



1969] HARMONIC FUNCTIONS 397

Let f be a bounded continuous tame function. Since the normal distribution on H is
orthogonally invariant,

1 2 2
‘f T,.feXp [ "By" ]dt/t
141 S RIBYI
© @ X8 sz]
= — 8, Xgy ..., Xn) €XP |2 — -
f—ao J—uo flslgnuayuf(xl : ) exp P 2
.2 2
*) X exp [Lﬂzﬂyi] dsfs| dn(xy)- - -dn(x,)

(x1 —3)2]

“amn [T [T

J f( 1— 8, Xg5 ... axn)exp[
Isl SRIIByll

—2%| By|*
s2

X eXp [ ] ds/s ’ dx, dn(xy)- - -dn(x,).

Hence to prove that the | Q%(f)|, are uniformly bounded, it suffices to show that

i = [ see-nex [=5] anr

is a uniformly bounded family of operators on LP((—0, ), dx), 1 <p<co. Let f
be a smooth rapidly decreasing function. Then the Fourier transform TI(f)(u) of

TY(f) is
2if (u) fo sin (uy) exp [:y;] dyly.
Let
a0 = [ sinwyexp [=X] ayty. -
Then ¢,(u)= [7* sin y exp [~ u?2%/y*] dy[y for u#0 and 4,(0)=0. Now,
o [ 10017 du

can be estimated as follows.

, Tu - u222] . [ —2uz?
H(U) = € sin
$1) f 0 xp [ 2 ‘ »?
and

12 p22%] z ) 12
(j |br()|? du) < Kf exp[ ] (J‘ uzdu) dyly+Kp=12 £ Kyp~ 12,

nl2

_r,fz] sin (ur)/u

Thus p [*, |$7(u)|? du< K, <co. By Hérmander’s Theorem on LP-multipliers [7],
the T? form a uniformly bounded family of operators on L?((— oo, o), dx). Hence
the QF form a bounded family on L?(H).
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We shall prove that the OF converge strongly as R tends to infinity. It is sufficient
to show that the T} converge strongly as r — co. Then two applications of the
dominated convergence theorem show that the QF converge strongly.

TN -T2) = + f

pslyls

Sx—pyewp [SF ] dyly.

Let f be continuous with compact support and let o, B> 1 satisfy 1/p=1/a+1/8—1.
Apply Young’s inequality to the above difference to get

TN -T s ([ )

The right side of the last inequality tends to zero as p, r tend to infinity. A density
argument completes the proof of the strong convergence of the T7.
For bounded continuous tame functions f on H

‘J;tlér

where K is a constant which is independent of z, y, and r. Hence by the dominated
convergence theorem,
f pSItISR

|| < Klfl,

Jim 103()- 02N, j Jim

Hg R.o~

—2z2
Tiuf exp [_tT] dtlt
P

Use the fact that f'is tame to write || [, <, < Tisyfexp [—22/t%] dt/t |, as in (*). Since
the Ti(f) are uniformly bounded, we may apply the dominated convergence
theorem to conclude that the QZ(f) converge in LP(H). A density argument
completes the proof.

For fin L?(H), 1 < p < oo, the QY(f) are the conjugate Poisson integrals of f.

If one applies the Wiener transform to the operator QY on L?(H) one sees that

WQL()) = :ﬁﬁgQ’)'||~ exp [—z/2| B*(-)| ~1W(A).

Hence, at least in L%(H), QY’=P, o R, where R; is the singular integral operator

o
R =, Jim ["[[ TisufFlexs) )] ane.
p=®;610 J¢ Hp
These operators have been studied in [1].
PROPOSITION 4. For 1 <p<o, QF=P, o R, as an operator on L*(H).

Proof. Let e denote a generic element of the basis e, e,, €3, ... of H and let O
and R be the corresponding operators. Let F be the usual representative of the
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normal distribution which maps to Borel measurable functions on the Wiener
space Hg. Let S be a finite dimensional orthogonal projection on H. Set

0x9) = Jim [ [ TunufF@10) dni)|na) a,

e = [7[[ Tsdne B0 |we an

and

SOR | fHB T F@) dn(y)] dir

6-0;p— 00

We may suppose that £=0. Each of these operators is bounded independently of
S on L*(H).

Let 03°(f) =[5 [f 4, TseufF(€)(y) dn(y)]n(z) di/t. Let f be a bounded continuous
tame function on H and let V be the orthogonal projection onto the span of e and
the base of f. Let S> V. We shall show that Q5°(f) converges uniformly in S to
Q:(f) as p > 0.

102°(H - Q(NI» £ K

A

[ [, Temsmtriexs) ann) exp [=Z] i

L’

IA

K
Hg

o _
f Tyizgp, feXp [‘T‘] dift

ﬂIF(e)(y)I dny(y)

by Fubini’s theorem and Minkowski’s inequality. Since S> V and f'is based in VH,
Tyizgp, f=(T2yp, ID,(+, tY3(S— V)By). For each y in Hy the functions on the
right are independent tame functions. The first is based in VH and the second is
based in (S — V) H. The product is based in SH. We write the normal distribution on
SH as a product and apply Minkowski’s inequality to get

. . —z2
J Tyizgp, f €XP [——,—] dift
r

0 . _22
f Tizpp, fexp [—,] dijt

! < g
' b I
Set u?=tand w= VBy| VBy| ~1, use the fact that fis tame and based on VH and the
fact that the normal distribution is rotationally invariant. Let I/p=1/a+1/8—1,

a, B>1 and apply Young’s inequality. It follows that

1821 02Nl = Ko(o. R fH | VBY| | Fe) )] dnl(y))

where 8(p, R) tends to zero as p, R — co and where K is independent of S. We may
choose « so that « <2. By Holder’s inequality the last integral is dominated by
K(f |VBy|*~* dny())"'2. Let K, denote the kernel of VB. On K4, VB is a one-one
finite dimensional operator into H. So there is a constant C such that | y|| < C|| VBy|
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for y in K;. Write the normal distribution on Ki in polar coordinates; if V is
sufficiently large, dim (K;)= 2, the last integral is finite. Thus as r, p — oo,

102°(f) = QN>
converges to zero uniformly in S when fis a tame function and S is sufficiently
large.
Thus if fis a bounded continuous tame function,

12:()— QZNNl> = 12— Q2N +122(N) - 2N+ [ 22°(N) = Q2N -

For >0, there is a p, such that the first and third terms on the right are each
< ¢/3 when p= p,. Fix p2 p,. By the strong continuity of the regular representation
of H acting on L?(H) and by the bounded convergence theorem, the second term
on the right converges to zero as S tends strongly to the identity through the
directed set of finite dimensional projections on H. Hence lims_; Q5(f)= Q.(f).
Since the bounded continuous tame functions are dense in L?(H), Q, is the strong
limit of the net Q5.

A similar argument shows that R is the strong limit of the net RS [2]. The dom-
inated convergence theorem implies that P, is the strong limit of the P5.

Let f be a bounded continuous tame function. Then Q3(f) and P5(RS(f)) are
tame functions. By taking Wiener transforms (with variance parameter p/2) of each
of these functions we see that Q5(f)=Ps(RS(f)). Since the QF, P;, and RS are
uniformly bounded in S, we may take the limit in S on each side of this equality.
This gives the conclusion of the proposition.

In what follows we shall consider only the case p=2. For f in L% H) we set
U@)=P.(f), v(2)= — QL(f), V(2)=(0y, 03, 15, . . .), and F(2)=(U(2), V(2)).

PROPOSITION 5. (8/0z)U(z)+ >, Ajpfz) converges to zero in L*(H). For

i,j=1,2,3,... Ayp,=Aw;, and A;U=(0/0z)v(2).

Proof. We shall first calculate the Wiener transform of v,. By Proposition 4,
v(z)= —P,(R(f)). From §2 we know that W(P.f))=W(f)exp [—z/2|B*(-)|].
From [1] we have that W(R,(g))= W(g)i(B*(-), e;)|B*(-)| ~*]. Thus (8/0z)U(z)
+3>¥_, Ajv(z) has Wiener transform

-5 1= 181 (2 @ )| exe -z21m o nw)

The first term in this product converges to zero in measure. For each N, this quan-
tity is dominated in absolute value by a constant multiple of |W(f)|. By the
dominated convergence theorem (9/0z)U(z)+ 2%, A;v{(z) converges to zero in
L3(H).
The other assertions of the proposition follow by taking Wiener transforms.
The vector F(z)=(U(z), V(2)) has |F(z)|=(U(z)>+ 2>, v{(2)»)*? in L*(H) for
each z and || |F(2)| |.=2"2||U(2)| 2. For

E(i 01(2)2) = E(|W(U)|2I§m(3*(.), 91)2"3*(*)“'2)-

j=m
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>r_m |B*(-)| ~%(B*(-), e;)* converges boundedly to zero in measure as n, m — 0.
The dominated convergence theorem implies that E(D}., v4(z)?) converges to
zero as n, m — oo. Hence |F(z)| is in L% H) for each z>0. That | |F(2)| |.=
22| U(z)||, follows by taking Wiener transforms in

E(F@P = EUE+ 3 Eo6Y)

- E(IW(U>|2)+E(§ (B, e,)zuB*(~)||-2|W(U>|2)

=1

= 2E(|W(U)|?) = 2E(U?);

here the dominated convergence theorem is used as above to insure these equalities.

In what follows we shall denote 9/0z=A, and the map U(z) - U(z+h) by
(T, U)(2). Set U(z)=v4(z) and A,;F(z)=(A4,04, Ajv1, Ajvg, ...) for j=0,1,2,3,....
Then |A4,F| and |A2F| are in L*(H) and | |4,F| |,<const | f|. and | |4FF]| |2
Zconst | f]z.

THEOREM 2. The notation is as established above. If |F(z)| >0 almost everywhere
for each z>0, A,|F(z)|=(F(2), A;F(2))|F(z)|~*j=0,1,2,3,.... The second
derivative A3|F(z)|=1lim,.o t~*[T;p.,A;|F(z)| — A;|F(2)|] exists in measure. The sum
S0 A}|F(2)| converges in measure and the sum is positive almost everywhere.

Proof. For brevity set F(z)=F and Ty, =T, for the computation of the de-
rivatives.

Step 1. We shall show that lim,., ||t~%(T3|F|—|F|)—|F|~*(F, A;F)|.=0.
Expand the integrand and consider

I, = E[|F|~%F, A;F)*—|F|~(F, A;F)tY(T}|F| - |F|)]
and
II, = E[t~%(Ty|F| - |F|)?— |F|~X(F, A;F)t"Y(T,|F|—|F))].
First note that T}| F| =|T,F| almost everywhere. For if F were a vector with finitely
many nonzero components and if each component were a bounded continuous
tame function, this equality would hold. The set of all vectors with finitely many
nonzero components each of which is a bounded continuous tame function is

dense in the set of all square integrable functions from H to /,. Hence the above
equality holds.

I, = E[|F|~X(F, A,F)(|F|~(F, 4,F)—t"Y(|T,F|>— |F|>)(|T.F| +|F|)~ "]
|IT.F|2~|F|* = Z [T+ vl14,0+ 0(1)]
where o,(t) = (T, —v;) —tA;v,. Let o(t)=(04(?), 01(2), 05(t), .. .). Then

Be=o)") = E( 3, 1=*(xp 2 (Be) ~ D =il2EBe) P W)
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tends to zero by the dominated convergence theorem (using the fact that v, is
a Poisson integral). Thus
I, = E[|F|~*(F, A;F)*~(F, A;F)|F|~(T.F+F, A;FX|T.F|+|F)7']
+E[(TF+F, t o)) (|T:F|+|F|)~*].

Each integrand tends to zero in measure as t — 0. By the Schwarz inequality, the
first integrand is dominated by an integrable function which is independent of ¢;
hence the first integral converges to zero as 1 — 0. The second integral is dominated
in absolute value by |#=*|o(?)|| . by the Schwarz inequality and this tends to zero
as t — 0. Thus lim,_, 7,=0.

For II, write
Il, = E(|T.F|+|F|)~%T,F+F, A,F*~|F|~(F, A,F)T,F+F, A,F)|T.F| +|F])"]

+2E[(|T,F|+ |F|)~*T.F+F, A;F)T.F+F, t"o(1))]

+E[(TF+F, t*o())(|T.F| +|F|)~?]

—E[(|F|~X(F, A;FN|IT.F|+|F)"Y(T.F+F, t~*o(1))]
where o(t) is as above. The integrand in the first integral converges to zero in
measure as ¢ tends to zero since T, is strongly continuous, and this integrand is
dominated by 2| 4,F|%. So the first integral tends to zero with . The second integral
is dominated in absolute value by 2E(|4,F|t~|o(t)|) £ K|t~ |o(?)| ||z which tends to
zero with ¢. The third integral is dominated by K |#~*|o(?)|||3, as is the last integral,
so that these tend to zero with 1. We have calculated the first derivatives of |F|.

Step 11. We show that A}|F|=|F|~!|4,F|?+|F|~(F, A}JF)—|F|~%F, A;F)?
and 1~Y(T,A,|F| — A,|F|) converges in measure to A7|F| as ¢ tends to zero. (This
difference quotient does not converge in L%(H). It is convenient, however, to
continue to denote the second partial by A7.)

A,|F|=|F|~X(F, A;F) and T A4;|F|=|T,F|~XT,F, T,A;F) almost everywhere.
Consider |F|T,A,|F|. Write |F|T,A,|F|—|F|A4,|F|=ay(t)+axt)+ay(r) where
ay(t)=|F| |T.F| - {(T\F, T,A;F) = (T\F, T, A;F) = |T,F| - \(T.F, T.A,F)(|F| - |T,F|). By
Step 1, |F|—|T,F|=—|F|~*(F, A;F)t+o(t) where |t~'o(t)|. tends to zero as ¢
tends to zero. So

ay(t) = t[—|F|~F, ;F)|TF| " (T.F, T.A;F)+o()|T.F|~ (T .F, T.A;F).
ay(t) = (T\F, T,A;F)—(F, T, A;F) = 1(A;F, T,A;F)+(o(t), T:A,F)
where o(1) is as in Step I and ||t~ |o(1)| || tends to zero with 1.
ax(t) = (F, T,A;F)—(F, A;F) = t(F, A3F)+(F, o(1)).
Thus
lt=2|FI(TeA;|F| = A;|FI) = |FAF|F | |s
< e ay () + |F|-2(F, A;F)? |+ [0 ag(t) = |A;F 12| 1+ |1 as(r) = (F, AF)|,
< | |F|~X(F, A,F*—|F|~F, A,F)|T.F|~T,F, TAF)|,
+|[t7 ()| TF | ~X(T,F, T, A;F) ||+ || | 4;F |2 — (4;F, T, A;F)|,
+ |87 2(AF, oDl + 17 H(F, o).



1969] HARMONIC FUNCTIONS 403

By the Schwarz inequality the first term on the right is dominated by
K| A4,|F|-TA4,|F| |2

which converges to zero with ¢ because of the strong continuity of the 7,. The
second term is dominated by K|#~o(?)||; and tends to zero with ¢. Similar argu-
ments show that the other terms on the right tend to zero with ¢. This proves
that |F|[T.4,|F| — A4,|F|}/t converges in L'(H) to the desired quantity as ¢ tends to
zero. Since |F| >0 almost everywhere for each z >0, t~![T,4,|F| — 4,|F|] converges
in measure to |F|~|4,F |2+ |F|~Y(F, A?F)—|F|~%(F, A,F)>.

Step 1II. 3%, A}|F| converges in measure and the sum is positive almost
everywhere.

Notice first that by the conclusion of Step II, |F|A?|F|2(F, A?F) since
|F|=(F, A,;F)*< |A;F |

>0 |4;F|? converges in L*(H). For

B3 1417) = 5 EQar = 5 E( 3 o)

E((4;2)%) = } E(B*("), ¢)*(B*(-), &)*| B*(-)| =2 exp [—z| B*() || W(/)]?)

fori,jz 1.
For i=0,

E((A0)?) = % E((B*(*), e)* exp [—z| B*(-)[ 1| W(f)|?).
By the dominated convergence theorem, E(|A;F|%)=31E((B*(-), e)?|lW(U)|?).
As m,n— oo, T, E(|4;F|?) converges to zero since

2. (B¥(), &) exp [~z B*()|]
i=n
converges boundedly to zero in measure.
Since |F|~%(F, A,F)?<|A,F|? 350 |F|~%(F, A;F)? converges in L'(H).
>0 (F, A?F) converges in L*(H). For
)< o] 5]

o[ on]) = 5

j=n
< | 1P| 3 437
i =n

<53 () ) (S m) ) - £ 2, ot

S A43F

I=n

i A?F

(. i (B, B, @0 (B*). eI B*C)] -2exp =1 B0 W)
hen i=1 and
B(( 3 4m0) ) = 15 B( 3 @), @) e exo 1=l BOIWNE)-
i~ 16

kJj=n
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m

> AjF

Thus
f=n

“(
i (B*(-), ¢)*(B*(°), ex)* exp [—z| B*(-)[] = | B*(-)|* exp [—z| B*(-)]]

jk=n

) - %5( S B, e)BX(-), € exp [—zuB*(-)u]lelz).

jk=n

and this sum converges boundedly and in measure to zero as n, m tend to infinity.
Hence 32, (F, A,F) converges in L'(H).
Hence 3%, |F| 43| F| converges in L'(H) and 3%, A7|F| converges in measure.
Since 5%, |F|A?|F| 230 (F, A7F) and since each component v of F satisfies
S o A2v=0, the right side of the last inequality converges to zero in L'(H). We
know from above that 32, (F, A7F) converges in L'(H). Consider

i (F, A?F) = (F, Z A?F)
=0 =0

and
5(|2 3 ) s | 3 |
= i=0 2
n 2 0 n 2
> AF|| = E( ( > (A,zv,)) )
=0 2 i=0 \j=0
Consider

(g) -l 5 0

=1

xexp [ 2| B[ IBHC), )| BH)] 7] WU)I”]

for iz 1 and
5((3 41)) = ] (E2L- 5 e ) expr-zimrommenre]

By the dominated convergence theorem

% |l = 2 [(1B* QI & B*) e)? : 2
[ 2, 4F 2—25[( &2 4 ) exp [—z|B (-)II]IW(f)I]-
(nB*‘(")u'«’_ ,:1(3*(2’ e,)Z)z exp [~z B*()]]

converges boundedly and in measure to zero. Hence | |2}, 47F| ||3 converges to
zero as n tends to infinity. Hence 3%, (F, A7F) converges to zero in L'(H) and
>0 A?|F| =0 almost everywhere.

REMARK 1. If fis nonnegative and somewhere positive, P,(f) is positive almost
everywhere and |F| is positive almost everywhere.
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REMARK 2. An argument similar to that given above shows that if G(z)
=((9/0z)U, A,v,, Agvs, Agg, . ..) and if |G(z)| >0 almost everywhere for z >0, the
sum (92%/0z%)|G(z)| + 2% 1 A?|G(z)| converges in measure and is positive almost
everywhere.
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