ON THETA FUNCTIONS AND WEIL’S GENERALIZED
POISSON SUMMATION FORMULA

BY
JUN-ICHI HANO(?)

In his paper, G. Shimura quotes a proposition [2, Proposition 2.5] which is
derived directly from a transformation formula of theta functions due to Krazer-
Prym and suggests proving this proposition by means of a generalized Poisson
summation formula obtained by A. Weil [4, Théoréme 4]. The purpose of this
paper is to execute his idea. Let us explain briefly the result.

Let V be a 2n dimensional real vector space and let D be a discrete subgroup of
rank 2n in V. Suppose that we have a nondegenerate alternate bilinear form A on
V' x V which assumes integral values on D x D. The form A represents an integral
cohomology class on the torus 7=V /D. A complex vector space structure J on
V induces a complex structure on the torus, which may be denoted by the same
notation. Such a complex structure J is said to be admissible if there is a positive
divisor on the complex torus (7, J) whose cohomology class is 4. Making use of
the theory of theta functions on the complex vector space (V, J), we assign to each
admissible complex structure J on T a holomorphic map ©(J) of the complex
torus (7, J) into a complex projective space P of a certain dimension depending
only on the form 4, in such a way that the cohomology class 4 is a rational multiple
of the image of the cohomology class of hyperplane sections on P under the
cohomology homomorphism @(J)*.

Consider the group S(D) of real linear transformations of ¥ which leave the
bilinear form 4 and the subgroup D invariant. If o € S(D), then o induces an
isomorphism o of T onto itself. If J is an admissible complex structure on T,
there is a unique admissible complex structure J? on T such that o: (T, J°) — (T, J)
is a holomorphic isomorphism of these two complex tori.

Now, the result asserts that if we make a suitable choice of the assignment
©(J) to each admissible complex structure J and if o belongs to a congruence
subgroup in S(D) of sufficiently high level with respect to an appropriate base of
D, then the following diagram is commutative:

(1,09~ (T, J)
@(J:N ﬁ(l)
P
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Our task is not difficult, because there is available a paper by P. Cartier [1],
which views theta functions in the framework of the unitary representation of a
certain nilpotent Lie group which is a fundamental tool used by A. Weil to obtain
his generalization of the Poisson summation formula.

In what follows, we denote by C the field of complex numbers, by R the field
of real numbers and by Z the ring of integers.

The referee of the present work kindly suggests the author to refer, for other
proofs of the above result, to the following two articles: J.-1. Igusa, On the graded
ring of theta-constants, Amer. J. Math. 86 (1964), 219-246 and D. Mumford, On
the equations defining abelian varieties, (111), Invent. Math. 3 (1967), 215-244.

1. Notations and theorems.

1.1. Let ¥ be a 2n dimensional real vector space and let D be a discrete subgroup
of rank 2n. We assume that our vector space V is equipped with a nongenerate
alternate bilinear form A on Vx V which assumes integral values on D x D.
This setting (V, D, A) is fixed throughout this paper. An endomorphism J (acting
on the right of the vector space V) satisfying the following conditions:

(i) J2=—E,

@ii) Aw-J,v-J)=A(u, v), u,veV,

(i) A(u, u-J)>0, ueV, u#o0,
is called admissible complex structure for (V, 4). We denote by ¥V, the complex
vector space determined by J, and by 7; the complex torus V,/D. The alternate
bilinear form A defines canonically an integral cohomology class of the complex
torus T, which provides a polarization of 7,. The hermitian form H; on V,;x V;
defined by

Hl(ua U) = A(u’ UJ)+(_ l)lle(u> U), u,ve VJ,

is called the Riemann form of the polarized abelian variety (77, 4).

An R-valued bilinear form B on V x V assuming integral values on Dx D is
called a satellite form of A if B(u, v)— B(v, u)=A(u, v), u, ve V. By means of a
satellite form B of A, a semicharacter of D attached to A is defined to be a map ¢
of D into the multiplicative group of complex numbers with absolute value 1 such
that the map d — (d)e[B(d, d)/2] is a character of D, where we adopt a convention
to read e[*] as exp 2#(—1)Y/2x. A theta function (of reduced type, [3, p. 111]) of
type (H;, ) is a holomorphic function on the complex

00c+d) = 00)p(d)e [2’“("_(‘1’)1‘,)“ ‘f’({’_(“;’)‘ﬂ)z ., xeV, deD.

We choose a base {dy, ..., dy41,. .., dan} of D such that

n

2n 2n
@ A(z td, S di) = 5 climratborand  EomeR,
=1 i=1

a=1

(ll) el,..., e,, eZ, elle2l"‘|en_1len.
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The integers e, .. ., e, are the elementary divisors of 4 with respect to D and the
positive integer e=|e; - - -e,| is the Pfaffian of A with respect to D. Both the ele-
mentary divisors and the Pfaffian of A4 are determined by A, independently on the
choice of a base {d,, . . ., d,, dy 41, - - -, do,} satisfying the above two conditions. Such
a base is called a base of D adapted to A. Take a base {d,, ..., d,, dy 1, ..., dop}
of D adapted to 4. Then, both {d,,...,d,} and {d,1,..., ds,} are complex
bases of V; for any admissible complex structure J. Let E and E’ be the real vector
subspaces of V spanned by {d,...,d,} and {d,,,,..., ds,} respectively. The
subspaces of E and E' are both maximal isotropy subspaces of V' with respect to
the alternate bilinear form A. Obviously ¥ is the direct sum of E and E’. We denote
by I' and I the subgroups of D generated by {d,,...,d,} and {d,,1,..., das}
respectively; we have '=En D, I"=E’' N D.
Take {d, 1, ..., dss} as a C-base of the complex vector space V;. If

n n n
HJ( Z Zg dn +as Z We dn+a) = haﬂfawﬁa
a-1 a=1 a,B=1
and haB=hBa then
n n n
(1) (DJ( z Zy dn+a, We dn+a) = haﬁzawﬁ
a=1 a=1 ap=1

defines a symmetric C-bilinear form on V;x V.

1.2. Let (T,, A) be a polarized abelian variety. It is known that if the elementary
divisions e, ..., e, of A with respect to D are all not less than 3, then there is an
imbedding of the abelian variety T, into the complex projective space of dimension
e—1 by means of the theta functions such that the image of the cohomology class
determined by hyperplane sections of the complex projective space under the dual
map of the differential of the imbedding is exactly the cohomology class of T,
which gives rise to the polarization (7;, A). We describe this imbedding in this
number. First, we prepare the following well-known theorem.

THEOREM A. The complex vector space of theta functions on V; of type (H;, )
is of dimension equal to the Pfaffian e of A with respect to D.

Let{d,,...,dy, dy 1, ..., dsn} be abase of Dadapted to A. Consider this base asa
base of the real vector space V. We define and R-valued bilinear form B, on
Vx V by

2n 2n n
30(1—21 & d, i_zl i di) = —Z euénsaMa

Then, B, is a satellite form of 4. Setting
@ Po(d) = e[By(d, d)/2]

we obtain a semicharacter ¢, of D attached to A. Obviously, $,(I)=1 and
po(I")=1.
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We denote by U the set of row vectors a=(ay, ..., a,) of integer components
such that 0<a,<|e,|, «=1,..., n. Let us introduce an order in the set %A once
and for all, and denote by a(k) the kth element in %. The number of elements in the
set U is the Pfaffian e.

THEOREM B. Let H; be the Riemann form of a polarized abelian variety (T}, A)
and let ®; be the symmetric C-bilinear form on V,; defined by (1). For each a(k)
=(a(k), . .., a(k),) € A, we define an element

a(k) Z (k)a

and put

6)x) = 2 exp 5 {Hildaoo+d, duy +d) +2H (dor +d, X)
del®
+(D](da(k)+d+x, da(k)+d+x)}, X € V].

Then 0, is a theta function of type (H,, ), and those e functions {0,, 1 <k <e} form
a C-base of the vector space of theta functions of type (H;, ).

Now, consider a holomorphic map of the complex vector space V; into the
complex vector space C* given by

x = (6,(J)x), . . ., 0(J)(x))-

It is well known (see [3, Théoréme 5, Chapter VI]) that under the assumption
that each elementary divisor e; of A with respect to D is not less than 3, the above
holomorphic map of V; into C¢ induces a holomorphic map ©(J) of the complex
torus T, into the complex projective space P¢~! of dimension e—1 which is uni-
valent and everywhere regular. Moreover, the image of the cohomology class of
hyperplane cross sections under ©(J)* is the cohomology class determined by A.

1.3. Let S be the group of nonsingular R-linear transformations of V, acting
on the right-hand side, which leave the alternate bilinear form 4 invariant, that
is, the symplectic group of A4, and let S(D) be the subgroup of § consisting of the
elements ¢ such that D-o=D. If 0 € S(D) and if J is an admissible complex
structure of (¥, A), then J°=0o-J-0~* is also an admissible complex structure of
(¥, A), and o is a complex linear transformation of ¥,o onto V;. Since D-o= D,
o induces a holomorphic isomorphism of the abelian variety T,o onto the abelian
variety T;, which leaves the polarization 4 invariant.

In terms of a base {d,,...,dy, dys1, ..., dsn} of D adapted to A, o € S(D) is
represented by a matrix M (o) of integer coefficients;

(dl'ﬂ', ey dgn'a') = (dl, ceey d2n)'M(0').

Let us denote by S(v) the normal subgroup of S(D) consisting of those elements
a such that M(c)=1,, mod v. Now, we are ready to state the main theorem.
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THEOREM C [2, Proposition 2.5, p. 308]. Assume that the elementary divisors
e, ..., e, of A with respect to D are all not less than 3. Let ¢ be an element in the
subgroup S(2e), where 2e is twice the Pfaffian of A, in S(D). Let us denote by the
same notation o the holomorphic isomorphism of the abelian variety T,o onto the
abelian variety T, induced by o. Then

0)-0c = (),

namely, the following diagram is commutative:

T 70 L’ TJ
@(J«\ /B(J)
Pe -1

2. Schridinger and Fock representations.

2.1. Following Weil [4] and Cartier [1], we introduce a nilpotent Lie group G
associated to the pair (V, 4) of a 2n dimensional real vector space ¥ and a non-
degenerate alternate bilinear form 4 on V'x V. We first consider a Lie algebra
& over R whose underlying vector space is the direct sum of R and ¥ and whose
bracket multiplication is given by

(s, ), (1, v)] = (A(u, v),0), s,teR, u,veV.

Obviously & is a nilpotent Lie algebra and whose center is the subalgebra con-
sisting of elements (¢, 0). Let G be the simply connected Lie group corresponding
to the Lie algebra ®&. The exponential map e: & — G is univalent and surjective.
The image of the center in G under the exponential map e is the center of the group
G. Any element in G is uniquely written as

e(t,u) = et-e*, teR,veV.
The law of multiplication is given by
(e°-e%)-(et-e¥) = estitiawn) gutv s, teR u,veV.

Now, we define two unitary representations of the group G which are equivalent
to each other. The first one is the Schrédinger representation. We recall that V
is the direct sum of two maximal isotropy subspaces E and E’ with respect to 4.
If we express an element ge G as g=et-e¢”-¢’, te R, ve E, v' € E’, the law of
multiplication reads

(e5 e -e*)-(ef-e” ) = s+ttt Aw ), gu'+v’ gutv s,teR u,veE, u',vekE'.

In the Schrédinger representation, the representation module is the Hilbert
space L%(E) of C-valued square-integrable functions on E with respect to a usual
Lebesgue measure dv which is kept fixed once and for all on E. The homomorphism
7 of G into the group of unitary operators of L%(E) is given by

(7(e*-e”- e)p)(x) = e[t+ A(x, v')lp(x+v), for ¢ € L*(E).
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Another representation is the Fock representation; the representation module
F, is the Hilbert space of holomorphic functions ¢ on the complex vector space
V; with an admissible complex structure J of the pair (¥, 4) such that

f e "H,(x, x)|p(x)|? dx < oo,
4]
where dx denote a usual Lebesgue measure with respect to the hermitian form
H; on V;. The homomorphism p; of the group G into the unitary operators on
F; is defined by

1
(o)) = e S v )+ (128,00, 9] ol +w) for g€ F

These two representations are known to be irreducible [1] and their restrictions
to the center of G give rise to the same character of the center: e — e[t]. There-
fore they are unitary equivalent to each other by the theorem of Stone-Neumann
[11.

2.2. Let (H, m) be a unitary representation of G on a Hilbert space H and a
homomorphism 7 of G into the group of unitary operators on H. Let H,, be the
Garding subspace consisting of C ®-vectors in H. The subspace H,, is a Fréchet
space with respect to a certain topology (see [1, §7]) and is =(G)-invariant. Thus,
we have a representation (H,, =) on the Fréchet space H,,. Let H_, be the complex
vector space of continuous antilinear forms forms of H,. The representation
(H., ™) of G canonically induces a representation (H_,,7) of G: (=(g)-f)(a)
=f(m(g"Y)-a),g€G,ae H, and fe H_ . The inner product (a, b) of the Hilbert
space H is antilinear with respect to the first entry @ and C-linear with respect to
the second entry b. Assigning to an element b € H, an antilinear form f,(a) =(a, b),
we identify b € H with f, € H_ ,. In this manner, we regard H as a subspace of the
complex vector subspace H_,. Moreover, the restriction of the representation
(H - », m) to the subspace H is exactly the representation (H, m); this fact justifies
our usage of the same notation = for three distinct representations of G.

2.3. Let us apply the above construction of new representations to the Fock
representation (Fj, p;). The Lie algebra & of G is the direct sum R+ V. To each
te R<®, we assign an operator p,(#)=2mit-1, where 1 is the identity operator.
To each v € V=@, we assign an operator

3) pi(v)-¢ = O, p—7H; -9

acting on a holomorphic function on V,, where 6, denotes the direction differentia-
tion along v and H, , denotes a holomorphic function on V; given by H, ,(x)
=H,(v, x), x € V,. Then, the map p;: (¢, v) — p,(v)| F; is nothing but the infinitesi-
mal representation of & associated to the group representation (Fj, p;).

The Garding subspace F,_, can be identified with the vector space of holo-
morphic functions ¢ in F; such that p,(v;)- - -+ -p,(v)-@ is in F, for any choice
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of vy,...,v.€V. Take a base {uy, ..., uz,} of V. We define on F,, countably
many Hilbert norms N, m=1,2,..., by

Nap) = lZ @)l psCur) s, - .-, poluzn)on- | Fy
al<m
with the standard abbreviations a=(co, ey, . . ., @g,) and |o|=co+oy+ -+ +og,.
With the topology determined by these norms, F;, becomes a Fréchet space.
The space F;_ ,,, then, consists of those holomorphic functions on ¥; each of which
is expressed as a finite sum of the form p;(v,)- - - p;(ve) ¢ With vy, ..., v, € V and
¢ € F; [1, p. 381].

Now, let ¥ be a 2n dimensional real vector space and let D be a discrete subgroup
in V of rank 2n. As in 1.1., we assume that there is a nondegenerate R-valued
alternate bilinear form 4 on Vx V which assumes integral values on Dx D.
Consider the nilpotent Lie group G associated to the pair (V, A). Cartier shows in
his paper [1, §14, Definition of theta functions] that a holomorphic function 6
on V; is a theta function of type (H;, ¢) with respect to D if and only if 8 belongs
to F;_ . and satisfies the equations

) pie?)-0 = y(d)-0 for each de D.

3. Theta distributions.

3.1. In this section we study the solutions of the equations corresponding to (4)
in the Schrddinger representation. We start with an observation on semicharacters of
D. Let ¢ be a semicharacter of D attached to A. If B is a satellite form of 4, the
map d — J(d)e[B(d- d)/2] is a character of G. Hence

Y(d)p(d')e[B(d, d)+B(d’, d')[2] = y(d+d")e[B(d+d',d+d")]2), d, d €D.

Consider the direct sum decomposition D=I'+I", '=DNE, "=DNE'.
If particularly dy, d, are in T, then (d,)¥(dy) =4(d, +d,), and similarly if d;, d;
are in IV, then y(d;)y(ds) =4(d] + d;). Therefore there is an R-linear form / on V'
such that

@ H(d) = e[l(d)], deTl
(i) Y(d’) = e[l(d)), d'eT

and that

) bd+d’) = e[l(d+d)+A(d ‘”], del, d'eT".

For a given i, the choice of /is not unique. Conversely, if /is an R-linear form on
V, the right-hand side of the above formula (5) defines a semicharacter of D
attached to A. If especially we choose / to be identically zero, we obtain the semi-
character ¢, defined by (2).

3.2. Let (L%(E), 7) be the Schrodinger representation defined in 2.1. In this case,
the Gérding subspace is the Fréchet space (S) of rapidly decreasing C *-functions
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on F and its antidual space is nothing but the space (S") of tempered distributions
[1, p. 374].

The equations in the Schrodinger representation corresponding to (4) is of the
form

©6) w(e%)-t = y(d)-t, deD,te(S’).

A distribution ¢ € (S’) is a solution of the system (6) if and only if ¢ satisfies
the following two systems of equations:

(7) Tel = ‘ﬁ(d) t de Fa
where 7, denotes the translation in the vector space E along d, and
(8) e[A(x’ d,)]t = l)[’(dl) t’ de F,’

where the left-hand side of the equality is the multiplication of a function e[A(x, d)]
of x € E and a distribution ¢.

Let us denote by Iy the subgroup in E consisting of those elements v each of
which satisfies A(v, d’)=0mod 1 for all 4’ € I". Clearly I'y>T'. The subgroups
I" and I" are generated by {d,,...,d,} and {d,.1,..., ds,} respectively, where
these 2n elements form a base of G adapted to A. Hence, I'y is generated by
d{=(1/e)d,, ..., dr=(1/e,)d,. A complete system of representatives of the coset
group I'y/T is the set of elements d,=>7., a,d?, where a=(a,, . . ., a,) € A (cf. 1.2).

By selecting a suitable R-linear form / on V, let us express the semicharacter ¢
as in (5). Let b be a unique solution vector in E of the equations A(d, a)=1I(d’)
for each d’' e I'. We denote by X the set of vectors v € E such that e[A4(v, d')]
=y(d’) for each d’ € I". Then the set X is written as b+I',. Now, suppose that ¢
is a solution of (8), then ¢ must be a distribution of the form Y, x «(v)d, is the
Dirac distribution at the point v € E, and «(v) € C. If, furthermore, ¢ satisfies (7),
then the coefficients «(v)’s satisfy the relation

a(v—d) = Y(d)(v) fordeTl.
Therefore a solution ¢ of (6) is of the form

©) 2. olda) 2 (= )3, 1a 40
acA
where the «(d,)’s are arbitrary constants in C. Conversely, a distribution of this
form is a solution of the system of equations (7). We may call a distribution of the
form (9) a theta distribution associated to a semicharacter ¢ of D.
As a result of the above observation, we obtain the following:

ProrosITION 1. The complex vector space of theta distribution associated to a
semicharacter  of D attached to A is of dimension e, the Pfaffian of A with respect
to D.
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Let i; be an isomorphism of the Hilbert space L%(E) onto the Hilbert space F;
through which the Schrédinger representation and the Fock representation are
unitary equivalent. Then, i; canonically extends to a G-isomorphism of S’ onto
F,_ . Obviously, 8 € F,_, satisfies (4) if and only if (i;) " 0 satisfies (7). Namely,
0 is a theta function of type (H,, ¥) if and only if (i;)~*. 6 is a theta distribution
associated to y. Thus, Proposition 1 immediately implies Theorem A. In his
paper [1], Cartier proves this theorem using the lattice representation [1, 12].
The idea employed in our proof is an analogue of his in the Schrédinger repre-
sentation.

4. Symplectic group.
4.1. If we express the vector space V as the direct sum E+E’, a linear trans-
formation ¢ of ¥ into itself is written as

B
8

where «, 8, y and & are R-linear transformations such that «: E— E, B: E— E’,
y: E'— E and §: E' — E’. It is seen that o belongs to the symplectic group S
with respect to 4 if and only if

Aw-o,t'-8) + Au-B,u'-y) = A(u,u’) forallueE, u' €E,
Aw-a,v-B)+A(u-B,v-0) =0 forallu, vekE,

W, u)-0 = (u, u')[a ], ucE,u ek,
Y

and
AW -y, v -8+ AW -8,v'-y) =0 forallu',v'eE".

We denote by A(G) the group of automorphisms of the Lie group G which leave
each element in the center {¢!, 7€ R} of G fixed. An automorphism se A(G)
determines a pair of an element ¢ € § and and R-linear form 5 on V¥ by the equality

(¢t-e’)-s=et*tm.ev te R veV.

Conversely, if o € S and 7 is an R-linear form on V, then the pair (o, 1) gives rise
to an automorphism of G belonging to A(G) in this manner. The subgroup in
A(G) consisting of the pairs (o, n) with =0 is canonically isomorphic to the sym-
pletic group S. Thus, we realize S as a subgroup in A(G).

Another way to describe automorphisms in 4(G) is employed by Weil [4, p. 150],
which utilizes the expression of an element in G as et-¢*'-e*, te R, uc E, u' € E'.
Take particularly an automorphism o belonging to S; (u,u')-o=@w-a+u'-y,
u-B+u'-8). Then

(10) (eu',eu), 0 = %), guBtulo, eu~a+u'~7’ ue E’ u e E"
where g,(u, u)=3(A(u, u')— A(u-o+u'-y, u-B+u'-8)). The R-valued function g,
on Ex E’ satisfies the equality
g+, u' +v)—g,(u, u')—g,,v") = A@u, V') — AW -e+u' -y, v-B+v"-3),
u,veE, u',vekE’.
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Let (L*(E), 7) be the Schrodinger representation of the group G. Each unitary
operator U in the normalizer of 7(G) induces an automorphism of 7(G): 7(g) = U !
-7(g)- U, g € G, which obviously leaves each element 7(¢'), ¢ € R, fixed. Since G
is simply connected and since the homomorphism is locally isomorphic, the auto-
morphism associated to U determines uniquely an automorphism s(U) € A(G);
U-t-7(g)- U=1(g)-s(U), g € G. A theorem of Weil [4, Théoréme 1] states that the
homomorphism U — s(U) of the normalizer of 7(G) in the group of unitary
operators into A(G) is surjective and its kernel is the group of scalar multiplications
{e[t]l, t€ R}.

4.2. Let J be an admissible complex structure of (¥, A). If o € S, then J°=¢
-J-o~ 1 is also an admissible complex structure of (¥, 4), and the map o: Vo0 — V;
is a C-isomorphism. If, furthermore, o € S(D), o induces a holomorphic isomor-
phism of the complex torus 70 onto 7;. The Riemann forms H; and H,c of the
polarized abelian varieties (7}, A) and (7,0, A) are related in the following fashion:

(11 Ho(u, v) = H)(u-o0, v-0), u,veVv.
Indeed,
Hyo(u, v) = A(u, v-0-J-0~ )+ (—=1)"24(u-v)
= A(u-o,v-0-J)+(—1)24(u-0,v-0)
= H;(u-o, v-0).

Given an element o € S(D), we denote by o* a correspondence which assigns to
a function ¢ on V; a function ¢ o 0 on V,o. Then o* gives rise to an isomorphism
of the Hilbert space F; onto the Hilbert space Fo. Indeed, for ¢ and ¢ € Fyo,

(0%, ot ) = [ e Dlg(o-oo-0)] o
= [, emeerolpte-opt-o) do

= [ emmenlooW@l do = (o, .

In the above computation, we make use of (11) and the fact that the real linear
transformation ¢ € § of V leaves the measure dv invariant.

PROPOSITION 2. Let i; be an isomorphism of the Hilbert space L*(E) onto the
Hilbert space F; under which the two unitary representations (L*(E), 7) and (F;, p;)
of the group G are unitary equivalent. Let o be an element in the sympletic group S
with respect to A. Put U,(o)=(i;,0)~-o*-i,. Then the unitary operator U,(c) of L*(E)
is in the normalizer of 7(G) and induces the automorphisms o of G;

Uyo)~t-7(et-e*)- Us(o) = 7(et-e*?), teR, ueV.



1969] ON THETA FUNCTIONS 205

Proof. First, we show
(12) o*~1.p,0(et-e*)-o* = py(et-e* ™), teR ueV.
Indeed, if p € F),

(pso(e*-€*)-o*-p)(x) = e[t]-exp—m(H,o(u, u)[2+ H,o(u, x))p((x+u)- o)
= e[t]-exp—m(H,(u-o, u-0)/2+ H,(u- o, x-0))p((x+u)-0o)
= (o*- p,(et-€“)- p)(x), xeV,teR, ueV.

Since pjo(et-e¥)=i,0-7(e*-e*)- (i,0)~* and p,(et-e*)=i,- (et e*9)- (i) 7,
(6*) " -ijo-7(et-e*)- (o)~ t-o* = i;-7(et-ev?)- (i)~ .
Thus, Uy(e)~1-7(e*-e*)- Uf(o)=1(e'-e*°), te R, uc V.

4.3. PROPOSITION 3. Let (LX(E), ) be the Schridinger representation. If U is a
unitary operator on L?(E) which is in the normalizer of 7(G) and induces an auto-
morphism o of G belonging to the symplectic group S, then U leaves the subspace
(S) of rapidly decreasing C *-functions on E invariant, defining an isomorphism of
the Fréchet space (S) onto itself. Therefore U canonically extends to an isomorphism
of the space (S') of tempered distribution onto itself.

Proof. By assumption the unitary operation U induces an automorphism
o of G belonging to §. In virtue of a theorem of Weil mentioned in 4.1., U is equal
to the unitary operator U,(o)=(i;0)~*-o*-i, in Proposition 2 times a scalar with
absolute value 1. Therefore, it is enough to show that the proposition is valid for
Uj(o). The isomorphism i; of L%(E) onto F; maps naturally the Garding space (S)
of the representation (L2(E), 7) onto the Gérding space F;,, of the representation
(F,, p;). Similarly, i,,((S))=Fo.. Therefore, it suffices to prove that the unitary
operator o* of F; onto F;o induces an isomorphism of F;,, onto Fjo,.

Let ¢ be an arbitrary holomorphic function on V. Since o* - ¢ is the composition
gocof o: Vo — V; and the function ¢ on V;, 6*(0,-¢)=0,,-1-(c*-¢) forve V.
On account of (11), we have o*(H; ,-¢)=H,0,.,-1-(¢*-¢), v € V. Thus,

o*-(ps(v)-9) = o*(6;-p—H,., )
= 0v~a' 1(0'* : ‘P) —H0,.,-1- (0* ' (P)
= pyo(v-0~")-(c*-9),
which implies
o*(ps(v1) - - - pAvi) @) = pso(v1-071) - - pso(vy- 07 )(0* - @),
for any choice of vy, ..., v, € V.
As is observed in 2.3., the space F;, consists of holomorphic function ¢ on V;

such that p;(v,)- - - p;(v,) - @ € F, for any choice of vy, .. ., v, € V. Now, it is obvious
that ¢ € F,,, if and only if o*-¢ € Fye,,. Since o* is a unitary operator of F; onto

Fyo, ”PJ(UI)' : 'PJ(Uk)‘?’“ = ||P1‘7(01'0_1)‘ : 'PJ"(Uk'U_l)(U*‘<P)“ for vy,...., € V.



206 JUN-ICHI HANO [July

It follows that the restriction of o* to F;o0 is an isomorphism of the Fréchet space
F,, onto the Fréchet space Fjo,, completing the proof.

5. A congruence subgroup of S(D).

5.1. We denote by I'* the subgroup in E’ consisting of those elements d’ such
that A(d, d)=mod 1 for any deI. Obviously, I'*>TI'. In terms of the base
{dy,...,d,, dy,v,...,ds} of D adapted to 4 in 1.1, {d;, ..., d,} is a base of I'*
and {d,,./ey, ..., ds./e,} is a base of I'*. Let us write an automorphism ¢ of the
group G belonging to the sympletic group S as in (10); (e* - e¥) =% ¥ v +u"0
-ewe+v where (u, u')-o=(u-a+u'-y, u-f+u'- 8). In this section, we are concerned
with an automorphism ¢ € § satisfying the following conditions:

@) D-oc = D,
(13) @ii)) (I'+TI*).0 = T+T*,
(iii) g,d,d)=0 modl ifdel,d elI'*
LEMMA. Suppose that o is in the congruence subgroup S(2e) of S(D) and is

expressed as (u, u')o=(u-a+u'-y,u-B+u'-8). Then o satisfies the above three
conditions (13). Moreover, if d,=>"%_, a, (d,/e,), a, € Z, then

(19) d,-o—d, e 2(T+T*),
and
(15) 1A(d, ¢, d,-B) =0 mod 1.

Proof. If we write
2n
dl‘a"'dg = z mmd,, i= 1,...,”,
=1

then m; =0 mod 2e by our assumption. It follows that

Z d
mB adgt Z My ;5,668

(16) 4
Bnﬂt dg+ z Mpsgn+a jﬂ =

n+a — n+¢x
ell

Thus, o satisfies (i) and (ii) in (13). Since d-a+d'-y—de?2-T' and d-B+d’-8
—d' €2-T'*,

g.(d,d") = 3A(d, d')—3A(d-«+d'-y,d-B+d’'-8) =0 mod I,
which shows that o satisfies (iii) in (13). From (16), it follows that

248 e (M4 T%).
B

n n
Ca a___ z mﬂ,a d3+ Z My, 1 5,668 dn+8.
B=1 ea =1 ea eB
Thus,
d d

%0 )T+,

a
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Finally,
3A(d, «, d,-B) = 3A(d, 0, d,-B) = 3A(d,, d,-B) mod 1.

Applying the fact that d,/e, =%, (M, +5.4/€2)- dy + 5, We see that 34(d, - «, d,-B)=0
mod 1, completing the proof.

5.2. PROPOSITION 4. Let us denote by U a unitary operator on L*(E) which
induces an automorphism o of G belonging to S(2e) and also the isomorphism of
the space (S') of tempered distributions onto itself determined canonically by U.
If t is a theta distribution associated to the semicharacter y, defined in (2), then
Ut=1y-t with a scalar A of absolute value 1 which is independent on t.

This proposition generalizes slightly a theorem of Weil [4, Théoréme 4], a general-
ized Poisson summation formula, in the case where the base field is R. Indeed, if
the elementary divisors ey, ..., e, of A4 relative to D are all 1, this proposition
reduces ‘to the result by Weil for the case where the base field is R. We modify
his proof using some of his results [4, §§16-19].

Proof. We start with a resume of Weil’s results. Let E and E' be the maximal
isotropy subspaces of V with respect to 4 defined in 1.1; V=E+E’, En E'=(0).
We regard E and E’ the dual groups of each other with respect to a coupling
{u, u'y=e[A(u, u')], uc E, u' € E’. The dual group of I" is E’/T"* and that of I'*
is E[I'. Let du be a usual Lebesgue measure on E and let du’ be a Lebesgue measure
on E’ such that we have Plancherel formula

[Iol2 du = [ 1792 an,

where F-g is the Fourier transform of ¢; F-@(u)=[ o(u){u, v’ du.
Let K be a Hilbert space consisting of C-valued everywhere locally integrable
function ® on E x E’ satisfying the functional equality

(17 Ou+d, u'+d") = <u, ' >O(du’)

almost everywhere on Ex E’ for each (d, d') € I' x I'*, and having a finite norm

|o] = J' |©|2 du-dut.
E[T'x E’'|T*

Since |®(u+d, u'+d")| =|P(u, )|, (d, d") e I' x I'*, | ®| induces a locally integrable
function on E/T" x E’/T'* with respect to the induced measure du-du’ on the space.
To each ® € L%(E), we assign a function ® in K given by

(18) O, ) = 3 glut+dXd,u).

del’

Then, the correspondence Z: ¢ — ® is an isomorphism of the Hilbert space
L?*(E) onto the Hilbert space K. Take an element ¢” € G. Then

19) ((Z-7(e”"-€)-Z " V)D)u, u') = {u, v'>P(u+v, ' +v'), ucE u ek’
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Consider the subgroup S, of automorphisms ¢ of G belonging to § and satisfying
the conditions (i) and (iii) in (13). Weil defines a unitary representation of S,
on the Hilbert space K [4, §19] as follows: To each ¢ € S,, we assign a unitary
operator y(o) given by

(20) (@D, u') = elgo(u, )], u)-0),  (u,u)e EXE".

We see easily that the unitary operator V(e)=Z ~*-y(c)-Z of L%*(E) induces the
automorphism o of G.

Now, let o be an element in the group S(2¢), and let ¢ be an element in E which
is a linear combination of d,/e, ..., d,/e, with integral coefficients. Since V(o)
induces the automorphism ¢ of the group G,

V(o)-7(€)- V(0)~! = e[JA(£-ay, £-Br)]7(e8 51 ™),

where (u, ' )o  =(u-a;+u -y, u-B;+u’-8,). By the equality (15) in Lemma, we
have V(o) -7(e%)- V(o) 1=7(e*F1-¢¥%1). Take an arbitrary rapidly decreasing
C~-function ¢ on E. Then

@n (Z-V(0) (€)@ = (Z-7(e*%1-€5%1)- V(0))g.
The left-hand side of the above equality is (y(c)-Z- 7(e*))p, which turns out to be

elg,(u, w)] > plé+d+u-atu' -y)d u-p+u' -8

der’
by the definition of 7(e?), (18) and (20). The right-hand side of the equality (21) is
(22 >, elA(u+d, ¢-BIV () o)u+d+E-di)d, u'>.

del’
Applying (14) in Lemma, we see that A(d-¢-8,)=A(d, £é-07)=0 mod 1 for
deT, and that £, —¢=n € I'. Thus (22) becomes
2. el A, £-BINV (@) 0)u+d+n+EXd, u').

del’

Finally, evaluating the values at (0.0) € Ex E’ of both sides of the equality (21), we
see that

(23) > eé+d) = Z (V(@)p)(E+d).

del

In 3.2 we have observed that an arbitrary theta distribution associated to the
semicharacter i, is a linear combination of

tk = Z sda(k)+d, k= 19 < €
del’

where dyg,=>"_, (a./e)d,, a,€Z. The above equality (23) implies #,-p=t¢,
-(U(0)-¢) for any ¢ €(S), k=1, ..., e. This means that if ¢ is a theta distribution,
then V(o)-t=t. If a unitary operator U includes an automorphism ¢ of G, then
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U=X-V (o), |A|=1. Thus, we have proved that U-t=A-¢ for an arbitrary theta
distribution associated to ¢,, completing the proof.

5.3. On account of Proposition 1 and 2, the proof of Theorems B and C is to
be completed if we determine the theta functions of type (Hj, #,) corresponding
to the theta distributions #,, . . ., ¢, under the isomorphism i;: (S’) — F;_ .

We state the following two facts: The first one is that ¢, is written as

Z T(e?*%a(k))d,

derl’

with the Dirac distribution 8, at the origin 0 € E; and the second one is that a
theorem of Cartier [1, Theorem 1] asserts that the one-dimensional subspace in
(S’) spanned by 8, is characterized as the set of solutions # in (S’) of the system
of equations
Fw)t=0, uekE,

where 7 is the respresentation of the Lie algebra of G corresponding to the group
representation ((S’), 7). Let us determine the one-dimensional subspace in F;_,
consisting of the solutions ¢ of the system of equations

29 pu) e =9, UEE"
As is shown in (3), 2.3,
pU)p = Oup-p—m-Hy .

If{d,, ..., dy, dys1s. .., day} is the base of G adapted to 4 in 1.1, {d, .1, . . ., dan}
is a C-base of the complex vector space V. Let{z,, ..., z,} be the complex cartesian
coordinates of V;; v=3>"_, z,(v)-d, ,,. Put

Hi(dnias Gnig) = hagy o, f=1,...,n
Then
hag = A(dnsar dnsp-J)+(—=1)"2A4(dn 10, dr s p)
= A(dp+0 dr1sJ)ER, and hgy = hy,.

Clearly, H;, 4, , (C5-125 dn+5)=24=1Mas 25 In terms of the cartesian coordinates,
the system of equations (24) is written as

op _ < _
(25) 8—%_7(;1&5 z,,) e, a=1,...,n

We can easily see that a holomorphic function on V,

>
8=

@ = A-exp (1 2 haﬁzaz,,), AeC,

1

satisfies the system (25). The uniqueness of a holomorphic solution, up to a multi-
plicative constant, is easily proved by making use of the power series expansion
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of a holomorphic solution. From the theorem of Cartier mentioned above, we
see that the one-dimensional subspace of solutions of the system (25) in F;_,
is spanned by the holomorphic function exp (1/27- ®,(xx)) where

n

d)l(i Zy dn+aa 2:1 Zy dn+¢) = Z haﬁzazﬂ-

a=1 a,B=1

Now, it is obvious that the theta function ¢,(J) which is the image of the theta
distribution ¢, under i, is given by

>, pi(e?* ¢a(k))- exp m[20,(x, x)
del’
= Z exp 7/2{H,(dupy+d, oy +d) +2H(dogy + d, X)
del’
+ d)l(da(k) + d+ X, da(k) + d+ x)},

as is shown in Theorem B. Thus, we have finished the proof of Theorems B and C.
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