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ASYMPTOTIC BEHAVIOR OF PRODUCTS C? = C+-- -4+ C
IN LOCALLY COMPACT ABELIAN GROUPS

BY
W. R. EMERSON AND F. P. GREENLEAF

1. Summary. Let G be a locally compact group and |C| the left Haar measure
of an open relatively compact set C<=G. We consider the asymptotic behavior of
powers {C? : p=1,2,...}. The behavior of |C?| as p — oo is of interest in a variety
of problems; one of particular interest to the authors is the relationship between
“polynomial growth” of |C?| and the existence of left invariant means on G (see
[5, §3.6], and [4]). On the other hand, interesting connections have been found
between the growth of |C?| in discrete solvable groups and the properties of
fundamental groups for Riemannian manifolds with negative curvature (see [11],
[8], [9]). We shall mention some of the results drawn from [11] below, but will not
pursue applications to differential geometry.

In §§2 and 3 we shall review some elementary estimates giving upper bounds for
the growth of [C?| in abelian and nilpotent groups, and will outline the relevance
of these results to the study of invariant means. Then we shall review some recent
efforts to derive upper and lower bounds for |C?| in solvable groups.

The main point of this article is to give sharp asymptotic estimates of |C?| for G
a locally compact abelian group. Our main result is:

THEOREM 1.1. If G is a locally compact abelian group and C an open relatively
compact set, then there is a constant A>0 and an integer k20 such that |C?|=
Ap*+O(p*~'log p) as p— . In a connected group, k is independent of C; in
general it is an invariant associated with the smallest closed subgroup H<G such
that C lies within a coset of H.

COROLLARY 1.2. If G is a locally compact abelian group then the following condition

+1
(SA) llm{llcp,,||. - ,2,...}=1

is satisfied for any nonempty open relatively compact set C<G.

Our derivation of these results will exhibit much information about the geometric
behavior of C? in terms of the structural features of G. One of the main steps is the
analysis of the combinatory problem which arises when G is discrete (so C=
{g1, ..., &} is a finite nonempty set); here |C?| is just cardinality and we show
that [C?|=Ap*+O(p*~1) where k is the rank (0<k<|C|—1) of the subgroup H
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generated by the differences {g,—g, . . ., g.—g1}(}). In another direction we must
repair some gaps (2) in a note by Kawada [7] which elegantly describes the behavior
of C? when G is a vector group:

THEOREM 1.3. Let C be an open relatively compact set in a vector group G=R".
If for >0 we define C,={xe G : x e C, dist (x, bdry C)> 8}, then there exists a
p(8) such that (conv C)?> C?>(conv (C,))” for all p=p(8). Here conv (X) stands
for the convex hull of a set X<R".

Thus C? behaves like (conv C)? as p — oo. Next, we show that if G is any
compact group (possibly nonabelian) there exists an open subgroup G,<G, an
element x, € G, and an integer p, such that C?=(x,)? *oG, for all p=p,. These
results are combined, using structure theory of abelian locally compact groups, to
describe the behavior of C? in general abelian groups(®).

2. Notations. All our groups are locally compact Hausdorff (possibly discrete,
and sometimes noncommutative), left Haar measure of a set X< G is written | X]|,
and we leave the reader to deduce from context the group in which X lives when
there are several different Haar measures about—this will cause little difficulty in
our discussion. We write Z for the integers, R for the reals, so R" is a typical
vector group and ZV its lattices of integral points. For a set E in a vector group R¥
we usually denote its convex hull (not the closed convex hull) by conv (E). We will
invariably refer to the usual Euclidean metric in RY. If X, Y are sets we write X~ Y
for their difference and X A Y=(X~ Y) U (Y~ X). We shall also write U *(X, §)
={x : dist (x, X)<8} and U~ (X, 8)={x : x € X and dist (x, bdry X)> 8} for >0
and X in a vector space; if x is a point in a vector space we write U(x, 8) for the
open ball of radius §>0 about x and abbreviate U(0, 1)=U and U(x, 8)=x+38U.
We often write the ““ 8-retract” U ~(X, &) as X, for brevity; notice that this set X
may be empty if & is too large.

Finally, if G is an abelian group and C<G, we write

C?=C+---+C={c;+ - -+¢,: eC} and pC ={pc=c?:ceC}.

Obviously pC< C?, but these sets are usually quite different. In general the sets

(%) For any 1 =ZI/=<n the differences {g.—g,, - - ., &»— &1} generate the same subgroup H<G
and H is precisely the smallest subgroup of G such that C lies within a coset of H, as described
in Theorem 1.1.

(?) One of the two major gaps in Kawada’s note occurs in his proof of Theorem 1.3 (in
[7], lines 2-5(t), p. 226, are wrong; for one thing they overlook the need to have n(8) independent
of y, in the terminology defined there).

(®) In [7] Kawada treats general connected abelian G, i.e. G=R" x K where X is connected
compact abelian. However, a serious gap occurs in this discussion when he asserts that eventually
some power of a given open set C<G will have the form C*=A4 x K (a union of K-cosets).
This would allow us to use Theorem 1.3 to study general connected abelian G; unfortunately,
there are easy counterexamples to this assertion. We repair this gap in §6 of this article.
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C?, pC are well defined even if G is nonabelian; on the other hand, if G=RY
then the notation pC is consistent with the scaling operation C — AC={Ac : ce C},
which is defined for A € R and is an automorphism of R¥ if A#0.

3. Growth properties. Let us define
W(p,C) = {x---xb 0 Sn < pi = +1, x,€ C},

the set of all words of length at most p formed from elements of C. Evidently
W(p+1, C)>W(p, C)>C? and in fact W(p, C)=C? where C=C U C* U {e},
e being the unit. Let C be open and relatively compact. Then we say C has:
(i) At most polynomial growth <> there exist constant 4>0 and integer k=0

such that |C?| £ Ap*, all p.

(ii) At least polynomial growth <> there exist constant 4 >0 and integer k=0
such that |C?| = 4p*, all p.

(iii) Exponential growth < there exist constants 4 >0, p> 1 such that |C?| > 4p®,
all p.

We say that G has one of these modes of growth if every set C which generates G
(in the sense that | J;7-; W(p, C)=G) has the property.

It seems natural to ask for upper and lower bounds on the growth of C? for a
generating set C< G. One of the main results of [11] gives such estimates for discrete
nilpotent groups.

THEOREM 3.1. Let G be a discrete finitely generated nilpotent group with derived
series G=Gy>G,> - OG> G,,,={e}, where G,.,=[G, G,). Then each group
Gy/Gy. 11 is finitely generated abelian, say G|G. .1~ A, X Z™ with A, a finite abelian
group. Define invariants:

E\(G) = kzi:o (k+ Dy, Ey(G) = kizo 2kn,,.

Then if C is any set which generates G, there exist constants «, 8>0 such that
apfr@ < [W(p, C)| = Bp%@, p=12,....

Somewhat more complicated estimates are given in [11] for finitely generated
solvable groups which have nilpotent subgroups of finite index; in finitely generated
solvable groups which do not have such a subgroup, every set of generators is
shown to have exponential growth. Incidentally, the following estimates are
obtained for the growth of a minimal set of generators C in Z¥: there exist constants
0<a<p such that(*) «p"<|W(p, C)|<Bp". Kawada’s theorem (Theorem 1.3)
seems to be the first attempt in the literature to describe the asymptotic behavior
of C? in nondiscrete groups.

(*)If D=C v C~* U {e} this estimate is not sharp enough to give the result we assert in
Corollary 1.2; it only gives: 1 <lim inf {| D?*!|/| D?|}<lim sup {| D**!|/| D?|} < B/e.
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If C and D are generating sets (open, relatively compact) in G and if one set has
upper or lower polynomial bounds on the growth of W(p, C) then the other set
has similar limits on its growth. The following lemmas are obtained by trivial
modifications of the results given in [11] for discrete groups.

LemMMA 3.2. Let C be an open relatively compact set in G.

(i) Suppose r=0, q20 are integers such that |C?| 2 «(p—r)® for some «>0. Then
there exists another constant o' >0 such that |C?| Z«'p% all p.

(ii) Suppose >0, q=0 are integers such that |C'?| Z «(Ip)® all p, for some constant
a>0. Then there exists an o" >0 such that |C?|Z «"p% all p.

LeMMA 3.3. Let C and D be relatively compact open generating sets for G. Suppose
C admits polynomial growth estimates ap™=<|W(p, C)| <Bp™ where 0<m=n are
integers and 0 < . < B. Then there are constants 0 < oy < B, such that o, p™ < |W(p, D)|
<B.p", all p.

In a discrete group exponential growth is the worst that can happen since
|C?| £|C|® with equality holding, for example, if C={a, b} where G=F, is the
free group on these two elements. Since F, contains as a subgroup the free group
on n generators, it is clear we may invent (nonminimal) generating sets D<F,
with | D?|~n?, so generating sets in such a group do not have comparable growth
rates of the sort described in Lemma 3.3(°). We have noted that in the category of
finitely generated discrete solvable groups there is a dichotomy between exponential
and polynomial growth of generating sets. An interesting question is whether a
generating set in some other type of group can exhibit an intermediate mode of
growth, say |C?|~e”/log p, or whether in a nondiscrete group |C?| can exhibit
worse than exponential growth(€). It would be very interesting to know if the above
dichotomy persists for, say, connected solvable groups. In the Lie group G=A(1, R)
of all affine transformations of R, any neighborhood C of the unit has |C?| growing
at least exponentially; in fact, A(1, R) is well known to be nonunimodular and if
d=sup {A(x) : x € C}, where A is the modular function, then 8> 1 and

co 2 [C7 5 2 2 [Clo,

The theorem on discrete solvable G presented in [11] seems to be one of the best
growth results at present. It is not known how sharp these estimates are, even in
nilpotent groups; as we noted above, the property |[C?*!|/|C?| — 1, which we
shall prove for abelian groups, does not follow from the estimates in [11], even
using the special estimates set down there for the group G=Z". We conjecture

() It is interesting to compare |C®| with | D?| where D={a, b, a~*, b} in F,. One easily
shows that |D?|=4.37-1>37 while |C?|=2". Since |W(p, C)|=|Dr|, the growth rates of
|C?| and |W(p, C)| are not comparable.

(8) If G= R? let B be the union of the x-axis and y-axis. Then | B| =0, | B?| = + . Approxi-
mating B with open relatively compact sets C we canarrange |C|=1and |C?|>10s0 |C?|>|C|2.
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that this property holds for all nilpotent groups, but a proof seems very difficult
even for discrete groups. It is not hard (see [5, §3.6]) to prove that

lim inf {|C?*+3|/|C?|} = 1

for any open relatively compact generating set in a nilpotent locally compact
group. Notice that |C?*!|/|C?| 21 for all p; moreover, if we have |C?*!|/|C?| — 1
for every C, this implies |W(p+1, C)|/|W(p, C)| — 1 on taking CU C~* U {e} in
place of C.

4. Growth properties and invariant means. If G is a locally compact group and
L>(G) the essentially bounded measurable functions equipped with the usual
ess. sup norm | f| ., a mean on L* is any continuous linear functional m € (L*)*
such that

(i) m(f)=m(f),

(ii) m(f)20if =0 locally a.e.,

(iii) m(1)=1 where 1 is the constant function on G,
and m is left invariant (m a LIM) if m(,.f)=m(f) all x € G, where ,.f(¢)=f(x"11).
We say G is amenable if L* admits at least one LIM; for a number of equivalent
definitions of amenability, (see [5, §2.2]).

Amenability is tied up with certain geometric properties of G via the recent
discovery (see [5, §3.6]) that amenability is equivalent to being able to construct
sets U= G which are “large” in the sense that they are moved only slightly by a
prescribed compact set K= G of left translations.

THEOREM 4.1. The following are equivalent for any locally compact group G.
(i) G is amenable.
(ii) If¢>0and K< G is compact, then there is a compact set U< G with0 < |U| <0
such that

(FC) [xUAU|/|U| <& allxeKk.

(iii) If e>0and K< G is compact, then there is a compact set U= Gwith 0 < |U| <00
and

(A) |KUA U|/|U| < e.

Condition (A) is formally stronger than (FC). This theorem is proved in [4].
If U satisfies (FC) for a pair (X, ¢) then ¢y =(1/|U|)xv, the normalized characteristic
function of the measurable set U, is a unit vector in L(G), ¢y 20, and ¢y is moved
at most a distance ¢ by any left translation x € K: i.e. we have | (py)—ou]:<s,
all xe K.

If G has the geometric property (FC) (or (A)) it is easy to use it to produce
invariant means on L*, proving (FC) = (amenable)(”); if we make the set of

(") It is the converse which is the hard part in [4].
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pairs J={(K, ¢)} a directed set in the obvious way, then for j=(X, ¢) € J take any
set U, satisfying (FC) for (K, ¢) and set ¢,=¢y,. Then, regarding {g;} as a net of
means in L*<(L®)*, it is trivial to show that every weak-* limit point of {g;} =(L*)*
is a left invariant mean. Such points must exist due to the easily verified weak-*
compactness of the convex set of all means in (L®)*.

If G is amenable (and let us note that all solvable groups are amenable) it is
natural to ask how we may systematically construct large sets in G. A natural
conjecture is that if C is an open relatively compact neighborhood of the unit which
generates G then the sets C? eventually (resp. frequently) satisfy condition (FC)
for any fixed pair (K, ¢). This is more or less what Kawada was trying to prove for
R" in [7]. As we now show, this conjecture sometimes fails. For other approaches
to the problem of constructing large sets, see [6].

DEFINITION 4.2. A locally compact group is strongly amenable if, for every open
relatively compact neighborhood C of the unit which is symmetric (C~1=C), we
have [C?*Y|/|C?| — 1.

THEOREM 4.3. In any locally compact group G, (strongly amenable) = (amenable),
and every strongly amenable group is necessarily unimodular.

Proof. Let ¢>0, K<G compact. Let C be any symmetric neighborhood of the
unit large enough to give CS KK U KK, s0 C?*!2>KC? U C? for all p. For any
U, |KUAU|=|KU~U|+|U~KU|, and we have |U~KU|<|KU~U| since
|[UN KU|+|U~KU|=|U|2|KU|=|UN KU|+|KU~U]|. Thus

|KC?ACP| _ ,|CP*t ~ C7] Z(IC"“I_
crr = e 17|

1)—)0

and the sets C? eventually satisfy (A) for the pair (X, ¢).

If A is the modular function and G is not unimodular then there is an x, in G
with A(x,)>2. If C is any small neighborhood of x, then C?*'> C?x,, which
implies that |C?*!| = sup {A|C}-|C?|z2|C?|, all p, contradicting strong amen-
ability. Q.E.D.

Our result, Theorem 1.2, shows that abelian groups are strongly amenable;
their amenability is fairly trivial (see [S, Theorem 1.2.1]).

We digress for a moment to point out a few other connections between property
(A) and the behavior of [C?*+!|/|C?|; recall that

|C?*H/|C?| > 1< lim sup {|C7**|/|C?[} = 1

since |C?*1|/|C?|2 1.
1. Let C be an open relatively compact set which is a symmetric neighborhood
of the unit, and which generates G. Then

lim sup {|C?*|/|C?|} = 1

<> the sets {C*} eventually satisfy condition (A) with respect to any pair (X, ¢).
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In fact, if (K, ¢) is given there exists an integer p, such that C?o> K U {e}, so
(using the elementary inequalities from the proof of 4.3)

|KC? A C?| KC? ~ C?| _ 2(|C""’"o|_l)
[C7| [cep = cr

_9 lcp+p0| !C’”’ll
o Pl i

<l

1)—>o.

Conversely, suppose C is a neighborhood such that (A) holds eventually for the
sets C? and any pair (K, ¢). Then consider the set K=C; we get
|[KC? AC?| ([fC"|_ ) _ (IC"“]_ )
O~ or ~ e ) = Ver
since CC?=C?** for p2 1. Thus [C?*!|/|C?| — 1 as required.

2. Assume that for every relatively compact symmetric neighborhood of the
unit C we have

lim inf {|C?*1|/|C?[} = 1.

Let a compact set K< G be given; then if we take any C with C> KK U KK},
the sets {C?} will frequently satisfy condition (A) with respect to the pair (KX, ¢),
for any ¢>0.

This is seen by making trivial modifications in the proof of Theorem 4.3.

ExAMPLE. Let us realize G=A(l, R) as R* x R where R* =(0, +o0), equipped
with multiplication (a, x)(b, y)=(ab, bx+y), which corresponds to the action
G xR — R via (a, x): t - at+x. Then G is solvable and nonunimodular, hence is
amenable but not strongly amenable. Let S=(a, 0) and T=(0, b); then for suitable
choices of a, b>0 the set {S, T} = C<G generates a free semigroup in G—i.e. there
are no identifications between distinct words built from positive powers of S, T—
and in the subgroup H (regarded as discrete) generated by C we have cardinalities
|C?|=|C|?=2"and |W(p, C)|2|C*|=2".

To verify that there are no identifications, note that a word W, =S4T"1- .. §%T'
(i1, j. 2 0; all other i, j, = 1) acts on R via

t — (aZk=1 7)1 + b,k et iy _1aZR=E et - ipa+iy).

Take b=1, a>0 so that no two distinct polynomials with integer coefficients have
the same value at a. If word W, coincides as a group element with word W,=
SP1T%...S?nT% then equality of the second bracketed terms forces m=n;
in=Pn, ..., J1=¢q; and so the words are the same.

The conjecture above fails in the discrete (unimodular) group H, even though H
is solvable; in fact, the sets C? never satisfy (A) or (FC) for the pair K=C, e=%.
The conjecture also fails in the (nonunimodular) connected Lie group G since
|C?|2|C|87* where 8=sup {A|C} and C is any open relatively compact neigh-
borhood of the unit.
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Other growth properties and a conjecture. Another growth property has been
mentioned in the literature on invariant means, namely the property discussed by
Adelson-Welsky and Sreider [12]:

|C?|YP -1 asp— o,

for any open relatively compact set (or neighborhood of the unit) in G. For any
open set C it is obvious that

lim sup {|C?[*#} < lim sup {|C?*2|/|C?|}
lim inf {|C?|*?} = lim inf {|C?**|/|C?|} Z 1,
so that the condition is formally weaker than the condition
|CPH/IC?] 1

we have been discussing. For example, it is easy to see that the growth estimates
for discrete finitely generated nilpotent groups cited above from [11]:

opfs = |C?| = Pp®,
immediately yield the result that |C?|!/” — 1, although they do not give
|CPHY/|CP| — 1.

If C is an open symmetric neighborhood of the unit which generates G, we have
noted that the property: |C?*1|/|C?| — 1 for C is equivalent to the property that
the C? eventually satisfy condition (A) with respect to any pair (X, ¢). It is not so
clear how the property |C?|*? — 1 is related to property (A), except that it is weaker
than property (A).

Since we are dealing with open relatively compact sets C it does not seem
unreasonable to expect that the shape of C? will become more ‘“regular” as p
increases (at least in connected groups or Lie groups). We are led to the following
conjecture:

Conjecture. If G is a (connected) locally compact group and C is an open
relatively compact set, then

lim {|C?*1|/|C?|} exists,

although it may differ from 1.

Except for the abelian groups considered in this paper the conjecture is com-
pletely unresolved. This conjecture has some nice consequences.

1. To show that |C?*!|/|C?| — 1, it suffices to show that lim inf |C?**|/|C?| =1.
As the latter is known for connected nilpotent groups, it would follow that all
nilpotent groups are strongly amenable; from the results in [11] it would follow
that the only finitely generated discrete solvable groups with the strong amenability
property are those with nilpotent subgroups of finite index, and it might be possible
to arrive at similar results for connected solvable groups. '
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2. If the conjecture holds, then for an open relatively compact set C we have
lim {|C?|*?} = 1 < lim {|C?*?|/|C?|} = 1.
This is immediate from the inequalities above.

5. Behavior of C? in vector groups. In this section let G=R" for some N 1.
We prove results which improve the estimates of Kawada on the geometric behavior
of C? as p — o0, and at the same time correct errors in his proof. Clearly pC<C?
for all p=1,2,...;if Cis convex we actually have pC=C?, for if x € C? we may
write it

x=xP1t---+xP=mx+---+mx, [=p,

where the {x,}<C are distinct, the {m,} are integers with m, =0, and X, m,=p.
Thus in RV

x=p(lx) =p(mx1+...+'ﬁxl) =px*

p p p
and obviously x* € conv (C)=C as required. We also have
1) p(convC) =conv(C? allp=1,2,...

for any subset of RY, for if x € conv C, say x=2; o;x; with x; € C, o;>0, and
>ioy=1, then px=73 (px;) € conv (C?) since px;=xP € C?. On the other hand, if
xeconv (C?) then x=32; os(x;+ - -+ +x3,) =p(y ; (u/p)x;;) € p(conv C), as re-
quired. Notice that the mapping x — Ax is an automorphism of the additive group
RY for any A#0 in R and scales measures by a factor [A|¥; this is fundamental to
our discussion.

LeMMA 5.1. Let A be any bounded set in RY of diameter D=diam (A). Then
every point of conv (AP) is within distance 2N diam (A) of some point in A?; i.e.,
we have conv (A?)<= A?+ U(2N diam (A4)) for p=1, 2, ..., where U(J) is the ball of
radius >0 in R".

Proof. The result is independent of translations of 4, so we may assume 0 € 4.
We recall a theorem due to Carathéodory: if X is a set in R¥ and x € conv (X),
we may always write x as a convex sum of at most N+1 points in X (see [2,
Theorem 18]). Apply this to the set conv (4?)=p-(conv 4) to express a point
x € conv (A4®) as a sum

N+1 N+1
X =p(2 Aiai)’ Ai g 0, Z Ag = 1, aieA.
i=1 i=1

We may assume 0<A; < --- <Ay, and define d=p—>V , [pA]>0, where [1] is
the largest integer less than or equal to A € R. Consider the point x* € A?:

N

x* = [pAa +day ;..

i=1
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Then |a| =diam (4) for a € 4, since 0 € 4, and

Ix—x*] =

N
> (pA—[pADa+(PAys1—d)ay s,
=1

N
<> lal+Nlays:| < 2N diam (4). Q.E.D.
i=1

THEOREM 5.2. Let C be any bounded subset of RY such that some power of C has
interior. Then there is a vector t € R¥ and an integer po=1 such that: C*>t+
(p—po)(conv C) for all p= p,. Clearly p(conv C)>C?, all p.

Proof. Suppose C?: has interior and let D=diam (C). For some §>0, C"
includes some ball: CP1>¢*+ U(8) where t* € R¥. Then C?z includes the ball
t+ U(2ND) if we let t=([2ND/8]+ 1)t* and p,=([2ND/8]+ 1)p;. Thus p=p, =

(t+UQRND))+C? P2 < CP2+CP P2 = C?;
but by 5.1 (taking 4A=C)
@ C? D t+(C? P24+ U(2ND)) > t+conv (C? P2)
= t+(p—ps)(conv C) allp = p,. Q.E.D.

Kawada’s Theorem is an easy consequence of 5.2.

COROLLARY 5.3. If C is open relatively compact set (or if C has some power with
interior), and if 8 >0 is given, then there exists a p(8) such that

p(conv C) @ C? 2 p(conv (Cy))
for all p=p(8).

Note. If C? has interior for some p, int (conv C) is dense in conv C since
p(conv C)=(conv C)*>C?, (see [2, p. 11]).
Proof. For all large p (say p=p,) we have ¢ such that

p(conv C) © C? o t+(p—p,) conv C;

on scaling by 1/p we have

conv C > 1 Cc?> l t+(1—‘£1) conv C.
p p p

Now conv (Cy;2) is a compact subset of int (conv C) so there is a p, 2 p; such that
(1—p1/p) conv C = conv (Cys2) allp 2 p,,
and there is a p; = p, such that ||(1/p)t| < 8/2 for p = ps. Taking p,=p; we have
conv (Cs) —-1—1, t < conv (Cy2) < %(p —py)conv C allp = p,

so that p2p, =
1,1 1
conv (C,) < = t+—(p—p;)conv C < = C?, .E.D.
(Cy) 72 7p (p—p1) ? Q
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We now derive the measure theoretic estimates in Theorems 1.1 and 1.2. How-
ever, note that if C=RY is relatively compact, the C? may fail to be Borel sets (or
even u-measurable where p is Haar measure); we systematically circumvent this
difficulty in our measure theoretic estimates by considering, for X< R¥,

|X|* =inf{|U| : U> X, Uopen},
|X|~ =sup{|U| : U< X, U open}.

Here | X|* is the usual outer measure, so |X|*=|X| if X is u-measurable; [X|~
is not a measure, but | X|~=|X| if X is open. Note that | X|*=|X]|".

THEOREM 5.4. Let C< R be relatively compact and open [having some power with
interior). Then

. |Cp+1] _ |Cp+1|+ _ ’

0 Il = 1voup [ = 1+0aim)

. |peonvC| _ |[pconv C| _ ,
() BT = 1roup)  [LE 1+001/p)]

(iii) |C?| = p¥[conv C|+O(p"~*)  [|C?|* = p"|conv C|+O(p" 1))

Proof. We have C?<(conv C)?=p(conv C) all p, so if some C? has interior,
so must conv C; thus conv C is at least u-measurable (if not a Borel set) with
|int (conv C)|=|conv C|=|(conv C)|~ by standard results on convex sets with
interior (see [2, Theorem 3, ff.]). Let p, and ¢ € R¥ be as in 5.2. Then we have for
PZPo:

0 < [P+ | < |(p+1) conv C|

= IC*[F " T [(p—po)conv C|
p+1)N
= |——]) -1 = 0(1/p).
(p—po (1/p)
Furthermore, since p conv C>C? = |p conv C| 2 |C?|*, we have (for p=p,):

S [kl RSO [ I ||~ |(p=po) conv C|
12 =
= |pconvC| = |pconvC| [t+(p—po)conv C| |pconvC]|

|(P_Po) ConVC| _ P‘Po)" _
2 R _( —28)" — 1+0(1/p).

Finally, we note (iii) follows from (ii) and |p conv C|=|conv C|p". Q.E.D.

6. Behavior of powers in compact groups and certain extensions. In this section
we consider compact groups K (not necessarily abelian). We assume Haar measure
normalized so |G|=1.

THEOREM 6.1. Let K be any compact group and C< K a subset such that C® has
interior for large p. Then there exist open subgroup K,< K, an element k, € K, and
an integer p,, such that

C? = (ko)* ™K,
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all p 2 po. Thus we have |C?|=|K,y|=1/m for all large p, where m is the index of K,
in K, and |C?|~const. as p — .

Proof. We need a lemma which may have independent interest.

LEMMA 6.2. Let G be any locally compact group, U< G a subset satisfying:
(i) U2<U and
(ii) 0<|int (U)| <c0. Then U is a compact open subgroup of G.

Note. Condition (ii) is necessary; otherwise consider U= (0, +o)<R.

Proof (6.2). We first show U has compact closure: by (ii) there is an open set
V< U and we may take V to have compact closure. If U does not have compact
closure we cannot cover U by finitely many left translates of ¥V ~!; therefore we
may inductively define a sequence of points {x;}< U such that x; ¢ U;<; x,J V!
for j=1, 2, .... But this readily implies that the sets {x;V'} are disjoint, and since
they are open and included in U (by (i)) we contradict (ii).

Furthermore some power of the set ¥ must include the unit e€ G, for if xe V
consider the neighborhood V~-!x of the unit. Since {x":n=1,2,...}<U it
must have a limit point y € U and it follows easily that e is a limit point for {x"}
(if x™ — y look at x™~" for i>j), therefore some power x" (r=2) of x belongs to
the neighborhood ¥ ~x of e, which = x"=z"!x for some z € ¥, which = e=zx"x !
=zx""1e V¥V 1=V It now follows that U is open since UV'< U+l U, thus a
neighborhood of each point lies within U. If w is any point in U then w™V"<w™U
<wU for all m=1, 2,..., and since e is a limit point for {w™ : m=1,2,...} we
frequently have e e w™F'", which = e e wU == w~1 € U and U is inversion invariant.
Hence U is an open subgroup in G. Q.E.D.

COROLLARY 6.3. If K is a compact group and C<K a subset such that C® has
interior for large p, then K,=\J;-, C? is an open subgroup of K (and therefore it is
the subgroup of K generated by C).

Proof. U=K, satisfies (i), (ii) of 6.2. Q.E.D.

COROLLARY 6.4. If K, C are as above we have K,=\J52, C? for some p,=1;
furthermore there is some integer r =1 such that e € int (C™) all m=1, 2, .. ..

Proof. It is not true that e is eventually in the sets C?, rather than recurrently as
we assert here. Since some C? has interior, some power of C? is a neighborhood of
the unit (as in proof of 6.2), say e € int (C"). Thus for any p=1, 2,... we have
C?<int (C?C"), which = Ky=J;_; CP<lJy-,int (C?). As K, is compact,
Ky=Jse, int (CP)=\J52, C? for some p,. Q.E.D.

To prove 6.1, take r so eeint (C"); then C®* VY >int (C®*Y")> C*"(int C)> C?".
This implies that Ko=|J,;-, C?" satisfies the hypotheses of 6.2, and hence is an
open/closed subgroup of K; as int (C*") 7 K, we obviously get C*’"=K, for all
large p (say p 2 po). The sequence of open sets {C? : p=rp,} may fail to be increasing
by inclusion, but clearly we have |C?*!|z|C?|, thus we get |[C?|=|K,| for all
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pzZpor. Take p;=por; then CP1=K, and C?**=CC?:=CK, consists of precisely
one left coset of K, say koK, for some k, € C [in fact for any k, € C]. In general
CPitr+l=CCPC =k CP1*"=(ko)"*1K, for n20. Q.E.D.

Now we consider groups H of the form H=Kx G (direct product) where X is
any compact group, G is any strongly amenable locally compact group (com-
mutativity not required). We denote the projection homomorphism of H onto
K, G by ¢, 7 respectively. If A=G is any subset, measurable or not, we define
|A|*=inf{|U| : U> A4, U open} and |4|~ =sup {|U| : U=4, U open}, as we did
in discussing 5.4. If C<H, we are interested in the cross-sections over points
Y€ G:p(m(y) N C); we write Z=2(C) for the family of subsets of K which are
cross sections of some power C? (p=1, 2, ...) over some point in G. It is essential
to notice that

3) 01, 0, € 2 = there is some Q3 € £ such that Q; > 0, 0..
In fact if Q;=¢(71(»;) N C™), then we obviously have
P(m~H(y1y2) N C™M*™M2) S g(m~(p1) N C™)- (™ (yg) N C™2).

THEOREM 6.5. Let H=Kx G as above. Let C be a relatively compact set in H
such that some power has interior. Let y=sup {|p(z~(y) N C?)|* : p=1,ye G}
=sup{|Q|* : Q€ P}. Then there exists an open/closed subgroup K,<=K and an
integer po= 1 such that y=|K,| and

@ Ym(CP )| * < |C7]7 £ [CP|* S ylm(CPro)|*
for all pZpy; Ky is normal in the open/closed subgroup of K generated by ¢(C).

COROLLARY 6.6. If H=Kx G where K is compact and G is locally compact, then
G strongly amenable = H strongly amenable.

Proof (6.6). From (4) we see that, for open relatively compact set C (so powers
are measurable),

| < ICp+1| < ICp+1|+ < |11‘(C”+p0+1)|+
S T o N EI (DT

2P0 |.n.(cp—po+t+1)| +

- >
=L sy 2lrzpe

. C,,Hl | (Cp+1)| 2p,+1
1 £ lim su {l } [llm su { }] =1
T PUTmeN-
since projection = is open and preserves relative compactness. Q.E.D.
Proof of 6.5. If C™o has interior, some cross-section Q, € # has interior in K.
But (3) shows there are sets Q, € Z such that Q,>(Q,)” for p=1, 2, ..., hence we
may apply Theorem 6.1 (taking C=Q,) to see there is an element of £ which

Thus
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includes an open/closed subgroup of K. Let Q; be an element of Z which includes
an open/closed subgroup K,< @, having maximum possible measure (measures of
open/closed subgroups in K can only take values {l/m : m=1,2,...}, so the
maximum value is achieved). We assert that

(i) Q; coincides with the subgroup K,

(ii) |Ko| =y (hence y is achieved for some measurable element of Z).
In fact, the powers Q,< Q%--- increase to fill an open/closed subgroup of K
(by 6.4) in finitely many steps; thus all large powers Q% (say p = m,) coincide with
this open/closed subgroup. But 971> Q,>K, and QP lies within some ele-
ment Q, € Z by (3). This violates maximality of |K,| if Q,# Ko, and (i) is proved.
Further, if Q' € Z has |Q’|* >|K,| and Q" € Z is any element with interior, then
Q’ Q" has interior; some (Q'Q")" includes a neighborhood of the unit (6.4) and is
included in some Q €%, and we have |Q|*2[(Q'Q")"|2|0'Q"|*2|Q'|* > | K|
due to left invariance of outer measure. But Q< Q?< - - - increases to fill an open/
closed subgroup in finitely many steps (6.4), and |Q?|* = |Q|* > |K,| contradicts
the maximality of |K,| since each Q7 lies in some element of Z; thus |Ko|=|Q’'|*
all O’ € &, proving (ii). Choose integer r, and y, € #(C") so that

Ko = @(m=*(y0) N CT);

i.e. Ky x{yo}< C". We have noted that some power C™ has interior,say C"o>Ux Y
where U, Y are open in K, G respectively. Take po=my+r,. Then p=p, =

C? = CCP PCM > (Ko x{po})CP Po(Ux Y).
The set on the right is open and clearly has measure at least as large as
|Ko| [7(C?~P) Y| 2 y|m(CP~Po)| *;

therefore, y|m(C?~%0)|* <|CP|~ for p=p,. On the other hand, for any p=1 let
uceUand ye Y; then C’<(u~'Uxy~'Y)C?, an open set, and we have |C?|*
S| tUxy 1Y)C?|=|(Ux Y)C?|. But we have m((Ux Y)C?)=a(C™*?) and
for each y e (Ux Y)C? the cross-section above y (an open set in K) can have
measure at most y. Thus Fubini’s theorem gives

(€71 S (€7 * )| * S ylm(Co o)

and our measure theoretic estimates are proved.

For the normality of K, we may assume ¢(C) generates K, so K=J;-; ¢(C)?
by 6.3. Let k € K, then k € o(C)? =¢(C?) for some p, which = k belongs to some
cross-section of C?. Now K,€Z so (3) = kK,=P’ for some P’ € P; likewise
there is a P”" € Z with P">k~1K,kK,> K,. But the middle set is a union of left
cosets of K, and if it includes more than one coset we violate |K,|=1v; thus we
have k~Kok<k *K.kK,=K,, all k € K, and K, is normal. Q.E.D.

In the special case G=R" these considerations extend to give a clear geometric
description of the C?.
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THEOREM 6.7. Let H=KX V, where K is compact and V=R", a vector group.
Let C be a relatively compact open subset in H. Let E=n(C) and let >0 be given.
Then there exists an integer ny, an open/closed subgroup K,< K, and a point k, € K
such that

$(m=(y) N C?) = (ko)* ™K, all y € p conv (Ey),
for p=ny.

Proof. We have #(C?)=(n(C))?=E? and have seen (5.3) that p(conv E)> E?
> p(conv (E;)) for large p, say p=p,. We continue the discussion in proof of (6.5),
defining K, and ro, my, po=ro,+m, as above. We have seen that K, x{y,}< C"o,
S0 Y, € E'o; furthermore we have

) Yo+ EP™"0 > pconv (E,)

for all large p, say p = ps = max {po, p1} [(5) holds <

B Tt i (; )
conv (E;) pyonE o 7 p—roE o);
but the latter includes (p—r,)/p-conv (Ej;,) for large p].

Fix p=p; and let y vary within p conv (E;). We first show that the cross-section
of C? over each y consists of precisely one coset of the subgroup Kj; then we will
show this coset remains constant as y runs through p conv (E;). As y € yo+E? "
we may write y=y,+y1, SO

@@= (y) N C?) 2 g~ (y1) N C? o)p(mr (o) N CTo)
= (@Y (y) N C?P~"0)K,.

The right side is nonempty, hence includes at least one left coset of Kj; but if the
left side meets more than one left coset of K,, we violate |K,|=y for the cross-
section @(m~Y(y+yo) N CP*o)Dp(m~1(y) N C?)-K,, so each cross-section is a
single left coset. The cross-sections of C? vary “lower semicontinuously” over E?,
ie., if p(m~*(») N C?) includes some coset kK, then so do the cross-sections
o(m=1(y") N C?) for y’' near y in E®. This follows easily since C? is open and the
coset kK, compact. Therefore, if p=p; the cross-sections of C? must remain
constant on the connected set p conv (E;)< E®.

We may assume ¢(C) generates K, so K, is normal in K. Write X, for the coset
of K, giving the cross-section of C? over p conv (E;). If m, n=p; we have

(6) Xnin = XnX.

In fact if y € (m+n) conv (E;)=m conv E,+n conv E; we can split y=y'+y", and
we have X,.,2¢(m"}(y) N C"* )2 1 (y) N C™) -z~ (y") N C")=XnXy;
but the left side is a single coset of K, so we have equality. As K/Kj is finite there
is a py=mp3 (m=1,2,...) such that X, =(X;,)---(Xp,)=(kKo)"=K, Write
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X,,+1=koK, where k, € K; then we use induction to show Xy, . »n=(ko)"K, for
all m20, proving our theorem if we set no=2p,. In fact (6) shows: X,,, =K¢=K,
(m=0) and Xy, +1=X,, 1X,,=koK, (m=1), and by induction X, 1ps1=
Xp, +1Xp4 +m =k0K0Xp4 +m=k0Xp4Xp4 +m=k0X2p4 m=(ko)™* 1Ko. Q.E.D.

The analog of the measure theoretic estimate in Theorem 1.1 can be stated for
general locally compact groups G as follows:

(7) For every relatively compact set C=G such that some power has interior,
there is an integer k=0 and a constant A4 such that |C?|* =Ap*+ O(p*~? log p).
We have seen this for G~ RY (with k=N depending only on G) in 5.4; we will
eventually see that every abelian G has this property, and in most cases (e.g., if G
is compactly generated) the parameter k depends only on G. For the present we
note:

COROLLARY 6.8. Let H=K x G with K compact and G a locally compact group
satisfying (7). Let C< H be relatively compact such that some power of C has interior.
Then

|C?|* = yAp*+0(p*™?)

where vy is defined as in 6.5 and A, k are the constants associated with the set
E=n(C)<G in (7). If k depends only on G in (7), the same is true for H.

Proof. Here E==(C) is relatively compact and E?==(C?) has interior for large
p. Thus |E?|* =Ap*¥+ O(p*~1). Taking v, p, as in 6.5 we have p=p, =

y[EP Pt 2 |CP[* 2 [CP|7 2 y|EP7P| ",
Now apply (7) to E? and note that (p—po)c=p*+O(p* ') as p - . Q.E.D.

7. Behavior of powers in discrete groups and groups R™ x Z". If H is any locally
compact abelian group and C a relatively compact subset such that C? has interior
for large p, then the group H'< H generated by C is open/closed and is compactly
generated; thus the study of powers C? in arbitrary H immediately reduces to the
corresponding problem for compactly generated H. But groups of the form
G=R™x Z" are the fundamental building blocks of such groups—in fact we can
always write H=K x R™x Z", with K compact, for any such H. The considerations
of §6 reduce the study of powers C? in H to those in R™x Z", which we take up
here.

The case of discrete torsion free groups (m=0) is essentially a problem concerning
the geometric and simple analytic properties of lattices (discrete subgroups) in
Euclidean space, while the case m >0 requires a rather different (and complicated)
discussion of convex sets in Euclidean spaces, linear families of convex sets, etc.
Thus we single out the case of discrete finitely generated torsion free G (G~ Z™)
for our starting point. We need a number of special results on convex sets in
Euclidean spaces which do not seem to be set forth in the literature; these are
discussed separately in an Appendix.



1969] ASYMPTOTIC BEHAVIOR OF PRODUCTS 187

THEOREM 7.1. Let G be finitely generated torsion free abelian (G=Z" for some
n20) and let C={g,, ..., gy+1} be a finite subset. Let k be the rank of the subgroup
in G generated by the differences {g,—8n+1,---, 8v—8n+1}> 50 O0SKk=N. Then
there is a constant A such that |C?|=Ap*+O(p*~*) as p — .

REeMARK. See footnote (1). It is also helpful to notice that, for any g€ G, we
have |[(C+g)?|=|C?+g?|=|C?| for p=1, 2,...; thus we may as well assume that
the unit 0 is in C, say gy.:=0. Once this normalization is made, k is rank of the
subgroup generated by {g, . . ., gy}- The case k=0 is trivial, for if our normalization
is made it implies that g,=---=gy,,=0, since G is torsion free, and we have
[C?|=1 all p. Thus we assume 1 Sk <N.

Proof. In G, C? is the set of all elements of the form >} «g; for (¢;) € ZV*1
with ¢, 20, V4! «;=p; due to our normalization gy, =0, this set of elements is
precisely 5N, Bg : (B)eZ", 8,20, >N B;<p} and |C?| is the number of
distinct elements in this set. If we consider the N-dimensional simplex

S = {(Ai)eRN tAZ0, D> NS 1},
i
then C? is precisely {ON, o g; : (o) epS N Z¥} and 7.1 is a special case of the

following theorem, taking C={g, ..., gy}

THEOREM 7.2. Let G be a torsion free abelian group. Let C={g,, ..., gy} be any
finite subset and let k be the rank (0<k=<N) of the subgroup generated by the
elements {g;}. Let S be a compact convex set in RN with interior and let

AS = {Ax : xe S}

for all A>0. Finally, let N(p)=N(S, p) be the number of distinct elements in
{OiL1 g : () epS N Z"}. Then

N(p) = Ap*+O(p*~1) as k — o,

where A is a constant depending on S, G which will be evaluated explicitly in the
course of our proof.

Proof. One must develop several lemmas on lattices in R¥ (N> 1).

LEMMA 7.3. Let S be a compact convex set with interior in RY and let T be any
lattice of rank N in RY with |T'| the measure of a fixed fundamental region X for T'
(an invariant of T'). Let 1o >0 be given. Then there is an integer p, and a constant B
(independent of 0 <n<n,) such that:

1
IT'n (pS)"I_H“T |S|pY| < Bp¥-?

all p2po, all 0=y = 1,.
Proof. Let N *(p) be the number of [-translates of = which meet pS and N ~(p)
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the number of I'-translates of T lying within (pS),,. If d,=diam (Z), we have
N=(p)2|T' n(pS),| N *(p) for 0= <n,, all p, and clearly:

N*(p) = ,—;—, IU@+3: +2) 0 pS # o)) < , I < dist 5, pS) < ol

< 7 l{x @ dist (x, pS) < mo+do}|,

l"
N-(p) = lél U+2 7+ < (pS))

|F| [{x e pS : dist (x, bdry (pS)) = no+do}|
all p. Notice that (1/|T[)|pS|=(/|T|)|S|p" lies between the right-hand bounds
displayed here, as does |I‘ N (pS),|, so for all n <y, all p, we have

1T ()~ [S1p" | 75 [ dist (3, by (7S)) S 7o+

It is not hard to see (we give a proof in A.2(ii) of the Appendix) that for all large p,
say p = p,, the right side is dominated by Bp"~. Q.E.D.

LEMMA 7.4. Let A be a lattice in R¥ of rank N and let A,< A be any sublattice,
say of rank . Let P be the k= N—1 dimensional subspace in R" consisting of all
vectors in R" orthogonal to the subset Ao, and let T' be the orthogonal projection of
A into P. Then T is a discrete subgroup (a lattice) in P~ R* of rank k.

Proof. The rank of A is just the number of elements in a Z-basis (A torsion free,
finitely generated). We recall that no discrete subgroup A < R" can have rank
(A)> N. From this it is clear that rank (A)=dimension of the vector space spanned
by A. Let M be the space spanned by Ay, so dim M=/; then A N M is a discrete
lattice in M so that /=rank (A N M)=rank (A,)=! and there is a Z-basis
{A, .., A3 AN M for AN M> A, By standard theorems on free Z-modules,
there are k=N —/ further elements {A}, . . ., A;}, such that {A;} U {Aj} form a Z-basis
for A. It is clear that I is a lattice of rank k in P which has for a Z-basis the
projected images of A}, ..., A, in P. Q.E.D.

The following technical lemma is central to our asymptotic estimates for discrete
groups.

LeMMA 7.5. Let S be a compact convex set with interior in R¥. Let A be a lattice
of rank N in RY and Ay< A a sublattice of rank 0<I< N. Write P for the k=(N—1)
dimensional subspace orthogonal to A,, and let w: R¥ — P be the orthogonal pro-
Jection. Denote I'=m(A) and D=m(S). We define a function diam*: D — [0, +o0)
by the formula

diam* (x) = sup{r 2 0: U(y,r) ={zeR" : |y—z| S r}c S

for some y € w~1(x)},
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so diam* (x) is the radius of the largest closed ball contained in S which has center in
the fiber =~ *(x). Then

(i) diam* is continuous on int (D).
Let ry, be the insphere radius of S (see [2, p. 76)).

(i) The constant n=diam S/ry, is such that, for any 8 with 0 < <r,, we have

diam* (x) > (1/u)8 for all xe D, = {x € D : dist (x, bdry D) > 8}.

Proof. For (i), it is readily seen that #(int S)=int (D) due to the convexity of S.
Let x, € int (D), then dy,=diam* (x,)>0 and let U(y,, d,), With y, € 7~ (x,), be a
closed ball of radius d, lying within S. If x, is any point of P such that ||x,—x, | < d,
it is clear that x, € m(int §)=int (D) and diam* (x;) = d,— | xo—x;| (consider the
point y; € m~!(x,) closest to y,). Therefore we see:

[xo—x:1] 2 diam* (xo) —diam* (x,),
if | xo—x,|| <diam* (x,), x, € int (D); but by symmetry:
%, —xo| 2 diam* (x;) — diam* (xo),
if [ x, —x,| <diam* (x,), x, €int (D). Hence if x, is fixed, we see that for all
x; € int (D) with || x; — x| < (diam* (x,)/2):
[diam* (x,) —diam* (xo)| £ [lx1—Xol,
which proves the continuity of diam*.

For (ii), take any point y, €int (S) such that the closed ball U(y,, ry,) lies
within S. For all é with 0<8<ry,, we obviously have (by definition of r,;) x,=
m(yo) € Ds={x € P : x € D, dist (x, bdry (D)) > 8}. Consider any 0 < é <r;, and any
point x#x, in D, (if x=x, then diam* (xo)2r,> 82 8-(r,,/diam S)=(8/un), so
this is a trivial case). Let x” be the point where the ray from x, to x meets bdry (D);

let y’ be any point in #~1(x") N S and y the (unique) point in the segment [y,, y']
with 7(y)=x. The distance |y’ —y| Z | x"— x| > 8 since x € D; implies

dist (x, bdry (D)) > 8.
Consequently we have a convcx representation

W=yl o Ix'=x| 3
Iy =y € diam S ~ diam S

y=opt(l-a)y, a=

But since S is convex we have U(y, ary,)=«U(yg, rn)+ (1 —){y'}< S, and since
ary, > rp(8/diam S)=(8/u) our assertion is proved. Q.E.D.

We are now ready to prove 7.2. Consider lattice A=ZV<R¥ let C={g,, ..., gn}
<@, and define the canonical homomorphism ®: Z¥ — G

N

® Doy, ..., o) = D g

i=1

The kernel Ao=Z" of this morphism is a sublattice, say with rank / (0S/<N).
* Since G is assumed to be torsion free one readily sees that the subspace M spanned
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by A, has M N Z¥=A, (in general M N Z¥> A,); thus if {A;, ..., A}<A, is a
Z-basis for A,, so these vectors are an R-basis for M, we may find additional
vectors {A}, ..., Ay_,;}< A such that {A;} U {A}} is a Z-basis for A. Therefore we see
that the points {gf=®(X) : i=1,2,..., N—[} are a Z-basis for the group G*<G
generated by C={g,, .. ., gy}, so that N—/=rank (G*), which we have denoted by
k in our theorem, i.e. k=N—1.

If k=0 then /=N, Ker ®=A=2Z", and we can only have g,=- - - =g5=0 (unit
in G); in this trivial case N(p)=1 all p. Excluding this case we assume 1<k N
hereafter. Note that if k=N then Ker ®={0} (no relations exist among the {g;})
and N(p) is simply the cardinality of |pS N ZV|, which we have estimated in
Lemma 7.3.

If 1 £k =< N then clearly N(p) is just the number of points in pS N Z¥ which are
incongruent (mod Ag)—i.e. the number of distinct cosets of A, which meet the
set pS. However, this is just the number of points we obtain when we project
pS N ZY by = to the k-dimensional subspace P of vectors orthogonal to the set A,
(this is because M N A= A,). Let '==(Z"), which is a discrete subgroup (lattice)
in P by Lemma 7.4, and let D=m(S). Since A, spans the subspace M, there is some
dy >0 such that every point in M is within distance d, of some point in the lattice
A,; it follows immediately that, for any x € I' P, every point in the coset =~ 1(x)
of M lies within d, of some point in the lattice (a coset of Ay in Z¥) Z¥ N =~ (x).

Let p=diam (S)/ri,(S) as in Lemma 7.5(ii), let n=d,u, and for p=1 consider
(pD),={x e pD : dist (x, bdry (pD))>n}, which is readily identified as p-(D,;).
If xe I' 0 (pD), then =~1(x) includes a coset of =~ 1(x) N Z¥:Z¥/A,; moreover
Lemma 7.5(ii) applies (for all large p, say p=p, we have n=d, diam S/r,(S)
<ru(pS)=p-r(S), and may substitute S — pS, 8 — 7 in 7.5(ii) for any p = p,) to
show that =~ 1(x) N pS contains a closed ball centered on this fiber with radius at
least n/p=d,. Thus for p=p, and x € I' N (pD),, #~*(x) N pS contains at least one
point from =~ 1(x) N ZV; this = =(pS N Z¥)>(pD),NT for p=p, But the
inclusion =(pS N Z¥)<pD N T is trivial for all p. Now apply Lemma 7.3: for all
large p, say p=p; = p,, we have

1
I |D|p“+Bp*~* 2 |[pD N T| 2 |n(pS N Z")| = N(p)

1
2z |(pD), NI 2 T | D|p*—Bp*~1,
and Theorem 7.2 is proved. Q.E.D.

Now we are ready to work out the asymptotic behavior of powers C? in groups
of the form H=R™x Z" where m>0.

THEOREM 7.6. Let H=V x G where V is a vector group of dimension m>0 and G
is a discrete torsion free abelian group. Let C be any open relatively compact set in
H and let : H—> G be the projection homomorphism, writing

9(C) = F={g1,...,8n+1}
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(necessarily finite). Let k be the rank of the subgroup in G generated by

F' ={g1—8n+1s-- > n—8n+1}

Then there exists a constant A >0 such that
9 |C?| = Ap™**+O(p™**~*logp) asp—>
(the constant A is constructively determined in the course of the proof).

Proof. Since |[(C+x)?|=|C?+x?|=|C?| we may normalize to assume C con-
tains the unit of H, hence Fincludes the unit of G, say gy ,; =0 (note that the rank k&
is unchanged by translation). The case m=0 is precisely the discrete case just
considered, in which we obtained an even better error estimate than in (9). Now C
may be represented:

C=U{E+g:1 i N+1}

where E; are open, relatively compact in V—i.e. C is a finite union of open sets
lying in distinct cosets of V in H.

We first prove the theorem assuming that the sets {E;} are convex; this case is
easier to deal with as a consequence of the identity E?=pkE, valid for convex E.
We shall then obtain the result for general {£;} via an approximation theorem
analogous to Theorem 5.2.

Let S={(A)eR" : 20, >, <1} be the unit simplex in R¥. As in the
discrete case, let A, be the kernel of the homomorphism ®: Z¥ — G carrying
(g, ..., 08) > a8+ +oaygy. Ay is a maximal / dimensional lattice in Z¥ for
some 0=/< N; furthermore, the orthocomplement P of A, in R" has dimension
N—I=k (see discussion after Lemma 7.5). Write = for the orthogonal projection
of RY to P~ R* and set '=n(Z"), D==(S). For A=(A)epS, p=1,2,... we
define the affine combination

N
EQ,p) = MEy+- - +)‘NEN+(P— Z Aﬂ)EN+1’
i=1

which is again an open convex set in V (see [2, Chapter 5]). The sets E(A, p) are
uniformly bounded in ¥ as A ranges through pS since they all lie within pB where
B=conv (E, U---U Ey,,). For any x € P we define convex set (nonvoid only if
x € pD=p-n(§)=n(pS))

E(x,p) =U{ENp): Aea i (x)NnpS} < V.
For brevity we set E(x)=E(x, 1). Next define the functions
$(x, p) = |E(x,p)|,  $(x) = $(x, 1).

We show in the Appendix that these functions (indexed on p=1,2,...) are
continuous (see A.7).
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We may now identify the constant of our theorem as

1
4=1x fD ) dA

where |I'| is the measure of a fundamental region X for the lattice I' (note: A4 is

unaltered by a change of Haar measure in P). Since the {E;} are convex: Ef =pkE,

and we have

U (8+U {P1E1+ e +P~EN'|'(P—2P1)EN+1 (P18t -+ pagy = g})
i

geF?P

CP

(g+U {p1E1+ e +(p—Zp;)E~+1 ((p)emi(x) N pS N Z”})
xel'npD 1

where g is the element p,g;+-- - +pygy, Which is independent of the choice
(p) e m~(x) N pS N Z¥. Notice that the correspondence I' — G is injective, by
construction, and hence all the sets g+{J {: - -} in the latter union lie in disjoint
cosets of V in H; therefore

c?l = > . U{plEl+~-+(p—§p,)EN+1 : (p‘)En-‘l(x)ﬁpSnZ”}
xer'Np. i

> |ULEMp) : Aen i (x) npS N ZM).

xer'npD

(10)

We immediately obtain an upper bound for |C?| by allowing A to range over all
points in =~ (x) N pS, which is the same as allowing A/p to range over all points
of #=Y(x/p) N S; this is just p- E(x/p, 1)=pE(x/p) by definition, so that

|C?| < p™ 2 {¥(x/p) : xe T N pD}.

The difficult part of the estimate is to find good lower bounds for the individual
terms in the sum (10). Let us denote:

Alx,p) = U{EAp) : Aem X (x)NpSNZN}y < V.

Let d, be the “mesh” of A, in the subspace M < R" spanned by A,—so no point
in M can be further than a distance d, from a point in A,, and consequently, if
x € T, every point in the coset =~ (x) of M lies within distance d, of some point in
ZY N 7=~ Y(x), which is a coset of Z¥/A,. Define r=2Nd, diam (B) where

B = conv(E, U---U Ey,, U{0}).
We consider x € I' N pD and define:

B(x,p) = U{EA, p) : Ae (m™1(x) N pS)a} < pB<= V.
If a>0 and A=()) € pS=RY, we define the modified sum of sets

EAp) = M(Eat - + Bt (""Zl A‘)(ENH)a < V.

Now if A=(A, ..., Ay) € (#~}(x) N pS)q4,, and U’(d,) the ball in M of radius do,
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then A+ U'(dy)<#1(x) N pS, and our definition of “mesh” d, insures that there
isa X en~(x) N pS N ZY with |A—X|| £d,, which =

[A—A] = do (1 £i=N),
and also

N \ N
EYREY

i=1 i=1
For convenience we shall occasionally write Ay,,=p—>¥; A if (\) e pS<R¥.
We assert that, in this context,
(11) Erlp(A: P) = Al(El)r/p+ st (p_z Ai)(EN+ l)r/p < E(Xa P)-

i

in fact, if £ € E,;,(A, p)

E=XMer+- -+ Ayiena (€ € (Erip)
= (Alert+ - +H ey ) F (= A)er+ - - +(Ay 1 —Avii)ewsa)
and the right-hand term has norm at most >, |A—Aj||e] < N(d, diam (B))+
Nd, diam (B)=r. Let us write U(¢, 8) for the open ball of radius §>0 about a
point £ € V, abbreviating U=U(0, 1); for X< V write
Ut(X,8) ={xeV:dist(x, X) < &

and X;=U"(X, 8)={xe V : x € X, dist (x, bdry X) > 8}. We have just shown that
E, (A, p)<E, (X, p)+rU; some elementary manipulation of the constructs U+,
U~ gives (11)—see A.4 in the Appendix. From (11) it follows that: if xe I' N pD,
and if we write

< Nd,.

B'(x,p) = U{E (A, p) : Ae (@1 (x) N pS)as)
we have
B'(x,p) < A(x,p), all xe ([ npD),all p.

Next we assert that there is an r; >0 and an integer p, such that
(12 B(x, p) < B'(x,p)+rU < A(x, p)+nU,
for all p= p,. In fact the elementary Lemma A.1(ii) in the Appendix gives

E; < U*((E)rips (r[p)M(EY)) = (EDrip+ (r[pW(ENU

(recall w(E;)=diam (E;)/ri,(E})) for all sufficiently large p (say p = p(E))). Hence if
PoZp(E;) all 1 2i< N+1, this inclusion is true for p=p, and 1<i<N+1. Hence
if p2p, and A € pS is any point, we have

N+1 N+1

EQ\ p) = 2 ME, < Z AU *((Erps (r/p)M(E))

=S ME‘),,,+(‘_ZI Ai(r/p)pwf))-v

=1
+

< ME)yp+rU = U*(E, (A, p), 1)

2 .
-

T
-
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where r; =max {ru(E;)}—notice that >Vt (A/p)=1if (A, ..., Ay) € pS, as required
to prove (12).
Finally, we want to compare B(x, p) with:
E(x,p) = U{EA\, p) : Aen(x) N pS}  (xepD).

It is this comparison which gives our lower bound (and error estimates) for |C?|.
By Lemma A.1(ii) (see Appendix) we have, in R¥,

(13 (m=1(x) N pS) (7~} (x) N pS)4y+dop(m~}(x) N pS)-U
for all x € pD such that the inradius ri (7~ 1(x) N pS)>d,.

By Lemma 7.5, since r,(7~1(x) N pS) = diam* (x) for x € int (pD), we have

(14) Fulm~1(%) O pS) > ;TISS § for xe(pD),

for all 8 with 0< 8 <ri,(pS)=pris(S). Note that u(pS)=pu(S).
But clearly diam (7~ (x) N pS) <diam (pS)=p diam (S), all x € pD, which =

(15) ur=2(0) 0 pS) s LI2REMS) _ () diam (S)u(s)),  all x € (pD)s.
Hence (13) becomes
(13) 70 0 pS € (1) O pS)ey +(p/)diam (SHSHU,

for all xe(pD), with dy<ry(7m~'(x) N pS), which is guaranteed if we take
8> u(S)d, (by 14).
Now consider the decomposition

N(p)
1  Tnpd=U (T NpD)s~ (N pDY) U (T N pDhy
where
N(p) = [(p/2)rn(D)].

Choose any i> u(S)d,, and fix any x € (I' N pD),. Then if A e #~1(x) N pS, by
(13’) there exists a X’ € (7~ (x) N pS),, satisfying |A—X'|| = (p/i)(d, diam (S)u(S)).
Hence by the same method as used in proving (11), there is a constant r* (indepen-
dent of p, i, x, A, etc.). Such that E(A, p)< E(X', p)+(p/i)r*U: thus (12) gives
(17 E(x, p) < B(x, p)+(p/i)r*U < A(x, p)+(r1+(p/i)r*)U,
for all p=p,, x € (I' N pD),, i>p(S)d,.

Therefore, by A.1(iii), U ~(E(x, p), r1 +(p/i)r*)<= A(x, p); thus by A.2 and A.3:

|[A(x, p)| Z |U~(E(x, p), ri+(p[i)r™)|
(ri+(p/i)r*)N
2 |E(x, p)|— E(x,
i) 2 1B P == e, gy 100

2 BC; ) — o 24+ 7)1 s )
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(Here ry(E(x, p))=p - rin(E(x/p)) and ri(E(x[p)) 2 min {rin(E)} = 1/.) With (18) in
hand our lower estimate for |[C?| follows directly.
In fact, for p=p, (p, determined as in (12)),

|C?| = 3 {|A(x,p)| : xe T N pD}
N(p)

=‘_21 2 {|A(x, p)| : xe (T N pD),_; ~ (T N pD);}

+Z {l4(x, p)| : x € (' N\ pD)yery}
> A|E(x,p)| : xe(T 0 pD),_; ~ (T N pD)}

[\

u(S)dg<i=N(p)
+ > {|E(x, p)| : x € (T O pD)yey}

"1

®» - CN1E, Pl s xe @ A pDY-s ~ (T 0 pDY}

w(S)do <ISN(D) (p

(; N(p)) Z {{E(x, p)| : x € N pD)yepy}

= > {|E(x,p)| : x& (T N pD)}

—2AlE(x, p)| : x€(T' 0 pD) ~ (T N pD)ucsras}

+0(3 SHIEG )l : x(C npDY)

N(P)

+0(Z (B, p)| < xe (T A pD)_y ~ (rnpD)f})-

But |E(x, p)| =p™| E(x/p)| =p™p(x/p) by definition, and for
1 =i = Np) = [(p/2)ri(D)]
we have r,,((pD);) > (p/2)ri(D). Therefore
20 TN pD)i_y ~ (CNpD)| = O(p*~Y), 1=i= N(p),
since, if d* is the diameter of T,

(T npD),_, ~ (T NpD)| = |(pD)i—go—1 ~ (pD)y 4 o+

NlPDI(Zd*‘l‘l) o(p*~ ).
= (p/2)rn(D)

But each term |E(x, p)| = O(p™) (uniformly in x), so that

>
i=1

Nli—‘

- {|E(x, p)| : x&(T N pD);_y ~ (T N pD)} = ( m o 22’" %)

= O(p™**~*log p).
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Similarly
D AlE(x, p)| : xe (T N pD) ~ (T N pD)ysa,} = O(p™+*71).
Finally,
@1 |C?| = (p"+0(p™ ) 2, {#(x/p) : x€ T N pD}+O(p™+*~* log p).

Finally, by A.5 of the appendix,
k
S slp) s x T pDy = F [ 4s) e+ 05+~ log )

upon substituting this in (21), (9) follows and Theorem 7.6 has been proved when
C satisfies the auxilliary hypothesis that its V-components E,, ..., E,,, are all
convex.

We now wish to extend our result to general relatively compact open sets C
which do not necessarily have convex components. We first introduce the following
notation: if C=\ (E;+g;) is the decomposition of C by cosets of B, we define the
convex hull of C, conv (C) by the formula

conv C = | (conv (E)+g).

We then have the following analogue of Theorem 5.2:

THEOREM 7.7. Let C be a relatively compact open subset of H=V x G (notation as
in Theorem 71.6). Then there is a point t=t(C) € H and an integer po=1 such that:

(22) t+(conv (C))?~Po = C? < (conv (C))?, all p = p,.

Proof. Proceeding as in the first paragraphs of 7.6, we obtain a formula similar
to (10):

(10) C7= U (g+U{Ep+ - +Ep+ELE : (p)en () npS N 2",
xelNp.

Now by Theorem 5.2 there are integers ¢; = 1 and vectors ¢, € V such that:
t;i+(g—q) conv (E)) < Ef < g conv (E)
for all 1SiSN+1 and all g2g;. Thus one sees:

(t1+ -+ +iye1)+(p1—q1) conv (Ey) + - - - +(pa—g,) conv (Ey)
N
(23) + (P— Z Pi—‘IN+1) conv (Ey +1)
i=1
< Ep e +ERY +E£p+—12,m) < piconv(E)+---+ (P—z Pt) conv (Ey 1),
1

where, if any p; <gq;, we interpret the first term to be empty. By (10) we clearly
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have C?<(conv (C))” for all p=1. Set t=(t;+ - +lys1)—(q181+ - +qn&n)>
and po=¢,+ - - - +qn+1. Then for p2p,,

t+(conv C)? %o

= ) (g-i-t+U{p'1 convE1+~~+((p——Zp§)—po) conv Ey,,:
i

xer'n(p—po)D

(P) en~1(x) N (p—po)S N ZN}).

Now let p,=pi+q; 1 SiSN+1; recall g=>N, pig;); then
t+(conv C)? %o
= U (g+U{(t1+~-+tN+1)+(p1—q1)conv(E1)+---

(24) xer'npD
+ (p—Zpi) conv (Ey4,) : (p) €m~3(x) N pS N Z”}) ;
i
(22) follows from (23) and (24). Q.E.D.
Now to return to Theorem 7.6, we see that (22) implies

|(conv (C))? 7| < |C?| < |(conv C)Pl, all p 2 po.

Hence by (9), which is known to be valid for the open set conv (C), we immediately
obtain the same estimate for |C?| since (p—po)™**=p™**¥+O(p™**~1), etc.; the
constant A corresponding to C is the same constant as that corresponding to
conv (C). Q.E.D.

We conclude this section with the basic results of this paper, which are im-
mediately obtained from the preceding:

THEOREM 7.8. Any abelian group H is strongly amenable; in fact, if C is any
relatively compact open subset of H, we obtain the asymptotic estimate

(25) |C?| = Ap™+O(p"~* log p)

for suitable A>0 and integer n=0. Furthermore, if K is any compact group and H is
abelian, G=Kx H is strongly amenable. In fact, the estimate (25) prevails for
relatively compact open C<G.

ReMARK. The integer » need not be bounded (i.e. it may depend on which set C
we look at). Of course, the O-constant depends on (the choice of) G.

Proof. If H' is the compactly generated open subgroup of H generated by C,
we may as well consider the behavior of C? with respect to H’, since Haar measure
restricts properly to H'. But by the structure theorem for compactly generated
Abelian groups, we have topological isomorphism

H ~ KxVxZ¥  (some integer N)

where K is compact abelian and ¥ is a vector group. Our assertion now follows
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from Theorems 7.6 and 6.8. Our second statement follows immediately, upon
appealing once more to Theorem 6.8.

It is possible to generalize Theorem 7.6 to deal with very general relatively
compact sets C (not necessarily measurable) and prove:

THEOREM 7.9. If G is abelian and C is any relatively compact subset such that
some power of C has nonvoid interior, then

[C?[*/|CP~Y~ =1 asp— 0.
Furthermore, there is a constant A>0 and an integer k 20 such that
|C?|* ~ |C?|~ ~ Ap* asp— 0.

We omit the proof, which is based on the results in Theorem 7.6 but requires no
reference to the mechanics of that proof.

APPENDIX. This discussion of families of convex sets in a Euclidean space extends
ideas discussed in Eggleston [2]; this material does not seem to be discussed in the
literature. We consider RY, with its Euclidean norm, and let Q(RY) denote the
family of all compact convex sets in R¥—evidently Q is closed under addition of
sets and affine transformations (see [2, §5.1]). We define U(x, r) to be the open ball
of radius r>0 about x € R and write U=U(0, 1). If a set X<R" and 6§>0 is
given there are two constructs of interest: the é-retract of X

X, =U"(X,8) ={xeR": xeX,dist (x, bdry X) > &}
and the 8-neighborhood (also referred to as a *“parallel body”—see [10])
U*(X,8) ={xeR":dist(x, X) < 8} = X+48U.

Notice that if X is convex, then so are U *(X, 8) and U ~(X, 8), although the latter
may be empty (see [2, Theorem 2]). The inradius r;,(X) of a convex set X € Q is
defined in the obvious way [2, §4.5]. An important parameter in all our considera-
tions is

w(X) = diam (X)/r,(X), all Xe Q(R"),
which is invariant under scaling automorphisms and translations.

PROPOSITION A.1. If X € Q(RY) and 8> 0, then

(i) U-(U*(X, d), 8)=X all $>0.

(i) U (U (X, 9), du(X))=X,;+éu(X)-U> X all 0< 8 <r,(X).
(i) If X<U*(X', 8), then X;= X', all §>0.

Proof. Notice the lack of commutativity of constructions U*, U~. In (i) it is
trivial (and in fact true for any X<R¥) that X<(X+8U),; for the converse,
suppose there exists an x € ((X+8U),~X) and let ye X be chosen so that
dist (x, X)=dist (x, y)>0. There is an N—1 dimensional hyperplane H tangent
to X at y (y must be in bdry X) such that x—y is orthogonal to H. Furthermore,



1969] ASYMPTOTIC BEHAVIOR OF PRODUCTS 199

x€(X+8U); > x+8Uc X+8U = x'=x+(8/||x—y|)(x—y) € X+ 8U. But we have
dist (x’, X) 2 dist (x’, H) = dist (x', y) = 8+dist (x, y) > &,

which = x’ ¢ X+ 68U, a contradiction.
For (ii), let x, € X be taken so xo+ri,(X)U< X. Fix any 8 >0 with 0 < § <r,(X),
let x € X, and write r=r;,(X). Then the cone with vertex x and “base” x,+rU:

{—e)x+a(xo+rU) : 0 = « = 1}
lies within X. In particular, since 0 < 8/r <1, the sphere
(1—=(8/r)x+(@/r)(xo+rU) = (1—(8/r))x+(8/r)x,+8U

lies within X, which = x"'=(1—(8/r))x+(8/r)x, € X;. But |x—x'|=(8/r)|x— x|
=<(8/r) diam (X)=8u(X), which = x € x"+8u(x)U<=(X);+ du(X)U, as required.

For (iii) note that X< X' +8U = X,<(X'+8U),=X" by (i). Q.E.D.

PROPOSITION A.2. Let us write | X | for the measure of a set X € Q(R"). Then

(i) If X € Q(RY) then

0 < [X[=|X,| S (N|X|/ra(X))8, all § > 0.
(ii) Let 8,>0 and X € Q(R") be given. Then there is a constant K such that
[{x € R¥ : dist (x, bdry (pX)) < 8}| < K8p"~!

all 0< 8= 8, all p.

Note. The set in (ii) is a fringe of radius 8 about the N—1 dimensional set
bdry (pX). For large p it is intuitively clear why such an estimate must hold.

Proof. We assume 0< 8 <r,(X), for the inequality in (i) is trivial if 82 r,(X).
Let x, € X be the center of some ball U(x,, r,) lying within X. We may assume
xo=0 since translation does not affect our measure considerations. Write r=ry,(X).
As in the proof of A.1(ii), x € X = (1—(8/r))x € X, (since x,=0 here), which =
(1—(8/r)) X< X, which = | X,| 2 |(1—(8/r)) X|; thus

0 = [X|=|Xs| = (1-(A=@/r)M]X| = N|X|(8/r),
as required. For (ii) let us write Y(p, 8)={x e R" : dist (x, bdry (pX))<8}=
(pX+8U)~(pX)s. Clearly
[ Y(p, 8)| = [(pX+8U) ~ pX|+|pX ~ (pX),|
= ([pX+8U|—[pXD+(pX|~|(pX)s))-
By (i), if 0< 8 <riy(pX)=p-r,(X)=pr, then we have
0 = |pX|—[(pX)s| = N|X|(3/r)p" .

Moreover, for any 6>0 we have implications: rU=U(x,, rp(X))<X = 8U
<(8/r)X = pX+8UcpX+(8/r)X=(p+(8/r))X, which = |pX+8U|-|pX|=
{(p+(@/r))Y—p"}| X| for all p=1,2,.... If we restrain 0<8=8§, we can take a
constant K, such that the last number here is dominated by K8p¥ -1 all 0 < 8§ £ §,,
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all p. If we set po=20/r, Ky =Ko+ N|X|r~1, we get | Y(p, 8)| S K, 8p" "t all 0< 8 £ 8,
p=p,o. If we take K=K, p¥, say, we get | Y(p, 8)| = K8p" ! all 0 <8 <8, all p, and
(ii) is proved.

REMARK. In this context we recall the following classic formula due to Steiner:
| X+8U|=|X|+A(X)8+ M(X)82+(4m/3)8%, where A(X) is the surface area of
convex set X, M(X) is the integral of mean curvature of X (see [10] for discussion
and proof); however, in our present context we do not need the precision of this
result.

Now we must discuss linear families of convex sets, which are discussed to some
extent in [2, Chapter 5]. Here we shall consider a specified finite collection of
compact convex sets with interior: {Ey, ..., Ey..} in a vector space V'~R'. We
define a mapping E: R¥*! — Q(V) which assigns to a vector A=(};) € R¥*? the
affine combination E(A)=AE;+ - - - + Ay, 1 Ey . 1. Notice that E(A) is convex closed
and has interior (unless A=0). For any subset X< R¥*! we define

E(X) = U{EQ) : Ae X} < V,

and observe that E(X) is convex if X is convex and compact if X is compact, and
E(eX)=aE(X) for all « € R. Our first result concerns the invariant

w(X) = diam X/ri(X) for X e Q(V).

ProprosSITION A.3. If A#0 in RV*! then w(E(A))<max{u(E):1SiSN+1}.
There is a constant u,>0 such that p(E(X)) = po for all X € Q(R¥*1) with X# .

Proof. The set E(A)=A\E;+---+Ay,1Ey,; contains a closed ball of radius
l/\ll’sn(El)‘*‘ e I)‘N+1|r1n(EN+1), which = r,(E(}) 2 2; IAilrin(Ei)' Also

diam (E(Y) £ D |\ diam (E);
i
therefore

giam (EQy) _ 3 [Nl diam (B)
raE®) -3 INraED

Smax{u(E):1 =i N+1}

HEW®) =

since, in general, if @;, b, >0 we have (3, a;)/(C; b)) Smax {a;/b; : i=1,2,..., N+1}.
For (ii) we write |A],=>145! [A] for A€ R¥*1, and | X|,=max {|A|, : Ae X}
for a set Xe Q(R¥*Y). Then r,(E(X))Z|| X[, min{r,(E,) :1ZiSN+1} by
reasoning similar to that in (i) above. Also, X< | X |,U (U the unit ball about 0
in the Euclidean norm), which

= diam (E(X)) < diam (E(| X [,U)) = diam (| X |, E(U)) = | X[, diam (E(D)),

which =
_ diam E(X) _ | X|, diam (E(U)) _ diam E(U) _
wEWXD) = 2 X)) = TX], min r(B)}  min ru(E))

Q.E.D.
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Using the notation E;(A)=2A;(E;)s+ - - +Ay+1(Ens1)s for Ae R¥*! and 6>0,
we note the following interpolation result.

LEMMA A4. If A#0 in R¥** and |A| = A+ - - +|Ay 44|, then
E ian,(N)+rU < EQX)
all r>0.
Proof. Let x; € (E}),xy, for ISiSN+1, and let x € rU. Then
x; = x;+sgn (A)(x/|x|.) € E,, 12iN+1,

which = Ax;+ -+ Ay s xp o1+ X=Ax1+ - + Ay 1 1xv41 € EQQ). Q.E.D.
We define a metric A(X, Y) on the collection of all compact subsets of a vector
space V:

A(X, Y) = inf{8 > 0: U*(X, 8 > ¥, U*(Y, 8) > X}.

This is a metric and the subfamily Q(V) becomes a complete metric space, as
indicated in [2, pp. 59,H]. Furthermore,

PROPOSITION A.S. Let convex compact sets with interior {E., ..., Ey ..} be given
in vector space V= R' and define E: Q(RY**) — Q(V') as above. Then E is continuous
and in fact satisfies a Lipschitz condition with respect to the natural metrics. Let us
define Y(X)=|E(X)| for X e QR *Y). If we are given a bounded set W< R *!
then there is a constant a=o(W, 8) such that |Pp(X)—(X")| <eA(X, X') all
X, X' € Q(RV*Y) with X< W, X'< W, i.e. ¢ satisfies a Lipschitz condition.

Proof. For the first assertion, let X, X' € Q(RV+1), write A(X, X')=¢20, and
set Y=E(X), Y'=E(X'). Then for any x € X, there is some x" € X’ with |x—x'|
Se,sothat [x;—x;|Sefor1SiSN+1. Nowletye Y, sayy=x,e;+ - - + Xy 16541
where x=(x;,...,xy) € X and e, € E;; then y'=xje,+ - +xy.1ex+1 € Y’ and
we have

[y=y'l S 2 1xi=xil el < fe where f = (N+1) max [[e] : ee ) E).
i

Thus Y< Y'+¢BU, and similarly if Y, Y’ are reversed, so A(Y, Y')<Be=BA(X, X')
as required.

In the second part it suffices to consider W a ball about the origin: W=mU for
some m>0. Clearly there is a constant m’ such that, Y=E(X)<m'U (in vector
space V) for any XcmU (take X'={0} above). Now let X, X' € Q(RY*+!) with
X, X'emU and set Y=F(X), Y'=E(X’). Then, as above, there is a constant B
such that A(Y, Y')<BA(X, X'), hence if we write e=A(X, X’), we have Y< Y’
+BeU and Y'< Y+BeU, so that (YY), <Y’ and (Y');,< Y by A.l(iii). Thus
[(Y)se| 2| Y| and |[(Y')ge| £|Y|. But by A.2(i) and A.3 we have (u, as in A.3):

NY| |Y]

> N B & > —
|(Y)B€| = |YI rm(Y) Be = |Y| NBIU'O dlam Y€9
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and similarly for Y’. But since Y<m’'U, we have |Y|/diam Y<m" for a suitably
chosen m”, which can be taken independent of the X<mU used to define Y=E(X)
(since diam (3; x;E;) 2 max {|x;|} min {diam E;} 2 | x| min {diam E;} for x € R¥*?;
if we exclude the trivial case X={0} and set p=max{|x| : x € X}, we have
diam (Y) 2 p-min {diam E}, while |E(X)| < |E(pU)|=p'|E(U)|). Thus we see
HY[=]Y'|| £ ce = cA(X, X')

with ¢=(Nfm"u,). Q.E.D.

Now we prove the critical integral approximation needed to conclude the proof of

Theorem 7.6. The proof of A.6 runs parallel to the discussion in the main section
of Theorem 7.6.

THEOREM A.6. In the notation of Theorem 7.6 we have

Z{'/’ (Il’ /\) :Ael npD} = IP—I:CIL $(x) dx+ O(p* 1 log p).

REeMARK. In our proof we will see that  is continuous on D, so i is integrable.

Proof. Recall our definition: $(x)=|E(x~%(x) N S)|, all xe D. By a minor
alteration of A.5(ii) (compose E there with (xg,..., xy) = (X1, ..., Xy, 1 =24 X)
to get E as used in Theorem 7.6) we see that the map

(26) 7 1(x) NS —>(x)  (note 7~ (x) N S € QRY))

satisfies a Lipschitz condition.
Now consider the mapping

27 D — Q(RY), x—=>m Y (x)N S,

where S is any fixed compact convex set with interior in R¥ and D=n(S). Let
A # A, both lie in (pD)s< R* for some 8 >0 and consider the line L through A;, A,.
Let A}, A; be the points where L meets bdry (pD)—labelling things so the points
appear in order A}, A, Ay, A; on L. Choose any points xj € #~*(A]) N pS and
xg € m1(Ag) N pS; we assert that there exists a point x; € #~1(A;) N pS such that

[x1—x2| < (p/3) diam S|[A; —A]|.

In fact, we have ax;+(1—a)x, € pS for all 0=« =1; consider

A=A o A=,
X1 = 57 Xo+ 37 X1.
S RYE M R DY M
This is in the fiber #~(A;) N pS since
|x2— x| - A=A,
Ixi—xa]  [A1—2e]”

and clearly we have |x;—x,| <p diam S. Since A; € (pD); we have [A]—Az|>8
and our assertion follows. Therefore

(=) N pS) = (w~ (&) N pS)+(p/d) diam S| A, — A, |U
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and similarly if we reverse A;, A;. Thus:
A=Y ((1/pA) N S, 7= ((1/p)Ag) N S) < (1/8) diam S||A; — Ao,
all A, A, € (pD)s. Hence (see (26)) there is a constant ¢ such that

[452) -+ )

Now let £ be a fundamental domain for I and choose constant c* so

(i) A+c*U)NnT#z all e R,

(ii) diam (Z) <c*.
Then for each Ae(I' N pD);,.. we have A+Z<=(pD);, which = (1/p)A+(1/p)Z
< (D). But we see that

S (¢/9)|Ar—=2e] all A, A, € (pD),.

W dx = |

1/pA+1/p)2
= [Tp~"p((/p)Y)

+0(p~"* max {|$(x) —$((1/p)N)]| : x € (1/p)A+(1/p)E})
= [Tlp~((1/p)}) + O(1/8p"),

if e (I’ N pD);, ... Upon using essentially the same decomposition of I' N pD
employed in the discussion of Theorem 7.6, we obtain

Z{¢(;l) )\) : el npD} = Ip_IflfD $(x) dx+0(p"‘1§)%)

- % [ 4 dx+ 042 10 )

Y(1/p)A) dx+ f {$)—9((1/p)N)} dx

J‘(llp))\ +(1/p)Z /pXA+1/p)E

as asserted. Q.E.D.

REMARK. In case S is a polyhedron, which is the case in the context of Theorem
7.6, one may actually prove that the mapping (27) satisfies a Lipschitz condition
(this generally fails to be true if S is not a polyhedron), and consequently one may
improve the error theorem in A.6 to O(p*~*'). However, this will not improve the
error term in Theorem 7.6, since the error there is dominated by the error term in
formula (21). The existence of Lipschitz conditions on cross-sections of convex
bodies will be discussed elsewhere.
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