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ON EXTENDING SEMIGROUPS OF CONTRACTIONS

BY
JAMES A. DEDDENS(*)

In this paper we prove the continuous analog of a theorem by Sz.-Nagy and
Foias [7] on extending contractive operators. We also give a new proof of Cooper’s
Theorem [1], [5], [6]. We pattern our proof after that of Theorem 2.1 by Lax and
Phillips [4], which is a special case of our Main Theorem (also p. 39 of [7]).

We will consider only complex Hilbert spaces and all operators will be linear.
A subspace will be a closed linear manifold and if / is a subspace of a Hilbert
space #, then P, will be the (orthogonal) projection of # onto . If # is a
linear manifold in 5%, (#")~ will denote its closure. We say that {T(¢), =0} is a
strongly continuous semigroup of contractive operators on 5 if for all ¢, 20,
T(t+s)=T@)T(s), |T(t)| £1, T(0)=1 and for all x € H#, T(t)x — T(s)x as t — 5.
The semigroup {T(¢), 120} on S is unitarily equivalent to {R(t), t=0} on X" if
there exists a unitary U on 5 to £, such that UT(¢)= R(¢) U for all =0, we denote
this by T(t)=~ R(¢).

A subspace A of S is said to be an invariant subspace for {T(¢), t 20} if T(¢).#
< for all t=0. If we also have T(¢)*.# =.# for all t=0, then ./ is said to be a
reducing subspace for {T(t), t=0}. An invariant subspace .# of {T(¢), =0} is said
to be full if the smallest reducing subspace containing it is 5

Let £ be a Hilbert space, and let L2(R*, /") denote the Hilbert space of all
strongly (Lebesgue) measurable functions f on R* with values in & such that
Jr+ |f(©)|? dt<oo. Define backward translation {B(t), 20} on L*R*,X") by
B(@)f)(s)=f(s+t). Then {B(z),t=0} is a strongly continuous semigroup of
coisometric operators.

MAIN THEOREM. Let {T(t), t=0} be a strongly continuous semigroup of contractive
operators on a Hilbert space . Then there exists Hilbert spaces Ay and X, a
strongly continuous unitary semigroup {U(t)} on X and a subspace M of L2(R*, ;)
@ A7 such that

T(r) = (B(1) © UW))|w

where {B(t)} is backward translation on L(R*, X;) and M is invariant for

{B(1) ® U@)}.

If A is full then the extension is unique.
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CooPER’s THEOREM. Let {V(t), t 20} be a strongly continuous semigroup of iso-
metric operators on a Hilbert space 5. Then there exists a unique reducing subspace
A in H such that {V(t)|.4} is a unitary semigroup and {V(t)| L} is unitarily equiva-
lent to forward translation [the adjoint of backward translation] on L3(R*, A") for
some XA

COROLLARY. Let {V(t),t=0} be a strongly continuous semigroup of isometric
operators on a Hilbert space H#. Then there exists a strongly continuous unitary
semigroup {U(t), t =0} on A 2 such that 3 is a full invariant subspace for {U(t)}
and

V() = U@)|».

The proof of the corollary consists merely of extending the forward translation
on L¥(R*, ") in Cooper’s Theorem to forward translation on L%(R, J¢).
In the course of the proof of the two theorems we need the following facts:

PROPOSITION (SEE LAX AND PHILLIPS [4, Appendix 1]). Let {T(t), t =0} be a strongly
continuous semigroup of contractive operators on J, and

B = K lim M
R0+ h
9 = {x e lim T(h)x —x exists}.
h-0+ h

Then
(a) d/d«(T(t)x)=BT(t)x=T(t)Bx for x € 2, t>0.
(b) 9D is a dense linear manifold, which is invariant for {T(t)}.
(c) djdt|T(t)x|?=2Re(BT(t)x, T(t)x) for x € D.
(d) (Bx, x)+(x, Bx)<0 for xe 2.

LEMMA 1. Let L <, @ 5, be an invariant subspace for {B(t) ® U(t), t =0}
where {U(t)} is a unitary semigroup, and for all x € #;,, B(t)*B(t)x — 0 as t — co.
Then (P, L), (P, L)~ full imply £ is full.

Proof. Suppose A#"2% and reduces {B(¢) ® U(¢)}. Then (PyA")~ =5, and
(P, N")~ =5#, since they contain (Px,£)~ and (Px,£)~ and reduce {B(¢)} and
{U(t)}. For xo @ x, € A, we have

0@ x, = lim (B(t) © UN)*(B() © UN)xo @ x1) € A

Hence 5, #, <A, so that & is full.

LeMMA 2. For i=1,2, let A, A} be Hilbert spaces, {U(t), t=0} be unitary
semigroups, M ; be full invariant subspaces for {Bi(t) @ U,(t)} on L3R*, XJ) @ A},
and T(t)=(Bi(t) ® U(1))|.,. If T1(t)X T(2), then there exists a unitary T" carrying
L*(R*, A3) onto LA(R*, A E), A onto A2, and M, onto M ,, which implements
By(t)~ By(t) and U, (1)~ Uy(2).



1969] ON EXTENDING SEMIGROUPS OF CONTRACTIONS 235

Proof. Let y be the unitary from .#, onto .#, which satisfies yT,(t)=T,(¢)y.
Since the closed linear span of elements of the form

(B(@) @ UX1e)xi, xieMyt 20,

reduces {B;(t) ® Ui(?)}, and contains 4, it is all of LA(R*, A{) @ A7.
For ty,...,t,20and x3, ..., x} € #, we define

r( 3 @1 @ vres) = 3 610 © Uty

Since

n 2

> (BX(t) ® UF(t))xs

k=0

2

> (B2 ® UR et

2

I' is well defined, and has a unique extension to an isometry from L% (R*, ')
@ A onto LR, A2) ® A2. T satisfies all the required properties, because

D(B¥(r) ® U @) = (Bf(t) @ UF )T
and if '(x ® Y)=uP v then 'O D y)=0 D v.
For the discrete analogs of these two lemmas see Douglas [2].
LeMMA 3. If V* is a coisometry with 4" as an invariant subspace, then
V*| 4 is coisometric iff & reduces V*.

Proof. We only prove that V*| 4 coisometric implies that /4" is reducing for V'*.
Let x € A4~ Then

X1 = 1Vx[* = [ParVx|2+ |PasVx|* = X[+ | ParrVx].

So that |P41Vx|2=0 or Vx € A Thus A is also invariant for ¥, hence reduces
V*

Proof of the main theorems. We first construct an extension for contractive
semigroups, which we apply to coisometric semigroups to prove Cooper’s Theorem.
We then use the extension and the corollary to Cooper’s Theorem to prove the
Main Theorem.

For all x, y € 2, let

(X, Y1 = —(Bx, y)—(x, By).
Then ( , ), is a symmetric, positive semidefinite (proposition (d)) bilinear func-
tional on 2. Hence the Schwarz inequality holds, which implies

N ={xeD: (x,x) =0}
is a linear manifold. Form

A = QN
and
Ay = completion of A" in || ||, norm.

Then X, is a Hilbert space with inner product ( , );.
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Using proposition (c) we see that
|T()x|3 = —d/dt|T(¢)x|* forxeD,t> 0.
So that for «>0
[Firomiza = - [ qarimerm® ae = jxi2- 17@x1>

Hence letting e — o0, we have
M 12 = [ 172 de+ lim |7
We now define

Pr=s t]im T()*T(2), Ar = P}?,

so that, for x € #
rx]? = lim |T@x]®

Let o' =(Ay5¢)~ and define {V(¢)} on A;# by
VT(t)ATx = ATT(t)x,

then {V7(¢)} is isometric on 475%, so we can extend it continuously to £~ =(A4;5¢) .
Now (1) allows us to define an isometry

:9 L} R, A) @A’

by
IZx = Wx@® Arx
where (Wx)(t)=T(t)x (henceforth we will identify an element of & with its equiva-
lence class in ;). By proposition (b) 2 is dense in 5, so we can extend Z con-
tinuously to all of £, Denote this new isometry by . Then
IT(t) = WI(1) @ ArT(t) = BO)W @ Vi(t)Ar
= (B(t) @ V:(1))Z,
where {B(¢)} is backward translation on L3(R*, X;).
Using =~ we have

T(1) = (B(t) @ V()| zor-

To prove the Main Theorem we extend the isometric semigroup {Vr(¢)} to a

unitary semigroup, which will follow from the corollary to Cooper’s Theorem.
But we also want to prove fullness in the Main Theorerh, so we show that

?2) (Pr2w+, ()~ is a full invariant subspace.
Let Z be any reducing subspace for {B(¢)} such that
(Prrr*,x(ZH))™ € £ < LAR*, Ay).
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We must show that £ =L*R*, ;). We do this by showing that all characteristic
functions with values in 2/4" belong to £ Since % reduces and

Xia,o1 = B(@*X10,0-a
we need only show that for all x€e 2, «>0

h(it)=x t=Za
=0 t>a
belongs to £
For a>0, we have that

hax(t) = (Wx)(t) — (B*(a)B(a) Wx)(1)
_[T(t)x t=Za
o t>a

belongs to %, since Wx € £ and & reduces {B(t)}. For every ¢>0, pick a=«/N>0
such that
|x—T(@)x||3 < ¢/« forall t < a.

[This is possible, since for all x € &
Ix—T()x|3 = 4| Bx| |x—T(2)x|

and the fact that {T'(¢#)} is strongly continuous.]
This being done, consider

kax(t) = hax(t) +(B*(a)hax)(t) + +(B*((N_ l)a)hax)(t)-
Then k,, belongs to £ and

Vo — ko[22 = j V() — kan(®) |2 dt
=L 1hs(t) — kan)|2 dt

N=l rG+Da
=5 [ x-Te-jaxiza
j=0 Jia

J

N=1 pg .
= —T(t)x|?
2 [ be-roxta

N-1 pg
< z f elo dt = Naejo = e.
)

i=0

Since Z is closed, h, € £ So that £=L*R*, X,).
We also have that

A3) (Px'(Z5¢))" is a full invariant subspace,

since, in fact, it equals %"'.
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We now pause for a moment to prove Cooper’s Theorem. Suppose {T(¢), =0}
had been coisometric. If y=Arx then z= A, T(t)*x satisfies

Vi(t)z = A:T@)T(t)*x = Arx = y.

Thus V.(t) is onto, hence {V(¢)} is unitary. We next prove that X is unitary. Using
(2) and (3) where

T(t) = (B(t) ® Vr(t)|zr

with {V+(¢)} unitary, we can apply Lemma 1 to conclude that Z5# is a full invariant
subspace. But since {T(¢)} and {B(¢) ® V.(¢)} are coisometric, Lemma 3 says that
T also reduces. Being full and reducing, 3¢ =L%R*, H,) @ A'. So that X is
onto, hence unitary, and

T(r) = B(t) @ Vx(?).

Taking adjoints we obtain Cooper’s Theorem.

We now use the corollary to Cooper’s Theorem to extend {V7(#)} to a unitary
semigroup in the Main Theorem. Fullness follows from Lemma 1, (2), and fullness
in the corollary. Lemma 2 is the statement that uniqueness follows from the fullness
of /. Hence the Main Theorem is proven.

REMARKS. (1) In Cooper’s Theorem, 4" is

N = (s tl_l.Ig V(t)V*(t))%’ = Qo V().

(2) The coefficient space (2/4")~ obtained in the two theorems can be seen to
be isometric to #*= R (see Masani [5] and Sz.-Nagy [6]). This is accomplished
using the isometry

1
x—>72R(B—I)x, xX€D
where
B =s lim M)"_I
h=0+ h

T = (B+I)(B—I)*
R = (I-T*T)*2.

In the case of Cooper’s Theorem {T'(¢)} coisometric implies T is coisometric, hence
R=I-T*T, and
R+ = RH# = (T*X) .

(3) If in the Main Theorem, for all x € 5, T(t)x — 0 as t — oo, then A;=0, and
the term {U(¢)} is absent. This is Theorem 2.1 of [4].

(4) The extra work needed to prove the fullness of the subspace (P 3(Z5#))~
can be justified, since it shows that the obtained extension is the unique one.

(5) The Main Theorem can also be proven using Cooper’s Theorem, and the
fact that every strongly continuous contractive semigroup has a unitary dilation
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[7]. This is because having a unitary dilation is equivalent to having a coisometric
extension. To see this suppose T(¢)=PxU(t)|x. Let M =\/izo U*(t)H#. M .is
invariant for {U*(¢)}, so set V(¢)=U*(t)|.«. Then 3 is invariant for {V'*(¢)} and
T(t)=V*(t)|#. Since, for x e #, V(t)x=T*({t)x+(V(t)-T*(t))xe ¥ ® M O H#,
we have PxV(t)x=(V(t)—T*(t))x. But

MO N =Pl = Y, (V(t)—T*())#
and

VOY(V(s)=T*(s)) = (V(t+5)—T*(1+5)— (V) -T*ENT(s).

So that # © 4 is invariant for {V/(¢)} or S is invariant for {"*(¢)}. The proof is the
continuous analog of a proof in [7, p. 12].

I would like to thank my advisor Dr. Peter A. Filimore for his guidance in the
above work.
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