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PARTIAL PROLONGATIONS AND CHARACTERISTICS
OF DIFFERENTIAL EQUATIONS

BY
H. H. JOHNSON

This paper studies the behavior of characteristics under partial prolongations.
Partial prolongations define a natural equivalence relation between systems of
partial differential equations [2], [3]. Examples are given to show that characteristics
are not preserved in general. They are, however, preserved in an important case,
namely, in determined or over-determined systems the highest-dimensional charac-
teristics are proved to be invariant. A further example shows thateven in determined
systems lower-dimensional characteristics are not preserved.

1. Definitions. We take the viewpoint of E. Cartan in [l1], where he very
clearly defined involutiveness and characteristics for quasilinear systems, rather
than his usual systems of exterior differential forms [2], [5].

All functions, maps and manifolds are ‘infinitely differentiable. ‘Function”
means real-valued function unless otherwise noted. Let the manifold ¥ be fibred
over the manifold U by =: ¥ — U. If =(v)=u, one may choose fibred coordinates
x!,...,x? around « and x!,...,x? z}, ..., z" around v so that x‘==x! all i.
We may denote x' by x* without confusion. The x' are called independent, the z*
the dependent, variables. Let J1=J}U, V) denote the l-jets ji(s) of sections
s: U — V satisfying ms=identity. When (x%, z*) are fibred coordinates on V, J* will
have fibred coordinates (x', z%, 8,z") where 0,z2*=(ds*/ox')(x), A=1,...,m;

=1, ..., p (these will be the usual ranges of A and /). We shall study functions on
J! which are linear in 8,z*: 44(x, 2)9,2* + B(x, z). (We use the summation conven-
tion.) The property of being linear in ¢,z* is invariant under local fibred coordinate
changes, and such functions define quasilinear partial differential equations
Ai(9z*/ox')+ B=0. We study a collection £ of such functions on J! which form a
finitely-generated module over the ring of functions on ¥, thus a system of quasi-
linear partial differential equations, or a system.

A solution of Z is a section s: U — V, ms=identity, such that f(ji(s))=0 for all
xin U and all fin Z. A jet ji(s) is integral for Z if all functions in T vanish at ji(s).
Two systems are equivalent if they define the same set of integral jets. If S is the set
of integral jets, B(S) is the set of integral points in V, where 8 is the usual target map

B(jx(s)) =s(x).
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When the coefficients A%, B of the functions in X are evaluated at an integral
point (xo, Zo) in ¥, = becomes a subspace Z° of the (mp+ 1)-dimensional vector
space of polynomials in &;z* of order at most 1 over R (real numbers). Let Z9 be
the subspace of such polynomials which depend only on &,2%, ..., 9,2*.

Let r,=dim Z—dim Z)_,. We call the coordinates x,...,x? on U h-non-
singular at (x,, zo) if, when h=p, r, is maximal among all independent variables,
and, when A < p, r,, is maximal among all (h+ 1)-nonsingular independent variables.
Also 1-nonsingular variables at (x,, z,) are called nonsingular at (x,, z,). These
definitions only depend on the tangent vectors to the coordinate curves in U at
(xo), hence there exist nonsingular independent variables at (x,, z,) and they are
dense and open in the Stiefel manifold of frames at (x,). Let r,(x,, 2o) be the value
of r, for nonsingular independent variables. Observe that r, . 1(xo, 2o) Z rx(x0, 2o).
We shall assume that these integer-valued functions are constant on V.

To each a=(ay, ..., a,) in R?, to each 430;z*+ B in T and to each integral point
(xo, Zo) In V we associate a linear form Ai(xo, zo) &' =F(£%, ..., €™) on R™ Let
Z(x0, 2o, @) be the vector space of such forms.

PROPOSITION 1. Independent variables x*, . .., x? are p-singular at (x,, 2,) if and
only if dim Z (x,, zo, @) <rp(xo, Zo), Where o;=(0x?[0x7)(x,).

Proof. If x' are nonsingular at (x,, zo) and X is generated by f*= A%'9,z*+ B,
a=1,..., e, then ry(x,, zo)=rank (A%"(x,, z,)). For other variables x', z*, 9,2,
fe=A¥8,z*+ B where AY = A3¥(0x’/éx*), hence

ry = rank (A§%(x,, 2o)) = dim Z,(x,, Zo, @)

when o; = (8x7/0x')(x,).

Geometrically, «;, ..., «, define a (p— 1)-dimensional subspace in the tangent
space to U at x, consisting of all vectors a'(9/dx') where a'e;=0. Independent
variables x' are p-singular at (x,, z,) when 8/0x!,..., 0/0x?~! span a subspace
defined by o where dim 2,(x,, zo, &) <7p(Xo, Zo)-

DEefFINITION 1. A (p— 1)-dimensional subspace of the tangent space to U at x,
is (p— 1)-characteristic for Z at (x,, z,) if it is defined by «, . . ., @, where

dim E/(xo, 20y a) < rp(XO, ZO).

In the same way, independent variables x* are (p-—2)-singular at (x,, z,) when
the system of forms A(x,, zo)(e;E* +Bm)=F(&, ..., & 9% ..., 7™) has

rank < rp(xo, Zo) +7p-1(Xo0, Zo),

where o;=(0x?/0x’)(x,) and B;=(dx"~!/ox’)(x,). A (p—2)-dimensional subspace
of the tangent space to U at x, is characteristic for £ at (x,, z,) if it consists in all
vectors a'(d/0x") satisfying a'e;=a'8;=0 where the forms F¢ have

rank < ry(xo, Zo) +rp-1(Xo, Zo)-
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In a similar way the other lower-dimensional characteristics are defined. Two
equivalent systems have the same characteristics.

Involutiveness of our systems may be defined as follows. Let J2(U, V) be the
2-jets of sections with coordinates (xi, z*, 9,2, 9,,z) where 8,z*=0,2"; i, j=
I,...,p; A=1,...,m. If fis any function on J, let 8}f=(0f/ox’)+(of]9z")o,z*
+(af]e(8,z2"))2,,z*. For a system Z, we let 0FfZ be the module generated by
{Ff : fe I}, considered as a module over the functions on J!. If (x{, zj, 9;z5
=(xo, Zo, 02,) is in J*, (8FZ)° denotes the elements of oF X evaluated at (x,, zo, 02o).
These are linear polynomials over R in 9;;z*.

DEFINITION 2. The system X is involutive at an integral jet (xq, Zo, 02,) if for some
independent variables nonsingular at (x,, z,), it happens that for every 4 where
0shsp-1, 1sksp—h, (5. Z)°<(0TZh+)°+ - +(0FZn. )’ +204k where
A+ B means the vector space generated by 4 and B in the linear polynomials over
R in 9,,2*. We call Z involutive if it is involutive at all integral jets.

Intuitively, involutiveness means that no information about  can be gained by
equating mixed partials. E. Cartan proved that involutiveness is equivalent to the
condition that (6} Z)° + - - - + (6% Z)° has dimension pr,— 3521 (p—h)(r,—rn-1)+1,
and that it does not depend on the particular choice of nonsingular independent
variables x* [1]. We shall assume all systems to be involutive.

Partial prolongations are defined in terms of total prolongations which may be
defined as follows. Let ¥, now denote J* with coordinates (x', z*, p}) and let
mo: Vo— U be the obvious fibre map. Consider J}(U, V,) with coordinates
(x4, 22, pt, 8,2, &;p}). There is a natural imbedding ¢:J%(U, V) —JYU, Vy)
defined by ¢(j2(s))=ji(j*(s)), i.e., d(x, 2, 8;2%, 8,,22)=(x!, 2, 8,2, 8,2, 8;;2"), so
#(J?) is the submanifold of JY(U, V,) defined by é;z*=p}, o,p}=0;p}. Given a
function f on ¥, we define o%f on J}(U, V,) by B

off = (9f]ox’) +(of1oz"pi + (2f19p})3.p3,

so that 9}f=(o%f)é. As above, we can define o¥X for any system I, and PZ is the
system on JX(U, V,) generated by 0¥Z+ - - - +0¥2+ X together with 9,z* —p} and
d,p)—9;p} as a module over the functions on ¥,. This system PZ is the total
prolongation of Z, abbreviated tp.

If s: U— V is a solution of Z, then j!(s) is a solution of PZ, and all solutions
of PZ arise in this way. The involutiveness of Z (in fact the conditions (3}Z,)°
<(Z,)°) imply that any function f, on ¥, which occurs in PZ must vanish on the
integral jets of Z.

REMARK. Total prolongations can be invariantly defined for much more general
systems of partial differential equations [5], but the result is always a quasilinear
system. Hence it is not a serious restriction to consider only quasilinear systems.

DEFINITION 3. A partial prolongation (abbreviated pp) of £ is a system Z’ on a
fibred manifold ¥y, =: V; — U satisfying the following conditions:
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(1) There is a fibration py: V; — V, and mpo=my. If p: JXU, V) = JY (U, V) is
p(j(s1))=7X(pos,), then fp is in X’ for every fin X.

(2) Vo=JXU, V) is fibred over V', by some o,: Vy — V; such that poo,=8, the
target projection in jets. If o: JHU, Vy) — JX(U, V) is 0(j(50)) =ji(00Se), then fio
is in PZ for every f; in 2.

(3) For any point z, in ¥, and v==(r;) in V and for any coordinates (x!, z*) on
V, it is possible to choose /inearized coordinates (', z*, ¥*) on V, near ¢, so that
oy is linear in p}: oo(x', 22, p})=(x', 2%, K¥(x, z)p} + L*(x, z)), where the rank of
(K#7) is constant. If p is any integral jet of &', then it is required that oop(p)=8(p).

(4) For every integral jet p of £ in JX(U, V), there is at least one integral jet ¢
of £’ in JY(U, V,) such that B(q) =oao(p).

REMARK. The assumption of linearized coordinates in (3) is not as serious a
restriction as it appears, for the same reason as the assumption of quasilinearity.
For, given a more general pp, taking the tp of everything yields a pp satisfying the
linearized condition. Compare [3]. Condition (4) would not be necessary in the
real analytic case, for then solutions s exist through p, and g=o0(ji(s)).

PROPOSITION 2. Let X' be a pp of Z. If s is a solution of Z, then o,j*(s) is a solution
of Z'. If s, is a solution of ', then p,s, is a solution of Z. Further, poo,ji(s)=s, and
00j*(poS1) =51

Proof. The first and second assertions follow at once from (1) and (2). By (2),
pooo(j2(s))=B(ji(s))=s(x). The last equation follows from (3).

PROPOSITION 3. Let ' be a pp of Z, and let (x', 2*, u™) be linearized coordinates on
a neighborhood V{ in V, so that oo(x', 2%, pM)=(x!, 2, K¥p}+L"*). Then ¥’ is
generated by fp, for f in Z, the functions u"— K370,z —L" and a set of functions
linearly independent in the ou™.

Proof. In local linearized coordinates, suppose X is generated by f*= A3'8,2* + B*
and suppose X’ contains in addition the functions g°= H{’¢,z2*+1°, o=1,..., 0
maximally linearly dependent on &;z*. Now by (2) if one of the g° were a function
of x, z*, 8,z* only, it would appear in PZ as a function of x!, z*, p} only, hence
would appear in Z, i.e., be a function of the f*. We may suppose, then, that the g°
are functions of x', z*, ¢,z* and u".

For every (xi, 2, u™, 9,z") satisfying f*=0, g°=0, it is possible to choose du" to
annihilate the remaining equations of X', since otherwise there must be more
equations in T independent of du*. Then by (3) u"= K9,z + L™ when f*=g°=0.
By (4), if (x!, 2%, 8,2*) satisfy f*=0, there is at least one set of values u”, ou”
satisfying u*= K79,z +L* where the functions of X' vanish. Hence for "=
K§(x, 2)6;2" + L*(x, z), all g°=0. Thus the systems {430,2* + B®, u™— K}'9,2* — L*}
and {4%0,z + B®, H{’0,z* + I°} have exactly the same annihilators.

Since we are studying characteristics it is not a serious restriction to consider
only pp’s £’ on domains on which linearized fibred coordinates (x', 2%, u”) exist
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globally and which contain the functions u®— K9,z* — L*. This we shall do in the
rest of this paper.

PROPOSITION 4. Let X' be a pp of = with (X', 2%, u®) linearized coordinates on V,
where o, is defined by u"=KVo,2*+L". If G=R,ou"+Sie,2*+T is in T', then
R, 0¥ (K02 + L™) + S10;2* + T is in 0*(Z), where F= Fo, and 0*(Z) is the module of
Sfunctions on J*(U, V') generated by {0}f,f: f€Z} over the ring of functions on
JYU, V).

Proof. By (2) of Definition 3 Go is in PZ, and
o(x', 2, p}, 9,2%, 9,p}) = (X', 2, K¥'p}, KMo, p) + (0¥ K¥')p) — O¥L™).

If ¢: J3(U, V) > JY(U, V,) is the canonical map ¢(j2(s))=j1(j(s)), it is merely a
calculation to see that Go¢ has the form above and belongs to PXé =0o*(X).

PROPOSITION 5. Let Z be a system on V and Z' a system on V,=V x W where W
is m~-dimensional real space, and V., is fibred over V by py: V| — V as well as over
Uby m: V, — U, and npy=m,. Let (X', 2%, u™) be local coordinates on V, where
(x*, 2*) are fibred coordinates on V. Assume that Z is generated by A%'9,z* + B%, and
that X' is generated by AY'0,2*+ B*, u™— K0,z —L*, RYou™+ S}’0,2* +T" where

(@) K¥ and L™ depend only on x', z*, and the Jacobian of K¥'9,z* + L* is of rank m,;

(b) RYOT(KT'0,z* + L")+ 8779,z + T7 is in 8*(Z), where if F=F(x', 2%, u"), then
F=F(x', 2%, KMo,z +L™);

(c) for every (x', z*, u™), rank (RY)=1v,; where y=1,...,y,and a=1, ..., .

ThenZ' is a pp of Z.

Proof. Define aq: Vy — V; by oo(x}, 2%, pt)=(x}, 2%, K¥p} +L™). In Definition 3
condition (1) is satisfied because 4%0,z*+ B® is in Z’. Condition (2) is satisfied
because of hypothesis (b). Linearized coordinates exist by definition of o,. If
p=(x', 2\, u*, 9,2*, 9,4*) is an integral jet of T,

oop(p) = oo(x', 2, 8,2") = (¥, 2\, K{9,2 + L") = (x', 2, u™) = B(p),

since u"*— K9,z —L*=0. Thus (3) is satisfied. For any (¥, z*, 9,2)) satisfying
A3'9;z*+ B*=0, there is u*=K0,2*+L"* and we can solve R 9u*+-.-=0.
Hence (4) is satisfied.

Two systems Z and X' are absolutely equivalent if there is a sequence of systems
Z,2,2%,...,%, L where for each adjacent pair one is the pp of the other.
Properties which are unchanged by pp’s are absolute invariants. In [1, p. 1134]
E. Cartan described the relation of partial prolongation as *“. .. le plus large de
ceux qu'on peut actuellement soumettre a I’analyse et le seul du reste qui semble
important dans les applications.” In [4] it was shown that hyperbolicity is not an
absolute invariant. Here we study absolute invariance of characteristics.
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PROPOSITION 6. The (p— 1)-characteristics of PX at q and of £ at B(q) coincide.

Proof. This follows from a local coordinate representation and, for any («;),
the observation that by a change of coordinates x* one can suppose («;)=(8}).

There is one further way to modify systems. Given Z on V, if V; is a submanifold
of V containing all the integral points of Z, then Z'={f|; v, : fin Z} is an
admissible restriction of £ to V;. Then £’ and £ have the same solutions.

PRroPOSITION 7. If Z' on V, is an admissible restriction of Z on V, then at every
integral point p, Z and ' have the same (p — 1)-characteristics.

Proof. Let (x, z*, u™) be local coordinates on V with V, defined by u*=0,
w=1,..., m. Then the system X" obtained by adding the #* to = is equivalent to =
and so has the same characteristics. Hence 9" is in ", and we may write the
functions of X" in the form A%9,z*+ B%, ou”, u™ so the functions of X' are
A%00,;z* + B%0, where ¢ is the imbedding of V, into V. It follows that at any integral
point of ¥; and for any o, in R, rank Z;=rank Z} —m,.

PROPOSITION 8. If 2 is a pp of Z, then PZ is the pp of an admissible restriction
of T'.

Proof. Let o, be defined by K779,z*+L", where by condition (3) of Definition
3 the rank of K¥ is constant. It is thus possible locally, by a linear change of
coordinates ", to write o, in the form w*=K{}o;z*, n=1,...,n; u'=L"
m=mg,1,..., m, Where K9,z" are linearly independent in 9,2

Let " be the admissible restriction to the submanifold defined by u*=L*. On
Vo=JYU, V) choose new coordinates (x', z, u"), 1=w=<pm, where u"=K¥p},
1S 7 <7, w*= H¥p), #>n, Then PZ contains all the functions in ' by condition
(2) of Definition 3 together with functions ¥*— H'9,z* and satisfies the conditions .
of Proposition 5.

2. Negative results. We next show by examples that the (p— I)-characteristics
are not absolute invariants in general. (It is later proved that they are invariants in
the special case of determined systems.) It is shown that even for determined
systems the (p— h)-characteristics for £2=2 need not be absolute invariants.

EXAMPLE 1. Here U=R?, V=Ux R? and X is generated by the single function
0,2 — 0,2zt —z2. Then Z, contains only (e;—a,)é* and has rank 1 except when
oy —a, =0. This defines the characteristic subspace of vectors a(8/0x* — 6/0x2). Let
¥, be VxR and T’ be generated by 9,2' —0,2' —z2, u'—0,z!, Ou' —0,u — 0,22
This system is involutive and satisfies the hypotheses of Proposition 5, but X/ is
generated by (a;—a;)é%, o, €, (eg—o;)n— o, €2 which has rank 2 for every (e, o3)
#(0, 0). Thus X’ is a pp of = having no characteristics.

ExaMpLE 2. Consider the over-determined system Z on R®x R? generated by
032%, 0422, 0,2 — 0,2* — z2. The 1-dimensional characteristics are determined by the
forms og€'+Bant, o€+ Ban?, a€' +Bant — a1 —B1n*. These forms have rank less
than 3 only when oa3(8; —B;) =Bs(es — o).



1969] PARTIAL PROLONGATIONS 237

Let ' be obtained on R®x R%?x R by adding to = the functions u—0,2%, d3u,
0ou—0,u—0,z% which is involutive and a pp of by Proposition 5. The additional
forms for X' are o &' +Bint, agp+Bsp, cghp+Pob—ayp—Bi¢d—aé2—Bn? which
altogether have rank S. When «; =8;=0, 8, =«¢3=8;=1, and o, is arbitrary, this
determines a l-characteristic of £ which is not a 1-characteristic of Z'.

3. Determined systems. Here X is an involutive system on V which is non-
" singular, and V is connected. Let m=dim ¥ —dim U.

DEFINITION 4. The system X is k-determined if k=21 and ry=r,_; =+ =rp_j 4,
=m, but r,_,<m.

REMARK. Systems are usually called ““determined” when r,=m and r,=0 for
h<p. Such a property is not preserved under even total prolongations, while the
above definition will be shown to be an absolute invariant. E. Cartan called
k-determined systems “ determined”.

THEOREM 1. Let X be a k-determined system generated near (x,, z,) by

rck r=p—k+1,...,p,
0 = 0,2~ 7e0.2"— By,
’ TZI\ GCZ].A“ az B A=l" ’m’
p-k
$° = > C3%9,2°+ D7, a=1,...,a
a=1

Let «,...,a,_, be in R. If we regard A,=(352% AN(xo, 2o)xs) as a matrix of
linear transformations on the vector space Z of m-rowed column vectors over R, and
if C is the subspace of X spanned by (322% C%(xo, Zo)as), @=1,..., oy, then

(a) C is invariant under each A,, and

(b) A,A;=AA, on Z|C, p—k+15r, sSp.

Proof. By involutiveness, agreeing that a, b run from 1 to p—k,

p=k
* *
O3 - k+nZp-k < Z 02Ty kantZp-k+ns

a=1
SO
0F¢* = RY°076; + Hy*034° + S0, + T54".

Comparing coefficients of 9,,2*, 8:C$*= R%?, and comparing coefficients of 3,,z*,
0= —Creqsr —Co 442+ H3*CE + HZ Cfe,

which proves (a).
For r<s, 0¥6? is in 0¥Z,+ .- + 0} Z,+Z,, and so is

0F 0y —or 0y + Arog 0y — AL oz or
= — AN A220,,2" + AN A*%0,,2" + lower order terms

3

D RHDiz"— A0,2") + D HICo0,,2 .

g=ap—k+1l i=1 i=1
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Hence R}**=0if o>r,

) , R+ R =0 forp—k <o, 751,

o)) RYe— >  RWAR+H}Ce =0, forp—k<aosr,
1=p-k+1

and

—AVAR+ AT AL - AN A+ AT AT = — R AY, — R7 Ay + H)*C + H)P Ce.
The result follows using (1), (2) and (a).

PROPOSITION 9. The k-determined system X has at (x,, 2,) a (p— 1)-characteristic
defined by o, if and only if the following equivalent conditions are satisfied:

(a) There exist ¢,...,€™ in R, not all 0, such that o &= A (x,, Zo)x.E",
r=p—k+1,...,p; A=1,...,m, and C§%(xq, zo)os£* =0, a=1, ..., a;

(b) o, is an eigenvalue of A,=(A}(xo, Zo)e,) on Z/C#0, and there is a common
eigenvector £* of AY, the adjoint linear transformation on Z*, which vanishes on C.

Proof. X; has maximal rank m when o, = - - - =a,_, =0. The «; are characteristic
when the rank is less than m, which is the condition that the equations in (a) have
a nontrivial solution. The exact sequence 0 - C—Z — Z/C — 0 has dual
0« C* L Z*« (Z/C)* < 0, where A restricts to C. The £* found in (a) define an
element of Z* which belongs to (Z/C)* and is an eigenvector of all A¥ on (Z/C)*
belonging to «,. Hence «, is an eigenvalue of 4, on Z/C#0.

THEOREM 2. Let X be the k-determined system generated by 62, $* of Theorem 1.
Let X' be a pp of T for which x*, . . ., x* are nonsingular near (x,, z,, u,). Let x', z*, u*
be fibred coordinates for ' and suppose ' contains u*— K246,z — L*=y". Then

(a) X' is k-determined and contains

ou*— Er0,u° — Ff°0,2* — G™, m=1,...,m; r=p—k+1,...,p;

(b) at each point (xo, zo, Up) and for each «, in R, (KF%(xq, Zo)os) together with
(C8%(xo, 20)g) Span as m-rowed column vectors a subspace K> C of Z which is
invariant under all A,, and

() Ao, is given by the matrix (E}*(xo, Zo, Uo)ey)-

Proof. By involutiveness, 6Fy" + K¥°9%6) = — K3°A220,,2* + terms of lower order
is in 9*Z,+ .- +0*_,Z +Z,. Now by Proposition 3 the only functions in 9*Z;
which are independent of o,u™ are ¢*, dfJ" and the functions in 9¥Z,. Of the
functions 8*6?, 9¥¢% of 0¥ Z,, only 0¥¢* are independent of &,,z*. Hence

O¥p™+ Kook 0} — Er°0¥y* — Hr°0%¢® = d,u™— EF°0,u° — F°0,2*— G*
is in Z;, proving (a). If in the last equation we compare coefficients of 9,,2*, we find
0 = — KfAN0o2" — EF K00 — HE*Co002
This proves (b) and (c).
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COROLLARY. The property of being k-determined is an absolute invariant.

ProOPOSITION 10. Let B,, ..., B, be a set of commuting complex m x m matrices:
B.B;=B,B;. Let K be a subspace of the vector space Z of m-rowed complex column
vectors which is invariant under all B;. Suppose that 7 is in K* and satisfies n(By|x)*
=0, all h. Then there exists £#0 in Z* such that ¢B¥ =0, all h. (Here B denotes
the adjoint.)

Proof. Assume Z/K contains no subspace invariant under all B,. If v is an
eigenvector of B, on Z/K belonging to A,, then B,(B.v)=B,.(B,v)=A,B,v, so the
space of eigenvectors of B, belonging to A, is invariant, hence spans Z/K. Choosing
a basis v1, ..., v* of Kand v**1,..., v™ of Z, we have

S
Byt = Z Ci forl £i<s,
j=1

B,v* = A0°+ DEot fors <« £ m.
Supposing that 1 <i, j<s, s <o, B <m, commutativity implies
™ An gl+Dg1CI€i = AkDgi"’DgiCI{t'

Let ¢,,..., &n be a dual basis to vl,...,v" so n=y'¢ satisfies Cj,)'=0,
1Si<s. If some A,=0, (*) implies A.D,;y'=0, hence for any y*, é=p'¢,+)°¢,
satisfies £By=y'Clié,+y' D§é.+ Ay, so the extension of n to Z* defined by
y*=0 satisfies £B¥=0. If all A,#0, then ¢(B¥ =0 if and only if A,y*+y D% =0,
i.e., y*=—(1/A)y' D§;. Equation (*) guarantees that this condition is independent
of h.

In general we choose Z’ a smallest invariant subspace of Z containing K and
use the above argument to extend 7 to Z'*, then repeat inductively with Z’ instead
of K.

THEOREM 3. If T’ on V, is a nonsingular partial prolongation of a nonsingular
system X on V where T is k-determined and m,: V|, — V is the fibration, then any
(p—1)-characteristic of ¥’ at v, in V, is a (p— 1)-characteristic of = at =,(v,).

Proof. Assume X generated in local fibred coordinates (x!, z*) by

0 = 02— Ao —BY | _ ‘1"’”'; P
$* = Cg°0,2*+ D°, a=1,..., 0,
where 1 £a, bSp—k, and suppose X’ is generated by these forms together with
P = ut— Koo 20— L™,
ou™ — EXOu° — F120,2* — GF,
RPou™+ S3°0,22+ 17,

m=1,...,m;r=p—k+1,..,p;y=L...,y.
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The forms of X; are generated at (x, 2o, 4o) by

(Z), (8} — A(xo, Zo)ag) €, C3%(x0, Zo)gé?,
KR (xo, zo)e £,
(o83 — ET3(x0, Zo, Uo)ao)n® — Fl¥(Xo, Zo, Uo)eta A

R (X0, Zo, Uo)ean™ + S3*(xo, 2o, Uo)er €.

Assume (c,) define a (p— 1)-characteristic of X’ at (x,, Zo, 4o). Then there exist
&, %* in R, not all zero, which annihilate Z;, by Proposition 9. By the same
proposition, if some £*50, then the ¢ annihilate the forms of Z,, hence («,) define
a (p— 1)-characteristic of = at (x,, z,). Assume, then, that all £*=0. In particular,
(o, 8% — EX*(x0, Zo, Uo))m°=0. If B, =8} — A}%(xo, o), On Z/C, then B,|xc is given
by the matrix 87 — E7*(Xo, Zo, Uo)x, by Theorem 2. By Theorem 1, B,B;=BB,. If
we consider these B, on C" instead of R", n=m,, Proposition 10 guarantees the
existence of complex £, not all zero, satisfying £B,=0 for all r. Taking the real or
imaginary parts, we obtain real £, #0 in (Z/C)*. This £, corresponds to ¢ in Z*
which is zero on C by the exact sequence 0 — (Z/C)* - Z* - C* — 0.

THEOREM 4. If T’ is a partial prolongation of Z satisfying the conditions of Theorem
3, then the (p— 1)-characteristics of Z' at v, coincide with those of Z at m;(v,).

Proof. By Proposition 8 PX is a pp of an admissible restriction of £’, and we
apply Theorem 3 to PX and X', ' and X, and then use Proposition 6.
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