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IDENTITIES INVOLVING THE COEFFICIENTS OF A
CLASS OF DIRICHLET SERIES. III

BY
BRUCE C. BERNDT

1. Introduction and summary of results. This paper is a continuation of the
study of identities involving arithmetical functions generated by a class of Dirichlet
series satisfying functional equations with I'-factors. The study is primarily a
sequel to [1], [2], [5], [7].

Before proceeding further, we establish some notation. We let s=o+it with ¢
and ¢ both real. We write |, for [*!% and 3 for S2.,. Z(f(s), so) denotes the
residue of f(s) at s=s,. [(C) denotes the interior of a closed curve, or curves.
¢, ¢1, ¢z and A >0 denote constants, not necessarily the same with each occurrence.

The series in question are given by the following

DerFNiTION. Let {A,} and {u,} be two sequences of positive numbers strictly
increasing to oo, and {a(n)} and {b(n)} two sequences of complex numbers not
identically zero. Consider the functions ¢ and ¢ representable as Dirichlet series

o(s) = D a(mAss,  P(s) = D b(mpus

with finite abscissas of absolute convergence o, and o, respectively. For any
positive integer N, let

A(s) = ]__I [(ees +Bi)s

k=1
where o, >0 and B, is complex, k=1,..., N. If r is real, we say that ¢ and ¢
satisfy the functional equation
(1.1) A(s)p(s) = A(r—s)f(r—s)

if there exists in the s-plane a domain D which is the exterior of a compact set S,
such that in D a holomorphic function y exists with the properties:

(D) x(8)=A()p(s), 0> 05, x(s)=A(r—s}(r—s), o<r—of;

(i1) limy - o x(o+it)=0,
uniformly in every interval —00 <oy S0 S 0y<00.

It can be shown that (1.1) and the relation

(12) > a(n) f( M@ ds =y > b(n) f( A paly) ™ ds+2miP(p)
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are equivalent, where ¢, y>0 and
] -5
PO = 5 [ xtsw ds,

where C is a curve, or curves, containing S. If A(s)=T(s), the proof is given in [4].
If A(s)=T"%(s), the proof is given in [1]. and the proof in general follows along the
same lines. In particular, if A(s)=T(s),

O(y) = > a(myexp (—Ay),  ¥(») = D bn) exp (—pay),

then Hecke’s functional equation

(1.3) L(s)p(s) = D(r—s)p(r—s)
and the “modular relation”
(1.4) O(y) =y Y(1/y)+P(y)

are equivalent, upon the use of (2.5) below. There are a few other cases when (1.2)
can be expressed in terms of elementary functions. Thus, using (2.14) below, we
find that ¢ and ¢ satisfy

D(s+v/2)T(s—v/2)p(s) = T(r—s+v/2)T(r—s—v/2)(r—s)
if and only if

2> amK (Y1) = 2977 > bmK,Q2{ua/y}D)+P(p),

where K, is the modified Bessel function usually so denoted and v is an arbitrary
complex number.
In §§3-6 we consider four special cases of (1.1). Our aim is to develop identities
for the Riesz sum
1
o p——— _A q
A = 75,2, A=)

nSXx

and the logarithmic sum

SCx:9) = Ty 2, o) 108" ()
where g0 is subject to certain other restrictions. Identities in other special cases
have been given in [1], [2], [5], [7]).

§§7-10 are concerned with other types of identities for coefficients of series
satisfying (1.3). In §7 an identity analogous to (1.4) involving the exponential
integral is established. In [3] we define a generalized Dirichlet series that is analogous
to the generalized zeta-function of Riemann. We derive a formula for such functions
which enables us to obtain an analytic continuation for them and also to determine
a few simple properties. In §8 we give an easier proof of this formula, but in addition
show that it implies (1.3). In §9 we establish an identity involving the Bessel
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function K,(x). A particular case of this identity is due to Ramanujan. §10 gives
identities involving Laguerre polynomials.

Most of our identities are completely new; some are generalizations of identities
proven for special arithmetical functions. We conclude with some examples in §11.

2. Preliminary results. We shall need several results from the theories of the
I-function and the Bessel functions J,, Y, and K,. We also require the values of a
number of definite integrals.

We have
@1 IT(s)[ ~ @m)*2|¢|° 2 exp (—t]/2),
uniformly for —0 <o, S0<0,< [8, p. 224]. From [8, p. 211]
2.2) I'(s)I'(1 —s) = =/sin (ms)
and [8, p. 212]
2.3) L(s)T'(s+1/2) = 21~ 27121(2s),
we easily deduce that
249 [(s/2)/T({1 —5}/2) = 21 sz~ 12 cos (ms/2)['(s).
For x, ¢>0 [10, p. 312],
2.5) %5 T(o)xtds = e

For x>0 and O0<c<1 [10, p. 348],

l - -_—
(2.6) =R [(s) cos (ms/2)x =% ds = cos x.

The exponential integral Ei (—x), x>0, may be defined by [11, p. 925]

et
—dt.
t

2.7 Ei(—x) = —-JW

X

If o0,
@ © o ,-t
jswqwda=—fvﬂmff—¢
0 0 t

X

® L=t
=—f e—dZJ'tx’-ldx=—FLs)’
t 0 S

0

2.8)

and by Mellin’s inversion formula for ¢>0,

i(—x) = - [ TG -
2.9) Ei(—x) = 3 )y s xS ds.

For Re 8, Re y>0 and real p#0 [11, p. 342],

© o1 _ - . —% Z vi2p 12
(2.10) j ¥ exp (=B —yx ) ds = (ﬁ) Ko UB).
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For x, Re a>0 [10, p. 361],

N

2.11 J‘ K(a)x~5ds = = e~ ox+1/912,
1D 27 © (@)x
For 0<c<Rev/2+3/4 [10, p. 326],

F(S) X v-2s
(2.12) Sx) = 2m © P(v+l—S)() .

For 0sRev<c<Rev/2+3/4<3/2 [10, p. 329],

v-2s
(2.13) -7Y,(x) = ZLm o I'(s)T'(s—v) cos {ﬂ(s—v)}(;) ds.
For 0=Rev<c [10, p. 331],
v-2s
2.14) 2K(x) = 5 f( _T)TG- v)(g) ds.

We have the following asymptotic formulas [18, pp. 198-202] as z tends to oo,

(2.15) J(2) = (164 coe™13)z7 124 O(2732),
(2.16) Y(2) = (16 +ce™ )z 24 0(z7372),
and

2.17) K(2) = e *{cz" Y24+ 0(z"%2)}.
From [18, pp. 45, 66 and 79],

(2.18) d{z*J (2)}/dz = 2°J,_4(2),

(2.19) d{z'Y(2)}/dz = 2°Y,_,(2),

and

(2.20) d{z’K,(2)}/dz = —2"K,_,(2).
Also [18, p. 80],

(2.21) K, 2(2) = (m[22) %€=

The Laguerre polynomial L{¥(x) may be defined by [11, p. 1037]
(2.22) LP(x) = = e"x‘“ d— - (e7*x"*9).

We shall need the following lemmas in the sequel.

LEMMA 2.1. Let
r(x,y;n) = (x~"2=y~2)"/nl.
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Suppose &, . .., &, y>0and a<1/2. Then,

) £13 d¢, f ) X7 (x) dx

s2 31

= G 7 worte, v d

f: ¢ 7 dé, f £ dE, -

Proof. We proceed by induction. For n=0 the conclusion is trivial. Assuming
that the result is true for n—1, we are led to examine

G [ ot [ st guin—1)

- f w(r)dvf £ (x, £a; n—1) dény

where the inversion in order of integration is justified by a theorem in [13, p. 349].
The result now follows by evaluating the inner integral.
Define (as in [2]) for x, y>0

(2.23) s(x, y;n) = (= 1)* log" (x/y)/n'.
Note that for n>0,

(2.24) os(x, y; n)foy = s(x,y,n—1)/y
and

(2.25) s(y,y;n) =0.

LEMMA 2.2. Suppose &, ..., &, n>0 and a<O0. Then,

o

"¢ 1d§1f Xoerix gy = (-1)ﬂf XSe*ixs(x, y: n) dx.

v

f: £ de,

i2

The proof of Lemma 2.2 follows along the same lines as that of Lemma 2.1 and
can be found in [2, Lemma 2.7] where the result was stated for a different integrand.

LEMMA 2.3. Let <0 and t be fixed. Then, for a20

I= f et loge x dx = O(¢” log® £)
4
as ¢ tends to co.
Proof. It is clearly sufficient to examine the integral involving ¢'*. Without loss

of generality we may assume that ¢ is large enough so that (x? log® x)/(1 +1t/x) is
monotonic on (¢, ). Write

I = f x? exp (i(x+1t log x)) log® x dx

@ @
= f x? log® xcos udx+i f x? log® x sin u dx
4 4

=L+,
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where u=x+1log x. Since du/dx=1+1/x>0 for ¢ large enough, x and u increase
together. Thus, by the second mean value theorem for intégrals [17, p. 379],

_ [*7* x°log® x cos u
At

¢ log® £
Y

where ¢ <o0. I, is treated similarly, and we are done.

3. The functional equation I'({s+ 1}/2)p(s)=T({2—s}/2)¢(1 —s). To derive our
identity for A,(x) we need the following

=&
cos u du = O(£° log® ¢),

LEMMA 3.1. Let v be a positive integer and 0 <c<v—1/2, where c is not an odd
integer. Then, for x>0,

1 x-S

271 Jiy T+ 1—5) cos ( s/2) - "(X)
where
N (__ 1)v/2 o (v—c— 1)/2]( )kx2k+1 i
T,(x) = = (sm X— ’Zo kDT )’ v even,
(_ ])(v+1)l2 ‘—[(v—c)lzl (_ l)kxzk
Ty(x) = ~————|cosx 2 T ) v odd,
where if v—c—1<0, the sum is empty.
Proof. We have from (2.1),
3.1) 1/T(v+1~=5) cos (ms/2) = O(Jt|°~Y~2).

Thus, the hypothesis ¢ <v— 1/2 secures the convergence of the integral.
Consider
x—s
2171 c '(v+1-5) cos (7rs/2)

where C denotes the rectangle with vertices c—iR, c+iR, —2m+iRand —2m—iR,
where m is a positive integer and R> 0. On J(C) the integrand has simple poles at
s=-=2m+1, —=2m+3,..., =1, 1,...,2[(c=1)/2]+1. The residue at s=2n+1 is
—2(=1D"x~2"~1/xT'(v—2n). Hence,

2 (_ l)nxomt -1

3.2 I=-= 7 .
3.2 T —msn<(c-1/2 I'(v—2n)

Now, (3.1) holds uniformly on —2m < o < c. Thus, the integrals along the horizontal
sides of C tend to 0 as R tends to co. Hence, we also have

(3.3) = i U@ J( 2,,,)) T(+1- s). ::oS @D ©
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Since
Tw+142m—it) = (v+2m—it)---2-it)[(2-1it),

we conclude from (2.1) that

|IT@+14+2m—it)] = A(+2m)! (|t|+1)*2 exp (—=|t]/2).
Hence,

x~s < szm Jw dt _
Joow T 4| 5 o | e~ o0
as m tends to . Thus, (3.2) and (3.3) yield

_1-_ x-s ds _ —g (_])nx2n-1
2mi o, Tv+1=5)cos (ms/2) ~ w42 L(v+2n)

2
= 1','_ v(-x)°
THEOREM 3.2. Let ¢ satisfy the functional equation

T({s+1}/2)g(s) = T({2—s}/2)p(1 - ).

Suppose that x>0 and q is a nonnegative integer.
(i) Let y>sup (0, o,, o¥) where y is not an odd integer. Then if T, is given as in
Lemma 3.1 and q>y—1/2,

34 Ax) = Qo) +2m 321 5 ()T 4 1(2uax),
where
_ 1 L(s)p(s)xs*
0 =52 | Thrasm &

where C is a curve, or curves, encircling the singularities of the integrand in the strip
l-y<o<y.
(ii) Let 1 <y <2 where y>sup (0, a,, o¥). Let s(x, y; n) be given by (2.23). Then,
forqz1l,
(35 Stwig) = Rwsq+r2 TED [7 By gy
n HnXx
where

R(x;q) = L Mds,

21Ti c Sq+1

where C is a curve, or curves, encircling all of the integrand’s singularities in the
strip l —y<o<y.

Proof of (i). Proceeding as in [1, proof of Theorem 2], we arrive at

(B6)  Ax) = Qq(x)+x"“zb(”)2%,~ o F(ll(;i)g(—{ss;rl“l(ilzzl(’s‘;f;)—sds’
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provided that g>y—1/2. Now, by (2.3) and (2.2),
I'(1-s)I'({s+1}/2) _ T(1—s5)2' > 2I(s)

T{2-s}2) ~ T({2-s}/2)I(s/2)
2l splZsin(msf2) | 270w
- sin (ms) = cos (75/2)

Upon using Lemma 3.1 in (3.6), we have immediately (3.4), and the proof is
complete.
Proof of (ii). Proceeding as in [2, proof of Theorem 1], we find that

bir) 1 [ Dlds+ D22~
b 27 Jop TEZ=8)D(A—5)7

where ¢>y—1/2. Now, by (2.3) and (2.2),

T'({s+1}/2) _ 2173~ 12T(s) sin (s/2)
r@2-sy2-s) 1—s

= 21757~ 12 (s—1) cos {m(s—1)/2}.
Hence, by (2.6), since 1 <y<2,

1 _T{s+1}2us
2mi Jo) T({2-s3/2)(1 = 5)

(3.7) S(x;q) = ROx; @)+,

ds

"-112 l 1s
3 I'(s—1) cos {m(s—1)/2}2u)* ~* ds

7~ 12 cos (2u)
u

3.8) = -

Integrate both sides of (3.8) with respect to u over (¢, ©), £, >0. Inverting the
order of integration by a theorem in [13, p. 349], we find that

1 I'({s+1}/2)é7s*? -1z [*cos (2u)
IR = (e L Wt

Multiply both sides of (3.9) by 1/¢; and integrate with respect to &, over (£;, ©),
£.>0. After g such integrations we obtain

(=07 [ T+l o (T dbe [ c0s2u
i o TR=50 =51 & = s far L v

1

® cos (2u)

= (e [T S s, i - 1) d

v

by Lemma 2.2. Letting y=pu,x and substituting the above into (3.7), we obtain
(3.5) under the condition that g>y—1/2. The identity may be upheld for g=1,
however, as follows. By Lemma 2.3,

Unx

S(u, ppx; g —1) du = O({pax}™? log* ™" pnx).
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Hence,

0= R +0(L 3 0 oge-s )
S(xig) = Rxiq)+0(3 3 B logt o

= R(x;q)+O0({log*~* x}/x),

as of <2. Differentiating both sides of (3.5) with respect to x, we obtain, with the
help of (2.24) and (2.25), (3.5) again, but with g replaced by ¢’ =g — 1. This differen-
tiation is justified for ¢’ 2 1, since the above argument shows that the differentiated
infinite series converges uniformly on any compact interval in x>0, provided that
gzl

4. The functional equation I'(s+m)p(s)=T'(r— s+ m)(r —s).
THEOREM 4.1. Let ¢ satisfy the functional equation
L(s+m)p(s) = T(r—s+mpp(r—ys),

where m is a positive integer. Suppose x>0 and let ¢ =2(u,x)'2.
(1) If r(x, y; n) is as in Lemma 2.1 and q is a positive number such that

q > sup (20¥ —r—1/2, r+2m->5)2),

then
b dm—l
Af(x) = Qy(x)—2777 Z —}%l-) dxm-!
@.1) o
.(xq“n—lJ‘ ur+2m°q_2‘]r+q+2m-l(u)r(u’ §;m—-l) du),
¢
where

1 L'(s)p(s)xs*?
Qulx) = 2mi Jo T(s+q+1) ds,
where C is a curve, or curves, encircling the singularities of the integrand.
(ii) Let q be a positive integer such that q>sup (20* —r—1/2, r—1/2). Then,

q
S(x; q) = R(x;q)-2"'"x"’"zli(g2';7
(4.2) ® "
.(xq+m—1J‘ UW=Y, qvom-1()s(u, €; q) d")’
z
where

1 5)x°
Rexiq) = 5 [ B as,

where C is a curve, or curves, encircling the integrand’s singularities.

We do not attempt to be exhaustive in the number of identities we can write
down. Using a technique in [2, proof of Theorem 3}, we may derive for smaller
values of g and with additional restrictions on ¢ identities similar to (4.1) and (4.2).
Also, using the method of equiconvergent trigonometric series [1], [5], we may
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extend the range of g to ¢>2¢¥ —r—3/2, where ¢ may possibly be <0 as well.
The proof of (ii) will be omitted as the proof is almost identical to that in [2,
Theorem 1, (ii)].

Proof of (i). In the following we shall assume that ¢ is a complex variable. Let
y be chosen large enough so that y>sup (0, o,, oF, r+m—1) and so that C lies in
the strip r—y <o <y. Proceeding as in [1, proof of Theorem 2], we find that for
Reg>2y—r,

b(n) 1 D(r=s)I'(s+m)(pnx)"
pn 2w ), D(r—s+m)L'(r+q+1-s)

(43)  Afx) = Q) +x7 D
From (2.12) for Reg>2y—r—1/2,

1 F(s+m) g)-zs _ u)-r-q+1
(44) "2'; » F(r+q+m—s) (2 ds = (5 Jr+q+2m-—1(u)'

Multiply both sides of (4.4) by u#?"*2"-3 and integrate with respect to u over
(£, ), &, >0. For the resulting integral on the right-hand side to converge, we
require by (2.15) that Re g>r+2m—>5/2. Inverting the order of integration [13,
p. 349], we find that since y>r+m—1,

1 22sr(s+m)fg(r+m—s—1)

@5) T 2w o Fr+g+m—s)(r+m—s—1)

ds

®©
= 2r+qf ur+2m-q-2Jr+q+2m_1(u) du.
31

Now multiply both sides of (4.5) by 1/£ and integrate with respect to £, over
(£,, ), ¢2>0. Upon m such integrations we find that

(-nHm 22T (s + m)y? — 2 ds
2mi Jo, T(r+gq+m—s)r+m—s—1).--(r—s)
4.6) = 2f f,;zldfm-l---L wHammaay () du
v 1

«©

= (=112 f W am=as3g o e, s m—1) di,

v

by Lemma 2.1. Let y = ¢ and multiply both sides of (4.6) by x?*™~* and differentiate
both sides m—1 times with respect to x to obtain

1 T(s )y X)~* s
2mi o, D(r+q+1—s)r+m—s—1)---(r—s)

m-1

= _2q—'x~q;xm_1 (XQ+m-1f u’+2m_q-2jr+q+2m—l(u)r(ua f; m-l) du)°
4

Upon substituting the above into (4.3) we arrive at (4.1) provided that
Reg > sup 2y—r, r+2m->5/2).



1969] A CLASS OF DIRICHLET SERIES. III 333

However, the right-hand side of (4.1) converges absolutely and uniformly for
Reg>sup 20 —r—1/2+8, r+2m—>5/2), §>0, by Lemma 2.3. Thus, by analytic
continuation in g, (4.1) is valid for Reg>sup (26¥ —r—1/2, r+2m—5/2). If q is
real, (4.1) is valid for ¢>sup (2e¥ —r—1/2, r+2m—5/2). The convergence is also
uniform in x on any interval in x>0. This implies that g >0 since the left side of
(4.1) is not continuous in x for ¢ 0. This completes the proof.

5. The functional equation I'?({s+ 1}/2)p(s) = I'3({2 —s}/2)¥(1 —5).
THEOREM 5.1. Let ¢ satisfy the functional equation

P2({s+ 1}/2)p(s) = T2({2—s}/2)p(1 - ).
Suppose that x>0 and q is a positive integer.
(i) Let
(CRY Gy(x) = Y (x)+e™(2K\(x)/m).

If q>20%—3/2, then

(5.2) A9 = 0 +270 3 b(Z) " G b)),

where

_ 1 L(s)p(s)xs*?
) =535 ). Torq+ D
where C is a curve, or curves, encircling all of the integrand’s singularities.
(ii) Suppose that sup (1, o,, 0¥)<y<7/4. Let
R T ()2
Rex;q) = 5 | St 45

where C is a curve, or curves, encircling the singularities of the integrand in the strip
l-y<o<y. Forqz2,

S(x;q) = R(x; q)
(5.3 ©
+% Z %:—Q J; . { Yo(4u”2)—7gr Ko(4u”2)}s(u, pnX; q—2) du.

If o3 <5/4,
5.4 S(x; 1) = R(x; 1 _.;. Z %l{yo(4{#nx}uz)_§ Ko(4{#nx}1’2)}'

(i) is not new and was proved by Chandrasekharan and Narasimhan [7]. Their
proof depended upon the evaluation of a certain integral by the use of the residue
theorem. However, we shall show below (Lemma 5.3) that the integral can be
evaluated very simply by using well-known formulas for Bessel functions. The
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reader may then consult [7] for an indication of the remainder of the proof as well
as two extensions of the theorem.

Concerning (ii), again we are not exhaustive in the types of identities we can state
here. Removing the restrictions on o, and o, with the use of Lemmas 5.2 and 5.3,
we can derive more complicated identities.

LEMMA 5.2. Let G, be defined by (5.1) and let

1) = PR~

Then, for 0< c< Re v/2 and Re v#c+n, where n is a nonnegative integer,

[Rev-c]

(535) 69 = 3 [ stswds— > Reis, 2 v—h)

k=0

Proof. By (2.13) and (2.14) for 0SRev<y<Rev/2+3/4<3/2,

1
Gix) = 5 f( g4(s,%) ds.

We move the line of integration to o=c, 0<c<Re y/2, by integrating around a
rectangle with vertices y+iR and c+ iR, R>0. By (2.1) the integrand on o=c is

O(|t[*e~e*=1) = o(1)

as |t] tends to oo, as c< Re v/2. By a version of the Phragmén-Lindel6f theorem
[15, p. 109], the integrand is o(1) as |#| tends to co, uniformly in the strip cSo<y.
Hence, the integrals over the horizontal sides tend to 0 as R tends to co. Hence,
by the residue theorem,

1
(5.6) G.(x) = s f _sls W ds+R,

where R is the sum of the residues of g,(s, x) in the strip c<o<y. By analytic
continuation in v, (5.6) may be extended to Re v <least integer greater than y. By
repeatedly shifting the line of integration, o =c, and using analytic continuation, we
eventually arrive at (5.5) provided that c<Re »/2 and Re v#c+n.

LEMMA 5.3. Let v be a positive integer with 0<c<v/2, where v—c#n, where n
is a positive integer. Then,

1 [ T(-9)T({s+1}2) (5)2 i
2mi ) T+ 1-5)I*({2—5}/2) \2

=201{6,09+3 #e6, 207k},

k=0
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Proof. By (2.3), three applications of (2.2), and elementary trigonometry we have
(1 =s5)I?({s+1}/2) 22-270(1 —5)I3(s)

To+1-—5)2((2=5}2) _ T+1-s)X{2—s}/2)T%(s/2)
_ 22730(1 —5)['*(s) sin? (ms/2)
- ml(v+1-y5)
_ D(s—v) sin {w(s—v)}I'(s)(1 —cos (ms))
- w221 sin (ms)

_ L(s—v)['(s){(—1)" —cos (m(s—»))}

7.,.228—1
Hence,
1 _TU=-9)¥s+1)2) ()_c)z ~ z-mf
2mi Jio v+ 1-5)2({2-s}/2) \2 ds = —— © 84(s, 2x) ds,

and the proof is complete by Lemma 5.2.
Proof of (ii). Proceeding as in [2, proof of Theorem 1], we arrive at

b 1 [ T(s+ B2~

657 S = RO+ 2= | S

provided that ¢>2y—1. )
Assume first that g=2. Then, by (2.4),

Ps+1y2)  _ T({s—132)
T((2-s}2(1-s5)?  4T({2—s}]2)

_ D2(s—1){1 +cos (w(s— 1))}

1,.223 -1

It follows by (2.13) and (2.14) that for 1 <y <7/4,

1 M(s+1}/2u- 1 vy 2 .
3ot ) TR e 4 = 3 { Yo )= Kot}

Integrate both sides of (5.8) with respect to u over (¢,, ©), ¢, >0, and proceed
exactly as in the proof of Theorem 3.1, (ii). After g—1 integrations, we find by
(2.16), (2.17) and Lemma 2.2 that

1 [ s+ 12y
Zmi Jop TR -1 1 —5)"

(5.8

ds
(5.9)

= -1- ” l 1/2 _g 1/2 e
= 2J; u{Yo(4u ) ”Ko(4u ) bs(u, y; g—2) du.

Setting y=pu,x and substituting into (5.7), we have established (5.3) provided that
g>2y—1. However, by (2.16), (2.17) and Lemma 2.3, the right-hand side of (5.9) is

O({pnx} =22 log?=? ppx).



336 B. C. BERNDT [December

Since o < 7/4, the right-hand side of (5.3) converges absolutely and uniformly in x
on any interval in x> 0. Hence, by (2.24) and (2.25), (5.3) may be upheld for g=2
by differentiation with respect to x.

(5.4) may be established by putting g=2 in (5.3) and then differentiating with
respect to x. By (2.16) and (2.17) the differentiation is justified provided that
a¥ <5/4.

6. T'(s/2)T'({s—p}/2)p(s)=T({1 =s}/2)T{p+1—5}/2)y(p+1—s), the functional
equation.

THEOREM 6.1. Let ¢ satisfy the functional equation
D(s/2T({s—p}/2)e(s) = D{1 =s}/T{p+1-5}2(p+1-5),

where p is an integer. Let x >0, £=2(u,x)*"?, and suppose that q is a positive integer.
Define

(6.1 F, 5(x) = cos ({p+ 1}m/2)J, . ,(x) = sin ({p+ 1}7/2) F; 4 (%),
where F,(x)=Y,(x)— " (2K,(x)/m).
(i) For g>20%—p—3/2,

Foi1,5(26),

6.2) Alx) = Qu(x)+27¢ Z b(n) (E_)(ﬁpﬂ»z
where
_ 1 [ D(s)p(s)xs*e
Qq(x) = ‘ZTT; c —_F(s+q+ 1) :

where C is a curve, or curves, encircling all of the integrand’s singularities.
(i) If g>sup (2o¥ —p—3/2, p+1/2), then
- b(n) d*-?
S(xsq) = Roxs+207-2 3 Ak £
(6.3) "

~(x“'1 Lw W1-9F,_(2u)s(u, €3 9—1) du),

where
1 o(s)x*

R(x;q) = 5. C—F:rd&

where C is a curve, or curves, encircling all of the integrand’s singularities.

(i) is due to Chandrasekharan and Narasimhan [7]. Their proof depended upon
the evaluation of a certain integral. However, again this integral can be evaluated
simply from well-known Bessel function formulas as we indicate below. The reader
may then consult [7] for the remainder of the proof as well as two extensions of the
theorem.

In (ii), if we require that o,, 0¥ <p+ 1, we can derive an identity for 20 —p—3/2
<g=<p+1/2. The proof follows along the same lines as that in [2, Theorem 3].
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Using the method of equiconvergent trigonometric series, we can extend our results
to g>20¥ —p—5/2,¢=0.

LeEMMA 6.2. Let F, , be as given in (6.1). Let v be a positive integer and 0<c
<(p+v)/2, where p is an integer and p+v— c#n, where n is a nonnegative integer.
Then,

1 L'(p+1-5)I'(s/2)T'({s—p}/2) (x)p-bv—zs )
= 2mi ) Tp+ 1 +v—5)T ({1 — —s}2T({p+1-s}/2) \2

[p+v—-cl
=2-v+1{Fv,,(2x)+ > Af, s, 2x), p+v—-k)},

k=0

where

Fonls %) = sin ((p+ /2L (s)[(s—p—») {cos {ﬂ(s—p—v)}+e"t(p+v)} (f)p”-m_

™ 2
Proof. By the same method as in the proof of Lemma 5.2, for v complex
=sin ({p+ 1}7/2)F, , ,(x)

[p+Rev=-c]

3 [ A0 ds= 3 A5 0, pv—)

k=0

(6.4)

where 0<c<(p+Rev)/2 and p+Rev#c+n.
By two applications of both (2.4) and (2.2),
L(p+1-5)T(s/2)T({s—p}/2)
LClp+1+v—s)L'{1 =s})T{p+1-5}/2)
_ cos (ms/2) cos (m(s—p)/2)['(s)T'(s—p)['(p+1—5)
n w22-P=2(p+14+v—ys)
_ {(1 +cos (ms)) cos (mp/2) +sin (ms) sin (mp/2)}[(s)
(6.5) - 2%-P-1(p+1+v—ys) sin {m(s— p)}
sin (ws) sin (wp/2)['(s)
RVERE T(p+1+v—s)sin {m(s —p)}
( 1 +cos (ms)) cos (mp/2)['(s)T'(s — p—v) sin {m(s — p—v)}
722 -?=15in {m(s—p)}

Whether p is even or odd, the first term on the right-hand side of (6.5) may be

written as
cos ({p+ 1}7/2)I(s)
2= (p+1+v—ys)

Since v is integral, the second term on the right-hand side of (6.5) may be written as

{(=1)"+cos (m(s—v))} cos (mp/2)[(s)['(s—p—v)

ﬂzzs—p-l

_ {(=D"""+cos (a(s—p—v))} sin ({p+ L}m/2)T(s)[(s —p—v)

7.,,22s—p-1
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for p either even or odd. Hence,

_ 27l cos ({p+ 1}7/2)T(s)
I= 2mi J:c){ N(p+1+v—ys)

+£5.0(8, 2x)}x =25 ds,

and the proof is complete by (2.12) and (6.4).
Proof of Theorem 6.1, (ii). Proceeding as in [2, proof of Theorem 1], we find
that

S(x;9) = R(x; q)+2. :;7)1 537,

. T'(s/2)T({s —p}/2)(pax)?*1 = ds
o {1 =s}/DT{p+1-s}2)(p+1-5) """

where v is such that y > sup (0, o,, 0¥, p+1) and S lies in the strip p+1—y<o<y,
and where ¢>2y—p—1.
Assume first that p and g are both even. Then, by (2.4),

ho (s) = — D65 =p—=q)2)
T =N (p+q+1-5}2)
= m~12P*9*2°25 cos (ms/2) cos (m(s—p—q)/2)T(s)[(s—p—q)
= (=1)Pr@2g12prar1=2{] +cos (n(s—p—g)T(S)T(s—p—q).

(6.6)

If p is odd and q is even, by (2.4), (2.3) and (2.2),

2prerim% cos (ms/2)L(s) I ({s—p =g}/ 2T +{p+g—5}/2)
#l(p+qg+1-5)
_ 2°+a+1-2s cog (75/2)T(s)
" I(p+g+1=s)sin (=(s—p—gq)/2)
(_ 1)(p+q+1)/22p+q+1-2s[‘(s)
T(p+qg+1-s)

he,o(s) =

It then follows from (6.4) that for 0<c<(p+q)/2, g even, and p odd or even that

1 ' u p+q-2s
27 » ha.v(s)(i) ds

[p+a~-7]

= 2(— l)“’z{ —Fo,(2u)+ Z R(fo. (8, 2u), p+q— k)},

k=0
or

6D ([ - ) he@(3) T s = 2 nyener 00
. 27_” » Cora Q.Ps 2 - q,p U),

where C, ., is a curve, or curves, encircling the singularities of the integrand in the
strip y<o<(p+9q)/2.

Now, multiply both sides of (6.7) by #?~9** and integrate over (¢,, ), £, >0.
Since y>p+1, the resulting integral on the left side converges. By (2.15)-(2.17)
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the integral on the right side is convergent provided thatg>p+1/2. Ifg>2y—p—1
we may invert the order of integration by [13, p. 349]. We therefore obtain

1 hq p(s)zzs-p-q-1§%p+2—2sdg
—2_77i (J:y) -fc,,”) p+l—S

= 2(_ l)(¢+2)/2 f uP-q+1Fq'p(2u) du.

31

Proceeding exactly as in {2, proof of Theorem 1, (ii)], we find after ¢ such integra-
tions and an application of Lemma 2.2 that

L(J —f )h_w(s)?""'zﬂyzwz-zsds
2ni\Joy  Jepae (P+1—s)

= 2(~ 1) f uP = E, (2u)s(u, y; g~ 1) du.

vy

(6.8)

Let y=¢, multiply both sides of (6.8) by x?~1, and differentiate both sides g—1
times with respect to x. The resulting differentiations under the integral sign on the
left are justified by a standard theorem [17, p. 59] for ¢>2y—p— 1. With the help
of (2.4) we arrive at

GO ([ [ ) el
2mi 39} Cpsq (p+1—s)1+!

_1 [}
= 2= oy (w0t [ e s, €5 -1) )

6.9)

We now substitute (6.9) into (6.6) and note that
S0 [ o)t
pi*tJe,., (p+1-5)7*1

ho o (S)p(s)x?*1-* o(s)x*
= J:: Gri—sy ¥ = s B =0,

Ch+aq
where Cjp ., is a positively oriented curve, or curves, encircling the singularities of
the integrand for 1 —g<o<p+1—y, and there are no such singularities by our
choice of y. Hence, we have established (6.3) provided that ¢ is even and that
g>sup 2y—p—1,p+1/2).

However, by (2.24), (2.25) and Lemma 2.3, the right side of (6.9) is

© q-1
(6.10) J; uP~ T FE (2u) Z Crq-15(u, €3 k) du = O(£P~7*112 Jog?~1 §),
k=0

It follows that the series on the right-hand side of (6.3) converges absolutely and
uniformly on any interval in x>0 provided that g>20*—p—3/2. We show that
(6.3) may be upheld for integral ¢ > sup (2¢¥ —p—3/2, p+1/2) by differentiation.
In [2, proof of Theorem 1, (ii)] we omitted the verification, which is by no means
trivial. We give the details for our theorem here; the details in [2] are similar.
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Let Z,={l, 2,..., n}. After some calculaﬁon, it is not difficult to see that the
Ci.q-1 in (6.10) are given by

Ckg-1 = 2k-axt Z ... dgs
i€2q-1
where i;51, if j#1. Thus, the sum is over all products of k distinct integers chosen
from Z,_,. In particular, ¢;-; .- =(g—1)! and ¢g -, =279*1.
We next put u= ¢v in the integral on the left-hand side of (6.10). This integral
then becomes with s(z, 1; k)=s(v; k)

«© q-1
@1 L) = 72 [T 080) S el k)
1 k=0

From (6.3) we see that we must show that
(6.12) I(x) = I,-1(x)/2x.

However, since g>p+1/2, differentiation under the integral sign in (6.11) is
generally not permitted. Hence, we first perform an integration by parts. From
(2.18)-(2.20) and the definition of F, we find that

d{x"*?F, ,(cx)}/dx = cx"**F,_; ,(cx)
and
d{x(v + p)l2va(2§v)}/dx = fpxtviPNz- va - L,,(va).

Integrating by parts, we have

I(x) = %f’-“l(—z*-qnu.p(zé)

(6.13)
© d q-1
_f PPrORIE, L (280) & {v-ﬂq z Cr.a-15(V; k)} dv).
1 v k=0
Thus,
I(x) = $Qu3/?)P-a+1gx -1
X (21—Gx(P+‘1+l)l2Fq+l.p(2§)+x(P+q+1)/2 J’lw vP+¢+ 1Fq+1,p(2£v)%
q-1
x {v"“ Z Cr,q-15(V; k)} dv)
(6.14) e

T e
x (21"‘x"’*"”2Fq',(2§)+x“’*°”2fw PPHOIE (2£p) F‘Z
1

% {v"" qil Cr.a-15(v; k)} dv).

k=0

Note that 1/2x times the first expression on the right-hand side of (6.13) with ¢
replaced by g—1 is equal to the third expression on the right-hand side of (6.14).
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Upon an integration by parts, the first two expressions on the right-hand side of
(6.14) yield

w : q=1
_§p-q+2qx-1f pPmIHIE, (26D) Z Cr,q-15(v; k) db.
1

k=0

Thus, from (6.13), (6.14) and the above we deduce that we must show that

& 1 ,d <
FERCAREDY Ce.a-15(05 K)+3 vz%{v‘“ > ck.q-1S(v;k)}
k=0

k=0
1d N q-2
=% {v‘zq 2 Z c,,.q_zs(v;k)}.

v k=0
Upon differentiation and simplification, the above reduces to
p-2a+14-2

2

Cie+1,q-15(v; k)
k=0

-2q+1

-2 q=3
{2+ Y a3 0= 2 cengessi -
k=0 k=0

Hence, we must show that
Ck+1,a-1 = (= DChg-2+3Cir1,0-2 k=0,1,...,9-3,
Ck+1,q-1 = (§— D q-2 k=q-2.
The last relation is obvious. Now,
(g—1)Cr,q-2+3Cks1,0-2
=(@=D252 D iy #2570 D iy iy,

ij€Zq-2 ij€Zq-2

= Dk-a+2 i ] —_
=2 z hlg oo lgsr = Cri1,q9-1-
ij€Zq-1

This completes the proof of (6.12) and also the proof of the theorem.
7. An identity involving Ei (— x).

THEOREM 7.1. For x>0 let
®(x) = > a) Ei (=Ax), () = 3 b(n) Ei (—pn),

where Ei (—x) is defined by (2.7). Then ¢ satisfies functional equation (1.3) if and
only if . B

D(x) = — R(x)+x""¥(1/x),
where R(x) is a residual function (see [1], [4] or [5]) given by

1 [ Dees)x

27Ti fol N

R(x) =

I

where C is a curve, or curves, encircling the singularities of the integrand.
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Proof. The proof closely resembles that in [1, Theorem 1], and so we give just a
brief sketch. Choose y so that y>sup (0, o,, c¥) and such that S lies in the strip
r—y<a<y. From (2.9) it follows easily that

__1_ M ds = (i)(x)
§

27 J

On the other hand,

S CECERE )
271 J i) s 270 Jooyp s

= —R(x)+x-"¥(1/x),

upon using the functional equation, replacing s by r—s, and inverting the order of
summation and integration.
To prove the converse we employ (2.8) and find that for o>,

T(s)p(s) = —s fo ® x-1d(x) dx.

The remainder of the proof parallels that in [1, Theorem 1].
8. Generalized Dirichlet series.

THEOREM 8.1. Let ¢ satisfy (1.3) and define for a>0 and o > o,

®(s,a) = Z a(n)(@+2,)"".

Let £=2(n,a)*'? and let 2 be a domain where

> b, (& 7"

converges uniformly. Suppose that the singularities of x are at most poles. Let R(s, a)
denote the sum of the residues of x(w)I'(s— w)a® = at the poles of x(w). Then, if s € Z,

®.1) To)wts, @) = 23 b)) Ke- )+ R, 0.

Conversely, if (s, a) satisfies (8.1), then ¢ satisfies (1.3).
Proof. For o> sup (0, a,, o¥),

T)ols, @) = 3 an) [ 3 exp (—(a+Ay) dy
8.2) - f: ¥ le=vd(y) dy

- f: ¥~te *P(y) dy+ > bn) f Y77t exp (—ay—pa/y) dy

by (1.4), where all inversions in order of summation and integration are justified



1969] A CLASS OF DIRICHLET SERIES. III 343

by absolute convergence. Using the definition of P(y) and inverting the order of
integration, we find that

8.3) [Cymrermpo)dy = 5 [ xo0Ts—wae= d,

provided that Re (s—w)>0. But this is a priori satisfied since o0 >¢a,>Re w. Using
(2.10), we have

84) b0 [y texp(—ay—pin) dy = 23 b () K.
0 a

Combining (8.2)-(8.4), we have established (8.1) for ¢ > sup (0, o,, 0¥). However, by
analytic continuation (8.1) is valid for the indicated values of s.

To prove the converse, we multiply both sides of (8.1) by y ~%e¢®¥/2xi and integrate
with respect to s over (¢ —io, ¢+ io) with ¢>sup (0, a,, o¥).

First, by absolute convergence and (2.5)

65 5 [ e @) ds = 3 ate 5 [ Tt Ay} ds

= O().

Secondly, by using the integral representation for R(s, a), inverting the order of
integration, and employing (2.5), we easily deduce that

(8.6) L e | R(s,a)y"ds = P(p).

2mi ©

Thirdly, by inverting the order of summation and integration by uniform
convergence and using (2.11), we have

l . s o (s-r)2
e [ 2 Zem(%) Ko
2\ -s/2
@.7) = 2ey~7 S b(n) J' K,(g)(i‘;v-) ds
(c=-r) n
=y ¥ (1/y).
Combining (8.5)-(8.7) we arrive at (1.4), and the proof is complete.
9. An identity involving K,(x).
THEOREM 9.1. If ¢ satisfies functional equation (1.3), then
b vi2 12
oy 22 a(ras) K2Oa+a))

a
pnt+b

- f ® r-temaR-bxp(x) dy+2 > b(n)(

0

(r=-w)/2
) K- (e + b)),

where Re a, Re b>0 and v is an arbitrary complex number.
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Dixon and Ferrar [9] have proven (9.1) in a more complicated way for the

special case @(s)=(27)~° > ro(n)n=%, where ry(n) is the number of representations
of n as the sum of 2 squares.
Proof. From (2.10) and (1.4) we have

23 a0)(12) K@i+ a8

= Z a(n) J:D x"~1 exp (— (A, +a)x—b/x) dx

= fm xv-le—ax-b/x(p(x) dx

0

= f: XV-1e= 05 =VIx(P(x) 4 x~"¥(1/%)} dx
= J‘: xv-1le-ax-bixP(x) dx+2b(n) J:o x" V" lexp(—(b+p,)x—a/x)dx

- f " e e P(x) dx+2 b(n)(—-‘f—)("mk Q{(n+b)a}2)
’Ln+b T =V n bl

0

where all inversions in order of summation and integration are justified by absolute
convergence.

COROLLARY 9.2. If v=1/2 in Theorem 9.1, we have

2 3 a(m)(M+a)"H2 exp (= 2{(h+ @)b}?)

- f " x-igmax-vxp(x) dx+2 S b(n)( K- 10Q{(pn+ b2} ).

a )(2r -1)4
(]

Batb
Proof. Use (2.21), and the result follows.
10. Identities involving Laguerre polynomials.

THEOREM 10.1. Let y>0, m be a positive integer, and LY (y) be a Laguerre
polynomial. Then, if ¢ satisfies (1.3),

> amXy exp (=) = m!y=7"™ > b(n) exp (= pa/Y)LE ™V (ual)

(10.1) 1 x(&T(s+m)y-s—™
+§7T—l ol F(S) dS,

where C is a curve, or curves, encircling the singularities of x, and where if s € C,
s+n#0,n=1,2,...,m.

THEOREM 10.2. Let y>0, =0, m be a positive integer, and

_ L[ xs)xre
0l¥) = 271 |, Tis+gr D
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where o satisfies (1.3) and C is as in Theorem 10.1. Suppose m is large enough so that
ifseC, Res+m+q+1>0. Also, suppose s+q+n+#0, n=0,1,..., m—1. Then,

e VExXm( A (x)— Qy(x)} dx

=m!y=m=T01 S b(n) exp (= pa/YILE* ptnfy).

These theorems generalize results of Koshliakov [14] and Szegé [16]. An identity
for an integral similar to that of (10.2) has been given by Chandrasekharan and
Narasimhan [6].

Proof of Theorem 10.1. Write (1.4) in the form

(10.3) O(l/y) = y¥(»)+P(1/y).

Multiply both sides of (10.3) by y™~! and differentiate m times with respect to y.
Using (2.22) and the fact that

dn(ym~texp (= Ay/y))/dy™ = ATy~™"1exp (= Ay/y),
which is easily shown by induction on m, we deduce that
YD a(m)AR exp (= Aufy) = m!y 1 > b(n) exp (—pny)LG ™ V(n)

1 [ x(&)L(s+m)y*~?
+2—7”. . () ds.

(10.2) J:D

Upon the replacement of y by 1/y, (10.1) follows.
Proof of Theorem 10.2. Using (1.4), we have

© 1 © -yx
J; e VA (x) dx = INCET) Z a(n) exp (—A,) J; e” ¥ x? dx

(10.4) =y i710(y)
=y Ty +y T P(Y).
From (2.22) one can show that
d™(y=r=e7texp (—pa/y))/dy™ = (= 1)"m!y=""7"2" 1 exp (—pa/Y)Li* *(1nl).
Thus, differentiation of both sides of (10.4) m times with respect to y yields
[T e ax = mty=mret S ) exp (—ua)LG )

0

(10.5)

+_1- X(S)F(s+m+q+1)y—s-m_q_ldg
2mi Je T(s+q+1)

However, a direct calculation shows that

® g vxym _ 1 [ x(®)C(s+m+g+1)y-s-m-a-t
(10.6) J; e~ ¥¥x Qq(x) dx = 27 Jo F(S+q+ ) ds,

provided that Re s+g+m+ 1 >0. Combining (10.5) and (10.6), we establish (10.2).
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11. Examples.
ExampLE 11.1. Let y be a nonprincipal, primitive character modulo k with
x(—1)= —1. Then, the Dirichlet L-function L(s, x) satisfies the functional equation

f(sa X) = C(X)f(l -9, 2)
where
&5, x) = (m/k)=C*V20({s+1}/2)L(s, x)

and |e(x)|=1. Thus, @(s)=(m/k)~“*12L(s, x) satisfies Theorem 3.2 with A,=pu,
=(n/k)*?n, a(n)=(wlk)"*2x(n) and b(n)=e(x)(m/k) 2%(n). Choose y=1+¢,
0<e<1/2. In the strip —e<o<1+¢, I'(s)L(s, x) has a simple pole at s=0. Re-
placing x by (w/k)*%x, we find from (i) that forg21,

L(0, x)x?

l"(q 1 2 z x(n)(x—n)t = FEEgy = 2k exe > %(T, . 1(2mnx/k).

In particular, if g=1,

3 xnx=n) = LO Yx—2k e 3 30 T

From (ii) we have forg=1,

-Iqu-T-T) > x(n) log® (x/n)

nsx

I‘(q+l 2 ( )L(l)(o X) ]ogﬂ Jx

vz, x(n) [ cos (2u) mnclk: g —
+ k¥ 2%e(x) Z ” J;m’k — s(u, mnxfk; g—1) du.
In particular, if g=1,
g x(n) log (x/n) = L(0, x) log x+L'(0, )
12 x(n) cos (2u)
k (X) Z J:mx/k d
= L(0, x) log x+L'(0, x)+ O(1/x),

by Lemma 2.3. By repeated integrations by parts, the O-term above may be
replaced by an asymptotic expansion.

EXAMPLE 11.2. Let y be as in Example 11.1. Then, @(s)=(m/k)=¢*VL%(s, x)
satisfies Theorem 5.1 with A\, =p,=mn/k, a(n)=(k/m) 3 -» x(J)x(k) and

b(n) = (k/m)eX(x) ﬂ‘Z x()x(k).
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Choosing y=1+¢, 0<e<1/2, and replacing x by =x/k, we may write down

identities analogous to those in Example 11.1 for ¢= 1. In particular, (5.4) yields

2, x(m)x(n) log (x/mn) = L*(0, ) log x+2L(0, x)L'(0, x)

mnsx

—kf2m)) 3 > { x(f»z(k)}

{ Foldrtny i =2 Kamun o)

EXAMPLE 11.3. Let @(s)=y(s)=7"3f(s)=="*{(s){(s— k), where {(s) denotes the
Riemann zeta function and k#0, —1 is an integer. Then ¢ satisfies the functional
equation of Theorem 6.1 with p=k, \,=p,=mn and a(n)=b(n) =0 (n) =24, d*
Replacing x by mx, we obtain for g=sup (1, k+1/2)

1
NCE) > au(n) log® (x/n)

_ k4 1)xkr?
T o(k+1D)?

29k-1 o op(n) d??
1.,.k+1 nlc+1 dxq-l

+e1— k)x+P(q T S () F9(0) logt~" x

i=0

+
(e [ s, 2 g 1) ).
2n(nx)

This extends and corrects a result in [2]. If k= —1, we obtain a similar identity.
The case k=0 corresponds to d(n), and the identity is given in [2].
ExaMpLE 11.4. In €orollary 9.2 put r=1. Using (2.21) we find that

73 a(n)(A+a) "2 exp (—2{(\+a)b}*?)
(1L.1) - f°° X113 exp (—ax—b/x)P(x) dx
]

+m12 S b)) €Xp (= 2{(un +b)a}).

Let ¢(s)=(2n/|A|)~*{(s, Q), where {(s, Q) denotes Epstein’s zeta function associated
with the positive definite quadratic form Q in two variables with discriminant A
and integral coefficients. Then, P(x)=®(0)+ 1/x= — 1 + 1/x. Using (2.10) and (2.21),
we find that

J‘ x—1/2e-ax—b/x(__ 1 + l/x) dx = 1.‘.112 exp (—Z(Gb)llz)(b-1/2—(1_1/2).

0

Define a(0)=5b(0)=1 and A,=p,=0 and replace a by 2ma/|A| and b by 2=b/|A|.
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Since A, =p,=27n/|A| and a(n)=>b(n)=r(n), the number of representations of n
by Q, (11.1) becomes

o

> r(n)(n+a)~2 exp (— (dn/| AD{(n+a)b}*'?)
n=0

= > r(n)(n+b)~Y2 exp (= (4=/|A]){(n+b)a}*?).

n=0

This identity is due to Ramanujan and is stated by Hardy without proof at the
end of [12], although a proof is indicated. The identity for the special case
Q(m, n)=m?+n? is derived in a more complicated way in [9].
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