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1. Introduction. Let D be a bounded symmetric domain in the complex vector
space CV and 0e D. Any bounded symmetric domain D, furnished with the
Bergman metric M, is a hermitian symmetric space (D, M) of noncompact type
and is necessarily simply connected [3, p. 311]. Let I" be the group of holomorphic
automorphisms of D; I' is transitive on D and extends continuously to the topo-
logical boundary 8D of D [7, p. 269]. The isotropy group I'y={y € [ : ¥(0)=0} of T
is a compact subgroup of I" and contains no normal subgroup of I'. Thus D can be
identified with the coset space I'/T",. This realization of bounded symmetric
domains enables us to study the structure of D, using the algebraic machinery of
Lie groups. Any bounded symmetric domain may be represented as the topological
product of irreducible bounded symmetric domains; the class of irreducible
bounded symmetric domains consists of four types of classical Cartan domains
and two exceptional ones.

A bounded symmetric domain D is circular and star-shaped with respect to the
origin, that is, tz€ D when ze D and t € C with |t] <1 [7]. It has Bergman-Silov
boundary b which is circular and invariant under T [7]. The group ', is transitive
on b [13, p. 922] and b has a unique normalized I'y-invariant measure u, which is
given by du,=V ~' ds,, V the euclidean volume of b and ds, the euclidean volume
element at t € b.

A complex-valued function A: D — C is harmonic on D if Ah=0 for each
I'-invariant differential operator A of the hermitian space (D, M) [6, p. 340].

For p>0 the Hardy space H” is defined on D by

1/
H? = H(D) = {f:fholomorphic on Dand sup (%/f ]f(rt)l"dst) - M < oo}
0sr<1 b

and the space A” by
A? = A?(D) = {f : fholomorphic on D and |f(z)|” £ A(z) on D, h e H(D)},
where

©=0(0) = {h:he) = [ Pl 0b() ds = (P b ze D, 6L
b
P(z, t) the Poisson kernel of the domain D.
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In §2 we give several properties of the spaces H* and A7 and prove that these
spaces are equivalent for bounded symmetric domains. Rudin pointed out this
equivalence for C! in [8]. In §3 we show that H? is a Banach space for p=1 and a
complete linear Hausdorff space for 0 <p <1, thus generalizing the results for the
unit disc [11]. §§4 and 5 consider properties of linear functionals on H*. For other
treatments of H? spaces (p=1) on bounded symmetric domains see [6].

2. Properties of the spaces H” and A”.
1. Let
D, ={rz:ze D}, b, = {rz: zeb}.
Since D is star-shaped with respect to 0, D,< D if 0<r<1 and lim,., D,=D.
Also any compact subset K of D< D, for some r<1.

THEOREM 1. Let u(z) be defined on D, and v({)=u(r{R~'). Then ue H(D,) if
and only if v € (D).

Proof. This follows since under the transformation z=r~{R, u(z)=(P;, . $)p,s
& € L(b,), goes into v({)=(Pp,., $)»,, Where $(v)=¢(rvR™ ') € L(bg) and conversely
(Pg.. and P, . the respective Poisson kernels of Dy and D,).

THEOREM 2. A function u € $(D) is harmonic on D.

Proof. By definition the Poisson kernel is
0] P(z, 1) = |S(z,1)|*/S(z, 2),
where S is the Szego (or Cauchy) kernel of D. By [5, p. 88]

Mic

@ S@ih =2 2 #P@ER0,  (51)e Dxb),

=1

where {¢¥} is a complete orthonormal system of homogeneous polynomials on D,
orthonormalized with respect to b, and ¢,=¢ =V ~1. Since the convergence of
series (2) is uniform on compact subsets of D x D [5, p. 89}, S(z, ) is holomorphic
in (z, f) on D x D and continuous on D x D. In particular, S(z, Z) is holomorphic
in (z, Z) for z € D and from (2)
©) 5z 2) 2 |$o@2 = V2.
By the Weierstrass theorem [4, p. 6] D;S(z, i) is holomorphic on Dx D and
continuous on D x D and D%S(z, ) is holomorphic in (z, Z) for z € D. Thus the
derivatives D%P(z, t) are bounded on K x b, K a compact subset of D, and by the
Lebesgue dominated convergence theorem A,u=(A,P,, )=0 (A=A, at z), since
P(z, t) is harmonic in z for z€ D, t € b [6, Theorem 3.5].

2. Equivalence of H? and H®.

LEMMA 1. Let u be a plurisubharmonic (psh) function on D and set u,(z)=u(rz)
for 0<r<1 and z € D. Then

4 u(2) = (Po, uy).
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Proof. Since u is psh on D, u, is psh on D for r< 1. Thus
1 (2 .
&L i6
&) u(0) < 5~ L u(1e'®) do

forte b[10, p. 73]. Let y € I'and y(z) =0. Set U,(w)=u,(y ~!(w)). Since psh functions
are invariant under biholomorphic mappings (10, p. 81], U, is psh on D so that
U,0) satisfies (S5). Integrate over b and use Fubini’s theorem

2 271
© GOV sy [do [ viends =5 [ as [ viends = [ var) ass,
27 Jy 0 27 Jo b b
since b is circular and ds,=ds, under ¢'=te*. Thus
1 ,
u(z) < 7 u(y=1(t")) ds.
b

Set t=y"1(t'). Then b=y~(b) and by the invariance of the measure P(z, t) ds,
under y

@) (1/V)ds, = P(0,t')ds, = P(z,t) ds,
[6, p. 339]. Thus (4) follows.

LEMMA 2. The function
®) M) = [ e as

is a monotone nondecreasing function of r on [0, 1).

Proof. Since fis holomorphic on D, f, is holomorphic on D and |f;|? is psh on
D for p>0 [10, p. 74]. As in (6)

2n
) 1= [ as [ itmenyeas = [ 110l ds = vmeo,

By the definition of psh, [f(Ar)|? is subharmonic with respect to A in every com-
ponent of the open set O, ={A : At € D}. From [10, p. 62] the function

l 2n
(10) Mm=$LINWWM

which is the mean value of a subharmonic function, is a nondecreasing function
of r and convex with respect to log r for all . By (9) and (10) for r<r’

M(r) = TI,-J; m(rt) ds, £ Lyfbm(r’t) ds, = M(r').

Also M(r) is convex with respect to log r in (0, 1).

THEOREM 3. For p>0, fe H? ifand only if fe A®.
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Proof. Since |f|” is psh on D for p>0, (4) holds for |f,|?, 0<r<]1.

Let f'e H?. Since ds, is a finite Borel measure and b is circularly invariant, by a
result of Bochner [1, Theorems 2, 3] there exists a function ¢, measurable on b, such
that

]imf |f(rt)—y(1)|? ds, = 0.
=1 Jb

Since P,(¢) is uniformly continuous and nonnegative on the compact set b,

(1) lim [ 10)= 40Pz, 1) ds, = 0.
=1 Jb
From (11) follows by Minkowski’s inequality for p 2 1 and the inequality
(12) (a+b) £ a*+b7,
a,bz0and O<p<1 [11] that
(13) {l_{ri (Po |/17) = (Po [§]7).

In particular since P(0, t)=V " for t € b, s € L?(b). Let r — 1. From the continuity
of fon D and (4) and (13) follows

(149 0= /@ =lim £ = lim (P, |/]7) = (P 4°) = u*(2).

Since u* € (D), fe A>.

REMARK. (14) is proved in [12] with reference to [1] for a method of proof of
inequality (4) for |f,|>. However no details are given in [1].

Conversely let fe A?. Then |f(2)|?Sh(z)=(P,, ¢), ¢ € L(b) and hence |f(1)|*
<h,(t) on D for r< 1. Integrate over b and use Fubini’s theorem. Then

7 [ Lol as

IIA

T’,- .L hy(t) ds, = lV b fb P(rt, 0)b(o) ds, ds,

- ‘7 L $(v) ds, = h(0) < w,

since P(rt, v)=P(rc, t) for v, 1€ b [5, Theorem 4.5.2] and |, P(rv, t) ds,=1. Thus
feH®>,

Another necessary and sufficient condition that fe H? is given by

THEOREM 4. Let z, € D and f be holomorphic on D. Let r, 0<r<1, be such that
2o € D,. Then f € H?(D) if and only if there exists a constant B(z,), independent of r,
such that

15 (P 1]7) £ B(20)-

Proof. The necessity of (15) follows from the uniform continuity of P, (¢) on b
and Lemma 2, namely

(16) (P, IfiIP) = "tl%x P, (DVM(r) = bi(zo) VM (r) £ by(zo)MV = B(2,).
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Conversely, let by(zo) =minee, P, (t); ba(2o) >0 since P, (t)>0 on b. Proof. For
any t € b there exists a holomorphic automorphism y, of D which takes z, — 0
and b — b. Let t — t'. By (7) P, (t)>0. Since t € b was arbitraryP, (t) >0 on b.
Then by (14)

[ 1 ds 5 87GoHP A1) 5 0300 BGE)
so that fe H”.
3. The topology of H” spaces. For p>0 set

171, = sup, (5 [ sl as)”

REMARK From (2.14) with z=0 and Lemma 2 follows ||f|,=u*(0)*'", where
u* € (D).

For pz 1 the triangle inequality follows for f, g € H? by Minkowski’s inequality
and properties of sup. For 0 < p < 1 Minkowski’s inequality does not hold but (2.12)
applied to £, g gives

M If+elz = If15+1glz;  ©<p<D.

LemMA 3. Let fe H?. For any z € D there exists a constant C(2), depending on
z, p, and D but not on f, such that

@ /@I £ C@| S5

For any compact set K of D there exists a constant C=C(D, K, p), depending on D,
K and p but not on f, such that for z € K

3) /@] = C|fl,
Hence if | f—f,|, — 0 as n — o, then f, — f uniformly on compact subsets of D.

Proof. From (2.8) and (2.14) follows | f,(2)|? £ b,(z2)M (r) £ b:(2)V | f|? for z € D.
Letting r — 1 gives (2) with C(z)=V?p,(z)*>. If K is a compact subset of D,
then

£ (@) = max P(z, )V | |5 = C*(X, D, p)|f13

and (3) follows when r — 1.

From (2), | f|,=0, implies f(z)=0 on D and conversely. Thus H? is a metric
space for p21 and satisfies all the axioms except the triangle inequality for
0<p<1. As usual a subset O of H? is said to be open if for every f, € O there exists
p>0such that {f: | f—fs|l,<p}<O; for p=1 this gives the usual topology induced
by the metric. It is easy to prove that the Hausdorff separation axiom holds. Thus
H? is a linear Hausdorff space. From the last statement of Lemma 3 the complete-
ness of H?” follows by well-known procedures from the completeness of C!, the
triangle inequality for p2 1, and inequality (1) for O<p< 1.
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Hence:

THEOREM 5. For pz1 H? is a Banach space and for 0<p<1 a complete linear
Hausdorff space.

THEOREM 6. H'* is equivalent to a closed subspace of L*(b) (that is, there exists an
algebraic isomorphism o of H? onto a closed subspace of L*(b), the isomorphism
being norm-preserving).

Proof. From the monotonicity of M(r) and (2.14) with z=0 follows

111, = lim MY = (3 [ ol as) " = 1ol

Define a mapping o by o(f)=4¢. From | f|,=|¢|, follows ¢ is 1-1 from H? onto a
subspace of L?(b). Also o( H?) is closed in L?(b) [11, p. 802].

A final property is that H? spaces are perfectly separable as follows by the same
proof as in [11].

4. Linear functionals. Let y be a functional in H*. Then y € (H?)* if and only
if y is bounded on the unit sphere in H?. Topologize (H")* by setting |y|
=supy,-; [y(f)|- Then (H?)* is a Banach space [11]. The class [L?(0, 2m)]* of
linear functionals on L*(0, 27), 0<p <1, contains only the zero functional but, as
in the case of the unit disc, (H*)* contains other elements [11]. Set

y.(f) = (A/m)Dif(z), wv=1,...,m, Di=0"0z}r -0z},
where m, is the number of derivatives of order n. Similar to Theorem 6 in [11], we

obtain precise bounds for the norms |y{".||. Such bounds will be used in the proof
of Theorem 9 and later papers.

THEOREM 7. y, e (H?)* (n=0,1,2,...;v=1,...,m,) for ze D and
1 Ivo.zl = 1/(1=r)N",

r’?:’lz2 V112
2 lval = NT3 2N]
’ ”!(rn.z—rz) (l"rn.z) 4

[D2:S(Zar, Z, 012 (n > 0),

(Z,,=(ry .r,)"Y2z), where r,, 0<r,<1, depends on z only and r, , is the value of r
on (r,, 1), which minimizes the right side of (8). (If z=0, replace r, by ir,_,.)

Proof. (1) and (2) imply that y&, € (H?)*.
Proof of (1). Fix r, € (0, 1). By (2.4) applied to |f;,|” and (2.16)

3 @) S max P VIS

From (2.1) and (2.2) and the fact that ¢{ is homogeneous of degree k

S 7|
-0’

v

P(z,t) = S(z,2)~* lim
Tk

Iy
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where r is chosen so that zr-!e D. By the maximum principle and Schwarz
inequality the right side is

n

F)-1 1 (k) 2,k N (), 2,k
Sz 27 limmax > [4PQF 3 ¢80

k=0,v k=0,v

IIA

IA

1/V(1—-r)3

by (2.3) and [5, Theorem 4.5.1]. Since D is circular and star-shaped, it is clear that
there is a unique r, € [0, 1) such that z€ D, and z ¢ D, forr<r,.
Thus

“4) P(z, 1) = YV (1—r)*Y;
and from (3) and (4)
@) = (L=r)=22| f],.
(1) follows by letting r, — 1.
Proof of (2). Since f'is holomorphic on D, for r< 1, the Cauchy integral formula

gives f(2)=(S; ., s, (z € D,), S, , the Szegd kernel of D,. By [4, p. 7, Corollary 2]
D} and f, can be interchanged, giving

6) 1D S [ 1D DI 0] ds, S max (D352, D) [ 170)] ds.

But :

Sz, B) = D $P(r 2T 1) = D $E@)FP(r D)r,
k,v k,v

where the convergence is uniform for z € compact subsets of D, and ¢ € b,. By
Weierstrass’s theorem [4, p. 6]

k
DS/(z, f) = Z D ¢®(2)¢®(r~t)r—* = Z Di(rs ‘Z)¢‘v’z’(r'1t)(%),
kZn,v k2n,v

if z, #0, € D, < D,. By the Schwarz inequality

s Dl s 3 e aR(2) S eeoe(Z)
(6) k2n,.v k,v
r'Su(rr) ~12z)
= TV
where S(Z)=3yzn,, | DF(Z)|2. If =0, r, can be replaced by 4r, say. Now if
teb, thente D, and ¢ D, for p<r. Thus in (4) we can take r,=r for all 7. Hence
by (3) with r;=1 and (4)

™ O £ 1fla(L=r)?¥e.
Using (6) and (7) in (5) gives

1/2,N/2 1/2
®) [Dif(2)| (rV r ;le(f—r()frzm Ifls (Z = (rr)~"2%2).
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On (r,, 1) the function
Y(r) e rN/2(r__ rz) - N/2(1 — r) - 2NIP'5/;‘112(Z)

is positive and continuous and — co asr — 1~ and — r;, where 0 < %?(zr; }) < 0.
Hence Y(r) assumes its minimum value on (., 1) on the compact set I,={r,+o,
1—o0} if >0 is sufficiently small, and this minimum value is positive. Suppose Y
assumes its minimum value at r=r,, Since Z,,=(r,.r.)""%ze D, %(Z,,)
= D?"S(Z, ., Z,.,) and (2) follows.

COROLLARY 1 [11]. There exists a countable collection of linear functionals
{nn} on H? such that if f€ H® and f5£0, then there is an n with n,(f)#0.

Proof. Let z, € D and set n,=y, .. Since f#0 on D, by the identity theorem
f(2)#£0 in any polydisc neighborhood N of z,= D. Hence by the power series
expansion of fin N some derivative D2 f(z,)#0. Thus y, . (f)#0.

THEOREM 8. Let F={fe H* : y(f) is bounded on F for fixed y € (H?)*}. Then
there exists B> 0, independent of f, such that

@ Nl = Blvl,
© ® @ = Bla-r)™,

© |yl = By ras {D?S(Zsr, Z, 2 (n>0)
n,2 = n!(rn,z—rz)le(l - rn'z)lep 2,2 n,rs Ln,r N

(Z,.,=(ry..r.)"Y22) for all fe F. (If z=0, set ro=4%r, ,.)

Proof. The proof of (a) uses only functional analysis and is the same as the
proof of Theorem 7 in [11]. Inequalities (b) and (c) follow by setting y=y¢", and
using (1) and (2).

5. Weak convergence. A sequence {f,}<H? converges weakly to fe H?,
Jfo =, if lim, y(f,) =v(f) for every y € (H?)*. By Corollary 1 the limit is unique.

The following lemma is more general than necessary but has some independent
interest. Let A, be a polydisc of radius R and center 0.

LEMMA 4 (ViTAL’S CONVERGENCE THEOREM FOR C¥). Let {f,} be a sequence of
holomorphic functions on the closed polydisc Ay, which are bounded independently of
zandnon B. Also f, — a limit as n — oo on a set {2’} with limit point 0 and such that
for each j, 1 Sj< N, {z}} is an infinite set. Then {f,} tends uniformly to a limit on
compact subsets of Ap.

Proof. It is sufficient to consider the case N=2. Then f,, holomorphic on A,
has a power series representation

©

L@ = 3 apdz  (zeBy),

Jjk=0
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where the convergence is absolute and uniform on compact subsets of Az. Follow-
ing the proof in [9] for N=1, we show that lim, a{p’ exists for each j, k and equals
ay, say. By Schwarz’s Lemma [2] and the uniform boundedness it follows as in [9]
that {a®4} is a Cauchy sequence and hence convergent. The function

a0
. z,, 0)—afy
) = > agei- = LlEn D od
i=1 2

(z,#0) satisfies the same hypotheses as f,(2).

Proof. The functions f,(z,, zz) are holomorphic and uniformly bounded
independently of n and z, on the closed disc |z,| £ R. Also 0 is a limit point of the
set (z1) and lim, f,(z}, z3) exists. Thus by Vitali’s convergence theorem for N=1,
lim, f,(z;, z;) exists uniformly on compact subsets of |z;|<R. Since also
lim,; . fu(z1, z3)=/a(z1, 0), the hypotheses of the Moore-Osgood theorem are
satisfied so that lim, lim,;., fa(2}, z2) =lim, f3(z3, 0) exists. Thus lim g{j(z")
exists. Also g{3 is holomorphic on A, with a removable singularity at z, =0. Now
|gM(z1)| S2MR~* on |z,| = R so that by the maximum principle |g{3(z,)| S2MR™!
on |z,| £ R. Hence similarly as for {a{3}, lim, a{} exists. By an analogous argument
lim, a{¥ and lim, a§? exist for all j= 1. Next set

i a?':)z{- 1z;2¢-1 - fn(zl’ Z,) —fn(zl’ 0) "fn(oy Zg) +fn(0’ 0)

1k=1 2122

M g =

g2)(2) satisfies the same hypotheses as f,(z). lim, g{®(z’) exists since the four limits
on the right side of (1) exist. Also g is holomorphic on Ay if z,z,#0 and is locally
bounded in the neighborhood of points (z,, 0), (0, z;), (0, 0) since

lim gY(2) = Z aiPzi™t = z7'[9fu(z1, 0)/022— 0f,(0, 0)/0z,]
22-0 ji=1
for z,#0 and similarly for the other two limits. Thus by Riemann’s theorem on
removable singularities [2] g{? is holomorphic on A;. Also on c={z: |z,|=R
Jj=1,2}, |g%(z)| S4MR2 and by the maximum principle for polydiscs |g®(2)|
<4MR-2 on A, Thus as above lim, a{} exists. Similarly lim, a{’ exists.
Finally we show that

a©

()} lim > apzizk = > aziz.

m oj,k=0 j. k=0
By the Cauchy inequality for derivatives [2] and the uniform boundedness follows
|a@| S MR~7-* and hence |a;|<MR~7-*. Thus the series on the right of (2)
converges absolutely and uniformly on compact subsets of Ag. Now given ¢>0
there exists K= K(o, ¢) such that

i (R}—za Y g

< %ed,, A, = > 0),
jaK+1 ) : °  4RM ( )
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and N=N(K, ¢) such that for n> N

R—1 \2 .
aP-aul < 4eBr B = (grrmg)  Gk= ... K.
Then

o«
] wk j mk
apzriz— > auzizh
0 J.k=0

iMs

I8

K
D (ap—au)ziz

2o +Ki >+> S Jar-auiz
$ e 5505 5 )8 (B <o

jk=0 j=K+1 k=0 j=0k=K+1

A

A

for n> N. Thus (2) holds and Lemma 4 is proved.
We have

THEOREM 9. If f, — ¥f in H?, then lim, f,(z)=f(2) uniformly on compact subsets
of D.

Proof. Since lim, v(f,)=y(f) for y € (H?)*, {y(f,)} is bounded independently of
n. From inequality (4.9b) follows |f,(z)| < B(1—r)~2¥"* for z € D,, which bound is
independent of »n and z. In particular y, (f;) = v,..(f), that is, f(z) = f(2) for
ze D,. Hence by Lemma 4, f,(z) — f(z) uniformly on compact subsets of D,
(r<1). Hence f,(z) — f(z) uniformly on compact subsets of D. (Lemma 4 was
proved for a polydisc but the compact set D, can be covered by a finite number of
closed polydiscs and the conclusion of Lemma 4 will hold for D, also.)
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