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1. Introduction. Let the function f(z) be continuous on a compact set E of the
z-plane. If E has no isolated points there exists [1, §12.3] for each pair of non-
negative integers (n, 1) a rational function W,,(2) of type (n, u), i.e., a function of

the form
u

@p2"+ay-12" "1+ +ag
ey WA AR

0

which is of best uniform approximation to f(z) on E in the sense that for all
rational functions r,,(z) of type (n, ») we have

Enu(f) = [max If(z)" Wnu(z)'; zon E] s [max If(z)_’nu(z)l; zon E]

The W,.(z) need not be unique but any particular determination of them will
suffice for our purposes.
The W,,(z) form a table of double entry

Woo(2) Wio(z) Wao(2)
Wo(z2) Wiu(z) Wa(2)
Woa(2) Wia(2)

.

known as the Walsh array [2] which is similar in form and properties to the table
of Padé. Indeed, J. L. Walsh has for the rows of his array established [3, p. 3]
the following analogue of the important result [4] of Montessus de Ballore con-
cerning the convergence of the rows of the Padé table:

THEOREM 1. Let E be a compact set whose complement K (with respect to the
extended plane) is connected and possesses a classical Green’s function G(z) with
pole at infinity. Let T', (o> 1) denote generically the locus G(z)=log o and let E,

Received by the editors May 28, 1969.
(*) The research of the author was supported by a Fulbright Grant at the Imperial College
of Science and Technology, London, England.
Copyright © 1969, American Mathematical Society

241



242 E. B. SAFF [December

be the interior of T',. Suppose that the function f(2) is analytic on E and meromorphic
with precisely u poles (i.e., poles of total multiplicity p) in E,, 1<p=sc0. If rp(z) is a
sequence of rational functions of respective types (n, 1) which satisfy

0)) lim sup [max |f(2)—r..(2)|; z on EP'™ £ 1/p

(a condition which is in particular satisfied by the (u+ 1)th row of the Walsh array
or f(z) on E) then for n sufficiently large each r,,(z) has precisely p finite poles,
which approach respectively the u poles of f(2) in E,, and the r,,(z) converge uniformly
to f(z) on each compact subset of E, which contains no pole of f(z).

Furthermore, if f(z) has a singularity on T, then the equality sign holds in (1).

We note that if f(z) is meromorphic with infinitely many poles in the finite plane
and if no more than one pole of f(z) lies on each I',, then Theorem 1 can be applied
in turn to each row of the Walsh array. However if f(z) has, say, 7 (>1) poleson T',,
then the convergence properties of the rows p+2 through u+r are not included in
Theorem 1.

It is the aim of the present paper to give suitable hypotheses under which these
rows do in fact converge. We shall prove in §3 that if £ has a smooth boundary
and the function f(z) of Theorem 1 is analytic on I', except for a pole of order r
(> 1) in the point « € I', (a not a critical point of G(2)), then for constant v, 0<v<r,
and n sufficiently large each of the best approximating rational functions W, , ,(2)
has precisely p+v finite poles, u of which approach the u poles of f(z) in E, and »
of which approach the point a. Consequently the W, , . ,(z) must converge uniformly
to f(z) on each compact subset of E, which contains no pole of f(z). We show also,
by methods recently used by the author [5], that the sequence W, ,..(z) can
converge in at most a finite number of points exterior to I',. Furthermore we prove
that

0< A, Sn*® p"E, ., (f) S Ay < ©, n>0,

and finally, in §4, we show how the techniques of §3 may be applied in certain
cases where f(z) has poles in more than one point on T',.

As a basis for establishing the above results we define, in §2, a special sequence
of interpolating rational functions which have properties analogous to those
established by R. Wilson [6], [7], [8] for the rows of the Padé table.

2. An interpolating sequence. Throughout the remainder of the paper we shall
assume that the point set E is the closed interior of a finite number of mutually
exterior Jordan curves C,, C, ..., Cn,, Where each C; is of class 4, i.e., each C;
can be represented parametrically in terms of arc length s by x=x(s), y=y(s),
where x(s) and y(s) possess second derivatives with respect to s which satisfy a
Lipschitz condition of some positive order in s. We shall let K, G(z), T,, and E,
be as defined in Theorem 1, and further set H(z)= — 0G(z)/ox+ i 0G(z)/0y.
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Walsh has shown [9, Theorem 1] that for such a point set E there exists a
sequence of polynomials w,(z) which have respectively n+1 roots, all belonging
to UT C,, and which satisfy

|wa(2)| £ Me™, zon E,

@ |G(2)+g—n""log |wy(2)| | £ Mn~?,

for z on each compact set exterior to E, where ¢ is the transfinite diameter of E.

Given a meromorphic function F(z) which has a pole of order r in the point «
we define special rational functions R,,(z) of respective types (n, v), v<r, which
interpolate to F(z) in the n+1 roots of w,(z) and which satisfy v additional con-
straints. Namely, the denominators of the R,,(z) shall be of the form

(3) an(z) = (Z— a)v +a, - 1(2‘- a)v- 14+ An,v- 2(2_ a)v 2+ Qno,
where the coefficients a,, are specified in

LeEMMA 1. Let the integers r, v satisfy r>v=1 and suppose « € K is not a critical
point of G(2), i.e., H(x)#0. Let the polynomials w,(z) satisfy (2) and set

wn(@)0N()/k!, for k 2 0,
0, for k <0,

Cnk

where 0,(2)=1/w,(z). Then for n sufficiently large the linear system of v equations
v-1

(4) Z XnkCnyr-k=-§ = —Cayr—v-j 1 SjsSvy
k=0

in the v unknowns Xng, Xp1, - . ., Xn,y-1 has a unique solution, say x..=a,., and for
k=0,1,...,v—1 we have

0] lim n*~*a,, = (r—k—1)! (—l)""‘(;)/(r—v—-l)! H(a)y'"*.

n—+ 0

Proof. We use the fact (see [5, proof of Theorem 1]) that

© lim n~*w,(«)0{(«) = H(x)*, k=0,1,2,....

Set by=1/k! for k20 and b,=0 for k<0. For 12520 let A,(¢, s) denote the
matrix

Cn,t Cn,t-1 crr Cpyt-s

Cnit-1 Cni-2 crr Cat-s-1

A, 8) =] , A

Cnit-s Cnt-s-1 °°° Cni-zs
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and let A, (2, s) be its determinant. Note that

-t 1-t s~t
n-"Cny n: "Cpt-1 AR (W
1-t 2-1 l4+s-t
nt "Cpi-1 MY Cpi-2 cceoon Cat—s—1
ne-BErDA (1, 5) = . . . s
-t l1+s-t 25—t
n Cpt-s N N Cpt-s-1 *°° N Cn,t-2s

and hence from (6) we obtain

) lim 706+ DA, 5) = H@)* ™9V B(1, 5),
where
b, bi-y P
Bs)= |0t Ber T By
bt—s bt-s-l bt—zs

Since B(t, 5)#0, i.e., the Padé table for e* is normal [10, p. 429], (7) implies that
for n sufficiently large A,(t, s)#0, and so the first part of the lemma follows by
taking t=r—1, s=v-1.
To prove (5) we first note that lim, _, ., n* ~*a,, exists. Indeed, for k=0 we have
ano = (—1)"A5(r—=2,v=1)/An(r—1,v—1),
and so from (7) we deduce that
n'a,, — (= 1)'B(r—2,v—1)/H(«)’B(r—1, v—1).
For k>0 we have a,,=D,,/A,(r—k—1,v—k—1), where D,, is the determinant
of the matrix obtained from A,(r—k —1, v—k—1) by replacing the first column by

k-1 k-1
(—'cn.v-v—l— Z Cn,r=i-1Gnis —Cpr-v-2— Z Cnr—i-2Qnis -« +»

i=0 i=0
k-1 T
~Cnr-2v+k— z cn,r-l—v-i»kani) .
i=0

If we assume that lim,_ ., n*~‘a,; exists for i=0,..., k—1, then it is easy to see
from (6) that the sequence n”*1-"-® D . converges, and hence from (7) so does
n'~*a,, . which completes the induction.

Setting lim,, . , n* ~*a,, =L, H(x)*~", we see from (4) that the constants L, must
satisfy the linear system of equations

v=1
D beioli==b_y, 15jSv,

k=0
which has a unique solution, namely
Lo = ¢=k=DH=17~*(; )ir=»— 1,

and the lemma is proved.
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The importance of the constants ¢, follows from the fact [5, proof of Theorem 1]
that if s,(2) is the unique polynomial of degree » which interpolates to the function
(z—a)™%, n>0, in the n+1 roots of w,(z), then

® -9 =@ = 2D 5 ., -0
f =]
The importance of the equations (4) will be evident from the proof of

THEOREM 2. Suppose F(z) is a meromorphic function of the form

r
F2) = g@)+ 2, Buz—)7%,
k=1
where the point « lies on T, (p> 1), H(x)#0, and g(z) is analytic on the closed region
E,+T,. For fixed v, 0<v<r, let the polynomials Q,,(z) be as in (3) with coefficients
@y defined in Lemma 1. If P, (2) is the polynomial of degree n which interpolates to
the function Q,,(z)F(z) in the n+1 roots of w,(z) and R,,(z) = P,(2)/ Q.. (2), then:

® |F(z)— R, (2)| £ An"~2~1/p", for z on E.

i . Ry(2)wn(e) vI(=1)"* 1 H(a) "2 "1 & .
(ii) "L_{T n,-z(v.)(f'wi(z)= ( (2‘_”,_(1)! kzo B,_(z—a)t~2-1,

uniformly for z on each closed set exterior to T,.

v! (=1)"H(a) B,
r=D'r(r=1)---(r—v)

Here and below constants A4 are independent of n and z and may change from
one inequality to another.

Proof. For v=0, Theorem 2 is a special case of [5, Theorems 2 and 3] so we need
only consider v>0. Note that by (5) the sequence Q,,(z) converges uniformly on
each compact subset of the plane to the function (z—«)".

Write P,,(2)=2].0 Pni(2), Where p,o(2), pn1(2), . . ., pr(2) are the polynomials of
degree n which interpolate respectively to the functions

0n(2)8(2), Qni(2)By(z—a)” Lo On(2)B(z—0)""

in the n+1 roots of w,(z). For the polynomials p,o(z) we have by the Hermite
formula

(iii) Limn~"R,(x) =

© 0@ ~pro@) = 5 [ 2OLDED 4y, 2,

where 7 (> p) is chosen so that g(z) is analytic on the closed region E,+T,. Since
the sequence Q,,(¢)g(?) is umformly bounded on T, and since the inequalities (2)
imply

|wa(2)/wa(t)| S A/, zon E,ton T,

|wn(2)/wa(t)| £ Ao®/7", zon T, ton T,
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it is easy to see, as in the proof of [5, Theorem 3], that

(10) | @n(2)8(2) = Pno(2)| £ An"~2'7%/p", zon E,
1 im pro(2)wa(e)/n” =2 ~tw,(z) = 0,

uniformly for z on each closed set exterior to I',.
Now consider the polynomials p,;(z), i>0. From (8) we deduce that for n2v—i

(1D Qu@BE-0"—pu@ = B2 S emay-is

“”n(“) jmr+l-i
where A =c¢q o y-j+ 2k2b GnkCn.r -k -;- By our choice of the constants a,, we have
Any=0for 1 £j=<v. Also, from (5) and (6) it follows that n**2* -7, — 0 for j>v+1
and that
r—2v=-1 m
13) lim n+2rh = BT S k1)1 (-I)V'k(;)/(r—k—v—l)!,

n-o (r—v— 1)’ K=0

where m=min (v, r—v—1). Thus |A,;|£4,n""2""1, 1 <j<r, and so from (12) we
conclude that
|@n(2)Bz—a) ' =pp(2)| < Aon"*"p",  zonE.
The last inequality together with (10) yields
| On(2)F(z) = Pp(2)] £ Agn™2""Y[p",  zoOnE,

which implies conclusion (i).
To prove (ii) note that

(14 On(2)Bi(z— @) "'wn(@)/n" 2" " 1wy(2) — 0,
uniformly for z on each closed set exterior to T',. Thus from (12) we deduce that
15) Jim pu(2wn(@)/n’ = lwn(2) = ~LB(z—ay =771, foriz r—v,

=0, fori < r—v,

uniformly for z on each closed set exterior to I',, where /, is the right-hand member
of (13). Using the fact that for any positive integer g

S q
Z k’(—l)""( ) =gq!, fors=gq,
k=0 k

=0, fors=0,1,...,9-1,

it is easy to show that /,=»!(—=1)"H(e)"~2"~}/(r—v—-1)!, and so from (11) and
(15) we obtain

lim Pry(2)wa(@) _V!(_l)v+1H(°‘)r-2v-1 Er B(z—oa)—1-v-1,

N £ R e

uniformly for z on each closed set exterior to I',, which implies (ii).
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Finally we consider the sequences p,(«). For i=0, it is immediate from (9) that
DPno() = 0. For i >0, it has been shown [5, proof of Theorem 1] that p,(«) =BA, , _;.
Hence from (5) and (6) we deduce that n’~"p,(«) — 0 for i<r, and that

lim 1 pul@) = D S (—1y=+{} ) =)

It is easy to see from a partial fractlons expansion that

> (=1y- ( )/(r k) = wlir(r=1)- - -(r—v),

k=0
and so n'~"P,(«) > v! H(e)"""B,/(r—v—1)! r(r—1)---(r—v). Since Q,,(¢)=an,
we can use (5) to obtain (iii)
n~"Rpy(@) = n*~"Py(@)/n"ay, —v! (— 1)"I:{(a‘)' ,/(l’— ! r(r— 1)---(r—v),

which completes the proof of the theorem.

Note that the inequalities (2) imply that |w,(«)/w.(2)| £ M, for z on T,. Hence if
r—2v—1>0, then the limit (14) also holds for each z (#«) on I',. By slightly
modifying the proof of conclusion (ii) we therefore obtain

COROLLARY 1. Ifv<(r—1)/2, then the limit in conclusion (ii) of Theorem 2 holds
uniformly for z on each closed subset of T', which does not contain «.

If, however, we have r—2v—1<0, then A,; — 0 for 1 <j<r and so the left-hand
member of (12) converges to zero for each z (#«) on I',. Thus we deduce

COROLLARY 2. If v>(r—1)/2, then the R,,(z) converge to F(z) on T',—{a}, and
for each closed subset S of T, which does not contain o we have

|F(2) = Ruy(2)| £ An™~2"1, zonS.

3. Approximating rational functions. We now use Theorem 2 to study the
convergence of certain sequences of approximating rational functions. An easy
consequence of conclusion (i) is

THEOREM 3. Let f(z) be analytic on E, meromorphic with precisely u (20) poles
in E, (1 <p <o0), and analytic on T, except for a pole of order r in the point « € T,
« not a critical point of the Green’s function G(z). Then for 0Sv<r we have

(16) En.u+v(f) = Anr—zv-llpn’ n > 0.

Proof. Let n(z)=z*+a,_,z*"1+ - - - +a, be the polynomial of the form indicated
having as its zeros the u poles of f(2) in E,. If R,,(2) is the rational function of type
(n, v) which is defined as in Theorem 2 for the function F(z)=m(z)f(z), then we
have for z on E

If(Z)—Rm(Z)/‘ﬁ'(Z)I = AIIF(Z)—RM(ZN = A2nr-2v-1/Pn-

Since R,,(z)/n(z) is a rational function of type (n, u+v), the inequality (16) follows.
We now state our main result.
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THEOREM 4. Let f(z) be as in Theorem 3 and let 0<v=r. If r, , ,,(2) is a sequence
of rational functions of respective types (n, u+v) which satisfy

¢¥)) [max |f(z)=rnu+v(2)]; z 0n E] = o(n"~2"*/p") asn— o,

then for n sufficiently large each r, , . (2) has precisely pu+v finite poles, u of which
approach respectively the p poles of f(z) in E, and v of which approach the point «.
Consequently the r, , .(z) converge uniformly to f(z) on each closed subset of E,
which contains no pole of f(z).

In the proof of Theorem 4 and later theorems it is convenient to have for
reference

LeEMMA 2. Let f(z) be as in Theorem 3 and suppose that r, , . (2) is a sequence of
rational functions of respective types (n, u+v) which satisfy for some real =

(18) [max |f(2)—rausn(2)]; z on E] = o(n*/p") as n— co.

Let g,(z) be the monic polynomial whose zeros are the finite poles of r, ,.,(2),
multiplicity included, and set p,(z)=q(2)ry,, +(2). If the finite poles of the r, , . ,(2)
are uniformly bounded, then lim, .. ., p,(2)w,(e)/n*w,(z)=0 uniformly for z on each
closed set exterior to T,,.

The r, , . (z) need not be defined for every n.

Proof. First note that the sequence g,(z) is uniformly bounded on each compact
subset of the plane. This follows from the fact that the monic polynomials g,(z)
have at most p+v zeros and these zeros are uniformly bounded.

Now let h(z) =(z — &)'n(2) f(z), where =(z) is defined as in the proof of Theorem 3."
Since A(z) is analytic on E,+T',, the polynomials h,(z) of respective degrees n of
best uniform approximation to k(z) on E satisfy

lim sup [max |A(z) —h,(2)|; z on E]** < 1/p.
The last inequality and (18) imply that
(19) |z = &) 7(2)rp 4+ (2) — Ba(2)|
where &, — 0, and hence

|(z— ) 7(2)pn(2) —gn(2D)ha(2)| S Aenn’/p”,  zon E.

A

&n*/p", zon E,

Since the function whose absolute value appears in the last inequality is a poly-
nomial of degree n+r+p+v, we have by the Generalized Bernstein Lemma [1,
p. 77] that

|(z —“)'"(Z)Pn(z)—%(z)hn(z)l S Ajeqnto™/p", zon I,
If we choose o (> p) sufficiently close to p, then the A,(z) will be uniformly bounded
on I'; [1, p. 90] and hence

1pn(z)l = A25nnt°’n/P"+A3, Z on F,.
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Since |wq(a)/wa(2)| £ Ap™/o™ for z on T,, we conclude that p,(z)w,(e)/n*w,(z) — 0
uniformly for z on or exterior to I', and so the lemma follows from the arbitrariness
of a.

Proof of Theorem 4. For »=0 the theorem reduces to a special case of Theorem
1, so suppose that v>0 and write r, , ,,(z) =p.(2)/g.(2) as in Lemma 2.

We assume at first that the finite poles of the r, , . ,(z) are uniformly bounded so
that the sequence g,(z) forms a normal family in the whole plane. Let ¢(z) be any
limit function of this sequence and note that g(z) must be a polynomial of the form
q9(2)=2z"+c,2" '+ - - - +¢,, where 0 <7 < p+v. Walsh has shown, as a consequence
of his proof of Theorem 1, that the polynomial 7(z) must be a factor of g(z). Thus
if we show that (z—«)” is also a factor, then it follows from the form of ¢(z) that
4(2)=(z—a)'n(2).

Taking F(z)=w(2)f(z), we let R, ,_1(2)=P, ,-1(2)/Qn,-1(z) be the rational
functions of respective types (n, v— 1) which are defined in Theorem 2. From (17)
and conclusion (i) of Theorem 2 there follows

(20) |Rnv-1(2) =m(Drnus (@) S Ain""2*Yp",  zonE,

and on multiplying this last inequality by |¢,(z)Q,.,-1(2)| and applying the Bern-
stein lemma we deduce that the sequence

$1(2) = (9n(2)Py-1(2) = m(2) Qv 1(D)Pa(2)ewn(@)/1" =+ Loy (2)

is uniformly bounded on each I, (¢> 1) and hence on each compact subset of K.
Now by Lemma 2 the sequence m(2)Q,, , - 1(2)pa(2)wa(e)/n" 2" * 1w,(z) converges to
zero at each finite point exterior to I',, and so from conclusion (ii) of Theorem 2
we see that some subsequence of the ¢,(z) converges to the function

v—D1(=1)H(c)-2"+1 v=1
s = LT 200 S Brose—a

for z exterior to I, where 3] B.(z—«)~* is the singular part of the pole « of F(z).
But the family ¢,(z) is normal in K—{c} and hence #(z) must be analytic in this
domain and in particular at z=«. Therefore since B,#0, (z—«)" must be a factor
of ¢(z) and so q(z)=(z - «)"=(2).

Thus the only limit function of the g,(z) is (z—«)'m(z) and hence g¢,(z) -
(z—«)"n(z) uniformly for z on each compact subset of the plane. The first part of
Theorem 4 now follows from Hurwitz’s theorem provided we show that the finite
poles of the r, , . ,(2) are uniformly bounded.

Following Walsh’s method we suppose to the contrary that the sequence
Inu+(2), possesses a subsequence, which we continue to denote by Prou+(2), With
the property that precisely A of the finite poles of the r, ,.,(z) approach infinity
while the remaining u+v— X (or fewer) poles are uniformly in modulus less than
some R. Let B,1, Bra, - . -, Bax be those finite poles of 7, , ., ,(z) which lie outside the
circle of radius R, and set ¢,(2)=[T}=1 (1 =2B51), r¥, s (2)=¢n(@)rau+y(2). On
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multiplying the inequalities (19) and (20) by |#,(z)| and applying to the r¥,,.(z)
the same reasoning which was used for the r, , . ,(z) we see that for n sufficiently
large each r¥,.,(z) has at least u+v finite poles. But this is impossible since the
r¥ ,+v(2) have at most u+v— A finite poles and the first part of the theorem is
proved.

As another consequence of his proof of Theorem 1, Walsh mentions [11,
Corollary 4] that any sequence of rational functions r, ,.,(z) of respective types
(n, p+v) which satisfy

lim sup [max |f(z)—r, . +(2)|; zon EP™ < 1/p

must converge uniformly to f(z) on each compact subset of E, which contains no
limit points of poles of the r, ,.,(z). Since the rational functions of Theorem 4
have no limit points of poles other than the poles of f(z), the second part of the
theorem follows and the proof is complete.

Concerning the divergence at « of the approximating sequence r, , , ,(z) we prove

THEOREM 5. Let f(z) be as in Theorem 3 and suppose the rational functions
Fa.u+v(2) Of respective types (n, u+v), 0Sv<r, satisfy

@n [max |f(2)=rnu+2)]; z 0n E] = o(n"*/p") as n— co.

Then we have
v! (= 1)"H(«)'B
r—=D'r(r=1)---(r=v)

(22) lim n='r, . (e) =

where B=lim,_,, (z—«)’f(2).

Proof. Using the same notation as in the previous proof we first show that the
sequence n'g.(«) converges to a nonzero limit. This is obvious if =0, so assume
v>0.

Let R¥,_1(2)=PF,_1(2)/QF,, - 1(2) be the rational functions of respective types
(n, v—1) which are defined as in Theorem 2 for the function F*(z)=(z - «)n(2)f(2).
Since F*(z) has a pole of order r—1 at «, Theorem 2 implies that

|F¥(2) = R¥ -1(2)] < An"~®/p",  zonE,
and hence
(23) [RY,-1(2)— (2= )7 (2)rn u+(2)| S Ain""®[p",  zon E.
Reasoning as in the proof of Theorem 4 we deduce from (23) that the sequence

7(2) = (@u(DPRy-1(2) = (= )m(2) O - 1(2)Pn(2))wn(@) /17~ ey (2)
forms a normal family in K—{oo}. Moreover since ¢,(z) — (z— «)'#(z), we see from
Lemma 2 and conclusion (ii) of Theorem 2 that for z exterior to I', and conse-
quently for z in K—{o0}
v—1
lim ¢3(2) = Ln(2) D BYx-s(z=c),

k=0
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where L=(v—1)! (= 1)"H(e)"~?/(r—v—1)! and 3 'B¥(z—«)~* is the singular
part of the pole « of F*(z). Thus

n(@) = n®"qu(@) Py, - (@) > La(e) B, # 0,

and since the sequence n”~"Py¥,_;(«) converges to a nonzero limit, the same must
be true of the sequence n'q,(c).

Now consider the rational functions R,,(z)=P,,(z)/Q.,(z) of respective types
(n, v) which are defined as in Theorem 2 for the function =(z)f(z). Since

g(2)Pr(2) = m(2) Qn2)P(2)| S e~ ®[p",  z oM E,
where e, — 0, the Bernstein lemma implies that
29 |gn(@)Ps(e) = () Quul(@)pa(e)| S Aen” =2
We have shown that for n sufficiently large the sequence
n*'| Qny(@)gn(@)| = 1*|ano|n’|gn(<)|
is uniformly bounded away from zero, and so (24) yields
| Ruv(@) =m(@)rn s v(@)] £ Arean’.

Hence n~"(R,,(e)—m(a)r, , +,(«)) >0 and (22) follows from conclusion (iii) of
Theorem 2.

We remark that Theorem S is best possible in the sense that (22) may not
hold if in (21) we replace o(n"~2'/p*) by O(n"~%'/p™). Indeed, the sequence
Ry, _1(2)/(z—)n(2) is of the latter degree of approximation to f(z) on E but clearly
does not satisfy (22).

Concerning divergence at points exterior to ', we have

THEOREM 6. Let f(2) be as in Theorem 3 and suppose the rational functions r, , , ,(z)
of respective types (n, u+v), 0Sv<r, satisfy

(25 @) =raue2)| £ An"">"2/p",  zon E.

Then except for a finite number of points the inequality

(26) lim sup [r,, 1 (2)|p"/n" ="~ exp (nG(2)) > 0

holds for each z exterior to T',. Consequently the r, , . (z) can converge in at most a

finite number of points exterior to T,
The r,,, . ,(2) need not be defined for every n.

Proof. Taking R,,(z) as in the previous proof it follows from (25) that the
sequence

(9n(2)Pny(2) = 7(2) Qnv(D)pa(2)) (@) /1" = ~ ()
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is uniformly bounded on each compact subset of K. Thus from conclusion (ii) of
Theorem 2 we deduce that the sequence

T(2) = =(2) an(z)Pn(Z)wn(“)/”' 2 lwn(z)

forms a normal family in the exterior of I',. Since ¢,(z) — (z—a)"n(z), each limit
function of the T,(z) must be of the form

(-1 v+1H r—2v-1 v
@) M+ ) > B e—a

k=0

where ¢(z) is analytic in K except possibly for a pole at infinity, and >} By(z—«a)~*
is the singular part of the pole « of #(z)f(z). It is easy to see from (27) that any
limit function 7(z) of the T,(z) can have at most a finite number of zeros on or
exterior to I',. But if z lies exterior to I', and is not a zero of 7(z) we have

. . Alrnuss(2)|p"
0 < lim sup |T,(2)| < lim sup n'-”'"';;p(('zlg(z))’

which proves the theorem.
Corollaries 1 and 2 yield

COROLLARY 3. If under the hypotheses of Theorem 6 we have v<(r—1)/2, then
except for a finite number of points the inequality (26) holds for each z on T, and
hence the r, , . (2) can converge in at most a finite number of points on T,

If v>(r—1)/2, then the r, , , (z) converge to f(z) on T',—{a}, and for each closed
subset S of T, which does not contain o we have

(28) If(z)—rn,u+v(z)! § Anr-zv-l’ zonS.

Proof. If v<(r—1)/2, Corollary 1 implies that the sequence T,(z) possesses a
subsequence which converges to a function of the form (27) for z on I'y—{«}.
Thus by applying the reasoning of the previous proof we deduce the first part of the
corollary.

Now suppose v>(r—1)/2 and note that for » sufficiently large and z on S we
have |¢,(z) Q.(2)| 2 m>0. The inequality

90(2)Pri(2) = 7(2) Quil2)pn(2)| < An"~>%,  zon T,
therefore implies
|Rai(2) =m(2)rnusf2)] S Ain"~>72, zon S,
and so (28) follows from Corollary 2 which completes the proof.

We now show that the degree of approximation indicated in Theorem 3 is best
possible.

THEOREM 7. If f(2) is defined as in Theorem 3 and 0<v<r, then there exists a
constant A, such that

(29) nrorgrE () 2 4, > 0, n>0.
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Proof. The contrary assumption would imply that there exists an increasing
sequence of positive integers £ for which

[max [f(2) = Wyi.u+v(2)|; zon E] = o(k""2""1/p*) as k — oo,

where W, , ,,(2) is a rational function of type (k, u+v) of best uniform approxima-
tion to f(z) on E. But W, . ,(2) is also of type (k, u+v+1) and so Theorem 4
implies that for k sufficiently large W, ,.,(z) has p+v+1 finite poles which is
impossible.

We remark that if the point « is a critical point of G(z), then for v=0 the degree
of approximation indicated in (16) can be improved [5, Theorem 7] so that (29)
need not hold.

4. Several boundary poles. Although the methods of §3 do not lead to a
general result on the convergence of the rows of the Walsh array for a function
f(2) with poles in several points on I, the methods are useful in some special cases
which we now consider. As a generalization of Theorem 4 we have

THEOREM 8. Let f(z) be analytic on E, meromorphic with precisely u (2 0) poles
in E, (1 < p<), and analytic on T, except for poles in the distinct points o, &, . . ., o
on T',. Suppose that each of the poles of f(z) on ', is of the same order r and that no
ay is a critical point of G(2). If r, , . (2) is a sequence of rational functions of respective
types (n, u+tv), 0= v =r, which satisfy

(30) [max [f(2) = rau+0(2)|; 2 00 E] = o(n"=***/p") as n— o,

then for n sufficiently large each r, , . .(z) has precisely u+tv finite poles, u of which
approach respectively the u poles of f(z) in E, and v of which approach each of the
points «.

Consequently the r, , . .,(z) converge uniformly to f(z) on each closed subset of E,
which contains no pole of f(z).

Proof. Let m(z) be the monic polynomial of degree u whose zeros are the poles
of f(z) in E,, and write

m(2)f(2) = g(2)+ 2 S2),

i=ml
where g(z) is analytic on £,+ T, and Si(z)=%., By i(z—«;) ¥ is the singular part
of the pole «; of m(z)f(z). Taking «=¢; and
F(z) = g(2)+Sy(z), fori=1,
= Si(2), fori > 1,

let RY,_1(2)=P%,_1(2)/Q¥,-1(z) be the rational functions of respective types
(n, v—1) which are defined by Theorem 2.
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Set

R() =2 RO\, Q) =109 1),
i=1 i=1

and let P,(z)= 0,(2)R,(2). Note that the R,(z) are rational functions of respective
types (n+(t—1)(v—1), t(v— 1)) which by Theorem 2 satisfy
(31 |7(2)f(2) = Ra(2)] £ An"~2*1/p",  zon E.
Furthermore, since the inequalities (2) imply that
0 < M; £ |wy(ey)jwn(ay)] £ My < o0, n>0,
it follows from conclusion (ii) of Theorem 2 that each subsequence of
{Ru(Dwnler)/n" =2 1wy(2)}

possesses a subsequence which converges uniformly on each compact set exterior
to I', to a function of the form

- l 1)
) CoDEDE S ey S Brose—a) ==,
k=0
where the constants A; are nonzero.
We can now proceed as in the proof of Theorem 4 by writing r,, ,, + 1,(2) =pn(2)/4.(2)
and showing that if g(z) is a limit function of the g,(z), then ¢(2)==(2) T[4 (z—«o,)".
Indeed, from (31) we deduce that the sequence

(gn(2)Pr(2) = 7(2) Qn(2)pn(2))wn(ey) /"~ 2+lw,(2)

is uniformly bounded on each compact subset of K. Since Lemma 2 is obviously
valid in this case, it then follows that ®(z)q(z) ['T4 (z— ;)" ! must be analytic at
each o;, where ®(z) is a function of the form (32). Thus [} (z—«)” must be a
factor of q(z) and so g(z)=n(z) [ [4 (z—«;)*. The remainder of the proof is identical
with that of Theorem 4 and is therefore omitted.

Theorems 3, 5, 6, and 7 admit similar extensions, but we only state

THEOREM 9. Let f(z) be as in Theorem 8 and let 0 £ A < tr. Then there exist constants
A,, As such that

(33) 0<4, = n1+2v-7PnEn,u+A(f) S Ay < oo, n>0,
where [v=A/t] is the greatest integer less than or equal to Aft.
We conclude with

THEOREM 10. Let f(2) be analytic on E, meromorphic with precisely u (2 0) poles
in E,, and analytic on T, except for poles in the two distinct points o, ey on T, of
respective orders ry, ro. If neither a) nor o, is a critical point of G(z) and if one r; is
an even integer and the other is an odd integer, then therows u+ 1 throughp+r, +ry+1
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of the Walsh array for f(z) on E converge uniformly to f(z) on each closed subset of
E, which contains no pole of f(2).

In particular suppose that ry=2p and r,=2q—1, where p2q, and let vo=p—q+1,
vi=p+3q—1. Then for n sufficiently large each of the best approximating rational
Sfunctions W, , . (2), 0= v Sr,+ry, has precisely u+v finite poles, u. of which approach
respectively the u poles of f(2) in E, and v of which approach the points o, as follows:
if v<wv,, then all of the v poles approach the point a; if voSv<v,, then r=vy+
[(v—v,)/2) poles approach the point «, and v—r poles approach oy; if v=v,, then
v—ry poles approach o, and ry poles approach o,.

Proof. For convenience we assume pw=0. Write
f(@) = g(2)+ S:(2) + S2(2),

where g(2) is analytic on E,+ T, and Si(z)=2}‘, B, (z— ;) ¥ is the singular part
of the pole of f(z) at ;. Let R¥)(z), 0<j<r;, be the rational function of type (n, j)
which is defined by Theorem 2 for e« =«; and F(z)=g(z) + Si(2) far i= 1, F(z)=S4(2)
for i=2.

First suppose 0 <v<v,, so that r,—2v—1>r;—1. From Theorems 2 and 3 we
obtain the inequalities

(34) E(f) £ Enl(8+S)+Eq, o(S2) S An"s =271 p,
(35) [Wal2)— R 12— R ()| £ Ays=2*Hp", zonE.
Also from conclusion (ii) of Theorem 2 we deduce that

(36) i (RE = 1(2) + REB(2)wn(e1)

R ® nm 2ty (2)

v-1
=C Z B, _ia(z—oy)f 2L
k=0

uniformly on each closed set exterior to I',, where the constant C is nonzero. As
can readily be seen from the proof of Theorem 4 the conditions (34), (35), and (36)
are sufficient to guarantee that for n sufficiently large each W,,(z) has precisely v
finite poles, and these poles approach the point «;.
Now suppose vo<v<v, so that r<r, and o=v—r5r,. Let
A=max(r,—2r—1,r,—20-1)
and note that
A < min (r,—2r+1,r;—20+1).
Clearly we have the inequalities

Env(f) SE,. o,z(g +S)+E, -t.a(S2) s AnA/Pn’
[Wa(2)— R _1(2)— RZ(2)| < Ayni~*Yp", zon E,
[ W2 — R(2)— R2,_1(2)] S Aon™2"%*p",  zonE,

where we take RY), (z) to be a rational function of type (n, r) of best uniform
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approximation on E to the function g(z)+ S,(z) for i=1, S,(z) for i=2. Therefore
since
1 (- (2) (o
hm (Rn.t - 1(~) + Rno (‘-))wn(o‘l)

R n- iy (2)

1-1
=G Z By —ka(z—ay)em 23,

k=0
C,#0, for z exterior to T',, it follows that at least = of the poles of the W,,(z)
approach the point «;. Similarly since

i () + RE, _y(2))w(a)

N nr2-20+1wn(z)

g-1
— k-20+1
=C, Z Brz—k.2(-_a2) o
k=0

C,#0, for z exterior to I',, we deduce that at least o of the poles of the W, (2)
approach the point «,. But 7+ o=v, and so the second part of the theorem follows
for voSv<u,.

Finally suppose v2v, so that r; —2(v—r;)—1<1—r,. Then we have

En(f) £ Encryv-r(8+S)+ Eniry-v,r(S2) £ An's 72077271 [ph,
[Wal@) = Ri = 1,-2(2) = RiZ(2)] £ Ay ™20772%2p" zon E,
|Wa2) = Ri,(2D)— RiZ),-1(2)| S Aon'~2/p",  zon E.
But for z exterior to I', we also have

(R =ra- 1D+ R, (@wnle) &7

. k=2(v=rp)+1
Jl_‘r?o W20 g, (7) =§ kZO B, _ka(z—ey) 720Dt
-1
llm (Rgl}l(z) - R;%:z - 1(2))‘”n(°‘2) = f 722 B (z — )k -2ry+1
e ® nl"zw,,(z) 2 “ ro—k,2 2 ’

where the constants ¢,, £, are nonzero. Thus we deduce that v—r, of the poles of
the W,,(2) approach «; while r, of the poles approach «,, which completes the
proof of the second part of the theorem. Analogous reasoning can be used to
establish the asymptotic behavior of the poles of the W, (z) for the case where
the larger of r; and r, is an odd integer and so the first part of the theorem follows.
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