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ON AN ORDINARY DIFFERENTIAL EQUATION
INVOLVING A CONVEX FUNCTION()

BY
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1. Introduction. The differential equation to be considered below is
(1.D r'+G(t r)+q(t) =0

where r’=dr/dt, G(t,r) and q(t) are continuous functions for —oo<r<oo and
0St<w (£0). In the main results, it will be assumed that either G(z,r) is a
convex function of r (for ¢ fixed) or that G(¢, r) has a suitable convex minorant
g(r), independent of ¢.

When G(t, r)=r?, (1.1) becomes the Riccati equation

(1.2) r'+ri4q(t) =0

In this case, r=r(t) is a solution of (1.2) if and only if 7 is the logarithmic derivative
of a solution x=x(t) of the second order linear equation

1.3) X" +q(t)x =0

Thus, the existence of a solution of (1.2) for ¢ near w is equivalent to the non-
oscillatory character of (1.3) at t=w. The case G(t, r)=|r|° of (1.1),

(1.9 r'+|r|®+q(t) =0, wherea > 1,

occurs in a number of places; cf., e.g., [5, pp. 226-227], where w=o00, q(¢)2=0,
and the question of the existence of a solution #(¢) >0 of (1.4) for large ¢ is discussed
in connection with the study of a binary system of differential equations near a
stationary point of a certain type. It was pointed out there that a number of results
known for (1.2) have analogues for (1.4). Cf. also [6].

In §2, w=c0 and we collect some basic facts concerning conditions necessary or
sufficient for (1.1) to have solutions r=r(¢) for large ¢, and for such solutions to
satisfy r(t) — 0 as ¢ — a0 or [ G(t, r(t)) dt <co. The proofs are adapted from the
Riccati case (1.2) and are only indicated.

In §3, @ =co and we derive some further necessary conditions for the existence of
solutions of (1.1) for large z. Although, Theorem 3.1 is known for the case (1.2),
the proof in this particular case (1.2) depends on the relationship between (1.2)
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and (1.3), and cannot be carried over directly to (1.1). Theorem 3.2 seems to be new
even for (1.2) and implies, in this case, that if g(¢) =0, then a necessary condition
for (1.3) to be nonoscillatory at t=oo0 is that

Jw t exp (—4 rql’z(s) ds) dt = .

(The example g(¢)=1/4t2 shows that 4 cannot be replaced by a larger constant.)

The main novel results of the paper are in §4. Here we introduce the concept of a
principal solution r=r,(t) for (1.1) at t=w under suitable conditions on G. (This
generalizes and gives a new simple proof for the existence of principal solutions for
equations (1.3), nonoscillatory at =w.) Standard results on the cross-ratios of
solutions of (1.2) suggest the consideration of [r%(¢)—r°(t)]/[ri(t)—r°(t)], where
r®<rt<r?are solutions of (1.1) for ¢ near w. It is noted that this ratio has a limit L,
as t — w. Most of this section deals with two related questions: one, the derivation
of conditions on G, ¢ which assure that L=1 if r®=r,(?) is the principal solution
and r!, r? are arbitrary [as in the case for (1.2)] and two, the comparison of
solutions of (1.1) and r'+G(t, r)+qo(t)=0, when |g—qo| is “small”. A by-
product of the theorems obtained is a result for (1.3): if (1.3) is nonoscillatory at
t=w and x=x°%¢t), x}(¢) are principal, nonprincipal solutions at ¢=w, then

J ® dt|x0()x}(1)] = co.

(A direct proof of this is quite simple, but it does not seem to have been stated
before.)

It will always be assumed that G(t, r), q(t), qo(t), p(t)>0 are continuous for
0=St<w (=) and arbitrary r. While this assumption of continuity will not be
repeated below, other conditions will be stated as needed.

2. Preliminary results. In this section w=o00, so that ¢ varies over the half-line
[0, 00). The analogue of the Sturm comparison theorem is the following:

PROPOSITION 2.1. Assume that G(t, r)20. Then the differential equation (1.1) has
a solution for large t if and only if there exists a function v=1v(t) of class C* for large
t satisfying
.1 V+G@,v)+q(t) £ 0
(in which case, the maximal solution of (1.1) satisfying an initial condition r(t,) Z v(t,)
exists for t 2 t,). In particular, if
2.2 r'+G(@t, r)+qot) =0
has a solution and
2.3) q(t) = qo(?)

large t, then (1.1) has a solution for large t.
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The proof follows from standard theorems on differential inequalities and the
fact that if a solution r=r(¢) of (1.1) exists on S<¢<T (<), but noton S<t<T,
then r(¢) > —o0 as t — T—0.

PROPOSITION 2.2. Let m=m(r) be a continuous, nondecreasing function for r=0
satisfying
2.4) mr) >0 forr>0 and f drim(r) < oo,

and let
2.5) G(t,r) 20 forallr, G(t, —r) = m(r) for large r > 0.

If g(t) 20 and (1.1) has a solution r=r(t) for large t, then r(t)20 and

2.6) o) = f " gs) ds = lim J' " () ds exists.

PROPOSITION 2.3. Let G and m be as in Proposition 2.2. Assume that (2.6) holds
(although q(t) 2 0 need not) and that (1.1) has a solution r=r(t) for large t. Then

@7 f " G, He)) dt < o,

2.8) r(t) = J;m G(s, r(s)) ds+Q(t) -0, ast— 0.

The last two assertions are due to Wintner [10] in the Riccati case G(¢, r)=r?
and his indicated proof can be adapted here.

PROPOSITION 2.4. Let G and m be as in Proposition 2.2 and, in addition,
2.9) G(t,ry—0 as (t, r) — (e, 0),
(2.10) G(t,r) =z m(|r]) forallr.

Let (1.1) have solutions for large t. Then a necessary and sufficient condition that one
(or every) solution of (1.1) for large t satisfy r(t) — 0 as t — oo is that

t+v
@.11) _sup (1+v)-1|f q(s)ds’-—>0 as t — oo,
<v<® ¢

See, e.g., the proof of Lemma 1 in [4, pp. 392-394] (which is adapted from [2]).
A partial converse for Proposition 2.3 is the following:

PROPOSITION 2.5. Assume that G 20 satisfies (2.9) and

(2.12) G(t, r) is a convex function of r (for fixed t).
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Let (1.1) have a solution r=r(t) for large t. Then a necessary condition for (2.7) is
that there exist a constant C such that

t
2.13) o) = C— fo 4(s) ds
satisfies, for A> 1,
2.14) T-1 f "Gt Q)N dt =0 as T— oo,

If (2.12) is replaced by the condition
(2.15) G(t,r) 2 g(r), where g(r) is convex,
then (2.14) is replaced by
T
(2.16) -1 f 2(0()N) dt—0 as T— o,
V]
and if g(r)>0 for r#0, then
T t
@.17) lim T -1 dt( f a(s) ds) = C exists.
0 4]

t—s ©

For the case G(t, r)=r?, see [4] (or [5, p. 365)).
Proof. Let r = r(t) be a solution of (1.1) for 2 S satisfying (2.7). Then a quad-
rature of (1.1) over [S, ¢] gives

t t
2.18) r(t)+ f Gs, r(s)) ds+ f g(s) ds = 1(S)

S S
which can be written as
2.19) ") — _[ ® Ges, r(s)) ds = O(t),
where Q is given by (2.14) and

) S
C = r(s)- L Gls, r(s)) ds+ fo 4(s) ds.
By (2.19) and (2.12),
0 560, QO 5 [6(6 )+ (- DG(s, - [ 666 ris) dsfa- )]

It is clear that (2.14) follows from (2.7) and (2.9).
For a convex function g, (2.19) implies that

2O < [g(r)+(A— (- L " G(s, r(s)) ds/(A— 1))]/A
and if (2.15) holds,

0 < gt, Q)N £ [G(t, P+ (- l)G(t, _ f, ® G(s, r(s)) ds(r— 1))] A
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Thus (2.16) follows from (2.7) and (2.9). By Jensen’s inequality,

0s g(T-1 f: o) dt/A) <7 f: 2(0/) dt,

and the right side tends to 0 as T — oo, by (2.15) and (2.16). From the condition
g(r)>0 for r#0,

T-1 r 0(t) dt 0 as T— co.
This gives (2.17). 0
PROPOSITION 2.6. Let G20 satisfy (2.15), where
(2.20) g(r) is convex, g(—r) = g(r),

and there exist continuous positive functions gu(s), g.(r) for small s>0 and large
r>0, respectively, satisfying

@21) g(rs) 2 o)), f " tgo(1/t) dt = oo, f " drlgy(r) < oo,

Assume that (1.1) has a solution r=r(t) for large t. Then a sufficient condition for
@27nis

2.22) lim inf T~ L i dt( f: q(s) dv) > —co.

T=

For the case G(t, r)=r?, see [4] (or [5, p. 365]). This proposition is applicable to
g(r)=|r|®withgo(s)=s°, g,(r)=re, provided that | <a < 2. The proof of Proposition
2.6 is similar to the case G(¢, r)=r2 in [4] (cf. [S, pp. 365-366]), and the generaliza-
tions corresponding to [1] can be carried over to the present situation.

Proof. By (2.18) and (2.22),

t t cd
(t-S)-lf r(s)ds+(t—S)-1f ds(f G, r(w) du) < const.
S N S
Suppose that (2.7) fails to hold. Then, for large ¢, G20 implies that
¢ t ]
—(:-S)-lf Hs) ds 2 %(:—S)-lf dsU Gy, r(u))a'u) 2 0.
S S S
By the convexity of g,
t t
(-5 [ ste) ds 2 g[e=)" [ o) a].
S S

The last two inequalities and g(r)=g(—r) give

(1-5)1 L‘ o(r(s)) ds 2 g[% (t-8)- f; ds( L Glu, r(w) du)].
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ue) = £ ds( fs ’ Glu, rw) du),

we have U(t) — oo as 1 — oo and, for large 1, U’ 2 [§ g(r(s)) ds,
(t=S8)"1U" 2z g[U2(1—-S)] 2 go(1/2(t— 5))g:(V),

or equivalently, U'/g,(U) 2 (t—S)go(1/2(t— S)). In view of (2.21), this leads to a
contradiction and proves Proposition 2.6.

If the conditions (2.9), (2.15), (2.20) and (2.21) on G(¢,r) and g(r) in both
Propositions 2.5 and 2.6 hold and if (1.1) has solutions for large #, then it follows
that (2.22) is equivalent to the existence of a constant C such that (2.13) satisfies
(2.16)—(2.17). Thus, we have

COROLLARY 2.1. Let G, g satisfy (2.9), (2.15), (2.20) and (2.21). Then a necessary
condition for (1.1) to have a solution for large t is either that

Thus, if we put

(2.23) lim inf T : dz( J: 4(s) ds) - -

T—®

or that q(t) satisfies (2.16), hence (2.17), for some constant C.

The following simple consequence of Proposition 2.6 for the linear equation
(1.3) does not seem to have been noted before.

COROLLARY 2.2. Let (1.3) be nonoscillatory at t=co and let (2.22) [or, for example,
(2.6)] hold. Let x=x(t), x°(t) be a pair of linearly mdependent solutions of (1.3).
Then [* |xx°|~2 dt<co.

For a contrasting result, see Corollary 4.2 below.

Proof. The equation (1.2) has solutions for large ¢ and these satisfy (2.7), with
G(t, r)=r2 Thus, r=x'/x, r®=x%/x° satisfy [* |r—r°|2 df<co. This implies the
corollary, since the Wronskian of x, x° is a (nonzero) constant.

From Proposition 2.1, we can derive the following “comparison” theorem
which, for (1.2), is equivalent to a known result [5, Exercise 7.9, p. 369] on linear
second order equations (and is a generalization of theorems of Hille [7] and
Wintner [10]).

PROPOSITION 2.7. Let q(t) satisfy (2.6) and let

@ . T
(224 0u) = [ auts) ds = lim [ o) ds
t o Jt

exist. Let G, m satisfy the conditions of Proposition 2.2,

(2.25) G(t, r) is nondecreasing forr = 0 (t fixed)
and, if Q(t)20 does not hold for large t, replace (2.25) by

(2.26) 1&2}5 G, s)=G(t,r) fqr t fixed, r>0.



1969] ON AN ORDINARY DIFFERENTIAL EQUATION 185
Finally, assume that (2.2) has solutions and

(2.27) 12| = Qo(®)

for large t. Then (1.1) has solutions for large t.

The monotony conditions (2.25)-(2.26) on G hold, of course, if G(, 0)=0, G is
a convex function of r, and G(¢, —r) < G(t, r) for r>0.

Proof. Let r=ry(t) be a solution of (2.2) for large z. Using the analogue of
(2.8) in Proposition 2.2, let

) = ()= Qu(®) = [ G, rls)) ds 2 0.
Then u' =ry+qo(t)= —G(t, ro)=—G(t, u+ Q,). Since u, Qo 20, it follows from
(2.25) that «’ < — G(t, u+|Q|). Thus, if we put v=u+ Q(t), (2.26) implies that
V'+G(t,v) £ -Gt u+|Q)+G(t, u+Q)—q = —q.
Hence, by Proposition 2.1, (1.1) has solutions for large ¢.

PROPOSITION 2.8. Let G(t, r)=0 be a convex function of r (for fixed t). Let there
exist constants y>0 and C such that

(2.28) w'+G(t, w)+G(t, (y+ DOy =0

has solutions for large t, where Q(t) is defined by (2.13). Then (1.1) has solutions for
large t. If G(t, r)=|r|%, a> 1, and y=1/(a— 1), then (2.28) becomes

(2.29) w +|w|*+[a%/(a—1)*"1]| Q(2)|* = 0.

If G(¢, r)=r?, this reduces to a known result ([3], cf. [5, p. 364]). Proposition 2.8
is sharp for G(¢, r)=|r|% a> 1, in the sense that the constant a*/(a—1)*~* cannot
be replaced by a smaller constant; cf. the example in the next section and note that
(1.4) does not have a solution for large ¢ if g=k/t %~V and k> [1/a%*(@a—1)]*/¢- DV,

Proof. Let w(t) be a solution of (2.28) for large ¢. Let w(t)=(1+ 1/y)u(?), then
(2.28) gives

U+ G, (1+ 1w +G6@E, (y+ DA +y) = 0.

Thus, by the convexity of G, u’' + G(t, u+ Q) =0. Finally, let v=u+ Q, so that (2.1)
holds and the conclusion follows from Proposition 2.1.

PROPOSITION 2.9. Let G(t, r) 20 satisfy, for fixed t,
(2.30) G(t, r)/r is nondecreasing for 0 < r < ¢ (£0)

(e.g., let G(t,0)=0 and G(t,r) be convex for 0<r=c, t fixed). Let r=r(t) be a
Sfunction of class C* satisfying

2.31) r'+G@,r)<0 and O<rt<c
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for large t. Let q . (t)=max (q(?), 0) satisfy
@2.32) f " 4.0 dijrit) < co.

Then (1.1) has solutions for large t.

This generalizes the fact that J' “ tq.() dt < oo assures that (1.3) is nonoscillatory
at t=o0. It will be clear from the proof that (2.31), (2.32) can be replaced by

r+G(t,r*) S got) and 0<rl<e,
920, g, =g.+q, and f (q:/r*) dt < .

For the case, G(t,r)=|r|% a>1, see [5, p. 227]. The next section gives other
refinements of Proposition 2.9.
Proof. For large ¢, define the functions

u(t) = ft T@ufrds, v=ru, V= +G, 0)+q().

Then v'=r*u—gqg, < —G@, r)u—q., so that
Vs -G@, rYu+G(t, r'u)y+q—q..

Note that g—q., S0 and since 0<r*u<r? for large ¢, (2.30) implies that G(¢, r'u)
—G(t, rYu=0. Hence V<0 for large ¢, and the desired conclusion follows from
Proposition 2.1. '

3. Applications of Young’s inequality. In this section, we also suppose that ¢
varies over [0, c0). Suppose that

3.1 G(t,r) 2 0is a convex function of r (¢ fixed); G(¢, 0) = 0;
3.2) G, = 90G/or is continuous, and increasing for r = 0.

Then, for fixed ¢, the complementary Young function F(¢,r)=0 to G(t,r) is
continuous [in (¢, r)}, convex, and F,=0F/or is continuous and increasing for
rz0 (¢ fixed), F(z, 0)=0, and

3.3) G, r)+F(t,s)=zrs forr,s = 0.
For fixed ¢, let G_,(¢, r), F_,(t, r) denote the inverse functions of G, F for r 20,

G(t, G-l(ta I')) = G-l(t’ G(t’ I')) =T,

(3.4)
F(t’F-l(t’r)) = F-l(t’F(t9r)) =r

Other conditions which may be imposed on G in this section are: the existence
of a constant ¢ such that

3.5) G(t, —r))c £ G@t,r) £ cG(t, —r) andc>1
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or the existence of constants X and « satisfying

(3.6) |Gi(t, )| £ K|G(t,r)|* forallr,0 <« < 1.
Finally, let Go(t, s) be a continuous, nonnegative function for ¢, s= 0 satisfying
3.7 G(t, rs) = G(t, r)Go(t,s) forr,s 2 0, Gy(t,0) = 0.

THEOREM 3.1. Assume (3.1), (3.2), (3.5), (3.6) and (3.7). Assume that if a solution
‘r=r(t) exists for large t, then (2.7) holds (cf., e.g., Propositions 2.2, 2.3 or 2.6), and
let Q(t) be defined by Proposition 2.5 (e.g., by (2.6)). Then a necessary condition for
(1.1) to have a solution for large t is that

3.8) [T [— [ " Gals, F-1(s, 0+(5)) as| dt = o,
[1]
where Q .(t)=max (Q(?), 0).

In particular, if G(z, r)=|r|%, a>1, then all conditions on G(¢, r) are satisfied
and (3.8) becomes

@® t
(.9) f £@-DI@-D gxp {—[a"/(a— 1ys-1] fo 0%~ 1(s) ds} dt = .
Also, (3.6) is replaced by G(t, r)=g(r),

(3.10) g'(r)=ajr|®"*sgnr, sothat K =a, « = (a—1)/a,
(3.7) by

@3.1D g(rs) = s°g(r), so that Gy(t, s) = s°,

and (3.3) by

3.12) rs £ re+[(a—-1)/a*@-D]s¥e-1 forr s 2 0,

so that G_,(¢, r)=|r|*® and

(3 13) F(S) = [(a_ 1)/aal(a - 1)]sa/(u- 1), F_ 1(") - [a/(a__ 1)(:1- l)la]r(a- 1)la.

If a=2 and Q. is replaced by Q, the necessary condition (3.9) reduces to a known
result ([3]; cf. [5, p. 368]), the proof of which permits the generalization of replacing
Q by Q., but not a=2 by a>1. Note that the factor +@-/@-1 jn (3,9) js 1 if
a=2, but is large or small for large ¢ according as a<2 or a>2. The result (3.9)
issharpin the sense that ¢ 2~/ -V cannot be replaced by ¢ 3~ /@~ -¢ gaj(g—1)a-1
cannot be replaced by [a*/(a— 1)*~!]+e& for any ¢>0. In order to see this, choose
q(t)=[c/(a—1)—c?)/t*@~D for t>1 and fixed c; in which case, (1.1) has the
solution r=c/t¥@~1, The desired example results if ¢ maximizes c/(@— 1)—c® for
¢>0; that is,

¢ = [1/a*(@@—1)He-v, q(t) = [l/a*(@a—1)]@-Vjraia-1,

t
[a*/(a—1)] f Q% Y(s) ds = const+log t/@- D,

and the integrand in (3.9) becomes 1/¢, up a constant factor.
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It is clear that Theorem 3.1 is contained in the following two lemmas.

LEMMA 3.1. Assume the conditions of Theorem 3.1, except (3.5) and (3.6). If (1.1)
has a solution for large t, then

@© t
(3.14) J: G(s, r(s)) ds < (const) exp [—L Go(s, F-1(s, 0+(5))) ds].

LEMMA 3.2. Assume that G(t,r)=0 is a convex function of r (for fixed t),
G(t,0)=0, and that G,=0G|or is continuous and satisfies (3.6). If (1.1) has solutions
for large t, then at least one solution of (1.1) for large t satisfies

(3.15) f " (GGt =r()+1-+ Y9G, r(1)] dt =

(in fact, at most one solution of (1.1) for large t fails to satisfy (3.15)).
Proof of Lemma 3.1. Let r=r(¢) be a solution of (1.1) for large ¢. Then

(3.16) R(t) = f ® G(s, r(s)) ds

is convergent and (2.19) holds, where Q(?) is defined by (2.6) or, equivalently, by
(2.13), (2.19). Thus, R'= —G(t, r), where r=R+ Q by (2.19),

3.17) R = —G(t, R+ Q).
In order to prove (3.14), it suffices to verify
(318) R’ é _RGO(ta F-l(t’ Q+))

Since R’ £0, this inequality is trivial at 7-values where Q(¢)<0 (i.e., Q0. (?)=0).
Consider a fixed t-value, where Q(¢)= Q.(z)>0. Then the Young inequality (3.3)
gives

R+Q 2 G_y(t, RF_,(t, Q) or G(1, R+Q) 2 G(t, G_,(t, R)F_,(1, Q).
By (3.7), we have
G(t, R+ Q) 2 G(t, G_.(t, R)Go(t, F-1(1, Q)) = RG,(t, F_,(t, Q).

In view of (3.17), this gives (3.18) and completes the proof of Lemma 3.1.

Proof of Lemma 3.2. Let r=r(t), ro(t) be distinct solutions of (1.1) for large r,
say, 120. The existence and continuity of G, implies that solutions of (1.1) are
uniquely determined by initial conditions, so that we can suppose that r>r,. By

(1.1),
(r—ro)’ +G(t, r)—G(t, ro) = 0,

hence r—r, satisfies the linear equation

(r=ro)’ +h()(r—ro) = 0,
where

(3.19) h(t) = [G(t, r)—G(t, ro))/(r—ro).
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Thus,
t

(3.20)  r(t)—ro(t) = 2¢ exp [- f A(s) ds], where 2¢ = r(0)—ro(0) > 0.
0

By the convexity of G, G(t, [r—rol/2) S [G(t, r)+G(t, —ro)]/2.
Assume that (3.15) fails to hold for both r and r,. Then [* G(t, [r—r,)/2) dt <0
and, consequently,

3.21) f ” G(t, ¢ exp [— f: h(s) ds‘]) dt < .

In view of (3.19), |A(?)| S max |G(t, u)| for ro(t) Su=r(t). Hence, by (3.6) and the
convexity of G,

Ih(t)l é IGr(t’ rO)I + lGr(t’ l')l -_<—. K(IG(t’ ’o)|a+ |G(t, ’.)'a).

Since (3.15) does not hold for r and r,, let
K = f: 1@ G(r, ro(1)| + |G (e, F())]) dt < oo.
Then, by Holder’s inequality,
(.22) f: |h(s)| ds < KK{( f:s-l ds')"“ = KK¥(log 1) -,

Note that (3.6) and G(¢, 0)=0 imply that

|G(t, r)| = [K(1—o)|r|]H3-,
so that

f " G(t, exp [—c(log 1)'-9]) dt = @ forall ¢ > 0.

This contradicts (3.21) and (3.22), and proves Lemma 3.2.
The proof of Theorem 3.1 can be modified to yield still another necessary
condition for the existence of solutions (1.1) for large ¢.

THEOREM 3.3. Let the conditions of Theorem 3.1 hold, except (3.7). Let q(¢)=0.
Then a necessary condition for (1.1) to have a nonnegative solution for large t (cf.
Proposition 2.2) is that
(3.23) f t‘l“’“G(t, ¢ exp [— f F_1(s, 4(s)) ds']) dt = w

0

for some constant ¢>0. If G(t, r)=|r|%, a> 1, (3.23) becomes

(3.24) f " f1G=D exp {-[az/(a— 1)t~ j i va(s) ds} dt = .
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The example following Theorem 3.1 shows that (3.24) is ‘““sharp”. Even the
Riccati case, G(t, r) =r2, of this result seems to be new and can be stated as follows:

COROLLARY 3.1. Let g(t)20. Then a necessary condition for (1.3) to be non-

oscillatory at t=c0 is

o« t
(3.25) f  exp [—4 f 74%(s) ds] di = .
Proof of Theorem 3.3. Let r=r(t) be a nonnegative solution of (1.1) for 1= S
(=0). We shall verify that
(3.26) r' s —rF_y(t,q()),

which implies that

(3.27) 0 < r(r) £ r(S) exp [- f; F_y(s,4(s)) ds].

By the Young inequality (3.3), G(1, r)+g=rF_y(t, q). Thus (1.1) implies (3.26),
hence (3.27). Thus, if (3.23) fails to hold for some ¢>0, it follows that

f t-1*leG(t, r(1)) dt < oo, where —1+1/a > 0.

By (3.5) and Lemma 3.2, this is impossible, and Theorem 3.3 is proved.
In view of Lemma 3.2 and the results of the next section, the following may be
of interest.

PROPOSITION 3.2. Let G(t, r) be a convex function of r (for fixed t), G,=0oG/or
exists and is continuous, and (1.1) has solutions for large t.
(«) Assume that for every >0, there exists a ¢, >0 such that

(3.28) inf |G(t,r)| 2 ¢, > 0.

Iri2ze>0
Then at most one solution r=r(t) of (1.1) for large t satisfies

(3.29) f "Gt 1)) dr < oo

(B) If, in addition, Gt,r) is a convex function of r, then at most one solution
r=r(t) of (1.1) for large t satisfies

T T
(30 lim f Gt, ) di and Jim f Gt, —r(t) dt exist.

Proof. On (a). Let r(t)> ro(t) be two solutions of (1.1) for large ¢, say, for r=0.
Then (3.19)-(3.20) hold and, by the convexity of G,

(3.31) G.(t, ro(1)) = k(1) = Gi1, r(1)).
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Suppose, if possible, that (3.29) [or even the first part of (3.30)] holds for both r(¢)
and ry(¢). Then
Jw [A(t)| dt < [or Tll_{r; r h(t) dt exists].
Then, by (3.20),
(3.32) T]Lrg [r(t)—ro(t)] = 4L > 0 exists.

In particular, for every large ¢, either r(¢)>L or ry(t) < —L and, by (3.28),
|Gt r())| +|G(t, ro(1))] 2 ¢ > 0.

This contradicts the assumption that (3.29) holds for both r(¢) and ry(2).
On (B). Suppose, if possible, that (3.30) holds for both r(t) and r4(z). Then
(3.32) holds. By the convexity of G,,

G(t, (r—ro)/2) £ [G,(t, r)+G(t, —ro)]/2.
For large ¢t, (r—r,)/2>L>0 and so, by (3.28),
0 < 2¢; £ G(t,r)+GAt, —ry).
This contradicts the assumption that (3.30) holds for both r and r,.

4. Principal solutions and asymptotic integration. We shall assume, in this
section, that ¢, r vary over the ranges [0, w), (—0, o), where 0 <w =0, and that
all functions of ¢, r, or (¢, r) are defined on these ranges, unless otherwise specified.
The first result gives the existence of a least or principal solution of (1.1) at t=w.

LEMMA 4.1. For every T, 0<T<w, let there exist a continuous, positive function
mq(r) for large r>0 satisfying

4.1 my(ry—>c asr—o and Jw drimy(r) < oo,

4.2) G(t, —r) 2 my(r) for0 =t =< Tandlarger > 0.

Let (1.1) have solutions for t near w. Then there exists an S,, 0= S, < w, and a solution
r=ry(t) of (1.1) for S, <t<w with the following properties: If r=r(t) is a solution
of (1.1) on S<t<w, then SZ S, and r(t) 2 r,(t) for S<t<w.

The solution r=r,(¢) of (1.1) will be called the principal solution [at t=w]. Any
other solution r=r(t) of (1.1) for ¢ near w will be called a nonprincipal solution.

The proof of Lemma 4.1 gives a new proof for the existence of principal solutions
for a linear second order equation ([8], see [5, pp. 355-357)).

Proof. Let 0SS<S+38<w. We first show that if c=c(S, 8)>0 is sufficiently
large, then a solution of (1.1) with an initial value r(S) < —c at t=S does not exist
on [S, S+38]. Let M=max |q(t)] on [S, S+8] and let ¢>0 be so large that
ms,s(r)>2M if r2c. Then, for a solution of (1.1) satisfying r(S)< —c, we have

r's =G, r)+M £ —mg.4(-r)2 <0
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on any interval of existence [S, T]<[S, S+ é]. In which case
2 f drjms., or) 2 T=S.

Hence, if ¢>0 is so large that the expression on the left is less than 8, then no
interval [S, T'] of existence has a length 8.

Let r=r(t) be a solution of (1.1) for  near w and let (S,, w) be its maximal open
interval of existence. Put

Sy =inf S, and r.(t) ={infr@t): S, >t} 2 —oo,

so that S,= S, and r,(¢)2r(t) for 1> S, holds. The first paragraph of this proof
shows that r,(t) is finite for S, <7<w. Since the minimum of two solutions of
(1.1) on a common interval of existence is again a solution of (1.1), it is easy to see
that r=r,(¢) is a solution of (1.1) for S, <t<w. This proves Lemma 4.1.

LEMMA 4.2. Assume that

4.3) G(t,r) is a convex function of r (t fixed).
Let ro(t) <r*(t) <r?(t) be distinct solutions of (1.1) on a common t-interval. Then
4.9 1 = [r¥(t)—r°))/[r*(t)—r°()] is nonincreasing;
in particular, if r°, rt, r? exist for t near w, then
4.5) Lim [r3(2)—rX(0)])/[r2(z)—r°()] exists.
t-w :

It will be seen below that, under suitable conditions on G(t, r) and ¢(?), the limit
(4.5) is 1 for all choices of r(¢), r%(t) when r°(z) is the principal solution of (1.1);
cf. Lemma 4.4 and Theorems 4.1, 4.2 below. That the limit (4.5) need not be 1,
even if the conditions of both Lemmas 4.1 and 4.2 hold and r° is the principal
solution, follows by choosing q(t)=0, G(t, r)=g(r), and g(r)=r for r20.

ReMARK. Condition (4.3) and the continuity of G implies that G satisfies a local
uniform Lipschitz condition with respect to r. In fact, if 0<T<w, R>0, and

(46) Cpr = OIQ&XT{IG(L R+1)-G(, R)|, |G(t, —R)—G(t, —R-1)]},

then, for 0S71<T<w and |r|, |s| SR,
4.7 |G(t, r)—G(t, s)| £ Cgelr—s]|.

Hence solutions of (1.1) are uniquely determined by initial conditions.
Proof. Let r° r*, r? be solutions of (1.1) on some (closed) interval with left end
point T. From (1.1),

4.8) r'=r%" = —[G(t, r)—-G(t,r%] fori=1,2,
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and, if ¢;=r/(T)—r%(T),

ri(t)—ro(t) = ¢, exp ft —hy(s) ds,
where '

h(t) = [G(@, r'(£)) = G(t, rP(@)]/[r'(2) —r°(1)].
Thus

@49) [ —r@O)Ir' @) —ro®)] = (cofe,) exp ﬂ = [Aa(s) = hi(s)] ds.

By (4.8) and r°<r*<r?, it follows that h;— A, 20, and (4.4) follows.

In the remainder of this section, we shall make the following

ASSUMPTION (A). Let G(t, r) be a convex function of r (¢t fixed) and satisfy the
conditions of Lemma 4.1 involving (4.1)—(4.2).

We shall use the following notation: In terms of a pair of functions r°(¢) <ri(t),
put

(4.10) h(t, w) = [G(t, r°(t) +u)— G(t, r°(2))}/u,

where A(t, 0)=G,(, r°(¢)) is the left derivate of G with respect to r at r=r°(t),

(4.11) H(t, w) = h(t, A)—h(t, wd), A = A@F) = ri(t)—ro() > 0.

Thus, we have A(t, u) is a nondecreasing function of u,

4.12) h(t, &) = [G(t, r' ()= G(t, r())/[r*(2) —r°(0)),

4.13+) G.(t, r°(t)) < h(t,u) £ G,(t,r°(t)+u) foru >0,

(4.13-) G,(t, r°(t)+u) < h(t,u) £ Gt r'(t) foru < 0.
PROPOSITION 4.1. The function H satisfies

4.14) H(t, w) is nonincreasing inw and H(t, 1) = 0;

for w>1,

(4.15) (A=1wIG(t, r)=h(t, A)] = = H(t, w) £ G(t, r°+wA)—h(1, d);

forO<w<1,

(1/w="D[G(t, r°+wA)—h(t, wA)] £ H(t, w) S h(t, A)=G(t, r°)

(4.16) < G(t, ) =Gt r0);

and, for w<0,
h(t9 A)_'Gr(ta ’.O) = H(ta W) = h(t9 A)-Gr(ta r0+WA)

4.17
@.17) G.(t, r)=G,(¢, r°+wA).

A

Proof. In view of the monotony of 4 and (4.13+), only the left inequalities in
(4.15), (4.16) have to be verified. Consider first (4.15), where w> 1,

wA
—H(t, w) = f [dh(t, u)/du] du,

dh/du = u=*G,(t, r°+uu—[G(t, r°+u)—G(t, r°]}.
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The convexity of G implies that {- - -} is a nondecreasing function of u (e.g., if G
is of class C2 the derivative of {---} with respect to u is G, (t, r°+u)u=0 for
0<A=u=wA). Hence

wA
—H(, w) 2 {G,(t, r)A-[G@t, r)—-G(@, rO)} f u~2du,
A
which is the first inequality in (4.15). The first inequality in (4.16) is proved similarly.

The next lemma gives a fundamental property of the principal solution.

LEMMA 4.3. Assume (A) and that (1.1) has solutions for t near w. Let ro(t) <ri(z)
be the principal and a nonprincipal solution of (1.1). Then, for fixed w <0,

4.18) fw H(t, w) d = w;

in particular,
f ® (h(t, A)—G(t, ro+wh)} dt = oo,
(4.19) g
f (G.(t, P) = Go(t, rO+wA)} di = co.

Proof. Let r=r(t) be an arbitrary solution of (1.1) for ¢ near w, so that
(r—r°'+G(t, r)—G(t, r°)=0. Introduce the new dependent variable

(4.20) w = (r—=r%/(r*—ro°),
then (1.1) becomes
4.21) w' = wH(t, w).

Suppose that, for some w=w, <0,

(4.22) fw H(t, wo) dt < .

Then, since 0 < H(t, w) = H(t, w,) for wo=w =0, it follows that for any w;, wo<w;
<0, there exists a solution w(¢) of (4.21) for ¢ near satisfying w(t) - w, as t > w.
(This assertion is a consequence of results of Wintner; cf. [5, pp. 273-275].) If
w, <0, so that w(¢) <O for large ¢, then the corresponding solution r=r(t) of (1.1)
satisfies r(z) <r(t) for t near w, by (4.20). Hence if (4.22) holds for some w, <0,
then r=r°(¢) is not a principal solution. This contradiction proves the lemma.

LEMMA 4.4. Assume (A). Let
(4.23) r+G(tr)+q.(t) =0
have solutions for t near w, r=r°(t) be the principal solution of (4.23), and r=r(t)

(> r°(t)) a nonprincipal solution. Let q(t) satisfy

4.24) f * (140) =) |/Ir () =r°@)]) dt < .
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() Then (1.1) has solutions r=r(t) for t near w and these satisfy
4.25) lim (r—r2%/(r*—=r® = L = L[r] exists;
t-w
(4.26) L[r] 2z 0;

some solutions r=r(t) satisfy L[r]21; and the principal solution r=r4(t) of (1.1)
satisfies

4.27) L[r] =0.
B) If H(t, w) satisfies

(4.28) f Y _H(t,wydt = o forall fixedw > 1,
then
(4.29) 0Ll s1

and there exist solutions r=r(t) of (1.1) satisfying
(4.30) Lr] = 1.
(») If H(t, w) satisfies

4.31) I " Ht,wydt = o forall fixedw, 0<w <1,
then
(4.32) j ? {Gt, 1)~ G,(t,r%)} dt = ©

and every solution r=r(t) of (1.1) for t near w satisfies
(4.33) Lir]=0 or L[r]z 1.

(8) Assume that, for some ¢>0, wH(t, w) is nondecreasing in w for 0Sw<e for
fixed t near o or, equivalently, that

(4.34) [G(t, )= G(t, rO)]/(r* —r°) = G/t, ro+ed) for t near w,

then the principal solution r=r,(t) of (1.1) is the only solution of (1.1) for t near w
satisfying L[r]1=0.

Note that (4.24) is trivially satisfied if g(¢) =go(¢), in which case, the lemma gives
sufficient conditions, (4.28), (4.31) and (4.34), for the limit (4.5) to be 1 for all
solutions r® <r! <r2 of (1.1), when r° is the principal solution. Below we shall obtain
simple conditions on G, g, which imply (4.28), (4.31), (4.34).

In the proof of the first part of («), that concerning the existence of solutions
r=r(t) of (1.1) for ¢ near w and the existence of the limit (4.25), no use is made of
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the fact that r° is the principal solution of (4.23). 1t should be remarked, however,
that (4.24) may be satisfied if r° is the principal solution, but not otherwise.
Proof. On (a). Introduce the new dependent variable

(4.35) w = [r=ron)/[r*@)—r°@)},
so that (1.1) becomes
(4.36) w' = wH(t, w)—(g—go)/(r* —r°).

Consider the “Lyapunov” functions

Valtyw) = w & j " (a—gol/(ri=r%) ds + 1z

which have the trajectory derivatives
(4.37) V,<0ifw>1lorw<0 and V_>0if0 <w<1

relative to (4.36). This makes it clear that (4.25) holds if, for a moment, one allows
—o0 £ L <oo. Furthermore, if a solution w=w(t) of (4.36) has a value w(z,)> 1 for
some large #,, then (4.37) implies that w(r) exists for ¢, £ f < w and, correspondingly,
Lz1.

For 0 <e< 1, the upper and lower boundaries of the strip Q=Q ,,

(4.38) Q={t,w:T<t<w V.(t,—¢) <w< V_(te)},

are strict egress points (if T is sufficiently near to w). Hence a theorem of Wazewski
[9] (cf. [S, pp. 278-280]) implies that (4.36) has a solution w=w(t) for ¢ near w
such that (7, w(t)) € Q. For this solution, |L| £e. Since £>0 is arbitrarily small, it
follows that if r=r.(¢) is the principal solution of (1.1), then L[r,]<0. Hence
(4.26) implies (4.27) for r=r,.

We shall now verify that (4.26) holds for all solutions r=r(¢) of (1.1) for ¢ near w.
Suppose, if possible, that for some r=r(¢), L[r]<0. Then (4.24), (4.35), and (4.18)
in Lemma 4.3 imply that L[r]= —o0. Since L= 1 holds for some solutions of (1.1),
it follows that the roles of ¢ and g, can be interchanged, that is, the analogue of
(4.24),

4.39) f * (9= go)l/rs(t) = ra()]) dt < o,

holds if r,(¢) is the principal solution and ry(?) is a suitably chosen nonprincipal
solution of (1.1). Thus
(4.40) (re—=r0/(r*=r°)— —co and (r;—ro/(r*—r°)—L, (21),

as t — oo, By the analogue of L[r,]<0, it follows that the limit of (r®—r,)/(r; — 1),
as t — w, is nonpositive. Since r, —r° <0 for ¢ near w, this limit is O,

0 < (P=r)/(ri—ry) >0 ast—w.
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This and relation (4.40) give, as t - w,
0<rl—ry=o0(ry—ry), ro=r"+0(*=r =ro+o(r°—ry).
By the last of these relations, r, —ry ~r®—r,, so that the first gives the contradiction
0<rl—r, =0(°—r,) ast—ow.

This proves L[r] <0 is impossible and completes the proof of («).

On (B). It is clear from (4.24) and (4.37) that (4.14) and (4.28) imply that L[r]>1
is impossible. Thus (4.29) holds if (4.28) holds.

On (y). Assertion (4.33) is clear from (4.26), (4.31) and (4.37). The relation
(4.32) follows from (4.16).

On (8). Suppose that wH(z, w) is nondecreasing for 0Sw=<e. Then, by (4.14),
it is nondecreasing for —co0 <w < e. It follows that (4.36) cannot have two solutions
w=w,(t), wy(t) satisfying wy(t)—wy(t)>0 and w,w,—>0 as t—w, since
0 < wy(t) — wy(¢) is nondecreasing.

Note that, by (4.10)-(4.11), o(wH)/ow=h(t, A)—G,(t, ro+wA). Since G, is a
nondecreasing function of , it is clear that (4.34) equivalent to o(wH)/ow =0 for
0=wz=e for ¢t near w. This proves (8) and completes the proof of Lemma 4.4.

The situation is comparatively simple in the case that

(4.41) G(t,r)2 0 and G(t,0) = 0,

q0(t)=0, the principal solution of (4.23) is r°(¢)=0, and G(¢, r) is independent of ¢
or, more generally, that

(4.42) G(¢, r) is nondecreasing in ¢ (for fixed r).
THEOREM 4.1. Let w=00. Assume (A), (4.41), (4.42) and that
4.43) G(t, r)fr—0 as(t,r)—(co, +0).
(«) Then a solution r=r*(t)#0 of
(4.44) r+Gt,r)y=20
for large t satisfies 0<ri(t) — 0 as t - o and
(4.45) f © {G.(t, r*(2))—-G(t, r*(2))/r*(t)} dt = o,
in particular,

j " Gyt () dt = oo;

also, if 0 <ri(t) <r¥(t) are solutions of (4.44) for large t, then
(4.46) r¥@t)/r*t) -1 ast— 0.
Let q(t) in (1.1) satisfy

(4.47) f " a0l de < o
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(B) Then (1.1) has solutions r=r(t) for large t (by Proposition 2.9) and these
satisfy

(4.48) lim r(¢)/ri(t) = L = L[r] exists,
t—©
where (4.29) holds; (4.30) holds for some solutions and (4.27) holds for the principal

solution of (1.1).
(y) If, in addition,

(4.49) G(t, r/w)/G(t, r) is bounded as (t, r) — (o, +0)

for fixed w,0<w< 1, then L[r]1=0 or 1 holds for all solutions of (1.1) for large t.
(8) If (4.49) is strengthened to

(4.50) rG,(t, r)/G(t, r) is bounded as (t, r) — (o0, +0),
then L[r]1=0 holds only for the principal solution r=r,(t) of (1.1).

If (1.1) is the Riccati equation (1.2), this theorem reduces to a result of Bocher
on the asymptotic integration of (1.3) under the condition [ t|g| dt<o0; cf. [,
pp. 380-381]. Clearly, G(1, r)=|r|%, a> 1, satisfies the conditions of Theorem 4.1.

REMARK. Condition (4.49) in (y) is only used to assure

J.eo {G,(t, Y= G(t, r)/r}G(t, r')/G(t, r*w)]dt = 0 for0 < w < 1.

Proof. On (a). Note that (4.42) implies that my(r) in (4.1), (4.2) can be chosen
independent of T>0. Hence, by Proposition 2.2 with ¢()=0, a solution r(¢) of
(4.44) for large 1 satisfies 0=r'(t) — 0, as t — co. The inequality r(+)>0 follows
from the local uniqueness of solutions. In order to prove (4.45), note that

t
4.51) f G,(s, r*(s)) ds =2 —log G(t, r'(¢))+const.
In fact, if G(¢, r) has a continuous derivative with respect to 7, then, by (4.44),

4.52) d[-log G(t, r*(t))] = (- G,/G+G,) dt £ G, dI,
which gives (4.51). Also, by (4.44),

(4.53) f t [G(s, ri(s))/r*(s)] ds = —log ri(t)+const,
hence
f *(G,—GJrt) ds = —log G(t, r(1))r'(¢) +const

and the right side tends to oo, by (4.43).

The existence of the limit (2 1) in (4.46) follows from Lemma 4.2, where r°=0.
That this limit is 1 is a consequence of the case g=g,=0 of part (8) in Lemma 4.4;
cf. the first part of (4.15).
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On (B). This follows from parts («), (8) of Lemma 4.4. Actually, the proof of
(4.26) is quite simple here for, by Proposition 2.3,

) = "G oy ds+ [ g ds 2 [ qts) s,
t t t

and so, by the monotony of r*(¢)>0

ror© z - [ (@) ds~0, 1.

t
On (Y). Let 0<w< 1. By the first part of (4.16) and the assumption (4.49), there
is a constant ¢ >0 such that for large ¢,
H(t, w) 2 c(1/w—1){G(t, wrt)—-G(t, wrt)/wri}G(t, rv)/G(t, wr')
if 0<w<1 is fixed. By analogues of (4.52) and (4.53),
d[—log G(z, wr'(2))] = wG((t, wr)G(t, rV)/G(t, wrb),

d[—log ri(t)] = [G(t, wr¥)/r!]G(¢, rV)/G(t, wrt).
Hence,

f H(s, w)ds = c[(1/w— 1w —log G(t, wri())/r*(t) +const},

and (4.31) follows from (4.43). Consequently, (y) is implied by (y) in Lemma 4.4.

In the corollary of the next theorem, we obtain an analogue of Theorem 4.1 for
the comparison of solutions of (1.1) and (4.23), where ¢,(z)#0. Actually, the
desiderata are simple conditions on G, g, which imply (4.28) or (4.31), so as to
make the corresponding parts of Lemma 4.4 applicable.

THEOREM 4.2. Assume (A). Let (4.23) have solutions for t near w; let r'(t) and
ri(t) be the principal and a nonprincipal solution of (4.23). Let £>0 be small, wo = 1,
and for fixed t near w, U= U(e, t, w,) be the r-interval

(4.54) U= Ul t,wy) = {r:ro(t)—eA(t) £ r = ro(t) +woA(t)},

where A(t)=r'(t)—ro(t). Suppose that G,(t, r) is convex on the interval (4.54) or,
more generally, that there exists a constant ¢ >0 (independent of t) such that

(455) Gr(t’ r2) —Gr(t9 rl) g C[Gr(t, 52)— Gr(tv sl)]

ifry,ry s, s,eUand rizss, ro—ry2s,—5,20; e.g., that G,.=0%G/or? exists and
is continuous and

(4.56) G.(t,r) 2 cG,(t,s) ifr>sandr seU.

Then (4.31) holds and, if wo> 1, then (4.28) also holds. Thus, (4.32) holds and every
solution r=r(t) of (4.23) for t near w satisfies (4.33) and, if wo> 1, then L[r] is 0 or 1
for all such solutions.
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In view of Lemma 4.4, we obtain the following

COROLLARY 4.1. Let G, q,, r° r! satisfy the conditions of Theorem 4.2 and let g
satisfy (4.24). Then, according as wo=1 or wy> 1, the conclusions of parts (), (y) or
parts («), (B), (y) of Lemma 4.4 are valid.

Since (4.56), with arbitrary wo>1, and (4.34) are trivial for G(t, r)=r?/p(t),
assertions («)~(8) of Lemma 4.4 are applicable in the Riccati case

(4.57) r*+r%p(t)+4(t) = 0.

The case G(t, r)=r2/p(t) of Corollary 4.1 is a result of Hartman and Wintner on
the asymptotic integration of

(4.58) (p@®)x)Y +9(t)x =0

cf. [5, p. 379]. Actually, the conclusion (4.32) in Theorem 4.2 has not been remarked
earlier even in the case (4.57) and can be stated as a result on the second order
linear equation (4.58).

COROLLARY 4.2. Let p(t)>0, q(t) be continuous for 0St<w and let (4.58) be
nonoscillatory at t=w. Let x=x%t), xl(t) be a principal, nonprincipal solution of
(4.58) at t=w. Then

(4.59) f ® dtp(0)|xo(1)x(1)| = co.

If G(1,r)=|r|® and a22, then (4.56) holds with c=1 even if “r,se U” is
replaced by “r>s=0", so that Theorem 4.2 is applicable in the case
(4.60) r'+|r|*+qo() =0,  go(t) 2 O,
of (4.23) with w=00; cf. Proposition 2.2. The introduction of the intervals (4.54)
makes Theorem 4.2 applicable in some cases where 1 <a < 2. For example, consider
(4.60) and
qo(t) —_ y/tal(a-l)’ 0 < y < [l/aa(a_l)]ll(a-l).

Since g, =0, Proposition 2.2 shows that the principal solution satisfies
r°@e) 2 f qo(s) ds = y/(a—1)tt/e-D,
t

Also (4.60) has a pair of solutions r=cy/t*®~¥ and r=c,/t*'*~ ), where 0<c,<c,
and c=c,, ¢, are the roots of c®—c/(a—1)=y. Thus ri(t)=c,/t*°~? is a non-
principal solution. The boundedness of the ratio */r®2>1 implies that (4.56) holds
for arbitrary wo>1, even if 1 <a<2.

Proof of Theorem 4.2. For fixed ¢, u, v and the function (4.10), consider the
difference

h,(t) = h(t, vA)—h(t, uA) = A-1 fA {G(t, r°+sv)— G(t, r°+su)} ds,
0
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where A=A@)=ri(t)—ro(t), r°=r°). Note that
A
H(t, w) = hyy(t) = A~ f (G, rO+5) = Gi(t, rO+sw)) ds.
0

Consider first (4.31), where 0<w< 1 (Zw,). Choose a mesh on [—e, w],
—e=u0) <u(l) <---< u(n) =w, where u(j)—u(j—1) < 1-w.

Then, by (4.55), 0= chyg - 1y, un < H(t, w). Also, for H(t, —e)=h_,,(t),

H(t, —&) = D hug-nup+ H(t, w) S (nfc+ DH(, w),

j=1
and (4.31) follows from (4.18), with w= —¢, in Lemma 4.3.
The case (4.28), where 1 <w<w,, can be treated similarly. Choose a mesh on
[—ea l]’
—e=u0) < ---<un =1, whereu(j)—u(j—1) < w—1.

Then, by (4.55), 0§Chu(j_1).u(,)§ —H(t, W). Thus

H(t, —e) = hogy = D hug-nup S —(/H(E, W),
i=1
and (4.28) follows from Lemma 4.3.
The remaining conclusions of Theorem 4.2 follow from Lemma 4.4, where g=q,,.
The considerations of [2] indicate that if w=c0, then it may be possible to
replace (4.24) by

(4.61) o Sup_ (1 +v)‘1| fw ([9() —go())/Ir*(t)—r°(®)]) dt| —0 as t — 0.

This is the case under suitable conditions on G and g,.

LEMMA 4.5. Assume (A) with w=o0, let r(t), r'(t) be principal, nonprincipal
solutions of (4.23), and let (4.61) hold. Let there exist a continuous function m(r),
0=r<o, such that m(0)=0, m(r)>0 for r>0, m(r) — o as r — o, and one of the
Sfollowing relations hold:

(4.62) |H(t, w)w| Z m(|]1—=w|) for1/2 £ w < oo,
(4.63) [H(t, wyw| = m(|w]) for —0 < w £ 1/2.

Then (1.1) has solutions for large t satisfying (4.25) and L=1 [or L=0] if (4.62)
[or (4.63)] holds. If both (4.62), (4.63) hold, then every solution r=r(t) of (1.1)
JSor large t satisfies (4.25) and L[r]=0 or 1. Assertion (8) of Lemma 4.4 is valid.

The proof will be omitted as it follows closely the proofs of (I), (I) 4in {2, pp.
560-566] (using the device on p. 571). It might be mentioned that (4.62), (4.63)
hold when G(t, r)=r? and q(t) is a negative constant, but not if g,(¢)=0.



202 PHILIP HARTMAN

REFERENCES

1. W. J. Coles, An oscillation criterion for second-order linear differential equations, Proc.
Amer. Math. Soc. 19 (1968), 755-759.

2. P. Hartman, Unrestricted solution fields of almost separable differential equations, Trans.
Amer. Math. Soc. 63 (1948), 560-580.

3. , On linear second order differential equations with small coefficients, Amer. J. Math.
73 (1951), 955-962.

4. . On nonoscillatory linear differential equations of second order, Amer. J. Math. 74
(1952), 389-400.

5. , Ordinary differential equations, Wiley, New York, 1964.

6. J. W. Heidel, Global asymptotic stability of a generalized Liénard equation (to appear).

7. E. Hille, Nonoscillation theorems, Trans. Amer. Math. Soc. 64 (1948), 234-252.

8. W. Leighton and M. Morse, Singular quadratic functionals, Trans. Amer. Math. Soc. 40
(1936), 252-286.

9. T. Wazewski, Sur un principe topologique de I’examen de I’allure asymptotique des intégrales
des équations differentielles ordinaires, Ann. Soc. Polon. Math. 20 (1947), 279-313.

10. A. Wintner, On the nonexistence of conjugate points, Amer. J. Math. 73 (1951), 368-380.

11. , On the comparison theorem of Kneser-Hille, Math. Scand. 5 (1957), 255-260.

THE JoHNs HOPKINS UNIVERSITY,
BALTIMORE, MARYLAND



