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APPROXIMATION BY POLYNOMIALS SUBORDINATE
TO A UNIVALENT FUNCTION(?)

BY
THOMAS H. MAcGREGOR

This paper is concerned with approximating a function f(z) analytic and uni-
valent in the unit disk E={z:|z| < 1} by polynomials which are also univalent in E.
We are interested in such approximations where exactly one polynomial of each
degree n,n= 1, is used and such that the polynomials are monotonically subordinate
to each other.

Recall that f(z) is called subordinate to g(z) in E if both functions are analytic
in E and if there exists a function ¢(z) analytic in E and satisfying |¢(2)| <1,
@(0)=0 such that f(z)=g(¢(z)). The existence of such a function ¢(z) is implied
by the conditions that g(z) is univalent in E, f(0)=g(0) and f(E)<g(E). If f(z) is
subordinate to g(z) in E we will write f(z)<g(z) in E.

Theorem 1 asserts that if f(z) is analytic and univalent in E then there exists a
sequence {p,(2)}, n=1, 2, ..., such that p,(z) is a polynomial of degree n which is
univalent in E,

P1(2) € pa(2) € pg(2) = - -

and p,(z) — f(z) as n — co. This convergence is uniform in each compact subset of
E. The idea of proving this is to appropriately relate f(z) to the partial sums
sx(z) of the power series for f(z). Although s,(z) are not, in general, univalent in E
(they are in |z| <} [12]) they are univalent in |z| <r, 0<r<1, for all large n once
r is given. This eventually leads to a chain of univalent polynomials

Pry(2) € Puyf(2) S puy(2) = - -

such that p,(z) has degree n;, n; <ny<nz<---, and p, (z) = f(2) as j — co. These
polynomials are so related that it is still possible to find polynomials of the re-
maining degrees which fill in the chain and such that p,(z) — f(2).

This method is equally adaptable when f(z) maps E one-to-one onto a convex
domain in order to produce a similar chain of convex, univalent polynomials. In
fact, our argument may be applied to any one of a number of classes of univalent
functions.
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The possibility of such an approximation to convex mappings was implicitly
raised by G. Pdlya and I. J. Schoenberg in [10]. They considered analytic functions

@) = 2 a2

which map E one-to-one onto a convex domain. For each integer n, n> 1, the de
la Vallée Poussin means of f(z) are defined by

n(n—1)
(n+1)(n+2)

nn—1)---1
(n+1D)(n+2)---2n)

0222+"'+

n
Vu(z) = o a;z+ a,z".

They showed that V,(z) is a convex, univalent function, V,(z)<f(z), and V,(z)
— f(2) in E, and conjectured that

Vi(2) = Vo2) < Va(2) < - - -

This conjecture remains open and its validity would yield a somewhat more
explicit proof of the existence of such a chain except that we also require p,(z)
to have the exact degree n.

Disregarding the demand that p,(z) be a polynomial, it is easy to find a chain

fi@ s filz) = folz) < --

such that f,(z) - f(z) and we do not have f,(z)=f(z) for all n. One simply sets
f2(2)=f(r.z) where {r,} is an increasing sequence of real numbers in the interval
0<r<1 such that r, — 1. A less trivial situation in the case f(z) is univalent and
convex in E is obtained by considering the functions

f(z, @) = é L f(ze") db.

If {,} is any sequence of real numbers in the interval 0 <« <27 which monotonic-
ally converges to zero then f(z, «,) is univalent and convex, f(z, ;)<f(z, a3)
<f(z, ag)< - - - and [(z, «,) = f(2) in E [6].

Interest in (continuous as well as discrete) chains of subordinate functions has
occurred elsewhere and we would like to point out the recent papers by C. Pom-
merenke [7], [8], [9] as well as [1] by A. Bielecki and Z. Lewandowski.

The earliest consideration of this kind presumably is due to C. Carathéodory
in his idea of kernels.

LEMMA 1. Let f(z)=>%-, a,z* be analytic in E and set s,(z)= >}, axz*.

Let {n;} be a strictly increasing sequence of positive integers and let {r;} be a sequence
of real numbers such that 0<r;<1 and r;—1 as j— . Then s,(riz) — f(2)
uniformly in each disk |z| <r, 0<r<1.
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Proof. Suppose that |z| <rand O<r<].

nj

|f(@D)—sn(ri2)l = | D a(l=rH)z"+ > ayz*

k=0 k=nj+1

ny @
<(-r) Z k|ag|rF+ Z |@|r®
k=0

k=n;+1

Y

S (=r) D kadrk+ D> lalrs.
k=0

k=n;+1
Given a positive number ¢ there is an integer N such that > .., |a |r¥<e/2 if
n2zN. Since n;2j this implies that for j= N, >¥_, .1 |ax|r¥<e/2. As r;— 1 there
is an integer N’ such that if j= N’ then

(1=r) z klag|rF < %
k=0

Choosing N”=max (N, N') we see that |f(z)—s,(r;z)| <e for jZN" and this
proves the lemma.

THEOREM 1. Let f(z) be analytic and univalent in E. There exists a sequence of
polynomials {p,(2)}, n=1, 2, 3, ..., where p,(z) has degree n and is univalent in E,
such that

p1(2) < poz) < pa(z) < - -
in E and p,(z) — f(2) in E. The convergence is uniform in compact subsets of E.
Proof. Let the power series for f(2) be f(2) =27, a,2* and let 5,(2)=>7_, a,z*.
Then s5,(z) — f(z) and s(z) = f'(z) as n— oo uniformly in each disk |z|=r,
where O<r<1.
Let us introduce the notation:

Ayu, v) = (g(w)—g@)/(u—v), ifu#no,
= g'(u), ifu=no,

for each function g(z) analytic in E. If u#v, |u| <r, |v| =r, 0<r<1, we may write

g(u)—g(v) = j ") dz,

where the path of integration is the line segment from v to u. Since the points on
this line segment satisfy |z| <v, it is clear that

max_ |A,(u, )| = max [g'()].

lul=r, jvl=r

Applying this to g,(z) =f(z) —s.(z) we conclude that A, (u, v) is uniformly small for
large n if |u| <r, |v| =r, since g,(2) is uniformly small for large n in |z| <.
Since f(z) is univalent in E, f'(z) does not vanish, and, therefore,
myr) = min |A(u,v)| >0,

lul=r, [viSr
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where 0<r<1. Because A (u, v)=Ag(u, v)— A, (4, v) there exists an integer N
such that if n= N then mg (r)Zmy(r)/2. In particular, this implies that s,(z) is
univalent in |z| <r for all nZ N.

Let D(r) denote the image of |z| <r under f(z) and let D,(r) denote the image
of |z| <r under s,(z), where 0<r=1. Also, let d(4, B) denote the distance between
thesets 4 and B and let 84 denote the boundary of the set 4. If we set d(r)=
d(D(r), §D(1)), where 0<r<1, then d(r)<oco since D(r) is bounded and D(l) is
not the whole plane. Also, d(r) >0 as f(z) is an open mapping. There is an integer
N’ such that

|/(@)=s:(2)] < d(r)]2

for |z] £r, 0<r<1, if n2 N'. Consequently, if n= N’ then d,(r)=d(D,(r), D(1))
>d(r)/2.

Let r; be any fixed number such that O<r, <1 and choose an integer n; =
max (N, N'), where N=N(r,), N'=N'(r;) was obtained by the two previous
arguments. This implies that my, (r;) 2 m(r,)/2 and d, (r,)>d(r1)/2.

We continue our argument with the assumption that f(z) is not a polynomial.
Then the selection of n; can be made so that s, (z) has exactly the degree n,. If
E,(r)=f"Y(D,(r)) then there is a number p;, 0<p; <1, such that E, (r,) is con-
tained in |z| £ p,, as, otherwise, d,,(r;)=0. Choose the number r, such that p, <r,
<1and ry>(1+4r,)/2. Then d(D,,(r,), 8D(rz))>0 and, as always, d(ry)>0.

Arguing as before we conclude that there is an integer N=N(r,) such that if
nzN then mg(r;) 2m/(r;)/2. Also there is an integer N'=N'(r;) such that if
nz N’ then | f(z) —s.(2)| <d*/2 for |z| £r,, Where

d* = min (d(rz), d(Dn,(r1), 8D(r2))).
This implies that d,(r;) > d(r;)/2>0 and
d(Dy,(r1), 8D(r2)) > 3d(Dy(r1), 8D(r2)) > 0

for n2 N'. The last condition and the facts that D, (r,) is connected and D, (r,)
and D,(r,) have a common point, namely a,, implies that D, (r;)< D(rs).

If we set N”=max (N, N’) then for n = N" mg (rz) 2 (m(r)/2), d(Dn,(r1), Dy(r2))
>0 and d,(r;)>0. The first two conditions and s,(0)=s, (0)=a, show that
sa(roz) is univalent in |z| =1 and s,,(r;z)<s,(r2z) in E. Since f(z) is not a poly-
nomial there is such an integer n=n, so that n,= N”, ny>n, and s,,(z) has degree
ny. Moreover, since d,,(ry) >0 this whole argument may be repeated.

Namely, we first consider the set E,,(r;) to show that there is a number r;
such that (1+r,)/2<rg<1 and d(D,,(rz), 6D(rs))>0.

We then find an integer N associated with the condition m (r3) = m(r3)/2 and
an integer N’ associated with the inequality | f(z) —s,| <d*/2 for |z| Zrs, where

d* = min (d(r5), d(Dn(rz), 8D(ra))).
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This leads to an integer n; so that ng>n,, 5,,(2) has degree ns, mg, (rs) 2 my(rs)/2,
d(Dy(r2), 8D, (rs))>0, and d, (rs) >0. In particular, s,,(rsz) is univalent in |z| £ 1
and $,,(r2z) ©$n,(raz) in E.

This argument, therefore, can be continued indefinitely and it yields the follow-
ing conclusion. There is a sequence of real numbers {r;}, a strictly increasing
sequence of integers {n,} and a sequence of polynomials {p, (2)} such that 0<r; <1,
r;— 1 and p,(z)=s,(r;z) are univalent in |z| < 1. Moreover, p,(z) has degree n;
and

pnl(z) < pnz(z) < png(z) S
in E. In addition,
My (1) Z my(r)/2
and
d(Dy(r), D(r;.)) > O.

The fact that r; — 1 follows from the demand that
(4+r)2 < rjy; < L.

We also note that because of Lemma 1 p,(z) — f(z) uniformly in every disk
|z] £r, 0<r<1.

The remaining part of our argument consists of interjecting appropriate poly-
nomials between successive pairs in the chain

Pni(2) € po(2) € P2 < - - -

Suppose that p(z) and ¢(z) are such a pair and have degrees n and k, respectively,
where n<k. Then m,(1)>0 and therefore p(z) is univalent in |z| <R for some
R>1.1If 1 <p< R and P(z)=p(pz) then mp(1)>0. Let

0(z) = P(z)+bz"+?
so that
[Ag(u, v)| 2 mp(1)—(n+1)|b]

in |z| £1. This implies that for all sufficiently small values of b
mo(1) 2 3ms(1)

so that, in particular, Q(2) is univalent in E. If A=p(E) and B=g(E) then we have
the condition d(4, 8B)>0. Because of the kind of arguments made earlier in this
proof it follows that for p>1 and sufficiently near 1 we can conclude that p(E)
CP(E)<q(E) from the relations d(p(E), 3P(E))>0, d(P(E), 8q(E))>0, and
p(0)=P(0)=4(0).

As Q(z) — P(z) as b — 0 uniformly in |z| <1 it is also possible to deduce that

d(p(E), 3Q(E)) > 0 and d(Q(E), 3q(E)) > 0

for sufficiently small b. Choosing 550 and sufficiently small so that: these several
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conditions hold we see that Q(z) is univalent in E, has degree n+1 and p(z)< Q(z)
in E. Moreover, mg(1)>0 and d(Q(E), 8q(F))>0 so that the argument that just
was applied to p(z) and ¢(z) can again be applied to Q(z) and ¢(z). Continuing in
this manner we obtain the chain of univalent polynomials

P(2) € Prns1(2) € pasa(2) €+ < pr_a(2) < q(2),

where p,(z) has degree j. In fact, there is an infinite such chain between p(z) and
q(z), but for our purposes we end with p,._,(2).
Now we return to the earlier chain

pru(z) < p,.z(z) < pna(z) ...,

If ny#1 set py(z)=a,+ b,z where b; #0 and is sufficiently small so the closed disk
|w—a| £ |b,] is contained in p, (E). Between successive pairs of polynomials in
this new chain interject appropriate polynomials, as just described. This produces
the chain

Pi(2) © pa(2) < pa(z) <+ -,

where p,(z) is univalent in F and is a polynomial of degree n. Moreover, a sub-
sequence of {p,(z)}, namely {p,(z)}, converges to f(z) uniformly in compact sub-
sets of E. The proof will be complete if we can show that if {¢;} is any sequence of
positive numbers such that ¢, — 0 then the interjected polynomials can be so chosen
to fill out the chain

Pn;(z) < pnz(z) < Pﬂa(z) S
so that

|Pa(2)—Pa(2)] < ¢

for z in E and for n;<n<nj.,, j=1,2,....

In order to do this consider the previous argument where p(z) and g(z) are
successive pairs in the sequence {p,(z)} and have degrees n and k, respectively,
with n<k. That argument yielded real numbers R, and §,, u=n+1,...,k—1,
such that R,>1, 8,>0 and successively defining p,(z) by

Du+ 1(2) = Pu(PuZ) +b,4124* !

the chain between p(z) and g(z) results, where p, and b, are restricted only by the
conditions 1<p,<R, and 0<|b,| <8, The recursive definitions lead to the
formula

0 Pu(z) = Pn(PnPn+1 T Pu-lz)+bn+1(Pn+1Pn+2 e Pu—l)n+1zn+1
+bpio(prszpria puo) 2N +bu—lpz:}zu_l+buzu-

Let & be any given positive number. Since p,(z) is uniformly continuous in E there
exist numbers p, such that 1<p, <R, and the product p,,1pns2-"* pr-1 IS SO
close to 1 that

|Pn(z)—Pn(PnPn+1 ce Pu—lz)l < ¢/2
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forzin E,pu=n+1,..., k—1. Let such a choice of p, be made. From (1) it follows
that if z € E then

|pu(z)—pn(PnPn+l' : 'Pu—lz)l = |bn+1|(Pn+1' : 'Pu—l)n+1+|bn+2|(Pn+2‘ : 'Pu—l)n“.2
bt |bacalpti+ (b

§(Pn+1Pn+2‘ ' ‘Pk—l)"+1{|bn+1|+|bn+2| +ee +|bu!}
S(pr+1pnrz Pr-1)" " H{|bnsa| +[bnsal + -+ by}

Now choose the numbers b,, u=n+1,..., k—1, so that 0<|b,| <5, and the last
expression in the previous line does not exceed ¢/2. This produces an appropriate
chain

P(2) < pria(2) <+ < pr-a(2) < 4(2)

satisfying the additional condition

|Pu(2)—pa(2)] < &

for zin E, p=n+1,..., k—1. This argument applied to p,(z) and p, , (z), with
e=¢,, yields the desired conclusion that p,(z) — f(z) as n — oo uniformly in compact
subsets of E. This completes the proof in the case f(z) is not a polynomial.

The case when f(2) is a univalent polynomial can be treated in an even simpler
way. Suppose that f(z)=>}¥_, a,z*, ay#0, is univalent in E. Let {r;} be a sequence
of real numbers such that 0<r;<ry<r;<--- and r;— 1 and set f(z)=f(r;2).
Choose b, #0 so small that p,(z)=a, + b,z is subordinate to f,(z) say by demanding
the disk |w—a,| £1|b,| is covered by fi(E). The relation between p,(z) and py(z)
=f,(z) implies the existence of polynomials p,(z), n=2,..., N—1 univalent in E
such that p,(z) has degree n and

P1(2) € po(2) < pa(2) < -+ - < py_1(2) < pa(2),

as was already shown in an earlier argument in this proof.
Next choose by, #0 so small that

Pr+1(2) = fo(@)+by 2V

is univalent in E and such that d(py(E), dpy +1(E))>0 and d(py . 1(E), 8f3(E)) > 0.
This is possible since f5(z) is univalent in a disk |z| < R with R> 1, d(fy(E), 8fx(E))
>0 and d(fy(E), 8f(E))>0.
At the next step we select by, ,7#0 so small that py,o(2)=/f5(z) +by .2V *1 is
univalent in E and such that d(py . 1(E), 8py+2(E))>0 and d(py . o(E), 8, (E))>0.
This process can be continued to yield the chain

p1(2) € po(2) < pa(2) < - - -,

where each p,(z) is a polynomial of degree n univalent in E. Moreover, given any
sequence of positive real numbers {¢;} such that e; — 0 we can choose the numbers
by +; such that |by, ;| <e,. This ensures that p,(z) — f(z) uniformly in E.
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THEOREM 2. Suppose that f(2) is analytic and univalent in E and maps E onto a
convex domain. There exists a sequence {p.(2)}, n=1,2,..., such that p,(z) is a
polynomial of degree n that maps E one-to-one onto a convex domain,

p1(2) < pao2) < pa(2) < - -
in E, and p,(z) — f(2) uniformly in each compact subset of E.

Proof. A function g(z) analytic in E and satisfying g'(0) #0 maps E one-to-one
onto a convex domain if and only if

Re {Zg';(zz))+ 1} >0

for z in E. Thus, if 0<r <1 then such a function satisfies

m¥(r) = {22} Re ?T(zz))+l} > 0.

The proof of this theorem is essentially the same as that given for Theorem 1
where the role of m,(r) in that theorem is now replaced by m¥(r). Again letting
s.(2) be the nth partial sum of the power series for f(z), we note that s,(z) — f'(z)
and s7(2) = f"(z) uniformly in |z|<r, 0<r<1. Consequently, there exists an
integer N=N(r) such that if n= N then

mi(r) z mf(r)/2.

In particular, such functions s,(z) are univalent and convex in |z| <r. Once this
can be done it is clear that the other parts of the argument in Theorem 1 can be
combined with this to yield (in the case f(z) is not a polynomial) the polynomials
Pnf(2)=5,(r;z) such that 0<r;<1, r;— 1, p,(2) is univalent and convex in E and
has degree n;, and n; <ny<nz<---. Also,

pnl(z) < png(z) < png(z) S
in E,
mg, (1) 2 mf(r)/2
and
d(Dy(r;), 8D(r;+1)) > 0.

In order to interject convex univalent polynomials between two polynomials
p(2) and g(z) which are consecutive in the sequence {p, (2)} first notice that m3(1) >0
and therefore p(z) is univalent and convex in |z| < R for some R> 1. Setting P(z)
=p(pz) for 1 <p< R we see that m3¥(1)>0, and, consequently, if

0(2) = P(2)+bz"*1
then
m(1) z Im¥(1) > 0

for all sufficiently small values of b. This implies that Q(z) is univalent and convex
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in E. All the other arguments of Theorem 1 are applicable. In particular, at this
point the relations between p(z) and g(z) now hold between Q(z) and ¢(z) so that
the argument may be repeated. This produces the appropriate chain

p1(2) € pa(2) © ps(z) < - -+,

and, as before, a more careful construction of the interjected polynomials shows
that such polynomials can be chosen which also satisfy p,(z) — f(z) uniformly in
compact subsets of E.

This outlines the proof when f(z) is not a polynomial, and an argument like that
given at the end of Theorem 1 takes care of the case when f(z) is a polynomial.

REMARKS. 1. The method used to prove Theorems 1 and 2 also applies if f(z)
maps E one-to-one onto a domain starlike with respect to the point f(0). This
yields univalent polynomials {p,(z)} which are starlike with respect to f(0). One
simply needs to note that a function g(z) analytic in E and satisfying g'(0)#0 is
univalent and starlike (with respect to g(0)) in E providing

2g'(z)
Re {g(z>—g(0) > 0.

The role of my(r) in Theorem 1 is now replaced by

(O,
8(2)—g(0)

One can readily state suitable general conditions on a given function f(2)
analytic and univalent in E in order that the ideas of Theorem 1 yield a proof of
the existence of such polynomials which additionally have the given property of
f(2). One such general statement is the following.

Let w=F(u,, uy, . . ., u,) be defined for certain complex n-tuples (uy, us, . . ., Uy).
Then f(z) has a certain “given property” if

w = G(Z) = F(Z’f(z)>fl(z)’ .. .’f(n—l)(z))

is a nonconstant analytic function in E and if the values of G(z) are assumed to
lie in a given open set. This includes as special cases starlike and convex (univalent)
functions; namely, the value region for G(z) in each case is Re w>0 and the func-
tions w=F(u,, ..., u,) are

min Re
127

w = wus/(u,—f(0)) and w=u,us/u;+1,

respectively. This idea also can be expressed if G(z) is replaced by a function of
several variables. In particular, this would include the case of all univalent functions
(Theorem 1). There the value region is w#0 for the function A (u, v).

Finally, we mention one more example of this type of approximation, namely
for the case f(z) is close-to-convex. Such functions are defined by the conditions
that they be analytic in E and that there exist an analytic, univalent and convex
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function g(z) such that Re {f’(z)/g’(z)} >0 in E. Such functions f(z) are univalent
in E [4). If 0<r<1 then |g'(z)| =2 m,(r) and, consequently,

F@ @ . 1 e
g £ = ) |f'(2) = sn(2)]

S o
for |z| £r. This shows that

si(2)/g'(2) = f(2)/g'(2)
uniformly in |z| <r. Setting
N : '@
m(r) = min Re { ==
A l2i=r g'(2)
we see that #71,(r) can play the role of m,(r) in the argument of Theorem 1. This
produces an appropriate chain of polynomials each of which is close-to-convex
(relative to g(2)) in E.
2. The proof of Theorem 1 is very constructive and when combined with
precise inequalities for univalent functions gives specific information on how well
p.(2) approximates f(z). What is sought is an estimate on

max | £(2) = pa(2)]

in terms of n and r. We may assume that f'(0)=1, as otherwise the factor |f'(0)|
will generally appear. It is known that s,(z) are univalent in

|z| < 1—6(log n)/n

for n=17 [5], and, in fact, this can be slightly improved using the more recent
result, m;(r)=(1—r2)/r? (see [2, p. 120] or [3]). The quantity d(r) can also be
estimated from below in a fairly simple fashion to get

d(r) z 2((1=r)/(1+r)).

One only needs consider the interplay of these numbers 1—6(logn)/n and
(1 =r)/(14r))?, noticing that the interjected polynomials bear no significance
as the sequence {e;} in the proof is arbitrary. One finally applies these relations
between r; and n; into the proof of Lemma | along with the estimate |a,| <ek.
A similar procedure is possible for other classes of univalent functions. In particular,
use could be made of the results in [11, pp. 404-408].
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