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ZERO-ONE LAWS FOR GAUSSIAN PROCESSES(?)

BY
G. KALLIANPUR

Abstract. Some zero-one laws are proved for Gaussian processes defined on
linear spaces of functions. They are generalizations of a result for Wiener measure
due to R. H. Cameron and R. E. Graves. The proofs exploit an interesting relation-
ship between a Gaussian process and its reproducing kernel Hilbert space. Applica-
tions are discussed.

1. Introduction. In their 1951 paper [2], R. H. Cameron and R. E. Graves
have proved a remarkable property of the Wiener process, that every measurable
r-module in Wiener space can only have Wiener measure either zero or one. The
proof, which relies heavily on analysis connected with the Fourier-Hermite
development of functionals on Wiener space, would lead one to wonder whether
this result is a peculiarity of the Wiener process. It is the aim of this paper to show
that the zero-one law mentioned above is true for all Gaussian stochastic processes
with a continuous covariance function. The precise assumptions on the probability
space of such a process are given in the next section.

The statement of our first main result (Theorem 1) and the completion of its
proof are given in §4. Preparatory lemmas which carry the major burden of the
proof, and bring out its basic ideas are given in §3.

In Theorem 2 we give a different version of a zero-one law also valid for general
Gaussian processes and pertaining to groups instead of r-modules.

Some interesting consequences of Theorem 1 are discussed in §6. Specifically,
Theorem 3 is a generalization of a zero-one law for Wiener processes recently
derived by L. A. Shepp [12] and subsequently extended by D. E. Varberg [13].
Theorem 4 provides information—new as far as we know—concerning the uniform
convergence with probability one, of the orthogonal expansion of a Gaussian
process.

The author wishes to thank Professor Robert Cameron for his helpful discussions
on these questions. It was his seminar talk on his own paper that was the starting
point of the present work.

2. Notation and preliminaries. Let P, be a Gaussian probability measure given
on the measurable space (X, B(X)), where X is a family of real valued functions x
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defined on set T and B(X) is the o-field of subsets of X generated by sets of the
form

2.1 E={xeX:[x(t),...,x(t)] B}

(t, ..., t, € T and B" is an n-dimensional Borel set). We shall denote the convari-
ance function of P, by R and assume the mean function to be zero, i.e.,

2.2) f X(OPodx) =0  (teT)
and foreachtand sin T
2.3) f X(1)x(s)Po(dx) = R(t, ).

Let H(R) denote the reproducing kernel (r-k) Hilbert space determined by R.
It is a Hilbert space of real valued functions k on T with the following properties:

2.4 R(-, t) belongs to H(R) for each ¢t in T
if ¢, > is the inner product in H(R), then for every k in H(R)

For a discussion of r-k Hilbert spaces see [1]. Their application to the study of
Gaussian stochastic processes is to be found in many recent papers, notably [11].
The Gaussian process considered in this paper will be represented by the triplet
(X, By(X), P,), where By(X) is the completion of B(X) under P, and where the
following basic assumptions will be made.

(2.6) T is a complete separable metric space.

X is a linear space of functions under the usual operation

@7 of addition of functions and multiplication by real scalars.
(2.8) R is a continuous function on T'x T.
(2.9) H(R) < X.

Assumption (2.8) implies that the elements of H(R) are continuous functions on T
and also that H(R) is separable [11].
For m € X, the transformation o,,: X — X defined by

(2.10) aux = X+m
clearly sends B(X)-sets into B(X)-sets. The measure P,, given by
(2.11) P,(F) = Po(0,'F)  (FeB(X))

is Gaussian with mean function m and the same covariance R as P,. We shall
use the well-known fact, [11], that under (2.6) and (2.8)

(2.12) P, =P,
relative to B(X), if and only if
(2.13) m e H(R).
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The notation P, =P, means that P, and P, are mutually absolutely continuous.
If mis in H(R) it follows from (2.12) that the completion B,(X) of B(X) under P,
coincides with By(X). Hence for all m in H(R) the transformation o, of (2.10) is
By(X) measurability preserving and the family of complete Gaussian measures
{Pn, me H(R)} is given on the same measurable space (X, By(X)).

We shall write L?(P,) for L3(X, By(X), P,), the Hilbert space of B,(X)-measur-
able, real valued functions square integrable with respect to P,. Two subspaces of
L*(Py) will be of special interest for us: (i) %,(X) the subspace of a.e. constant
random variables in L?(P,), and (ii) Z£(X), the closed linear subspace of L%(P,)
spanned by all finite linear combinations of the form >?.; ¢,x(¢,) where the c¢’s
are real constants, t,€ T and x € X.

The proof of Theorem 1 is achieved by means of a series of auxilliary results
which have been arranged to bring out the ideas underlying the main result and
also to indicate the possibility of generalizations to non-Gaussian processes.

3. Lemmas. Let us denote the Radon-Nikodym derivative of P,, with respect
to Py by p,. Note that po=1 a.s. (Py). In what follows we shall write ( , ) and
| |and <, >, |||l for the inner product and norm of the two spaces L%(P,) and
H(R) respectively.

LeEMMA 1. For every me H(R)

(3.1 pm € L*(Po);
and if m,, mg € H(R)
(32) (Pmp sz) = €Xp (Kmy, m2>)

Proof. (3.1) and (3.2) are almost immediate consequences of the following two
facts [11]. There is an inner product preserving isomorphism between %,(X) and
H(R) which we shall denote by <. If u(x) € Z(X) and u <> m then p,, is given by
the expression

(3.3) pm(x) = exp {u(x)—%{|m||?} a.s. P,.

The validity of (3.1) and (3.2) now becomes clear from the following steps. If
u € (X)), u, > m, (i=1, 2) we have

fx Pmy(X)Pmy(X)P, o(dx) = fx exp (u1(x) — [, |?) exp (ua(x) — 3|mgl|[*) Po(dx)

- f exp (uy(x) + 5() — Hlms + P+ my, mad)Po(dx)

G.4) exp (¢, mz)) fx P () Po(d)

= exp (<m1, m2>)Pm1+m2(X)
exp ({my, ma)).
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LEMMA 2. p,, is a continuous function from H(R) to L¥(P,).

The proof is obvious from (3.2).

The next lemma occurs in the literature on Gaussian processes in contexts not
very different from our own (see, e.g., [7], [8]). The form of the lemma suitable
for our purpose is as given by R. LePage in his thesis [10].

LeMMA 3. The family {p,,, m € H(R)} spans L*(P,).
Proof. Let g € L%(P,) be such that

(3.5) (& pm) =0

for all m € H(R). Fix a finite subset S={t, ..., t,} of T and choose m in H(R) of
the following form

(3.6) m(:) = ,_i ¢;R(+, t)).

Then the random variable >7_, c;x(¢;) is the element of #,(X) which corresponds
to m given by (3.6). It then follows from (3.3), (3.5) and (3.6) that

G.7) L 2(x) exp ( > c,x(t,))Po(dx) -0

i=1

Let BS(X) be the sub o-field of B(X) generated by the random variables {x(¢), t € S}.
From (3.7) and the fact that the conditional expectation relative to BS(X)

E{g(x) exp (3 eixt))

BS(X)} — E{g()|BS(X)} exp ( » c,x(t,))

j=1

we obtain
n

(3.8) fx hix(t), . . ., X(t)] exp ( > c,.x(t,.)) Po(dx) = 0.

ji=1

Here hlx(t,), . . ., x(t,)1= E{g(x)|B5(X)}, so that hla,, ..., a,] is a Borel function
of the n real variables (ay, ..., a,). Further h satisfies equation (3.8) for all real
numbers ¢;, j=1, . . ., n. Using the property that P, is a Gaussian measure it can be
deduced from (3.8) that

(3.9) h=0 as. P,

The details of the argument leading from (3.8) to (3.9) can be found in [9, p. 132].
Thus

(3.10) E{g(x)|BS(X)} =0 as. P,

for every finite subset S of 7. From the definition of B(X) [3, p. 604] and (3.10)
we have

3.11) E{g(x)|B(X)} =0 as. P,
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Since g is measurable with respect to Bo(X) it follows from (3.11) that g(x)=0
a.s. P, and the lemma is proved.

LeEMMA 4. Let g € L*(P,). Then

(3.12) g € Zu(X)
if and only if
(3.13) (8 pm) = (&, Po)

for each m € H(R).

Proof. It is obvious that (3.12) implies (3.13). Conversely, writing p,,=(pn— po)
+ po, noting that py=1 spans Z(X) and that

(m=rpor p0) = [ pnCOPud0)= [ pox)Po(ds) = PulX)—Po(X) = 0
we have

3.14) Pn—Po = A2pp0LoxPn

where % denotes the projection operator onto the subspace E of L%(P,). Hence
from (3.13) and (3.14)

(3.15) (8 Zrppo2oxPm) = 0,

ie.,

(3.16) (gi’wo)e-?omga pm) =0

for all m in H(R). From Lemma 3 and (3.16) it follows that
(3.17) Prppozang = 0,

which implies that g € Z,(X).

The following two lemmas which together form the kernel of the proof of
Theorem 1, generalizes the approach of Cameron and Graves (see, e.g., Lemma 3
and Theorem 2 of [2]).

DEFINITION. A subset M of X is said to be a module over the rationals (or an
r-module) if for every x; and x, in M and rational numbers r, and r,,

(3.18) riX;+rex, € M.

LEMMA 5. Let M be an r-module such that
(3.19) M € B,(X)
and

(3.20) P(M) > 0.
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Then
(3.21) M contains H(R).

Proof. First we make the following observation. For any B,(X) measurable set
F and real number o write

(3.22) F,={xeX:x=y+am,yeF}

where m is a fixed element in H(R). Then since —am € H(R) and F,=a %, ,F, we
have

Po(F,) = P_amfF) = f e amX)Po(d).

Hence, from the Schwartz inequality

(3.23) IPO(Fa)_PO(F)I = "p(—am)—POH‘
We conclude from (3.23) and Lemma 2 that
3.24) ]in‘} Py(F,) = Py(F).

To prove the lemma, suppose (3.21) does not hold. If » is any rational number let
M=F and M, denote the set defined in (3.22) with «=r and m in H(R) such that
m ¢ M. The fact that M is an r-module and m ¢ M implies that the sets M,, and
M,, are disjoint whenever r, #r,. Hence the sets M,,, (n=1, 2,...) are mutually
disjoint. We then have

Z Po(M,);) = Py (U Mlln) <1,
n=1 n=1

so that

(3.25) Py(My,) >0 asn— 0.

But this is impossible since from (3.24), Py(M,,,) — Po(M) which is positive by
(3.20). Hence H(R)< M.

LEMMA 6. Let {e;}¥ be a complete orthonormal system (C.O.N.S.) in H(R) and
g a By(X)-measurable real function such that for each x in X and every rational r

(3.26) g(x+re) = g(x) (G=1.2,...).
Then
(3.27) g(x) = constant a.s. P,,.

Proof. We shall first assume that g € L%(P,). Let m be an arbitrary element of
H(R). Then, using the separability of H(R) it is easy to find a sequence {m™®},
m® e H(R) such that

(3.28) m®P = > e,
j=1
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where ¢{P are rationals, the sum in (3.28) is finite and

(3.29) [lm® —m|| -0 as p— oco.

By repeated application of (3.26) we obtain

(3.30) gx+m®) = g(x)

for every x in X and p=1, 2, .... Hence from (3.30) and the standard formula for
change of variable under a measurable transformation (see Halmos [6, p. 163]) we
find that for every positive integer p,

(3.31) fx g()Po(dx) = L 2(x+m®)Py(dx)

= | sWpuocoPua)

As p — oo, the right-hand side of (3.31) converges to [, g(x)pm(x)Po(dx) because
of Lemma 2 and (3.29). The resulting relation from (3.31) can then be written as

(3.32) (8 po) = (& pm)-

Since (3.32) holds for every m in H(R) it at once follows from Lemma 4 that
g € Z(X). In other words, g(x)=constant a.s. P,,.

Next suppose that g is By(X)-measurable. If N is any positive integer define
gn(x)=g(x) if |g(x)| £ N, and=0 if | g(x)| > N. Then since gy € L%(P,) and satisfies
(3.26) it follows from the first part of the proof that gy(x)=constant a.s. P,.
Since N is arbitrary we have g(x)=constant a.s. P,.

4. A zero-one law for r-modules. We are now in a position to state and prove
our first main theorem.

THEOREM 1. If M is a By(X)-measurable r-module then
4.1 Po(M) =0orl.

Proof. If Py(M)>0, then M>H(R) by Lemma 5. Let {¢;}7 be a C.O.N.S. in
H(R). Then e; € M. Since M is an r-module it is easy to see that x+re; € M if and
only if x € M. Letting I,, be the characteristic function of M it then follows that

4.2) Iy(x+re;) = Iy(x) (G=12..)

for all x in X and every rational r. Applying Lemma 6 to the By(X) measurable
function I,,(x) we have

4.3) I,(x) = constant a.s. P,.

Finally since I,(x)=0 or 1 and Py(M) is positive, (4.3) implies that Py(M)=1.
This completes the proof of the theorem.

Before we proceed further some remarks on the scope of assumptions (2.6)-
(2.9) seem desirable. In most applications (Example 4 given below is an exception)
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T is either the real line or an interval of the real line, so that (2.6) is fulfilled. Assump-
tion (2.8) concerning the continuity of the covariance R (which is equivalent to the
continuity in quadratic mean of the process x(t)) is a reasonable restriction. Only
the assumptions (2.7) and (2.9) invite specific comment. We hope that the following
examples will show that for nearly every Gaussian process it is possible to find a
realization in a space X for which (2.7) and (2.9) are satisfied.

ExaMPLE 1. X=R7, the set of all real valued functions on 7. (2.7) and (2.9)
obviously hold.

EXAMPLE 2. Let T=(—o00, o) or a finite interval [a, b], and let X=C(T) the
space of real continuous functions on 7. This case covers all Gaussian processes
with (almost all) continuous sample functions including, of course, the special case
of the Wiener process. The validity of (2.7) and (2.9) is again obvious.

ExAMPLE 3. As above let T=(—o0, o) or [a, b] and let f(#, w) be a measurable,
Gaussian process defined on a probability space (Q, & p). Letting P, be the Gaussian
measure induced on (RT, B(RT)) it is easy to verify that X, the set of all real
Lebesgue measurable functions on T, is a subset of RT of outer P, measure one.
The probability space (X, B(X), P,) where P, is defined appropriately on sets of
B(X), then defines a Gaussian process equivalent to f(#, w). X is obviously a linear
space. Also H(R) is contained in X since all the functions in H(R) are continuous.

ExaMpLE 4. This example shows that the results of this paper are applicable to
certain Gaussian generalized stochastic processes, e.g., those studied in [7]. Let
T=®, where ® is a countably Hilbertian nuclear space and let X=®’, the dual
space of @. Let P, be a Gaussian measure on B(®’) with continuous covariance R.
It can then be shown that

(4.4) ®< HR)< @'

Thus all the assumptions (2.6), (2.7) and (2.9) are seen to hold. For the verification
of (4.4), definitions of terms not explained here and other details concerning nuclear
spaces and Gaussian measures on them we refer the reader to the book by I. M.
Gel'fand and N. Ja. Vilenkin [5, Chapter 1, p. 138].

5. A zero-one law for subgroups. We shall now consider extending the zero-one
law of the last section to groups. If instead of being an r-module the set M of
Theorem 1 is merely a subgroup of the additive group X, the proof of Lemma 5
as given above does not work. In the lemmas that follow the essential differences
between the proofs of Theorem 1 and Theorem 2 are noted. There is, however, one
respect in which the result for subgroups does not generalize Theorem 1. For the
latter, we have to consider subgroups G which are measurable with respect to
B(X) and not with respect to By(X), the completion of B(X) under P,. The reason
for this is that Lemma 10 fails to hold if B(X) is replaced by its completion (e.g.,
if X is the space of continuous functions on [0, 1] and P, is standard Wiener
measure).
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In the following we shall assume that the reader is familiar with the terminology
and facts from elementary number theory and group theory. The use of these
ideas as well as Lemmas 8 and 9 are suggested from the book on abelian groups
by L. Fuchs [4]. In fact the proof of Lemma 9 essentially follows [4, p. 158], but is
given here because it is simpler to prove it here than to give a direct reference.

Let p be any prime and let Q, be the ring of all rational numbers r=m/n where
n and p are relatively prime. (It is always assumed that m and n have no common
factors.) Since by (2.7) X is a linear vector space of functions, X is a group under
addition. Now suppose that G is a subgroup of X and define

(5.1) G, = Y (% G),

where J,, is the set of all integers which are relatively prime to p. Note that it makes
sense to define the sets (1/a)G={y : y(t)=(1/a)x(t), x € G} and that G,< X again
an account of (2.7).

LemMa 8. G, is a module over Q,. That is, if x and y are in G, and ry,ry € Q,
then

(5.2) rx + ryyeG,.

Proof. Let x, y, r; and r, be as given above. Then for some a and b € J,,, x=x,/a,
y=y:/b where x,, y, € G. If ry=my/n, (i=1, 2) we have

(5.3) r1x+I‘2y = (lel+V2y1)/L,

where v, and v, are integers and L is the l.c.m. of n,a and n,b. Since G is a group
and v, and v, are integers,

(5.4) V1X1 +V2y1 = x' eq.

Since the integers a, b, n,, n, are all relatively prime to p it follows that L is also
relatively prime to p. Hence from (5.3) and (5.4)

(5.5) r1x+r2y = x'/L
where L € J,, i.e., rix+ryy € Gy,
LEMMA 9. Let m denote the set of all primes. Then

(5.6) NG, =0

pen

Proof. Suppose x belongs to the left-hand side of (5.6). Then x=y/a, where
y € G and a is relatively prime to p. Let

(5.7 a=pi- - ps

be the prime factorization of a. Now x€G,, (j=1,...,5), so that there exist
integers a, prime to p; such that

(5:8) axegG.
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From (5.7) it follows that the integers a, ay, ..., a, are relatively prime. Hence
there are integers m, my, . .., m; such that ma+m,a,+ - - - + ma,=1. From (5.8)
and since ax € G we have x=(ma+m,a; + - - - + mya,)x € G. Thus we have shown
that

(5.9) N G,<G.

pen

Conversely let x € G. If p is any prime and a € J,,, then x € G, since x=(1/a)(ax),
ax € G. Hence

(5.10) G< N G,

PEN

Thus (5.6) is established.
LemMA 10. G € B(X) implies G, € B(X).

Proof. The transformation Tx=ax, (a#0) maps X into itself and furthermore,
since the inverse image under T of a cylinder set in B(X) of the form

{xEX:a,§x(t,)§b,,j= 1,...,”}

is again in B(X) it follows that 7-'4 € B(X) for all A € B(X). Hence G € B(X)
implies that (1/a)G=T G € B(X). It follows therefore that

G, = U (10)

ael, \@
is B(X) measurable.

LeMMA 11. Let G be a B(X)-measurable subgroup such that

(5.11) Py(G) > 0.
Then
(5.12) G, contains H(R).

Proof. First, it follows from Lemmas 8, 9 and 10 that G, is a B(X)-measurable
module over Q, with Py(G,)>0. Now suppose there exists an m € H(R) and ¢ G,.
For each positive integer n write k,=p(p+1)- - -(np) and define the sequence of
sets

(5.13) M,={x:x=y+k;'m yeG,}.

We shall show that if n#v the sets M, and M, are disjoint. If M, and M, have an
element in common, then for some x,, x; in Gy,

(5.149) x1+k;im = x,+kyim,
so that
(5.15) m = kyk,(x3—x1)[(k,—ky).
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We may assume, obviously, that v>n. Then k,—k,=k,-q, where

(5.16) qg = (mp+1)(mp+2)---(wp)—1.
(5.15) becomes
(5.17) m = k(x3—x1)/q.

Now k,(x;—x;) € G, since k, is an integer and G, is a group. Also it is easy to
verify from (5.16) that g and p are relatively prime. Hence k,(x;—x;)=x'/r, for
some x’' € G and r € J,, and from (5.17) m=x'[rq, where it is easy to see that rq
is relatively prime to p, i.e., that rg € J,. This proves m € G,, which is a contra-
diction. Hence M, and M, are disjoint. Clearly, the sets M, are B(X)-measurable
and as in Lemma 2 P(M,) — P(G,) as n (and hence k,) — co. But since P(G,)>0
and X2, P(M,)<1 we have a contradiction as in the proof of Lemma 5. Thus
(5.12) is proved.

THEOREM 2. If G is a B(X)-measurable subgroup of X, then
(5.18) Py(G) =0o0rl.

Proof. Suppose Py(G)>0. Then by Lemma 11, for every prime p G, contains
H(R). Let {e;}? be a C.O.N.S. in H(R). From the fact that G, is a group and
H(R)<=G, it follows that x € G, if and only if x+re, € G, for all rational numbers
r and j=1, 2, .... In other words for each integer j and rational r we have

(5.19) I (x+rej) = I (x)

for all x € X. Lemma 6 now applies without any essential change to the B(X)-
measurable function g(x)=/I;,(x) and we have

(5.20) I (x) = constant a.s. P,.
Since Py(G,) is positive, (5.20) implies that
(5.21) Py(G,) = 1.

Finally, from Lemma 9 and (5.21) we have Po(G)=1, and the proof of the theorem
is complete.

6. Some applications of the zero-one law. The following application of Theorem
1 was suggested by R. H. Cameron. In [12] L. A. Shepp has proved a zero-one law
for a Wiener process to the effect that if x(¢) denotes the sample function of a Wiener
process defined on C|[a, b] and f(¢) is a nonrandom Lebesgue integrable function on
[a, b] then either [J|f(t)|x*(t) dt<oo as. or =c0 a.s. Recently D. Varberg has
shown that this result holds for any sample continuous Gaussian process [13].
We shall show that the zero-one law of Shepp and Varberg, in fact an extension
of it, follows as an immediate consequence of Theorem 1.

THEOREM 3. Let x(t), (ast=b) be a sample continuous Gaussian stochastic
process with zero mean function, and let f(t) be an arbitrary measurable function
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and p a positive number. Then either

6.1) S@O)x(?) € L[a, b), a.s.,
or
6.2) S@OIx()P ¢ L'[a, b], a.s.

Proof. Let the Gaussian process be given by (X, By(X), P,) where X=C|a, b]
is the space of real continuous functions on [g, b], P, the probability measure
induced by the continuous convariance R, and the random variables of the
process are given by the coordinate variables x(¢), x € X. Define the set

(6.3) M= {x ex: f T IAOL- 1x0)P d < oo}.

M is obviously B(X)-measurable. Further, let x and y be in M and let r,, r, be any
two rational numbers. From the elementary inequalities

[rix+ray|? < |n|?lx[P+|rf?|y]? if 0 <p <1,
and
S22 Y(|ryx|P 4 |rppl?) if p > 1

it follows that r;x+r,y € M. Hence M defined by (6.3) is an r-module and Theorem
1 immediately yields the result Po(M)=0 or 1. Theorem 3 is thus proved.

For the next application of Theorem 1 let x(¢) be a Gaussian process as in
Theorem 3. Define the random variables

6.4) £,0) = (A2 f X(1)$(2) dt

where {1} and {¢,}7 are the eigenvalues and eigenfunctions of the continuous
covariance R. Then {{,(x)} are independent Gaussian random variables with zero
mean and unit variance. The series

©.5) i NI2E,()a(1)

which for each ¢, converges almost surely is called the orthogonal or Karhunen-
Loéve expansion associated with the process x(¢). The conditions under which
(6.5) converges uniformly with respect to ¢ almost surely have been discussed re-
cently in the literature (see e.g., [14]). Without additional assumptions on x(¢) we
can deduce from Theorem 1 the following zero-one law.

THEOREM 4. Let (X, By(X), P,), (X=Cla, b)) be the probability space of the
Gaussian process x(t) whose mean is zero and covariance function is R. Then the
Py-probability that the series (6.5) converges uniformly with respect to t in [a, b]
is either zero or one.
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Proof. Write

n=1

M = {x eX: z AL2£,(x)$a(t) converges uniformly with respect
(6.6)

to tin [a, b]}.

Since from (6.4)
Ea(rixy +raxg) = riéa(x:) +raéa(xs), (x1, X2 € X, and r,, r, rationals),

it is obvious that the measurable set M is an r-module. The desired conclusion
then is an immediate consequence of Theorem 1.
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