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MONOTONE APPROXIMATION
BY ALGEBRAIC POLYNOMIALS

BY
G. G. LORENTZ(*) AND K. L. ZELLER(?»)

Abstract. A given real continuous function f on [a, b] is approximated by poly-
nomials P, of degree n that are subject to certain restrictions. Let 1 Sk, <. <k,=n
be given integers, = + 1, given signs. It is assumed that P ¥/(x) has the sign of «;,
i=1,...,p, a<x=b. Theorems are obtained which describe the polynomials of best
approximation, and (for p=1) establish their uniqueness. Relations to Birkhoff inter-
polation problems are of importance. Another tool are the sets 4, where | f(x)— Pn(x)|
attains its maximum, and the sets B, with P%(x)=0. Conditions are discussed which
these sets must satisfy for a polynomial P, of best approximation for f. Numbers of the
points of sets A, B; are studied, the possibility of certain extreme situations established.
For example, if p=1, k;=1, n=2g+1, it is possible that |4|=3, |B|=n.

1. Introduction. This paper deals with approximation, in the uniform norm, of
real continuous functions on an interval [a, b] by polynomials P, of degree n,
P,(x)=2}%_o apx* (where a, =0 is permitted).

If f increases on [a, b}, its polynomial of degree n of best approximation is not
necessarily increasing. For example (Roulier [10]), let f(x)=x**! on [—1, +1],
k=1,2,.... Then the polynomial of best approximation of degree 4k for f is
Py(x)=xt+1-2-4C,, , (x), where C, is the Chebyshev polynomial, and it is
easy to see that P;,(0)= — Cj,, 1(0)<O0. It is therefore an interesting problem to
find, for a given function f, its polynomial of best approximation among all in-
creasing polynomials, to find the degree of approximation of f by such polynomials,
and so on. We will dispense with the assumption that fitself is increasing, since it is
not essential for the results of this paper.

More general is the problem of the approximation of a given continuous function
fon [a,b], for a given k=1,2,..., by polynomials P, of degree n that satisfy
P¥(x)20, a<x=<b. Still more general is the problem, for given integers 1=k,
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“<kgy<---<k,andsigns =11, i=1,.. ., p, to approximate f by polynomials P,
satisfying the conditions

(1.1 egP¥(x) 20, a=x=<b i=1,...,p.

For a given n, we denote this problem (as well as the class of the polynomials P,
that satisfy (1.1)) by Z=P(ky, ..., k,; €1, . . ., &,). We write Z, for the special case
p=1,k,=k, e;=+1. In analogy to the case k=1, all these problems will be called
problems of monotone approximation.

In the present paper we deal with those aspects of the problem £ (and, more
specifically, of %,), which, for ordinary approximation, are answered by the theo-
rems of Chebyshev. In our situation, these questions are decidedly more difficult.
§2 of our paper deals with the characterization of the polynomials of best approxi-
mation P,. The points xi,..., X,; ¥1,..., ¥a of Theorem 4, which should be
regarded as a generalization of the Chebyshev alternance, are p+A<n+2 in
number (the inequality can occur) and depend on the behavior of P, and of P{¥.
In §3 we prove the uniqueness of the polynomial of best approximation for the
problem Z,, in §§4-5 we discuss possible sets of points x;, y;, and possible values
of u, A. Our problems are related to different interpolation problems: Lagrange
interpolation (§2), Hermite interpolation (§5), but most intimately, to the general
Birkhoff interpolation problem [2]. Actually, the solvability of this problem under
certain conditions (Atkinson and Sharma [1]) is essential for the proof of uniqueness
in §3.

Several authors have dealt with the problems of monotone approximation:
Shisha [13], Roulier [10], [11], the present authors [4], [S], [6]. The papers [13],
[11], [4], [5] discuss the degree of approximation, while the paper [6] deals with the
problem %, and can be regarded as an introduction to the present paper. See also
Rice [9].

We return to the general problem £ If n=k,, as we shall always assume, there
exist polynomials ¢ that satisfy (1.1) in the strict sense: &g%’(x)>0 on [a, b],
i=1,..., p. For the proof we take

(1.2) q(x) = A(x—a)r+ 4, 1(x—a)r-1+ - + A (x—a),

where A,=¢,, and the A; have the sign of ¢, i=1,...,p—1. If we select 4,_,,
A,_s, ... inductively taking them sufficiently large, we will have the required in-
equalities. Compactness arguments show that a polynomial P € Z of best approxi-
mation for f € Cla, b] exists; and all P with this property form a compact and convex
subset of C[a, b]. The following theorem has been given by Roulier [10] for the
problem %, :

THEOREM 1. Let a continuous function f and a polynomial P € & be given, with P
not identically equal to f. Then P is a polynomial of best approximation for f in the
class 2 if and only if

(1.3 max Lf(x)—P(x)1Q(x) = 0,



19700 MONOTONE APPROXIMATION BY ALGEBRAIC POLYNOMIALS 3

where A is the set
A=A P)=[x:|f(x)-PE)| = |f-P|],
for each polynomial Q of degree n that satisfies the conditions
(1.4 g[P*(x)— Q%)(x)] 20, asxsb i=1...,p

We omit the proof, which is similar to the proof of the well-known theorem of
Kolmogorov [3, p. 18].
On the set A= A(f, P) we define the function

(1.5) o(x) = sign [f(x)—P(x)],

which is continuous on A4. Conversely, if a polynomial P € &, a compact set
A<[a, b] and a continuous sign function o on A are given, there exists a function
f € Cla, b] for which A= A(f, P).

For the proof, we take 8 > 0 arbitrarily and put g(x) = 8o(x) on 4. The complement
of 4 is a union of countably many intervals («, B,). We put g(x)=0 on [e, + 3,
Bi— 8], taking the 8, >0 so small, that 8/8, > | P’|| and «;, + 8, < B, — 8,, k=1,2,.. .,
and extend g linearly onto the intervals (o, o+ 8;), (B — Ok, Bc). Then f=P+g
will have the required properties. The question remains whether one can take f
here to be continuously differentiable with the properties ¢ f*9(x) =0, a<x < b.

With each Pe P(ky, .. ., k,; €1, . . ., &) We associate the sets

(1.6) B, = B(P) = [x : P*)(x) = 0], i=1,...,p.
For the problem %, we have one single set B. A useful remark is that, for Pe &,
(1.7) PE+D(x) = 0, x€B, x+#a,b.
(Otherwise P*? would change sign at x.) A collection of sets By, ..., B, is possible
for the problem Z if there exists a P € # with B;=By(P),i=1, ..., p. This condition
restricts the sets B; considerably. For example, if p=2, k; =1, k,=2, then B, can
only be either a one point set, or the interval [a, b].
For the problem Z,, a set B<[a, b], B+ [a, b], is possible exactly when
(1.8) 2]—e £ n—k,
where / is the number of points in B, and e the number of points of B among a, b.
For the proof, let 2/—e>n—k, then P® has more than n—k roots (/—e double
roots at the points of B inside (a, b), and in addition e single roots), so that P® =0
and B=[a, b]. Conversely, if a set B< [a, b] satisfies (1.8) and consists of the points
X1 < -+ <xin [a, b], we take P(x) to be the kth indefinite integral of
(e=x1)%(x—x2)- - - (x—x,)%
If x, =a, we replace (x — x,)? by (x —a) in this product; if x,=b, we replace (x — x;)?
by (b—x).
In particular, if B consists just of one point y, then B is possible if and only if
a<y<bandksn—-2,orify=aory=band k<n—1.
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2. Characterization of polynomials of best approximation. We wish to improve
Theorem 1. For this purpose, we will try to replace condition (1.4) of this theorem,
we call it also (a), by a less restrictive condition. If the sets B; are defined by (1.6),
we consider, instead of (a), the conditions

@) &[P*(x)— Q¥ (x)] >0, a=<=x=b i=1,...,p,
(b) §0%)(x) < 0, xeB, i=1,...,p,
) £0%)(x) < 0, xXeB, i=1,...,p.

Let A, or A’,... denote the following statements: There exists a polynomial
Q of degree n that satisfies (a), or (a’), .. ., respectively, and violates (1.3), that is,
satisfies the condition

2.1 [f(x)—P(x)]Q(x) < 0, x € A.

It is immediately clear that A’ = 4, B’ = B. Conversely, A = A’: If there exists a
Q that satisfies (a) and (2.1), then Q= Q— Aq, where g is any of the polynomials
(1.2) with ¢g®)(x)>0, a<x=<b, i=1,..., p, and A>0 is sufficiently small, will
satisfy (a’) and (2.1). Similarly B = B'. It is obvious that A" = B’. To prove the
converse, assume that Q satisfies (2.1) and (b’). With Q, any polynomial 0 =AQ,
A>0 satisfies (2.1). For each i=1, ..., p we can find an open set G;> B; with the
property &,0%(x) <0, x € G,. Then (a’) holds for Qif x € G;. We select A> 0 so small
that

A max Q%] < min | P®O(x)].
i=1,..., P x¢Gpi=1,...,Dp
Then &,0%(x) < &,P*(x), x ¢ G;, so that (a’) holds for Q for all x.
This shows that conditions A, 4’, B, B’ are all equivalent. As a consequence, we

have

THEOREM 2. A polynomial P € & is a polynomial of best approximation in the
class 2 for a given continuous function f if and only if there does not exist a polynomial
Q of degree n for which
2.2) a(x)Q(x) < O, x €A,

(2.3) §0%(x) < 0, xeB, i=1,...,p.

As a corollary we see that the property of a given P € Z to be or not to be a
polynomial of best approximation for f depends only on the set 4 =A(P, f) and the
function o(x) given by (1.5), and not on any other property of 1.

Our next step is to reduce the number of points x involved in conditions (2.2)
and (2.3) to the Chebyshev number n+2, and to connect them with certain linear
identities, valid for all polynomials Q of degree n.

One can say that conditions (2.2) and (2.3) or (2.4) and (2.5) below express the
impossibility of certain Birkhoff interpolation problems (see [2]), where however
not the values of the polynomial Q and of its derivatives are prescribed, but the
signs of these values.
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THEOREM 3. A polynomial Pe &P is a polynomial of best approximation for a
given continuous function f if and only if there exist points x;€ A, j=1,...,p,
Yis€B, j=1,. .., A, i=1,. .., p with p+ X+ --- +A,Zn+2 for which there is no
Q that satisfies

24 o(x)Q(x)) <0, j=1..,p,
(2.5) elQ(k‘)(yij) < 0, j = 1, c ey Ai? i = 1, . .,p,

or, equivalently, if and only if there exist such points x;, y;; and constants b;>0,
bi;>0 for which

(2.6) 121 byo(x;) Q(x,) + Z & ;} b;Q%(y,) = 0

holds for all polynomials Q of degree n.

Proof. In the n+1 dimensional space R"*! of points X=(¢,,..., &,1), wWe
associate with each polynomial Q(x)=a,x"+ - - - +a,X+a,. , the linear continuous
functional L(X)=>1*! a;¢;. We consider the points

X = o(x)(x", x*"1, ..., x, 1), xeA;

Q7 Y= enn=1) - -(n—k;+1)y* 5, ... k!, 0,...,0),
yeBi, i=1,...,P.

Let & be the collection of all these points, then 7 is compact in R***. The inter-
polation problem with the given signs is impossible if and only if there is no L
for which L(Z)<0 for all Z € o This may be replaced by the condition L(Z)<0
for all points Z of the convex hull %7, of &7 By the theorems of separation of convex
sets in R"*!, there is no L with this property, if and only if the origin in R"**
belongs to 7. By a theorem of Carathéodory [3, p. 20, Lemma 2], the convex
hull &, is obtained from & by taking all convex combinations of all groups of at
most n+2 points of o/ Thus the interpolation problem is impossible exactly if
there exist at most n+2 points X;, Y;; of type (2.7) and numbers b,>0, b,>0
such that

(2.8) Zo = z ijJ'I'Z buz‘,‘j = 0.
i ij

This is also equivalent to L(Z,)=0 for all L, that is, to (2.6) for all Q. Since these
arguments are invertible, we can also return to the conditions of the form (2.2)
and (2.3). This gives the first part of the theorem.

Note that in Theorem 3 we must have

2.9) pt i+ DA+ - +(kp+ DA, 2 n+2.

For if this sum is <n+1, then the Hermite interpolation problem is solvable,
which assigns arbitrary values to Q at the points x; and to Q, Q’, ..., Q% at the
points y,,.
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As a special case of Theorem 3 we note:

THEOREM 4. A polynomial P is the polynomial of best approximation for f in the
class %, if and only if there are points x;€ A, i=1, ..., u, and points

YEB=[x:PP(x)=0], j=1,...,4 p+d=n+2,
Jfor which there is no Q with the properties
2.10) o(x)O(x) <0, i=1,...,p; O¥(y) <0, j=1,...,4,

or, equivalently, if and only if there exist points x;, y; and constants a;>0, b;>0 for
which

.11) Z a0(x;) Q(x) + Zl b;0%(y) =0

i=1

holds for all Q of degree n.

ExAMPLE. A polynomial P, € &, of best approximation to x° on [~1, +1] is
P=cx® where 0<c<1 is so chosen that the negative minimum of x*—cx® on
[0, 1] is equal in absolute value to its positive maximum at x=1. In other words,
¢ is the unique positive root of the equation ¢ — 1 =%(3)%2¢%2. For the proof assume
that this minimum is taken at x=a, 0<a< 1. The set 4 consists of the four points
—1< —a<ax<]1, B of the point 0, o(x) alternates with o(— 1)= — 1. Since there is a
matching identity, of type (2.11), for all polynomials Q of degree 4,

- 9(-D+a7?Q(-a)-a~*Q@)+ (1) +2(a~*-1)Q'(0) = 0,

P is indeed a best polynomial, by Theorem 4.

Restricting ourselves for simplicity to the problem %, we shall show how one
can make conditions (2.11) more concrete by the use of the Lagrange polynomials
L,. This works particularly well for small values of A.

If points x; < --- <x, are given, the basic polynomials of the Lagrange inter-
polation L;, i=1, ..., p are the uniquely defined polynomials of degree u—1 with
the properties Li(x;)=0, i#j, L(x;))=1. (See [3, p. 36].) Let

2.12) II(x) = (x—x1)- - - (x—x,), IT,(x) = x"1I, r=0,1,....
Instead of checking (2.11) for all Q, we can check this condition for all members

of a basis of the polynomials of degree n. An example of a basis is given by the
polynomials

(2.13) LiLyy... LyTg ... T, ,.

(If p=n+1, there are no polynomials II,.) In fact, each Q can be written in the
form Q=73*_, Q(x;)L;+ RII, where R is some polynomial of degree n—p.

THEOREM 5. A polynomial P is a polynomial of best approximation for f in %, if
and only if there are p+X<n+2 points x; € A, y, € B such that:
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(a) If A=0, then p=n+2 and the signs of o(x,) alternate (the Chebyshev case).
(b) If A= 1, there exist numbers b, . . ., by,>0 for which

A
(2.14) D bI¥(y) =0, r=0,...,n—p
j=1

(if p=n+1, there are no conditions (2.14) and one takes b, =1), and in addition
A
(2.15) o(x) D bLE(y) <0, i=1,...,m
i=1

Proof. (a) If A=0, then (2.11) becomes

216) S ao(x)Q) =0, >0,
i=1

If the signs of the o(x;) do not alternate, there exist at most u—2 <n points z,
which separate the x; into at most n+ 1 groups with constant o(x;) on each group,
alternating from group to group. Then Q(x)=II(x-—z,) provides a contradiction
to (2.16). This also proves that u=n+2.

Conversely, if the signs alternate and p=n+2, we shall select a;>0 satisfying
(2.16). We may assume a(x;)=(—1)!, and put a,,,=1. Condition (2.16) holds for
all Q if it holds for Q=L;, i=1,..., n+1, where the L, are the basic Lagrange
polynomials for the knots xy, ..., x,,;. For @=L, (2.16) becomes

a, = (=1)"""*L(x,40),
and this is indeed > 0.

(b) This follows from Theorem 4 by means of the basis (2.13).

A computational way of handling the problem of finding the polynomial of
best approximation in %, is the following. We first try A=0, p=n+2. If this fails,
we try A=1, u=n+1, then A=1, p=n. The case A=1, u<n is impossible, as we
shall see. If this does not work, we try A=2, u=n, then A=2, u=n—1, and so on.

We shall give a rather complete treatment of the case A=1. Let B={y}.

Case 1. A=1, p=n+1. Here there are no II,, and with the polynomials L; for
the knots x,, ..., X,,1, our conditions become

2.17) o(x)L¥(y) < 0, i=1,...,n+1.

Case 11. A=1, p=n. Here we have to use Il and the Lagrange polynomials for
the knots x, . . ., x,. The conditions are

(2.18) n®(y) =0, a(x)LF(y) <0, i=1,...,n
Case III. A=1, p<n is impossible. Here we have to consider at least II, II,,
and as a part of the condition (2.14) we have [1¥(y)=I1{(y)=0, that is,
H(k)(y) — 0, yl'[(k)(y)+kl'[(k—1)(y) = 0.

It follows that II*-1(y)=0, which is impossible, since the zeros of II® strictly
alternate those of IT*-D,
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In case A=1, the signs o(x;) “almost alternate”. We shall say that the numbers
Uy, Uy, . . ., U, form a semialternance if none of them vanishes and if they have at
least u—2 changes of sign.

We shall use the following lemma of A. A. Markov:

LemMMA 1. If L, M are two polynomials of degree n with real distinct roots x;, y;
that alternate:

(2.19) X1 Ey1 £Ex3 £+ £y, withx; < y; for at least one j,

then the roots &;, n; of the derivatives L', M' are also real, contained in (x,, y,) and
alternate strictly:

(2.20) S1<m< &< <yl
The same applies to the roots of L, M ®, k <n.

Since we could not find a proof of this statement with the required strict in-
equalities in the literature, we supply a simple proof. Let

n

Ax) = %(x) = ‘Zl xlxi, pl(x) = %’(x) = ; x—ly{

We begin with the following remark. Assume that for some j=1,...,n—1,
Y;<Xj;1. Then

221 Ax) < plx),  xel=(yjx541)

This follows from the fact that for each i=1,...,n, x—x;Zx—y,, and that both
differences are of the same sign. Therefore 1/(x—x;)<1/(x—y,;), with a strict
inequality for at least one i.

For a given j=1,..., n—1, we now prove that £, <, Without loss of generality
we may assume that y;<§; (otherwise ¢;<y;<%;) and that n;<x;,, (otherwise
£;,<x;+1=7;). The interior points £,, n; of I are the only roots of A(x) and u(x),
respectively, in this interval. Since wu(x) — +o for x — y;+, and because of
(2.21), we must have ¢; <7,

If Ly, ..., L, are the basic Lagrange polynomials for the knots x;<--- <x,,
then it follows from the lemma that the roots z, <z, < - -+ <zy, N=u(u—k—1) of
their derivatives L{® are distributed in (xy, x,) as follows: Smallest is the first
root z; of L{’; then comes the first root z, of LX_,, ..., then the first root z, of
L, then the second root z,,, of L¥, ..., finally the last root zy of L{¥. Also the
signs of the derivatives L{(x) for different positions of x can be simply described.
For x<z,, the sign of L{?(x) is easily seen to be (—1)*~*-1; that of L% ,(x) is
(=1)#~k;...; finally that of L{¥(x) is (—1)¥, so that they alternate. As x moves
to the right over the z,, the signs of the sequence

(2.22) L¥(x), L 1(x), . . ., LP(x)

change one by one, first the term L{"(x), then the second term, and after L{(x)
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has changed sign, the first term changes sign again, and so on. As an example,
the following table shows the distribution of signs in (2.22) for p=6, k=2:

Interval Lg L L Lg L L

SR

(_w9 zl) - + -
(zl, 22) +
(22’ 23) +
(23’ 24) + -
+
+
+

(24 25)
(259 26)
(e, 27)
(27, zs) - -

|
+ 4+ 4+ + + +

|
+ + 4+ + +
Lo
+ + +
|

(213, + CD) + - + - + -

We have therefore:
THEOREM 6. In case A=1 of Theorem 5, the signs o(x;) form a semialternation.

For A=1, Case II we see that y € (x;, x,). In Case I this is not necessarily so.
If x; <. <x, are given, we can select y arbitrarily, different from each of the
points z;, ..., zy. Then we select P € &, so that P*® vanishes only at y, and find
the signs o(x;) by means of (2.17). Then f € C can be found (see §1) for which P is
the polynomial of best approximation in £,

3. Uniqueness of the polynomials of best approximation for the problem Z.
As long as we have not proved uniqueness, we must consider the possibility of
several polynomials of best approximation for a given problem £ and a given
function f e Cla, b]. These polynomials form a compact, convex set & in C.
Among all polynomials of best approximation for f we single out polynomials
with the smallest sets A(f, P), B(P). We call a polynomial P, € 2 of best approxi-
mation for f minimal, if for any other polynomial P € 2 of best approximation for
f, one has

(31) A(Po’f) < A(P’f)’ B((PO)CBl(P)9 i= 1,,1’;
and if moreover P(x) and Py(x) coincide on A(P,, f).

THEOREM 7. For each f € C and each problem P there is a minimal polynomial of
best approximation.

Proof. Let
(3.2) 4= () A(f,P); Bi= () B(P), i=1,...,p
Pe® Pe®

Each of the sets B(P) is either identical with [a, b}, or finite. There exist therefore
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finitely many P, e %, v=1,..., N with the property that B,=("\Y., B(P,), i=1,
..., p. This argument does not apply to the sets 4. However, since all sets A(f, P)
are compact, there exists a sequence P, € #, v=N+1,... for which

A= VON A(f, P)).
Let

(33) Pix) = 3 5P

This uniformly convergent series of polynomials of bounded degree can be differ-
entiated termwise, therefore P, € Z and P, € #. Moreover |f(x)—Py(x)| = | f—Pol
can happen for some x only if all differences |f(x)—P,(x)| are equal to || f— P,
=|f=P,|. Hence A=A(f, Py), and also B;=B(P,), i=1,...,p. Finally if P is
another element of %, then P(x)=P,(x) on A, for otherwise the polynomial
Q=4(P,+P) would have smaller sets 4, B; than the corresponding sets of P,.

Let P be a polynomial of best approximation in the class %, for a function f,
let A=A(f, P), B=B(P) and let m, I, e denote the numbers of points in the sets 4, B
and B N {a, b} (so that 0<e =2). To prove our main theorem about the uniqueness
of the polynomial of best approximation, we shall need some inequalities valid
for these numbers and for n, k. One of these is given by (1.8). In addition we have

THEOREM 8. If P, is not a polynomial of degree lower than k, that is, if the set B
is finite, then

(34 m 2 k+2.

Proof. Assume that m=<k+1. We put II(x)=TTj.; (x—y,)? with the stipulation
that the first factor of the product is x—a if y; =a, and that the last factor is b—x
if y,=b. By (1.8), Il is a polynomial of degree 2/—e<n—k. We can find in [a, b]
exactly k+1 points z; < - - - <z,,,;, among which there are all of the x;. We define
Q by means of a repeated integral

3.5) mn=fm~£“nwwr&m,

where R,(x), a polynomial of degree k, is so chosen that Q(z,)=0, i=1, ..., k+1.
This can be done by Lagrange interpolation. We now show that the leading
coefficient A4 of R, is strictly positive. The divided difference of order k, [z, z,, . . .,
Zx+1] of Q is zero. On the other hand, this difference is a certain repeated integral
of the kth derivative of Q [8, p. 16, formula (40)]. The corresponding divided
difference of the integral in (3.5) is strictly positive, since its kth derivative, II(x) >0
on [a, b] except for isolated points. The divided difference of R, is a positive
multiple of A. Hence 4 >0.

Thus Q is a polynomial of degree n, which satisfies Q(x,)=0, i=1,..., m, and
0%(x)=TI(x)+Const, where the constant is negative. Therefore Q%*(y,)<O0,
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j=1,..., 1L If in (2.11) A>0, we have obtained a contradiction with Theorem 4.
If, on the other hand, A=0 in (2.11), then by Theorem 5(a), m=pu=n+22k+2.

The conclusion of Theorem 8 may be wrong, if the degree of P, is less than k.
If, for example, f is a strictly decreasing function on [q, b], then for each n, its
polynomial of best approximation P, € &, is the constant 4[f(a)+f(b)]. We have
m=2, k=1.

Later, in Theorem 16, we shall see that m=3 is possible for arbitrary large n
for the problem #,.

From the inequality (2.9), obtained by Hermite interpolation, it follows that

(3.6) m+(k+1)/ =z n+2.

A stronger inequality, namely (3.10) below, requires Birkhoff interpolation [2].
This interpolation may be described as follows. (The following terminology is
due to Schoenberg [12].) For integers m=1,2,..., n=1,2,... we consider
‘“incidence matrices” E=(e;;), i=1,...,m, j=0,..., n, with elements ¢;; that are
0 or 1. By e we denote the set of pairs (i, j) for which &;=1; we assume that the
number of elements of e is n+ 1. The matrix E satisfies the Pdlya condition if

3.7 Z & = r+1, r=0,...,n

The matrix E is called free or poised, if for any selection of points x; <xB< - -- <xp
and real data by, (i, j) € e, the Birkhoff interpolation problem

(3.8) Qx) = by,  (,))ee

has a solution among all polynomials Q of degree n. If E is free, then it satisfies
the Pdlya condition [12].
A maximal sequence of the matrix E is a sequence of 1’s

3.9 &gy E4,5415 + « -5 Eij4p

which cannot be extended to a longer sequence of 1’s. A sequence of 1’s (3.9) is
said to be supported, if there exist pairs (i3, j1), (i, j2) € e such that i; <i<i,, and
J1,j2<Jj. Atkinson and Sharma [1] proved that a matrix E is free if E satisfies
the Pélya condition and if each supported maximal sequence of E has an even
number of elements. (For a simple proof of this result see [7].) By means of this
theorem we derive

THEOREM 9. For each polynomial P, € &, of best approximation, of degree not less
than k,

(3.10) m+2l—e = n+2.

Proof. Assume that (3.10) does not hold, then m+2/—e=<n+1. We consider
the Birkhoff interpolation problem (for polynomials Q of degree n)

(3.11) Q(X() = ai,o, Q(k)(yj) = bj.ka i= 1, ceeam, j = 1, ey I.
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We add to (3.11) conditions
(3.12) Q% =Y(y;) = by -1, a<y;<b

with arbitrary data b, ,,_;, unless k=1 and y;=x; in which case we take b; o=a; ,.
If necessary, we add some conditions of the form

(313) Q(Zq) = Cq

(with z,#x;, z,#y;) to have a total number of conditions (3.11), (3.12), (3.13)
equal to n+1. From Theorem 8 it follows that the incidence matrix E, that corre-
sponds to this interpolation problem, satisfies the Pélya condition, and from the
theorem of Atkinson and Sharma it follows that E is free. Hence (3.11) has a
solution Q for any choice of data. But this contradicts Theorem 2.

We can now prove the main result of this section.

THEOREM 10. The polynomials of best approximation for the problem %, are
unique.

Proof. Let f € Cla, b}, let P be one of its minimal polynomials of best approxi-
mation, let P, be any other polynomial of best approximation. We shall prove that
D=P—P, is identically zero. Let A=A(f, P), B=B(P). We count the number of
zeros of D™® (taking into account their multiplicity). We know that D(x)=0,
x € A and that D®(y)=0, y € B, also (see (1.7)) that D**V(y)=0if y € B, y#a, b.
If B=[a, b], then D® is identically zero. If B is finite, that is, if P is of degree not
less than k, we prove the same fact as follows. Let a<z; <--- <z,<b be all zeros
of D®=1 in [a, b]. Then by Rolle’s theorem, p=m—k+1.

We denote by /; the number of points of B among the z; with a<z;<b. Also,
let /(0), I(i), i=1,..., p—1 and /(p) denote the number of points of B in the open
intervals (a, z1), (zi, zi4+1), i=1, ..., p—1, and (z,, b), respectively.

Among the points a, b there are e points of B. Hence there are at least e zeros of
D™ there. Each point z;, a < z;<b, which belongs to B, is at least a double zero of
D®. We count here at least 2/, zeros of D®. Similarly, the intervals (a, z;) and
(z,, b) contain together at least 2/(0)+2/(p) zeros of D*. An interval (z;, z;,,)
contains at least 2/(i) zeros of D®. However, between any two adjacent zeros of
the polynomial D%~ there is an odd number of zeros of its derivative. This gives
at least 2/(i)+ 1 zeros of D® in (z;, z;,1).

Altogether, D® has at least

-1

D
e+20,+210)+2(p)+ > [21())+1]
i

=1

e+2[11+ é;’ l(i)] +p—1

e+2(—e)+p—1 2= m+2l—e—k

Il

zeros. By Theorem 9, this is Zn—k+2. Hence D® is identically zero in all cases.
It follows that D is a polynomial of degree k—1. But D has m>k+2 zeros, by
(3.4). Thus D must vanish identically. This completes the proof.
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It is a striking feature of this proof, that in many places of it the required in-
equalities are much weaker than the complete truth. For Theorem 9, m=k+1 is
sufficient instead of (3.4), and in the last argument the inequalities m+2/—e>n+1
and m 2 k would suffice in place of (3.10) and (3.4).

REeMARK. In the case k=1, and when the function f is differentiable, there is a
simpler proof of Theorem 10, which does not depend upon Theorem 9 and the
Birkhoff interpolation. Let P, P, be two polynomials of best approximation, let P
be minimal. Let D, A, B be defined as before. We put A,=A\B, my=|A4,|,
e,=|40 N{a, b}|, es=|B N {a, b}|. Then

(3.19) mo+2 2 n+2.

For otherwise we can, by Hermite interpolation, find a polynomial Q with pre-
scribed values Q(x), xe 4, Q'(»), y € B, and the ‘“parasitic” prescribed values
Q(»), y € A N B. At the points of B\{a, b} we have double zeros of D, at the points
of Ao\{a, b}, (f—P) =0, (f—P,)'=0, hence D'=(P—P,)'=0. Altogether D’ has at
least

2l—egt+my—e, 2 my+2l-2 2 n

Zeros.
4. Possible configurations: sets 4, B. We discuss again the problem
g(kl, ceey kp; €1y vy Sp).

If sets 4, By, ..., B, in [a, b] are given, we can ask whether they can be realized
as sets A(f, P), By(P), . . ., B,(P) of some function f € Cla, b] and of its polynomial
of best approximation P e Z We recall the notion of possible sets B, ..., B, of
§1. For simplicity we shall assume that the sets 4, By, ..., B, are finite. We denote
the points of 4 by x,, j=1, ..., m, the points of B, by y;;, j=1,..., L, i=1,...,p.
By means of Theorem 3 we obtain:

THEOREM 11. Sets A, B;, i=1,..., p can be realized in the problem 2 if and

only if the sets B,, . . ., B, are possible and if in addition there is a nontrivial identity

m P L
(@.1) 2, 40+ 3, a3 by0%y) =0,

with b;; =0, and at least one b;; >0, which is valid for all polynomials Q of degree n.

Condition (4.1) can be replaced by the following: There is no polynomial Q of
degree n that vanishes at all points x;, j=1, ..., m, and satisfies

(4.2) SiQ(k‘)(yu) > 0, j = 1""’li; i= 1,...,p.

Proof. (a) Sufficiency. We define o(x,) = + 1, so as to have a;0(x;) 20, /=1, ..., m.
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By §1, there exist fe Cla, b] and P e 2 for which A= A(f, P), B;=B(P),i=1,...,p.
Then (4.1) shows that condition (2.6) of Theorem 3 is satisfied.

(b) Necessity. Conversely, if (2.6) holds, we have a nontrivial identity (4.1),
perhaps with all b;;=0. In the latter case, since any n+1 points X;=(x}, x}%,...,
X, 1) are linearly independent in the space R"*!, we must have m=n+2. Then the
X, span R**1, hence each point Y € R**! is a linear combination of the X;. Then
we have (4.1) with a prescribed b,,=1, all other b;;=0.

Condition (4.1) obviously implies (4.2). Conversely, if (4.2) holds, then in R**+!
there is no hyperplane through the points 0, X, ..., X,, which leaves all points

Yij = 84(”‘ . -(n—k,-l-l)y{""‘, ey kg!, 0, ooy 0)

strictly on one side. This means that the convex hull of the points Y;; contains at
least one point of the subspace spanned by the points X;. But this is identical with
4.1).

ExaMpLEs. For n=2, k, =1, the sets A={—1, 1}, B={0} are realizable, because,
for all polynomials Q of degree 2, @(—1)— Q(1)+2Q’'(0)=0. Likewise, for n=4,
k;=1, ky=3, the identity

2(-1)—-0(1)+20'(0)+10"(0) = 0,

valid for all polynomials of degree 4, shows that the sets 4={—1, 1}, B; = B,={0}
are realizable.

For the problem Z, each finite set B is possible for a sufficiently large » (see (1.8)).
As a special case of Theorem 11 we have

THEOREM 12. Sets A={x,, ..., x,} and B={y}, where n2k+2 if a<y<b, and
nzk+1 if y=a or y=>b can be realized by an extremal pair f, P € %, if and only
if there is an identity

@3) Z @0(x) = 0%(),

valid for all polynomials Q of degree n, or if and only if Q®X(y) vanishes for all Q
With zeros X, ..., Xm.

Finally, we can apply to our problem the polynomials II,, r=0,...,n—m of
(2.12). They constitute a basis for all polynomials that vanish at the points x,, .. .,
Xn. From conditions (4.1) and (4.2) of Theorem 11 we obtain:

THEOREM 13. Sets A={x1,..., xn} and B={y,,...,y,} are realizable for the
problem Z, if and only if either mzn+1, or else m < n and there exist b;=0, not all
zero, for which

1
4.4) D bI¥P(y)=0, r=0,...,n—m.
i=1
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5. Possible configurations: numbers m, / for the problem Z,. Let n and the
problem £, k < n be given. If m, [ are the numbers of elements of two finite realiz-
able sets 4, B for the problem £, what is the range of all possible pairs m, /? We
are far from being able to answer this question, and shall restrict ourselves to a few
examples. Of interest seem to be, in the first place, cases with small values of m,
with large values of / and with small values of m+ /. In Theorem 14, we show that
m+I=n is possible for an arbitrary large n. In Theorem 15, / is approximately
in, and m+I=n+1 for the problem Z,. Theorem 16 is, in some sense, inverse to
Theorem 9. In particular, Theorem 16 shows that m=3, I=n—1 is possible for
k=1.

THEOREM 14. Let n=2p, let k be odd and k <n—1. Then there exist sets A, B,
realizable for the problem %,, and consisting of m=n—2 and |=2 points, respectively.

Proof. Let the basic interval be [—1, +1]. We take O<x; < <x,_; =1
arbitrarily. The set A consists of n—2 points +x;, i=1,...,p—1. Let II(x)=
[Pz (x2—x?), and let y be a zero of the even polynomial (xII)* in the interval
(0, 1). We take y,=—y,=y. We have to check that these sets 4, B satisfy the
conditions (4.4) of Theorem 13. With b, =b,=1, the conditions become

6.1 IP(=y)+I2(y) =0, r=0,1,2.

For r=1 this holds because of the choice of y, for r=0 and r=2—because [1*®
and (x2I1)* are odd polynomials.

THEOREM 15. For m=4, 5, ... and arbitrary points x,< - - - <Xx,, in [a, b], there
are points yi, ..., Ym_2 in [a, b] so that the sets A={x, ..., xn} and B={y,, ...,
Ym—2o} are sets A(f, P), B(P) for an extremal pair f, P of the problem %, with
n=2m-3.

Proof. Let II(x)=]]",(x—x,), and let y;<--- <y,_; be the zeros of I’ in
[a, b]. The first m—2 of these points are the required y;. We prove this by means of
the condition (4.2) of Theorem 11. Each polynomial Q that vanishes at the points
x;, has the form Q=IIR, where R is a polynomial of degree m—3. We have

(5.2) Q'(y) = U(yIR(y), Jj=1...,m-L

We have to prove that not all values Q'(y,), j=1,..., m—2 are >0. Otherwise,
since the signs of the II(y;) alternate, also the signs R'(y)), j=1,..., m—2 would
alternate. Then R’, a polynomial of degree m—4, would have m—3 zeros, giving
R'(x)=0and Q'(y,)=0, j=1,..., m—1, a contradiction.

THEOREM 16. All values of m and [ that satisfy m+2l=n+2, m=3 are possible
for the problem ..

The proof will depend on lemmas about the basic polynomials of Hermite
interpolation, which are of interest in themselves.
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LEMMA 2. Let numbers « <fB and an integer I=1, 2, ... be given. Let P be a poly-
nomial whose zeros are real and lie to the left of «, and assume that P(x)>0 for
x=a. There exist [ points
(5.3) a<py <--<y<pB
for which the polynomials

(5.4) G(x) = P(x)(x—o)(x—B) Hk (x=y)% k=1,..,1
satisfy
(5.5) Gi(ye) =0, =1,...,1L

Proof. We write «=y,, B=y,, 1, and study the polynomials (5.4) for an arbitrary
choice of the points y;, j=1,...,[, with yo=y; £ - 2y 2y141. We define z,,
k=1,...,1in the following way. If y,_;=y,,1, We put z,=yx_1=)r+1, and have
Gi(z,)=0. If y,_1<y.,1, there exists, by Rolle’s theorem, a unique z;, y;-1 <2z
< Yi+1, for which Gy(z,)=0. First of all we prove:

(5.6) Zy é Zit+1s k = 1,. . .,I.

First let z,, ; =y, 1, then (5.6) follows from the definition of z,.
In the general case, let

H(x) = PO)x—a)x—=B) [ (=)

j#k, k+1
Differentiating,

Gi(zk+1) = H'(Zir 1) 2+ 1= Vier 1)* +2H (2ic4 D@ 1= Y+ 1)
Gir1(Zkr1) = H'(Zes D) @i 1= Y)? +2H (214 ) (Zr1— i) = 0,

and eliminating H'(z, 4 1),

.7

(5.8) Gz 4 1) (Zkr 1= V) = 2H(Z4 )i 1= Vier D) Ve 1= Vi0)-

Let zy, 1 # V41, this implies that also z,, 1 # Vi, Zks17 Vies+ 2. W may assume that
Z+1<YVis+1, fOr otherwise (5.6) is obvious. Since H(z, ;) <0, we derive from (5.8)
that G(z+1)=0. Now G,(x) is negative on (e, 8), and strictly decreasing for
Yie—1 <X <2z, strictly increasing for z, <x <y,,,. Hence we have z, <z, ;.

We now consider the subset of S of the /-dimensional space R' that consists of
all points (y,, ..., y,) satisfying a<y, <--- <y,<B. The set of S is compact and
convex. For given P, «, B, I we consider the map of S into itself defined by

(5'9) (y1,---,.}’t)—>(21,-~,21)~

The map is continuous; to show this, we consider z, as a function of the point
(Y15 .- -> ) €S. Let (34, ..., 7) be a fixed point of S with the corresponding Z;
and the polynomial G,. For a given 8>0, we shall find a neighborhood U of
(71, ..., ) in S, so that for all points (ys, ..., y) of U, |zx—Z| < 8. If Jy1=Fk+1,
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this follows from y,_; <z, <y;,;. In the case y,_; <Z,<j,,;, we can assume
that 8 satisfies 7_; <2, —28 <Z,+28 < J,1. In the interval I=(z,—§, z,+9), Gy
has the simple zero Z,. Hence, for some p >0, Gy, takes values > p and values < —p
on I. Let U be so small that for (yy,...,») € U, |y.—5| <8, i=k, k+1, and that
|Gi(x)— Gi(x)| <p, a<x=<PB. Then the interval (y, yr+1) contains I, and Gy
changes sign on I, so that z, € I and |z, —Z,| < 8.

It follows that the map (5.9) has a fixed point: z,=y,, k=1,..., [ For this
fixed point we have the strict inequalities

(5.10) <y <---<y<§B

Otherwise there is a k, 1 <k </ for which y,_;=y,<yr.1. Then z, satisfies y,_,
<z <Yr+1, & contradiction, in view of z,=y,.

Let x5,..., Xm, V1, ..., be distinct points of the interval [a, b], let m+2/
=n+2, we consider the basic polynomials F;, G,, H; of the Hermite interpolation
of degree n+1, with knots x;, y,. These are polynomial of degree (at most) n+1,
defined by the relations

F(xi) = Sy, F(y) = Fi(y) =0,

G.11) Gfx;) = 0, G{(y) = S, Gi(yr) = 0,
H{x) =0, H{y) =0, Hi(yn) = 8,
Lk=1,...,m; h=1,..,1

LEMMA 3. If points x, < - - - <Xp_1 <Xp are given, m2 2, there exist y;, j=1,...,1
(5.12) Xme1 <Y1 < o0 <Y < Xy
for which the Hermite polynomials (5.11) have the properties:
(5.13) The polynomials G;, j=1,...,1are of degree n.
(5.149) The leading coefficients a; of H;, j=1,...,1satisfy a; < 0.

Proof. We select y,, ...,y according to Lemma 2, taking a=x,_,, B=Xp,
P(x)=]1r-2 (x—x;). The polynomials F;, H; are chosen in the standard fashion.
The G, are defined by

(5.15) Gi(x) = by H (x—x,) 11;1 (x—y)3  k=1,...,1
where the b, are taken to satisfy G,(y,)=1. Then condition (5.13) will be satisfied:
the degree of each Gy is m+2/—2=n.

The polynomials H; are of degree n+1; they do not vanish identically, hence H;
has simple zeros at x;, i=1,..., m, y; and double zeros at y,, k#j. At y;, H;
changes sign from — to +, then remains >0 until x,,, and at x,, changes sign again.
Hence Hy(x) <0 for large x, and a,<0.

Proof of Theorem 16. We take x; < - - - <x,, arbitrarily in [a, b], then y;, j=1,
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vy Dy Xp_1<y1<--- <y, <X, according to Lemma 3. The set B={y;,..., y;} is
possible for £, since the condition (1.8) is satisfied in virtue of m = 3. To check the
condition (4.2) of Theorem 11 we show that there does not exist a polynomial Q
of degree n that satisfies Q(x;)=0, i=1,...,m, Q'(y)>0, j=1,...,1L

Each such Q is also a polynomial of degree n+ 1, and hence has a representation
by the Hermite interpolation formula:

516  0() = 2 OWIEG)+ 2, 00IG)+ > QUIHL).

The first sum is 0, the second is a polynomial of degree n. The last sum has as its
highest term

1
> a,Q'(y)xm,

i=1

and this is not zero by (5.14). Hence a polynomial Q of this type cannot exist.
The method of proof of Theorem 16 can be used for other purposes. For m=2

one can give, by means of our considerations, an existence proof of the Gauss

integration formulas, which is free of the theory of orthogonal polynomials.
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