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HARMONIC ANALYSIS ON CERTAIN VECTOR SPACES

BY
J. KUELBS(*) AND V. MANDREKAR(?)

1. Introduction. Let / denote the vector space of all sequences of real numbers
with the topology of coordinate-wise convergence. For 0 <p <o let /, denote the
subset of / consisting of all sequences which have | x| ={32, |x;|?}*'* finite where
x=(x1, X3, ...). Thus, for 1 £p<oo, we have |- | as the usual norm for /,, and for
O<p<1 it is known that |-||” generates a distance function under which /, is a
complete linear metric space. Our main efforts in this paper are to generalize
Bochner’s theorem and Levy’s continuity theorem to these /, spaces. For p=2 our
work coincides with and simplifies some of the work of L. Gross in [3], [4], and [5],
and is related to the work of V. Sazonov [8], [9]; Ju. V. Prohorov [7], [8]; and to
that of N. N. Vakhania in [10], [11].

It should be mentioned that the case p=2 is brought into our work from two
different points of view. One of these handles the situation for 0<p <2 and the
other for 2<p<oo. In both instances they agree with the work of L. Gross men-
tioned above. The tool that allows us to simplify Gross’ work is a “stochastic
inner product”, defined in §3, which allows the immediate application of usual
measure theoretic manipulations. This idea of a stochastic inner product is suggested
in the work of R. H. Cameron and R. E. Graves [1].

We will frequently think of the /, spaces as being subsets of / and if x € / we define

PNx=(x1,...,xN,0,0,...),

QNx = (0,...,0, xN+1,.. .),
Zx = (0,...,0,xy,0,...).

This terminology is standard throughout the paper.

2. The Fourier transform (or characteristic functional) of a probability measure
1 on the Borel subsets of a linear topological space X is the function ¢(x) on X*
(the topological dual of X') such that

B(x) = f exp {i(x, )} du(y).
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The classical version of Bochner’s theorem asserts that a function ¢(x), x € R,,,
is the Fourier transform of some probability measure on the Borel subsets of R,
if and only if ¢ is positive definite, #(0)=1, and ¢ is continuous at x=0. In /,,
and hence in any real separable Hilbert space, it is possible to introduce a topology
r (which is determined by certain compact operators) such that a function ¢ on /,
is the Fourier transform of some probability measure on the Borel subsets of /,
if and only if ¢ is positive definite, $(0)=1, and ¢ is continuous at zero in the 7-
topology. Here we are, of course, identifying /¥ and /,. The /; result is due indepen-
dently to L. Gross [5] and to V. Sazonov’s earlier work [9].

Before proving our analogue for Bochner’s theorem for /,, 0<p=2, we first
take a closer look at the situation in /,.

An operator on /, which is linear, symmetric, nonnegative, compact, and having
finite trace will be called an S-operator. If T is an S-operator on /, then it is well
known that T has the representation

2.1 Tx = > Mx, en)e,
n=1

where {e,} is some orthonormal subset of /5, A,=0, and >_; A, <oco. The S-opera-
tor T also has a representation as an infinite symmetric positive-definite matrix
T={t,} where by positive-definite it is meant that >}, #;x;x, =0 for any integer
n and any x € R,. Furthermore, t,,=(Tf,, f;) where f; is a sequence of all zeros and
having 1 in the jth position and hence 22, ;=22 A;<co where the A;’s are as
in (2.1). From the representation in (2.1) it is easy to verify that (Tcx, cx)'/2
=|c|(Tx, x)"'? for any real number ¢ and (T(x+y), (x+y)"2<(Tx, x)"2+
(Ty, y)*'2. Thus (Tx, x)''? is a seminorm on /,. The 7-topology on /; is the topology
generated by taking as a subbase all translates of all sets of the form

{xel, : (Tx,x) < r}

where r>0 and T is an S-operator.

As mentioned above, Gross [5] and Sazonov [9] have proved an analogue of
Bochner’s theorem which states that continuity in the r-topology at the origin
is necessary and sufficient for a positive-definite complex-valued function ¢ on /,
with ¢(0)=1 to be the Fourier transform of a positive finite measure. The following
lemma demonstrates that r-continuity on /, is equivalent to ordinary continuity
and continuity with respect to a certain directed set of distributions.

LEMMA 2.1. Let ¢(x) be a positive-definite functional defined on I, such that
#(0)=1. Then ¢(x) is T-continuous at zero (and hence everywhere on L) if and only
if $(x) is continuous in the norm topology and

@2 #0) = lim | (o, d)
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where Moy, -) denotes any Gaussian measure on Py(l;) with density
N -1/2 1 N 12
[(2#)"’ I_I 0?&.1} -exp {_i Z T}
i=1 j=1 N5
such that max, <,<y 0% ; tends to zero as N tends to infinity.

Proof. Suppose ¢ is continuous on /; in the 7-topology. Then we have for each
e>0 an S-operator such that x € E={x : > _; t;;x;x;<1} implies |1 —¢(x)| <e.
Thus if

Ay = fl [1 = $() Ny, dx)
we find

x|

IIA

et2 f oy, dx)
Ec

Y

e+2 Z t,,x;x,A(aN, dx)

2 1,j=1

N
8+2 Z tjjaf,],f

j=1

IIA

IIA

S e+2 fnax, of.s Z 273
Hence lim supy |A4y| < ¢ so actually Ay tends to zero, and r-continuity of ¢ implies
(2.2) holds.

Since ¢ is positive definite and norm continuous it follows that ¢(P.(-)) is a
continuous, positive-definite function on / for k=1, 2,.... Thus there exists a
probability measure p on the Borel subsets of / whose finite dimensional distribu-
tions are determined by ¢(Pi(-)), k=1, 2,.... Hence

N = f, [1 —exp {—% 2 o?v.fx?}] du(x).

Now limy Ay=0 implies >7_; 6% ;x7 tends to zero in u-measure as max,<;<y 0%,
tends to zero. This implies >;2, x? is finite for almost all x € / with regard to the
measure p so u(ly)=1. Hence if ¢(x)=[ 15 €XP {i(x, ¥)} du(y) we find $(x)=¢(x) on
P, () for k=1,2,.... Since both functions are continuous on /, and U2~ P/,
is dense in /, this implies y(x)=¢(x) on /,. Thus ¢ is the Fourier transform of u
and hence

$(x) = f exp {i(x, )} du(y).

Let £>0 be given and choose a compact set K</, such that u(/; — K) <¢/2. Then

1-Red() = [ [1=cos (51 du(y) < 5 [ (5207 du)+5



216 J. KUELBS AND V. MANDREKAR [May

and if we denote by T the S-operator determined by the relation

(mn=LmW@m

it follows that (Tx, x)<e implies 1 —Re ¢(x) <e. The 7-continuity of ¢ at zero
now follows since

[1-4(x)|* = 2(1—Re ¢(x)).

Thus continuity in the -topology for positive-definite continuous functions on
I, is equivalent to continuity with respect to a certain directed set of Gaussian
distributions. This motivates our next result which generalizes Bochner’s theorem
to /,, 0<p=2. In view of the previous lemma this agrees with the known results
for p=2in [5] and [9].

A function ¢ on ¥ will be called sequentially weak-star continuous if for each
sequence {x,} in /5 satisfying lim, (y, x,)=(y, x) for every y € /, and some x € I¥
we have lim, ¢(x,)=4¢(x).

THEOREM 2.1. Let 0<p=2 and suppose ¢(x) is a function defined on I¥ (®).
Then ¢ is the Fourier transform of a probability measure on I, if and only if ¢ is
positive definite, $(0)=1, ¢ is sequentially weak-star continuous, and

23) #(0) = lim fl $(xX)A;(en, dx).

Here MA(ey, -) denotes any stable distribution on Py(I}) whose Fourier transform is

N
(..., ty) = CXP{— Z 8N.J|’j|p}
i=1

where the ey ;s are positive and max,<;<y ex,; tends to zero as N approaches
infinity.

Proof. Let B(ey)=| i3 P(¥) (e, dx). Since ¢ is positive definite, $(0)=1, and
¢ is continuous on /¥ there exists a probability measure u on / whose finite-dimen-
sional distributions are determined by ¢(Pg(-)) for K=1, 2, .. .. Therefore,

B(ey) = f B (o, )

N

B J:" ap J: exp {i(x, )} du(y)A(ey, dx)

= '[ J‘ . CXp {i(x, y)}’\p(eNs dx) d,‘"(y)
1 JPNQp)
= f, exp { —,Zl eN.lellp} du(y).

(®) If 0<p=1 then I} =I., the space of bounded ‘sequences, with the usual sup norm.
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Since B(ey) tends to $(0)=1 when max;<;<y ey,; tends to zero as N approaches
infinity we find max;<;<yey,; 20=1|ys|? tends to zero in p-measure. Thus
> 521 |y4|? is finite with u-measure one. In other words, u(/,)=1. If

$(x) = f exp {i(x, )} du(y) for xel¥

P

then $(x)=¢(x) on | Ug-, Px(/5) and since both ¢ and ¢ are continuous on ¥ it
follows that ¢ actually equals ¢ on /¥, and hence is the Fourier transform of w.

On the other hand, if p is a probability measure on /,, then it is trivial to verify
that

$(x) = f exp {iCo M} du(y)  (xel)

is positive definite, continuous, and that ¢(0)=1. Further,

12 B = | exp{—; en,,lyflp} du(y)

N
> exp < — max rL d
> ﬁ p{ max e Zl nyl} ()

and the last integral converges to one so B(ey) tends to #(0)=1 in the manner
indicated.

In our investigation of probability measures on /,, 2<p <o, via Fourier trans-
forms, we found the following concept useful. A family of probability measures
{te : «€ A} onl,, 2= p <0, is a A-family for some A in the positive cone of /¥, if for
every ¢, 8 >0 there is a sequence {ey} such that

p.a{yel,,: Z ANYE < 8} > 1—¢

i=N+1
implies
,ua{yel, : z |nlP < 8} > 1—(e+ey)
i=N+1
where limy ¢y =0.

It is quite clear that any family of probability measures in /, is a A-family for
A=(1,1,..).

We also need a generalization of the r-topology to /, (1/g+1/p=1). If 2Sp <00
then a linear operator T from /, into /, is an S,-operator if T can be represented as
an infinite symmetric positive-definite matrix (7;,) such that >2, (¢;)*/2 is finite.
Here, by positive-definite, we mean that >7;_, #,x,x;20 for all x € R, and all
integers n. The 7,-topology 2<p<oo, is generated by taking as a subbase all
translates of all sets of the form {x € [} : (Tx, x)<r} where r>0 and T is an S,
operator. Thus the 7,-topology is the r-topology.

The next theorem is a generalization of Prohorov’s result [7] which handled the
case p=2.
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THEOREM 2.2. A family {u, : « € A} of probability measures on l,, 2<p <0, is
conditionally compact if and only if"
(a) For every p, and >0 there exists an S,-operator T, . such that for x € I}

Re (1 —¢(x, /"’a)) = (Ta,exs x)+e

where ¢(-, p,) is the Fourier transform of p,.
(b) The norms of the operators T, . are uniformly bounded by a constant M,.
(c) limy sup, 2=y (£%2)"'2=0.
(d) {u. : « € A} is a A\-family for some X in the positive cone of I;,.

The proof will depend on the following lemmas.

LemMMA 2.2. If {p, : a € A} is a conditionally compact set of probability measures
on l,, 2<p<oo, then {u, : « € A} is a A-family for any X in the positive cone of Ifs.

Proof. Let ¢, § be given and choose A € [}, where A, >0 for k=1,2,.... Since
{1q : @ € A} is conditionally compact there exists a compact set K of /, such that
1o(K)>1—¢ for each « € A. Thus there exists an N such that for each « € 4

,ua{xel,,: Z |x,]P < 8} > l—e,

Jj=N+1

so clearly {u, : @ € A} is a A-family.

LEMMA 2.3. If {u., « € A} is conditionally compact then conditions (a), (b), (c),
and (d) of Theorem 2.2 hold.

Proof. That (d) is true follows from Lemma 2.2. Let ¢é>0 be given. Since
{uq : @€ A} is conditionally compact there exists a compact set K such that
po(K)>1—¢/2 for every « € A. Now

Re (1403, wo) = Re [ [ 11=exp {iGx, )|

- J; [1 —cos (x, )1 du.(y)

IIA

% J; (%, )? dpo(y) +e.

Let T, .=(t{®) be the operator given by the matrix with #§*=% & xix; dpa(x)-
Clearly T, is positive definite and symmetric. Hence T, , is an S,-operator from
I¥ into [, since

© 0 1 /2 ©
Syt =S (5[ xtaun)” s 3 [ bl duto
i=1 i=1 K i=1 JK

(2.4)
= [ 1l ) 5 sup 1l
K xeK
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and the last integral is finite because K is a compact subset of /,. Hence (a) holds.
Since the norm of T, . is dominated by

© 2 2
[ 5 ceor] = [sup 1ot
i=1 xeK
we have (b) and (c) following from (2.4).

LEMMA 2.4. If {u, : a € A} is a A-family of probability measures on I, for some A
in the positive cone of I}, then {u, : « € A} is conditionally compact if:

(i) For every integer N the Fourier transforms ¢(Pyx, p,) are equicontinuous at
zero in Pyly¥.

(ii) limy sup, lim, Jy [l — Re ¢(x, n,)1=0 where

Juali 1= | LN, K, dx)
(PN +k=PN)lp

and X(N, k, -) is the Gaussian product measure on (Py , . — Py)l¥ with each coordinate
x;, N+ 1=Zi< N+k, being Gaussian with mean zero and variance ;.

Proof. Since é(-, u,) is the Fourier transform of u, and A(N, k, -) is symmetric
about zero it follows that

1 N+k
Iusdi ~Re gt ) = [ [1-exp{ =3 5" aot}] duso)
Ip i=N+1
Thus (ii) implies that
. 1 3
(2.5) lim sup [1 —exp<.—= Z Ax? ] dug(x) = 0.
N o« Ji, 2 N+1

Let0O<8<1,e>0begivenandlet Ey={x€l, : D7, Axf<8/2}.Sincet[2<1—e",
0=t<1, it follows that

wt) = 1=z 13 [ [1-ew{=3 3 rat}]dato

i=N+1

8 1 <
= I—SL [l—exp{—i Z /\ix?}] dpy(x) = 1—38

N+1

for all « € 4 and all N sufficiently large due to (2.5). Since {u, : @ € 4} is a A-family
we know there exists an M such that for all « € 4

S 2
(2.6) .”'a{x €ly: Z BALIES } = 1—_33'

M+1

By (i) we have x, ..., x;, € Py(l,) such that
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for all « € A where S(x, y)={y €/, : |x—y|® <y}. Combining (2.6) with the above
we see that for all « € 4

,La{kgl S (e 8)} > 1—e.

Thus {, : « € A} is conditionally compact [7, p. 170] and the lemma is proved.

Proof of Theorem 2.2. If {u, : « € 4} is conditionally compact, Lemmas 2.2 and
2.3 demonstrate that (a), (b), (c), and (d) hold. Now if (a), (b), and (c) hold then
(a) and (b) imply (i) of Lemma 2.4 and (a) and (c) imply (ii) since

lim sup lim Jy . [(T,,cx, x)+¢]
N a k

= e+lim sup lim (T,,ex, X)MN, k, dx)
N a k JPyir-Puip
N+k
— e+limsuplim > f 1%, X(N, k, dx)
N o k 4;i¥+1 JPysk—-POI
)
= e¢+lim sup Z NSO,
N @ j=N+1
That is, since A=(A;, A3, ...) is an element in the positive cone of I*, we have,
by (c), that

1 (a,¢€)
]11131 sgp i=g:+ . A,
and hence (ii) holds. Finally, (i), (ii), and (d) imply that {x, : « € 4} is conditionally
compact so Theorem 2.2 is proved.
We now turn to Bochner’s theorem on /,, 2<p <oco.

THEOREM 2.3. A function ¢(x) defined on I} is the Fourier transform of a probability
measure on the Borel subsets of 1,, 2<p <o, if and only if
(i) #(0)=1 and ¢ is positive definite on I¥.
(ii) ¢ is continuous at zero in the t,-topology on I¥.
(iii) The family of measures {u,} corresponding to ¢(P,(-)) is a A-family for some
A in the positive cone of .

Proof. If n is a probability measure on /, with Fourier transform ¢ then ¢ clearly
satisfies (i). Let ¢>0 be given and choose a compact set K of /, such that u(K)
>1—¢/2. Then for x € I}

[ t—cos i) 5 [ (o dur)+e
@7 ’

IIA

1 [
5 2 x‘x/J' iy du(y) +e.
=1 K

Now let T=(t,;) where t,;= [, y,y, du(y). Then

Sarr =5 ([oran)” = 3 [ ki = [ 1l dun < 0
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and this implies, using (2.7),
[1=¢(x)|* = 2[1-Re ¢(x)] < (Tx, x)+e

for any x € I¥. Thus ¢ is r,-continuous at zero and (ii) holds. We now need only
show that {u,} satisfies (iii). Let f be any bounded continuous function on /, and
notice that u,(4)=pu(P,; 1(4)) for every Borel set A. Thus

tm [ fduy = lim f SP)) dulx) = j fdu

n

and hence {u,} converges weakly to u. By Lemma 2.2 {,} satisfies (iii).
If (i), (ii), and (iii) hold we show that Theorem 2.2 is applicable to the sequence
{pn}- Let >0 be given. Using (ii) there exists an S,-operator T°¢ on /¥ such that

1—Re ¢(x) £ (Tx, x)+e.
Since ¢(x, u,)=¢(P,x) we see that
1—Re ¢(x, py) S (TP,x, Ppx)+e = (T5x, x)+¢

for n=1,2,..., where T¢=P,T¢P,. Thus (a), (b), (c) of Theorem 2.2 hold and
(iii) is equivalent to (d) so {u,} is a conditionally compact sequence of probability
measures on /,. Hence if {u,,} is a convergent subsequence of {u,} converging to
the measure p on /, then ¢(x, p,,)=¢(Pn (%)) so limy ¢(x, w,)=4(x). This implies
the Fourier transform of u is ¢(x) and the theorem is proved.

We now consider some easy examples which indicate the independence of the
conditions (i), (ii), and (iii) in Theorem 2.3. The first example shows that (i) and
(iii) do not imply (ii). Let 2 < p < co and assume ¥(x), x € [¥, is the Fourier transform
of a probability measure p on /,. Let ¢(x)=y(x) if x € U~ P(/¥) and be zero
elsewhere. Then ¢ satisfies (i) and since ¢(P.(-))=¥(P.(-))=4(-, ) and {u,}
converges weakly to p it follows that {u,} is a A-family. Furthermore, ¢ is not
continuous at zero in the norm topology of /¥ and hence not in the r,-topology so
(ii) does not hold. The second example shows that (i) and (ii) do not imply (iii).
Take p=4 and consider the probability measure x on / such that the coordinates
are independent functions each with distribution

wyel:ye= 1 =1k, wlyel:y, =0} = 1-2/k

Now ¥ =1, so for x € [,;3 we have

#) = [ exp {iCx, ) ) = [T [[ et dutn]®
(2.8) =1 M

= I_I [l —]% (1 —cos x,,)]

(%) This integration will be justified in the next section after Lemma 3.1.
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and since 0= 1—cos #=<¢2%/2 we have

i cos [ —cos x;] i ﬁ

because x € l;3<l,. Thus ¢ satisfies (i) and is continuous in the norm topology on
lys. For x € Pyly;3 we have

2
i

s 2
& i

and the last term is finite for x € /3= /,. Let T=(¢;;) where ¢,,=1/i and ¢;;=0 for
i#j. Then (Tx, x)=>3, x¢[i for xely3 and >, (1/i)?<c0, so T is an S,-
operator such that for x € Pyly;

[$(x)—1]% = (Tx, x) N=12...).

|aﬂ—u2ézﬁu—amudm¢&wéjkxyy¢mw >

Now both sides are norm continuous functions on /3 and since Uy- 1 Pylys is
dense in /3 we have |¢(x)—1|=(Tx, x) for all x €ly3. Thus ¢ satisfies (ii) of
Theorem 2.3. Using the Borel-Cantelli lemma it is clear that

#{yeh 2 Il < 00} =0
k=1

for all p=2 and in particular for p=4 so (iii) cannot hold.

This last example contradicts a conjecture of Ju. V. Prohorov and V. Sazonov.
In view of the results of [10] and [11] they seem to imply in [8] that continuity in
the S,-topology would be sufficient for a positive definite function ¢, with ¢(0)=1,
to be the Fourier transform of a probability measure on /,. Our example shows
that this is not enough.

3. For each p, 0<p =2, we denote by A, the probability measure on the Borel
subsets & of I formed by taking the product measure on / such that the coordinate
functions have independent symmetric stable laws with Fourier transform

exp {—3¢[7}.

LEMMA 3.1. If p is a probability measure on the Borel sets € of I,, 0<p=<2, then
the function

N
(x, ) = lim 2 xc
N k=1

is a # x €-measurable function on Ix I, where x=(x, x,, ...), y=(y1, Y2, - - .), and
O x|, )| <0} =1.

Proof. Let F(x, y)=(x, y) if (x, y) exists and is finite, and be infinity otherwise.
Then F(x, y) is # x ¥-measurable (it is the limit of # x ¥ measurable functions),
and if E={|F(x, y)| <o} then we claim (A, x u)(E)=1. To see this notice that for
each y € [, we have Z,(x)=x3y1, .. ., Z(X)=X Y, . . . @ sequence of independent
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stable random variables such that

f, exp {itZ,(x)} dM(x) = exp {— 4|yt |7},

Hence 7.1 Z, converges in distribution, and hence almost everywhere, to a
stable random variable with Fourier transform

1 Ld
exp {—5 2, kal"ltl’”}
k=1

Thus for fixed y € I, F(x, y) is finite for almost all x € /. Since F is jointly measur-
able the set E is jointly measurable and

QoxiXE) = | p [[ 6. 9) ar)] ) = 1

since the inner integral is one for all y € /,.

Henceforth we will use (x, y) in both the usual sense when x, yel; or x€l,
and y €/, or in a “stochastic sense” such as defined in Lemma 3.1. The task of
deciding which way the inner product is being used is trivial and hence will not
always be mentioned. For example, the stocastic inner product used in (2.8) can be
rigorously obtained by repeating the proof of Lemma 3.1, and the second equality
is then only an application of the bounded convergence theorem.

If p1 is a measure on the Borel sets of /,, 0<p<2, and

0 = [ ewlidu) e

then ¢ is a Borel measurable function on / which is finite almost everywhere with
respect to the measure A, and which is equal to

$(x) = f exp {i(x, )} du(»)

for all x € I*. Thus ¢ is an extension of ¢ from /* to /. When dealing with ¢ we will
always choose a version which agrees with ¢ on I* and we will refer to § as an
extended Fourier transform.

We now state the continuity theorem for /,, 0<p<2.

THEOREM 3.1. If 0<p=2 and {u} is a sequence of probability measures on I,
with Fourier transforms {$,} defined on I}, then {u,} converges weakly to a measure
p with Fourier transform ¢ if and only if §, converges in probability to § with respect
to the measure A, and {¢,;} converges to ¢ on I*.

Actually, Theorem 3.1 is not quite equivalent to L. Gross’ result (the case p=2),
and in §4 we will obtain the equivalent result for p=2. We wish to point out that
our proof will depend only on the stochastic inner product we have defined, and
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the great smoothness of 7-continuous functions (see Lemma 4.2). This contrasts
very much with the highly analytical proof given by Gross. We first proceed with
several lemmas and the proof of Theorem 3.1. The first lemma uses an idea from
J. Feldman’s [2].

LemMA 3.2. If {pn, : « € A} is a family of probability measures on I,, 0<p=<2
such that
lim supJy (1) =0
N—-w;y]0 @
where

Tue) = [ 1=exp {=3lyPu+ QuxlP}] i)

then {u, : o € A} is conditionally compact.
Proof. Let £¢>0,0<8=1 be given and define
E = {xel,: |yPyx+ Qunx| = 8/2}.

If0<t=<1thent/2<1—e!so we find

halE) 3 4(5) [ 11=exp (= 4P+ QurlPH dus) = 25 i)

By our condition there exists Ny(e, 8) and yq(e, 8) such that N= N,, y <y, implies

Inope) S &(8°[2°%2)  (a€ A).
Thus
padX €L, ¢ [yPyx+ Onx|| < 82} 2 1—¢

for y<yo, NZN,, and all u,. Further, x € EC implies |Pyx| <(8/2y), so we let
X1, ..., X, be in Pyl, such that |x;| <8/2y and such that for all x €/, with |Pyx|
< 8/2y we have

1 — .
min [Pyx—x| < /2.

Then p{\Jj-1 S(xj, 8)}=1—e for all u, where
S(x,8) ={yekh:|y—x| <8}
That is,
S8 ={yeb:ly—xl <8 2{yel: |Pvy—x < 82, [Qwy| < 8/2}
and hence E°<|J}-, S(x;, 8). Thus {u, : « € 4} is conditionally compact.
LEMMA 3.3. If {w.} is a sequence of probability measures on I, such that {§,}

converges in A,-measure to ¢ where ¢ is the Fourier transform of a measure p in I,
then

lim sup Jy () = 0.
N—-o;y}0 k
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Proof. First of all observe that

ki) = f [l —exp {—3]yPxy+ Quy|7}] din(»)

- j [ — G yPux + Qu)] dA(x).
Thus
lim Jy () = f [l — $(rPyx + Qyx)] dA(x)

since {$,} converging in A,-measure to ¢ implies {¢, o T.,} converges in measure
to § o Ty, where Ty ,(x)=yPyx+ Qux. Hence

lim supJuGu) = lim [ 1= BrPer+ Qul dr)

N—=wo;7}0

lim j Tl—exp {i(/Pwx-+ Qux, Y} du(y) d1y(x)

N—o;y{0
= im0 —exp{—4]yPxy+Quy["H du(y) = 0

as was to be shown.
Proof of Theorem 3.1. We first assume {g,} converges weakly to u on /,. Then
lim,, ¢,(x)=4¢(x) on I} and

[tz an, = [ 1 ar,— [ bubar— [ i ar,+ [ 19 a,

where ¢, §, are the conjugates of § and §,. Furthermore, {x,} converging weakly
to p implies {u, X u,} converges weakly to u x p and hence

tim [ 1802 dt, = tim [ [ e duy(y)- [ e dunfa) o)
1 k JiJdiy Ip
= lim f f [ e172 a0, diny) diat2)
1, Jip i
—tim [ [ exp (=31y=21") duu(s) di(2

[ [ oty dur) dute)
= A.

Similarly, [, ¢4 dA, and [, §$ d), both converge to 4 as k approaches infinity.
Thus we have {¢,} converging in mean-square to $, and hence {¢,} converges to
é in A,-measure.

On the other hand, if {$,} converges to ¢ in A,-measure on / where ¢ is the Fourier
transform of a probability measure on /, we know, by applying Lemmas 3.2 and
3.3, that {u,} is conditionally compact. Hence there is a subsequence {,} converging
weakly to a probability measure v with Fourier transform . Then $=lim; ¢, =4
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and hence {w,} converges weakly to p by the uniqueness of the Fourier transforms
for measure on /,. Furthermore, this shows that any convergent subsequence of
{u} must converge to p and hence {u,} actually converges to u because every sub-
sequence has a convergent subsequence going weakly to u.

4. We now turn to the special case p=2 and prove the continuity theorem given
by L. Gross in [5]. As mentioned previously, our proof mainly depends on the
stochastic inner product and the smoothness of r-continuous functions on /.
This is in contrast to the analytical approach of L. Gross [5] and J. Feldman [2].
The Gaussian measure A, on / will be denoted by P(-) throughout this section.

LeEMMA 4.1. Let T be an S-operator on l,. Then T(x)=72; yi(x, «;)o; where y;>0,
>y <0, {ay, @y, - - -} is an orthonormal family, and

(Tx, x) = Z yi(x, o)?

is finite on a linear subset of | of P-measure one. Furthermore, if
Zy(x) = (TQnx, Oyx)
then limy Zy(x)=0 on some linear subset & of | such that P(&)=1.

Proof. Since T is an S-operator the given representation for T is well known.
That (Tx, x) is finite on a subset of measure one follows since {(x, «;)} is a sequence
of independent Gaussian functionals with mean zero and variance one, and since
>4y <oo. The linearity of this subset follows since

(T(x+y), x+y) < {(Tx, x)2+(Ty, y)2}2.

The linearity of the subset of / where limy Zy(x)=0 follows in the same way.
Hence all that remains is to show that limy Z,(x)=0 for almost all x € /. First we
observe that

E(Zy(x)) = Z YE(Qyx, @) = Z ()

so limy E(Zy(x))=0.
Furthermore, {Zy)y is a reversed submartingale so the convergence to zero
almost everywhere (P) follows. That is, for all A € B(Zy,1, Zyi2, .- )

[ E@ 2o Zusss. ) dP = [ ZudP = [ S n(@u w2 ap
= 3 [ 7 1@rax )+ @uear, )V dP
= Zw L {(Pos1x, 4P +(Qus1x, )} dP
2 3 [ (Quex, dp

= f Zyy,dP
A
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where the equality preceding the inequality follows since (% 41X, ;) and (Qy 41X, &)
are independent with mean zero and A € #(Zy 1, Zyy 3, - - -). Thus

EZy| Zwsrs Zusns ) 2 Zuss
so {Zy} is a reversed submartingale [6, p. 393].

LeMMA 4.2. If é(x) is uniformly t-continuous on I, then ¢(x) can be uniquely
extended, call the extension ¢, to be uniformly continuous on a linear subset & of |
such that

@) P(&)=1.
(ii) For x € & we have $(x)=limy $(Pyx).
(iii) limy_, o:y—o0 $(yPxx+ Qyx) = $(0) = $(0) for x € &.

Proof. Since ¢(x) is uniformly r-continuous there exists, for each integer k,
an S-operator T}, such that if E,={x e/, : (T;x, x) <1} then

$(y+x)—9¢()| < 1k (x€Ey, yely).

Choose at least one T such that (7},x, x) >0 unless x=0. Let
éak = {xEI . (TkQNx, QNx) < o fOl‘ N = 0, 1, 2, ey llm (TkQNx, QNx) = 0}
N

for k=1,2,....
Then P(€,)=1 and &, is a linear subset of I If £="\;-, &, then P(£)=1 and &
is also linear. We define a topology on & by taking as a base & translates of sets

of the type
U={xe&: (Tiy+ - +T)x,x) <r}

where 0<r<oo and {i, ..., i;} runs over finite subsets of the integers. That &
is actually a base is easily verified. By Lemma 4.1 it follows that /, is dense in &,
and since ¢(x) is uniformly continuous on /, with respect to the topology induced
by & it follows that ¢(-) has the unique uniformly continuous extension $(x)
=limy ¢(Pyx) for x € &. Furthermore, property (iii) holds for ¢ since

li]Ile (T.Qnx, Oyx) = 0

fork=1,2,... and xe &.

Now if ¢ is the Fourier transform of a probability measure p on /, then ¢ is
uniformly 7-continuous and hence by Lemma 4.2 ¢ can be extended to be uniformly
continuous on a linear subset & of / such that P(6’) = 1. However, we have considered
another extension of ¢ which we called the extended Fourier transform of . In
this sense ¢ was defined to be

) = [ expliCemduy)  (xed.

The next lemma shows that these two definitions agree with probability one.
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LEMMA 4.3. Let ¢ be the Fourier transform of a probability measure p on I,.
If § and & are as in Lemma 4.2, and if

$(x) = f exp {i(x, )} du(y)  (x€l),

2

then Y(x)=(x) on a linear subset V of I such that P(V)=1.

Proof. First of all we see that limy (Pyx, y)=limy (x, Pyy)=(x, y) almost every-
where (P xp) so by the bounded convergence theorem limy ¢(Pyx)=y(x) on a
linear set E of / such that P(E)=1. However, by Lemma 4.2 §(x)=limy $(Pyx)
for all x e & where P(€)=1. Thus (x)=¢(x) for all xe V=E N & and, clearly,
V is a linear subset of / such that P(V)=1.

The next lemma is contained in the work of L. Gross [5] but for the sake of
completeness we include its proof.

LEMMA 4.4. If n and v are probability measures on l, then p=v if and only if their
extended Fourier transforms & and s are equal with probability one on .

Proof. If u=v it is obvious that § =4 almost everywhere (P) on /. The converse
goes as follows. If u#v and ¢ and ¢ are the usual Fourier transforms of 4 and v,
then there exists an x, € /, such that ¢(x,) # ¥(x,). Let h=¢ —i and assume without
loss of generality that h(x,)=2a>0. Let

I={xel,: h(x) > a}.
Now h is 7-continuous on /, so there exists an S-operator T such that if
H={xel,: T(x—x¢, x—x,) < 1}

then Hel. If T(x, x)=>, yi(x, «)? where {a,, ay,...} are orthonormal, y;=0,
and >, v, <oo we define

a= {xel: Z%(X—xo, a)? < l}.
Since
h(x) = $(x)—¢(x) = 1211 [B(Pyx) —p(Pyx)] = li;,n h(Pyx)

it follows that h(x)=$(x) —f(x) = a> 0 for almost all x € 4. This is a contradiction
if P(H)>0. Now

P{xel: Zy‘(x—xo, )? < 1}

N ©

z P{ > ylx=xo, o) < L and D plx—Xo, ) < 1}
i=1 2 i=N+1 2
N ) 1 © . l

=P Z Yilx — Xo, ;)% < 3 P Z yi(x — X0, @) < 3
i=1 i=N+1

>

P{ii yi(x —xo, )% < %}[1—-{ i . y,]

=1
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where the equality holds because {(x — x,, )} is a sequence of independent Gaussian
random variables and the last inequality follows by Cebysev’s inequality and the
fact that E[(x — x,, ¢;)?]=1. Hence for N such that [l —2 > ., y:] is positive, we
have the last quantity as a product of two positive numbers and we see that
P(H)>0. This is a contradiction so u=v as was to be proved.

We now prove Gross’ result for /.

THEOREM 4.1. If {w,.} is a sequence of probability measures on l, with Fourier
transforms {$,;}, then {w,} converges weakly to a measure . if and only if {$,;} converges
in probability to § for some T-continuous ¢ on ly such that $(0)=1.

Proof. If {u,} converges weakly to p then {¢,} converges in probability to &,
the extended Fourier transform of u, by the first part of Theorem 3.1. Furthermore,
#(0)=1 and ¢ is r-continuous on /,. Conversely, we assume {§,} converges to {¢}
in probability, where ¢(0)=1 and ¢ is 7-continuous on /, (here, of course, ¢ is the
continuous extension of ¢ as given in Lemma 4.2). Let Jy (1) be as in Lemma 3.3
with p=2. We now verify that

lim supJy,(u) =0
N-oow;y{0 k
under the present hypothesis. In fact, the proof proceeds exactly as in Lemma 3.3
except that
lim [1—$(yPyx+ Qyx)1dP(x) = 0
N-w;yi0 J;
because ¢ is a continuous function on a linear subset of / of probability one and by
Lemma 4.2

ylim $yPux+ Qwx) = $(0) = ¢(0) = 1.

Thus by Lemma 3.2 {u,} is conditionally compact, and proceeding as in Theorem
3.1 (along with Lemma 4.4) we see {u,} converges weakly to a measure p with
extended Fourier transform &.

5. The continuity theorem on /,, 2<p <0, involves the concept of a A-family
of measures as defined in §2.

If A is in the positive cone of /%, we will denote by P, the probability measure
on / which has the coordinate functions as independent Gaussian random variables
with mean zero and E(Z.x)® =A,. For p=2 we have /[},=I/, and we can choose
A=(1,1,...) so P, then denotes the canonical Gaussian distribution on / used in
§83 and 4 and in [3], [4], [5].

If w is a probability measure on /, with Fourier transform ¢ defined on /5, then
the P,-extended Fourier transform is defined on / as follows:

$(x) = f exp (e, Y} du(y)  (xel).

Ip
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Using the ideas of Lemma 3.1 and the fact that A € [, it is easy to see that (x) is
a measurable function on /. When dealing with a version of ¢ we will always
assume that it agrees with ¢ on /}.

THEOREM 5.1. Let {u,} be a sequence of probability measures on I,, 2<p<oo,
with Fourier transforms {¢,.}. Then {u,} converges weakly to a measure u with Fourier
transform ¢ if and only if {i,} is a A-family for some X in the positive cone of I},
{$:} converges in Py-measure to ¢, and {¢,} converges to ¢ on I¥.

Proof. Suppose {u,} converges weakly to n. Then {u,} is conditionally compact
and by Lemma 2.2 it is a A-family for any A in the positive cone of /},. Repeating
the argument given in the proof of Theorem 3.1 it follows that {§,} converges in
mean-square to ¢ and hence {§,} converges in P,-probability to . That {4}
converges to ¢ on [ is easy.

Now assume {§,} converges in P,-probability to &. If

ot = [ [1=ew {5 [ 2 2091+ 3 a5t} )

ji=1 j=N+1

- f‘ [1 — G(yPyx + Qux)] dPA(x)

then

lim Hyy(u) = [ 1= ByPy+ Qu)) dPi()

= J:,, [l—exp{—% [12 Ay¥yi+ i A,y?]}] du(y)

j=N+1
and hence

lim sup Hy (pe) = 0.

N—oo;y{0

Thus for ¢, 8 >0 there exists y, >0, N, such that y <y, and N = N, implies

0

N
,uk{xel,D 1 y? Z Axi+ Z AxE < 8} = 1—¢
j=1 j=N+1
for k=1,2,... (see Lemma 3.2 for this type of argument). Since {u,} is a A-family
we thus have for y sufficiently small (y may depend on N) that

pdx €, 2 [yPyx+ Qux|? < 8} 2 1—(2e+ey)

where limy ¢y =0. Then, as in Lemma 3.2, we see that {u,} is conditionally compact
and since {¢,} converges to ¢ on ¥. We have {u,} converging weakly to p.

As a final remark we mention that using the above techniques it is possible to
prove a central limit theorem for independent indentically distributed random
variables in /,, 0 < p < co. In the case 1 < p <2 certain results are given in [7]and [11].
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