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ON THE GEOMETRIC MEANS OF ENTIRE FUNCTIONS
OF SEVERAL COMPLEX VARIABLES(*)

BY
A. K. AGARWAL(?)

Abstract. Let f(zy, ..., z,) be an entire function of the n (=2) complex variables
z1, ..., Zn, holomorphic for |z|=r, t=1, ..., n. We have considered the case of only
two complex variables for simplicity. Recently many authors have defined the
arithmetic means of the function |f(z;, z;)| and have investigated their properties.
In the present paper, the geometric means of the function | f(z,, z;)| have been defined
and the asymptotic behavior of certain growth indicators for entire functions of
several complex variables have been studied and the results are given in the form of
theorems.

1. Let
f(zl"~'azn) = z akl...knzl]c.l"'zlcl"_
k1,...,knZ0
be an entire function of the n (=2) complex variables z,, . . ., z,, holomorphic for

|z]£r, t=1,...,n. Let us denote the maximum modulus of the function
f(zh BRRES zn) as
M(ry, ..., r) = max |f(zy,..., z,)| (t=1,...,n).
2 S 1t

Here we consider the case of only two complex variables for simplicity. The
results can easily be extended to several complex variables.
The geometric mean of | f(z,, z5)| for |z,| <r, (t=1, 2) has been defined as [4]

2n (27
(1.1) G(ry, ry) = exp {(2—31)3 fo fo log | f(ri€*, ree'2)| db, d02}~

Further, let us define

k 1 2 Ty Ty
(1.2)  gu(ry, rs) = exp { ((r r+)"11 fo J:) (x1x2)* log G(x,, x5) dx, dxz},

where k is any positive number.
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The finite order p of an entire function f(z,, z,) is defined as [2, p. 219]

. log log M(r,, ra) _
lim sup —=———=——=
1,72 wp log (r1r2)
Similarly, we can define the lower order A as
lim inf IOg IOg M(rla "2)
Ty, T2+ ®© log (rlrz)

where A=min (A;, A;) and

= A,

A, = lim inf lim inf 128108 M(rs, r5),
rg+0 11— ® IOg (r1r2)

X = lim inf lim inf 108108 M(3, 72)
T rg=© lOg (rlrz)
In this paper we have investigated a few properties of the above defined mean
values G(ry, r5) and g,(ry, r2); the results are given in the form of theorems.

2. THEOREM 1. Let f(z,, z,) be an entire function of finite order p and lower order
A (nonintegral with respect to z, and z,), then

. [sup loglog g(ry, ra) {
@ rllr]:]: © {mf T log(rirg) WX
Proof. From (1.1), it follows that G(r,, r) is an increasing function of (i) r, for
given ry, (ii) r, for a given ry, and (iii) r, and r, both increasing.
Next from (1.1) we have

T k+1
2.2 J; ! ng (x1%2)* log G(x1, x5) dx, dx, < (E‘I::r-lz-)l)z log M(ry, r).

Hence
. sup loglog gi(ri, rs) . . {sup log log M(ry, r5) {
23) fl,lr’fl © {inf log (ryrs) “n lrl;ilm inf T log(rir) X

Further, if f(z;, z;) is analytic in |z;| S R,, |z5] SRy, z;=re' and {;=R;e'®
(=1, 2), then

@4 log|f(z, 29| < f “ f" P(zs, L)P(za, 1) log | /(L Lo)| dy dia,

where

P(z £)=i{ R—r =12
3577 27 | R2—2r R, cos (¢, — 0,)+r2 e

Using (2.4) for an entire function f(z;, z,), we get

@5) log | f(rae®s, raes)| < 2o 224 log GRy, Ro).
-
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Taking R, =ar;, Ry=ar; (¢>1), we have from (2.5)

log M(ry, r3) = {(a+1)/(«— 1)} log G(ar,, ars).
Therefore

log gi(ery, ars) = {(a— 1)/(e+ 1)1 —1/e**1)2 log M(ry/e, ry/e)
= H{lOg M(rl/a, r2/a)}’

where H>0 and is independent of r, and r,. Hence

. sup log log gi(ry, r2) o+ {sup log log M(ry, rs) {
2.6)  lim {inf log (ryrs) = rl,]rz—mo inf T log (rra) A

1,713 ©
Combining (2.3) and (2.6), we get (2.1).
3. Let é(ry, ro) be a “slowly changing” function; that is, ¢(r;, r2)>0 and is

continuous for r, >r, ro>r3 and for every constant /, m>0, ¢(lry, mry) ~d(ry, r3)
as ry or ry, or r, and r,, tend to infinity.

Also let
. [sup loggu(ri, ra) _ {p
on  im (R el ©<asr<m,
and
. sup log G(ry, r5) G(ry, ry) {
6n  im (R = {a ©<dsc<w.
THEOREM 2. If f(z4, z,) be an entire function of finite nonzero order p, then
(3.3) {(k+D/(k+p+1)}’d = q < p = {(k+1)/(k+p+1)}c;
349 ¢ = p{l+p/(k+ DF{1+(k+1)/p}/%*2;

(3.5) c+{p(2k+3p+2)/(k+p+1)2}d < p{1+p/(k+ 1)}*{1+(k+1)/p}20/®+D,
Preof. For 0<n<1, from (1.2) we have

(3.6) log gi(ry+nry, ra+nrs)

k+1)2 T Ny (T N7,
- (rlrz)"gl(l +) ) f f (xxz)" log Glxy, xa) dx; s
3.7 A r§\¥** flog G(r3, ra) | (1+7)***—1) log G(r3, ra+nr?)
3. ) (r_rz)m "1 a +,,))2(k+1\+ (1 +.,7)2(k+1)
r3\“** flog G(ry, r3 )+((1 +7)** 1 —1) log G(ry +ry, 19)
s (1 +7)%+D (1 +7)%+0

k+1D((A+7n)*1-1) i
+( (l(+,,’)2"()k+1) P! J;g xi log G(xy, ry+7r3) dx,

l T
+5— P f x% log G(ry +9ry, x2) dxz}
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(c+e)k+1) (T2
+(r1r2)k+1(1 42D J:g J;g (x1x2)* P h(x1, x2) dxy dx,

@A +y)Frr—1)2

NG

log G(ry+nry, ra+7rs),

where A is a constant,
59 () {oBGhr ()t Dlog Gt rotor)
. ( rr )k+1 1 (1 +7')2(k+1) (1 +n)2(k+1)

(—2)k+1 log G(ry, r9) | (A +n)***—1) log G(ry +ry, rf)
ra (1 47)2**D (1 +n)2e+®

k+1 \ (c+e)(rird)’(1+n)k*i-1)
k+p+1 (1+n)2(k+1)

A{d(rs, ra+nra) +$(ry+nry, ra)}

k+1 2 (c+e)(rira)’d(rs, ra)
k+p+1 (1+7)*E*D

1 4n)e+l—1)2
+«(T_:3]Taﬁ log G(ry+nry, ra+7rs)

from [3, Lemma 5].

Hence, dividing both the sides by {(r,+nri)°(ra+nrs)°¢(ri4+nry, ro+nry)} and
taking limit, we get

. log gi(ry, ra) [{ k+1 2 1
im SUP\ Gara) (s, 1) ktptl) (+aererD

K1) (@) (i1
(3.9) +2{k+p+l (T +7)%%7o7D (T+7)%+D ]

Since 7 is arbitrary, we get
(3.10) p < {(k+1/(k+p+1}2c.
Next, from (3.6), we have

(3.11) log gi(ry+nry, ra+nra)

d—e)(k+1)2 (T2
> (rlr,(;)“fgf +1])2)(k+1) J;o J:o (erx2)e*2g(x1, X2) dx; dx,

d— )k + (1 k+1_ ] r
( X (T_J,%mti? ) {’.k+1 J.o xEtod(xy, rp) dx,

r 2
+,.k11 fl xX5*2¢(ry, Xx3) dxz}
2 3

@A+pFri—1)

B

log G(ry, r2)
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d—e)(rira)°d(ry, r k+1 )2 k+1
~4 3(+ln;)2‘ﬂ1: ? [{k+p+l +2{k+ +l}{(l+ )k“_l}]

1+ k+1_1
+ {—((H-?)W”} log G(r1, r2),

using [3, Lemma 5].
Hence

k+1 K+l ]2,
qz (1+n)2(k+p+1) [{k+ 1 +{(1+7) 1}

Since 7 is arbitrary, we get
(3.13) q 2 {(k+1)/(k+p+1)}d.
Combining (3.10) and (3.13), the inequality (3.3) follows. Also, from (3.11)

(3.12)

2
(et = 1 5 p(tenree s —d[{ 2R o -]

and so for all >0

(3.14) ¢ £ p(1+7)2E+P+DU(1 )11},

The right-hand side of this inequality has the least value when (1+7)*+'=
{1+(k+1)/p}, therefore

¢ £ p{l+ pl(k+ D1 + (k + 1)/ p)2elte+D,
Also, from (3.14) we get

p(2k+3p+2)

et (k+p+1)?

d = p{l + pf(k+ 1)}2{1 +(k + 1)/ )21+,

which completes the proof of the theorem.

4. THEOREM 3. Let f(zy, z5) be an entire function of finite order p and if

: log gi(ri,ra) _ [P

4.1 lim {_sup 2ok b 2 [P,

@D e \inf GaraP 8~ \g
and

4.2 log G(ry,rg) ~ B(rira)°é(ry, ra),
for large values of r, and r,, where B is a constant and 0<q < p < oo and ¢(ry, ;) as
defined in §3. Then
() f(z1, 25) is of regular growth;
(i) k+p+1)2p=(k+1)B=(k+p+1)%q; and
(iii) lim,, s, log gi(ry, ra)/log G(ry, ra) ={(k+1)/(k+p+1)}.

Proof. (i) Taking the logarithm of (4.2), the result follows.
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(ii) From (1.2), we have

(4.3) loggi(ry, ro) < ———s TG )k —+ { }k“ log G(r, r2)+{ } log G(r4, r3)

lzﬁkr-)l;‘p: f f (x1%2)***4(x1, X5) dx; dx,

from (4.2) and A4 is a constant,

k+1
(r1r2)k+1+{ } log G(’l,’2)+{ } log G(r,, r3)

B Y b )

by repeated application of [3, Lemma 5].
Taking the limit, we get

. log gu(ri, ra) . k+1 )\?
4.4 1 .
“4) m G o) = PUerp

Also, from (1.2), we have

k+1
log gk(rn "2) > (5 " )k2~1 f f (xlxz)k log G(xl, Xz) dx; dx,
4.5) .
~B {k ++ i (’ 1r2)°$(ry, r2) from (4.2).
Hence
; log g(r1, r2) > { k+1 }2.
4.6) rl!:an_lm A B k+p+1

Combining (4.4) and (4.6), the result follows.
(iii) Further, if we divide by log G(r,, r;), a positive increasing function, the
inequalities (4.3) and (4.5) respectively, we get

log gi(ry, r3) [ {"1’ el 0
S log G(ry, r5) < log G(ry, r5) L(ryro)**? * ’—1} log G(r3, ra)

rg k+1 o
+ {r_} log G(ry, rg)]
2

+ﬁ{ k+1 2 (rira)°d(ri, ra)
k+P+l logG(rl,rz)
and
438) log g,(ry1, r2) { k+1 )2 (ruro)°d(ry, ro)
’ log G(ry, rs) k+p+1) logG(ry,rs)
Since (4.2) holds, on proceeding to limits, the inequalities (4.7) and (4.8) lead to the
result.
In conclusion I offer my grateful thanks to Dr. S. K. Bose for his kind help in
the preparation of this paper.
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