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ON THE SYMMETRIC CUBE OF A SPHERE
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JACK UCCI

1. Introduction. Let X™ denote the cartesian product X' x - - - x X (m factors)
of the based space X. The full symmetric group S(m) acts on X™ by permutation
homeomorphisms and the quotient space X™/S(m) is defined to be the m-fold
symmetric product SP™X of X.

Now let X=S", the n-sphere. A map f: SP™S™ — S™ is of type r if the composite

sty spmgn L, gn

has degree r. Here i(x)=[x, e, ..., e] where e is the basepoint of S". For given n
and m an elementary result of James asserts that the set of all “realizable types”
is an ideal (k™™ <Z in the ring of integers—whence the problem of determining
the generator k™". The main results of [1] and [6] determine k®":

THEOREM 1.1. (i) k*%=0;
(ii) k2-2+1=292 where o(b) is the number of integers 0<a=b with a=0, 1,2
or 4 mod 8.

In [7] we obtained a lower bound for k™" for all m. Our main result in this
paper asserts that this lower bound is best possible when m=3, i.e. k*" is determined
as follows:

THEOREM 1.2. (i) k*2=0; (ii) k32 +1=2020.3,

1.2(i) is of course a simple consequence of 1.1(i). Moreover the main result of
[7] implies that 290 3¢|k3-2¢+1 Thus 1.2(ii) will be proved by constructing a map
f: SP3S™ — S™ n=2t+1, of type r=2°2.3! For this Toda’s notion of the sus-
pen%ion-order of a space X—the least positive integer s such that sizx=0 in
[EX, EX]—is fundamental (see §4).

Recall then Toda’s result [6] which is an important step in the proof of 1.1(ii).
Let X7, be the quotient space X/S(2) where X is the S(2)-invariant subspace
D*x S*~1 U S"~1x D" of (D")2. Then X}, has the homotopy type of a suspension
space (see Corollary 2.7 or [I, Lemma 2.1]) so that we may consider the *“de-
suspension” E~'X2, of X7,. Toda’s result asserts v

THEOREM 1.3. (i) The suspension-order of E -1 X2, is infinite.
(ii) The suspension-order of E ~* X311 is 20020,
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In a similar way 1.2(ii) depends on a suspension-order calculation. Let X7 , be
the quotient space Y/S(3) where Y is the S(3)-invariant subspace D"x S"~!
xS 1y S*Ix D'x S* "t U ST ix §"~1x D" of (D")?. The standard embed-
ding (D"? — (D™?, (x1, X3) — (x1, X5, €), e the basepoint of D", induces an
embedding X7 ; — X7 ,. The quotient space X3 5/ X7, has the homotopy type of a
suspension space (see Proposition 2.6). Then Toda’s methods can be applied to
prove

THEOREM 1.4. (i) The suspension-order of E ~(X3,/X3,) is infinite.
(ii) The suspension-order of E ~*(X3'5 1/ X2}?) is 3t.

Apart from some cohomological calculations our procedure is that of §4 of [1]—
namely killing a certain attaching map by composition with a suitable map. In
§1 we develop some geometry of SP™S™. In particular we study certain desuspension
properties of related subcomplexes. §2 contains a lemma sharpening our focus on
exactly which map should be killed. 1.4 and 1.3 are then proved in §3 and §4,
respectively. The latter makes use of the mod 3 Hopf invariant.

Given a space Y many properties of its suspension E'Y, e.g. the group structure
on [EY, Z], the suspension-order of Y (which is a property defined in terms of EY),
etc. admit definitions for any space X of the same homotopy type as EY. Thus we
often speak of these properties for E -1 X when we really mean the corresponding
properties for Y (or EY), even though we don’t know if X is actually desuspendable.

Most of this paper was written at the Forschungsinstitut fiir Mathematik,
Eidgenossosche Technische Hochschule in Ziirich, during the summer of 1968.
It is a pleasure to thank Professor Beno Eckmann for making my visit possible.

2. Geometry of SP"S™. Let D" be the unit n-ball in R" and S"~*=0D" its
boundary (n—1)-sphere. Let h,: (D™)™ — (D")™ be the permutation homeo-
morphism corresponding to a given element e S(m). Setting Ap,=(D")""!
x (S™~ 1), 0<I< m, we obtain an S(m)-invariant subspace of Ap o=(D")" by

ma = U ht(A;.l)
1€S(m)
Hence we may take its orbit space under the S(m)-action and obtain, X7 ,=
Xn.1/S(m).

We give X7, the quotient topology. The embedding 47, — AL, m=m and
m' —I'Sm—1I, given by (x1,..., Xp)—> (X1, ..., Xm» €,...,€) induces an em-
bedding Xt . — X2, X%, and X2, are the familiar symmetric products SP™D"
and SP™S™-1, respectively. And X7, is the “symmetric join” of S*~* with itself
defined in [1].

LEMMA 2.1. X1 o is homeomorphic to the cone

CXr, = Xn o xI|Xq,x{0}
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Proof. The map X} ,xI— X2, given by ([x], #)=([xy,..., Xn}, t) = [tx]
=[tx,, ..., tx,] induces a topological map

(1) CX2,—> X2,

which sends X} ; x {1} onto the subspace Xn ;< X7 ,.

REMARK. All cones CX in this paper will be “inverted”, i.e. CX=Xx I/X x {0}.
As we define the suspension EX to to be the quotient CX/X=CX/X x {1}, our
suspensions will also be inverted.

Choose a relative homeomorphism A: (D", S"~!) — (S™, e). Then the induced
map
) hsemy: (Xm,00 Xm)) = (Xobas Xmiim-1
also is a relative homeomorphism and so from Lemma 2.1 we have

LeMMA 2.2. X2+l is homeomorphic to the adjunction space Xp*1 ,_, U CXy 1.

Here the attaching map is given by the restriction of hg,, to X7 ;.
We define the join Xo Y of X and Y as the space XxCY U CXx Y. The
homeomorphism ¢: C(X o Y) - CX x CY given by
c[(x, [y’ t])$ u] = [[x’ u]’ [}’, tu]] if (xs [y’ t]) eXxCY,
c[([x, t]: y)’ “] = [[x, tu]’ [y’ u]] if ([x9 t]s J’) eCXxY

induces a homeomorphism

3

C(XoY) é CXxCY

Ex-N ==y —"x.v

Consider the shuffle map B: X3, x X2, — X,y .14 defined by

B([xla ey xk]’ [yls LX) yk’]) = [xl’ coes X yl; ] yk’]-
Using the homeomorphism (1) we obtain a map
C)) Yo XEro Xy = Xiswn

by setting | X2, x CX2 ;=B (id x «) and |CXP; X X2 ;=B o (e« x id). The maps
o, B, ¢ and c satisfy the commutative diagram

C@)

CXiao X)) ——> CXivwen
c
CX2 i xCXP.y «
X«

v B L

n n n
XeoX X o————— Xlipo0
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Here C(y) denotes the conal extension of the map . The verification of the
commutativity is straightforward: for (x, [y, t]) € X2 X CXP 1, x=[X1,.. ., X,
y=[y, ..., yx] we have
ao CH)(x, [y, 1), u] = a[(x, [y, t]), ul = o[B(x, ty), u] = uB(x, ty) = [ux, tuy],
Bo(ax a) o c[(x, [y, t]), u] = B o (ex)[[x, u], [y, tu]] = B(ux, tuy) = [ux, tuy].
Similarly for ([x, t], y) e CX2, % X ;. As an immediate consequence we have
COROLLARY 2.3. The shuffle map B: X3 0% X .o = X+ m,0 induces the suspension
map
EY

E(Xp10oXp 1)) —— Xpimol Xpima = EXpim

Now consider the surjective map X&_, x Xtg' S Xp,, 1=l<m, defined
by the composite

id x hgq, B

-1
Xn-oXx Xlg! ——— Xp_ 10X X[, —> X7,

where A, is given in (2) and B is the shuffle map. It is easy to check that the boun-
dary of X3_,.0x X151

AXm_10x XI'gY) = H(CXp_ 11 xCXITY) = Xp_10 XI71?
is mapped by d onto the subspace X ,,; U X2_, -, and that d defines a relative
homeomorphism of the pairs
(Xm-1ox X062 Xno110 X0TY) and (Xpp, Xqier Y Xpo1i-0).
And so dc defines a relative homeomorphism of the pairs
(C(Xm-1,1° XTTY), Xn_y1o X0TY) and (XRu, Xaue1 Y Xgo14-0)-

Note c¢|(X2_; 1 o Xi'1?) is the identity map.
Similarly B: X3_, ox X" — X, itself is a surjective map which defines a
relative homeomorphism of the pairs

(Xm-1,0% X, X1 x X)) and  (Xp, X7isd)-
Summarizing these observations we have

LEMMA 2.4. Let 1 =l<m. Then

(i) Xz, is homeomorphic to the adjunction space (Xp .1\ Xp_1,-1)VY
C(Xn_;1° XPTY) with attaching map given by the restriction of dc (and hence of d)
to Xn_i10 X011

(i) Xp, is homeomorphic to the adjunction space Xp .,V CXn_;1x X[ with
attaching map given by the restriction of B(« x id) (and hence of B) to X5 _;1 % XTh.

~ As a consequence of Lemma 2.4 we have
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LEMMA 2.5. Let 1=l<m. Then
) X2 /(X2 01V X2 _31-1) and EX?_,  AEX!{ are homeomorphic.
(i) Xp /X%, o1 and EXE_, VvV E(XE_, 1 AXD) have the same homotopy type.
(iii) Xn,/Xnm_1,-1 is homeomorphic to the adjunction space Xp,.1/Xn_1,
U C(X2_;.1 o XPTY) with attaching map given by the composition of the attaching
map in 2.4(i) and the obvious collapsing map.

Proof. (i) follows directly from Lemma 2.4(i) and the easy observation that
(C(X2Y), XoY)~(CXxCY, XoY) and (EXXEY, EXVEY) are relatively
homeomorphic. Similarly (ii) comes from Lemma 2.4(ii) and the facts (1) that
(CXxY, XxY)and (EXx Y, point x Y) are relatively homeomorphic and (2)
that the quotient EX x Y/point x Y has the same homotopy typeas EXV E(XA Y).
Finally (iii) follows from Lemma 2.4(i) and the simple observation that X7,
NXp_ 1i-1=Xp_11

With these preliminaries over we can proceed to consider the desuspension
properties of the above and related spaces. Our approach will be to *“desuspend
up to homotopy equivalence” certain of the above attaching maps.

First we recall some elementary homotopy theory. Suppose X and X' are
1-connected and A4 and A’ are 0-connected finite CW complexes and

f

A——>X

|
A’ —ﬁ X !
f
is a commutative diagram of maps with p and ¢ homotopy equivalences. Then the

adjunction spaces X U; CA and X' U, CA’ have the same homotopy type. An
explicit homotopy equivalence

F: XU, CA— X' U, CA’

is given by F|X=gq and F|CA=C(p) the conal extension of p. We call F the conal
homotopy equivalence determined by p and ¢. Our interest lies in the situation
A'=EA", X'=EX" suspension spaces and f'=Ef” a suspension map. Then
X U, CA will have the homotopy type of the suspension space EX” Ug,. C(EA")
~E(X" U, CA").

We now apply these remarks to the space X7, _i/X2_; n-o. According to
Lemma 2.5(iii) the attaching map in the adjunction space

XomlXn-1,m-1Y C(XT 10 Xp21))
is the composite

Xr U XR D, ¢4

n n-1 n n m,m m-1m-2 m,m

XiioXpZini—~>XamVU Xp-1m-2— - ~ —
m-1,m-2 m-1,m-1
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The first map on X7, x CXpZl, is B o (id X (hspm-1,° ) and on CXP, x X2-1,
is Bo(exhgm-1)) wWhere B: X oX X _om-2—> Xm_1m-o is the shuffie map. A
more familiar description of this attaching map via the identifications X7 ,=S""1,
Xl Xo_1m—1=SP™"S"~1/SPm-1§"~1 {5 given by

S IxCXpzl,—> St ix SPm-i§n-t . §pmSt-1l . SPrSt-l/SPmolgn-l

CS™~!'x X2-1, — basepoint.
As point x CX2-1 ; is also mapped to the basepoint, this attaching map factors as

DAREE ot g—— (S

o

S"'o Xpz1./4 ——> SPmS"-1/SPm-isn-1

where A=pointx CX;3-1, U CS" ! x X1, is contractible (in itself). Thus the
collapsing map p is a homotopy equivalence. Moreover, setting S=S"-* and
X=Xn-1, we can impose a suspension structure on So X/4 by the following
(obvious) homeomorphisms:

So X _ SxCX - CS"ixCX
©6) A T SxXUpointxCX = CS* 2x XU S" " 2xCX
LC(S" 2. X) ne2
=W_E(S X).

But X75'x X2-1,2CS" 2x CX and so the map inducing the lower horizontal
map of (5) is obviously the shuffle map. Thus we have proven

PROPOSITION 2.6. X7 .1/ X[ _ . n-2 has the homotopy type of the suspension space
EXn3i' Ugy C(E(S™720 XR211)
where | is the map defined in (4), i.e. y is given by
idx e B o

Sn_2 X CX;:i,l _— Xﬁ;l X X,;::i’o —_— X’:,l s
axid
CS" 2x Xpzi,—— XPo'x Xz, —— Xnat
Moreover an explicit homotopy equivalence is given by the composition Fo G,
G the homeomorphism of Lemma 2.5(iii) and F the conal homotopy equivalence
determined by the collapsing map p
S™ 1o Xatia

A

p: Sn-]' o X,::%'l =

and the homeomorphism ¢: X2 1/ X2-1 1~ EXEL
The particular case m=2 yields a slightly stronger assertion:
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COROLLARY 2.7. X7, has the homotopy type of the suspension space
EX 71 UEW C(E(Sn 2 o Sn 2))

and an explicit homotopy equivalence is given by F o G o p where F, G, { are as in
26andp: X3, — X} ,/X], is the collapsing map (a homotopy equivalence).

We now restrict our attention to the case m=3. We wish to prove

PROPOSITION 2.8. X% ./ X2, has the homotopy type of a double suspension space.

An important step for this is

PROPOSITION 2.9. X371 has the homotopy type of a suspension.

Proof (of 2.9). By Lemma 2.4(i) X371 is homeomorphic to the adjunction space
™ (X331 U X35%) Us C(Xg51 0 S0,

Since X351~ CX2 1! the collapsing map X331 U X3o! — X331/ X271t is 2 homo-
topy equivalence and so the adjunction space (7) is homotopy equivalent to the
adjunction space

321 X511 Uy C(XE3" 0 S™70).
Here the attaching map ¢ is given by
X3i1xCS" % — X3, x XP 1t — X35! 2t/ X337
A = pointx CS" 32U CX§71i1xS" 3 — basepomt,

and so we again have a factorization

-1, gn-3 _?, Xg,-zl/xg’-ll

N\ 4

X331t o S" %4
Recall the homeomorphism (X270 S" 3)/A~(X311xCS"~3)/4’, where
A'=X37'xS""3 U point x CS"~3, and the homotopy equivalence

X3itxCS™3 _ {SPAS™3S"2 U, C(S™~% o S™~ 2} x CS™~°
4 A"

where

A" = {SP2S"~2[S""2 U, C(S" 20 S* %)} x S"~3 U point x CS™ 3,
From this and the homeomorphisms
SP2S"-2[S"-2 ~ CX312%/X37% = EX371%,

EX312xCS"8 _ CX33i2xCS"~3
EX3712xS* 83U pointx CS" 3 = XP7%208"3
~ C(X3:%08""9)

= Xn 2 o Sn-3 —E(X;.12°Sn_3)
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we obtain a homeomorphism
Z — E(X;,Iz ° Sn—s) Uv C(sn—z ° Su—a)x Csn—a
where the attaching map y is given by

2Qn-3 2gn-2/gn-2 -3
~ E(X35_2° Sn-ﬁ),
C(S§*20 S"~3) x §*~3 — basepoint.

(S""20 §*-%)x CS™~2 >

Since the map ¢ sends D"~* x CS™~2 to the basepoint we obtain induced maps
®", @", "7 and the commutative diagram

X'z‘.-ll sn—a P — Xg,-zl/x'zl,-ll
1

E(X332% S"-2) U, C(S~20 §*9) x CS"~3 — EX33% U, C(§" 7% X357

The end is now in sight. To complete the proof of 2.9 we need only show that
¢ is homotopy equivalent to a suspension. First note that ¢®"|E(X2720 S"~3)
is already a suspension map since it is induced by the “shuffle’” map

CX272x CS* % — CX272%

Furthermore % is induced by the composite h,h3hsh; of homeomorphisms

C(sn-2 ° Sn—a)xcsn-a Csn—axc(sn—a ° Sn—a) ha, Csn—szXg'—z
1 1 ,V lhs lh4
.Csn—z xcsn-axcsn-a C(su-2 ° (Sn—s ° Sn-a)) -h_e, C(sn-z ° Xizl'—12)

Now there exists a homeomorphism k;
E(X3i% 0 §7%) Uy C(S™ 2o (572 0 5°))
L E(X3312 8" 3 U, C(S" 2. 8" %) xCS"~3
which is the identity on E(X212 S*?) and (hshsh,)~* on
C(S* 2o (S* 308" 9)).
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Here y'=y(hshah;)~|(S™ 2 (S~ 3 0 S"3)). ¢"h, is now induced by he.
The attaching map ¢ factors as

S"-20 X372 ——— EX33°

A / o*

(8"% X33%)/4

where A=pointx CX232U CS" %x X712 p, is a homotopy equivalence and ¢*
becomes Ey when (S™~2 o X272)/A4 is identified as E(S™~2 o X212).
The attaching map ' also factors as

Sn-2 o(sn-a ° Sn—a) _L E(X'sl,.lz osn—a)

N A

(Sn-2 ° (Sn—a ° sn—a))/A/

where A’=point x C(S"~3 0 S*~3) U CS" 2 x(§"~% o $*~3) and p, is a homotopy
equivalence. Thus we have a commutative diagram with ¢ induced by ¢“?

1v)
E(X371208" %) U, C(S* 2o(S" %o 8""2)) LEX&? Uy C(S" 20 X332

lpl lpz
E(X33% 0 S-%) Uy« C(E(S™ o (53 0 5-9Y)) 5 X373 Ugy C(E(S™3 0 X339)).

But ¢ restricts to a suspension map E(X37%-S" %) — EX272? and moreover
maps the suspension variable of C(E(S™ 20 (S""230c S"~%))) linearly onto the
suspension variable of C(E(S™"3 o X332)). Thus ¢™ will be a suspension map
(and XZ7' homotopy equivalent to a suspension space) if the attaching map y”
is also a suspension map. But this is a simple matter of direct verification (or is
obvious by construction!).

We need examine only how »’ behaves on S"~2x C(S™" %0 S*~%) since ¢’
sends pointx C(S™" 30 S"~3) U CS™"~2x(S" 20 .8*"%) to the basepoint (south
pole). Recall that the suspension structure of E(S™7 2o (S™ 20S8""%) comes
from (S*~2x C(S*~30 .S 3))/4”,

A" = pointx C(S™" 30 S"~3) U CS"2x(S* 20 89
via
Csn—sx C(Sn—a ° Sn-s) - C(sn—a ° (Sn-s ° Sn—S))
Sn-so(sn—sosu—a) = Su-ao(sn-aosn—a)

Similarly that of E(X3312 o S™~®) comes from

CX3:1?xCS*"3  C(X3:1%08""%)

Xas'—lz ° Sn—a = ngz ° Sn—a
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Let (x3, [x3, £3]) € S* 3 x CS* 3= 8§30 §"~3 50 that
a= (['xla tl]a [(Xz, [x3’ t3])s u] € CSn—S X C(Sn-S ° Sn—a).

Then a is mapped to b=([[x;, t:], [xs, ], [xs, tu]) € X332 x CS™~3. As an element
of E(S"30(S"%0S5""3) a has , or u as suspension variable according as
u<t, or t;Zu. As an element of CX272x CS™~3 b has the description

b = ([(xl’ [x2’ u/tl]), t1]9 [xb tsu]) lf u § tl;
= ([([x1, t1/ul, x3),ul, [x3, tzu])  if £, > u.

Hence the suspension variable of b is ¢, or u according as t;u<t, or t; Su. So the

condition u <, implies #3u < ¢, in which case ¢, is the suspension variable for both

a and b. The other alternative ¢, <u makes u the common suspension variable.
On the other hand let ([x,, 5], x3) € CS™ 3 x S"~3 so that

a = ([x1, 1], [([x2, t2], X3), u]) € CS" 72 x C(S"7% 0 S*77).

Then a is mapped to b=([[x;, #,], [x2, f2u]], [x3, u]) € X252 x CS™~3. As an element
of CX2712x CS™~2 b looks like

b = ([(xl, [x2’ t2u/t1])9 tl]’ [x39 u]) lf t2u é tla

= ([([x1, t1/taul, x3), taul, [x3,u]) if t; < tau.

®

Now if u<t, then a has suspension variable ,. But then so does b. If ¢, <u then a
has suspension variable u. So does b but this requires a little checking: if t,u<t,
then b has suspension variable u from the top half of (8), and if #, <#u then b
has suspension variable u from the bottom half of (8).

Hence y” is a suspension map and the proof of Proposition 2.9 is complete.

The proof of 2.8 is based on the following elementary observation, the proof
of which is left to the reader: suppose f: X o Y — Z is a map which factors as

fr=f

XoY——f—’Z

A A
w

where p collapses X x vertexcy to a point and collapses vertexcx x Y to a (different)
point and W is the resulting quotient space (easy to see that W E(X x Y) with
these collapsed points corresponding to the north and south poles). Then f is
homotopic to the map g given by

g(x, [y, 1D = f(x, [y, 2t]), 0=t
=flx, [y, =2t+2]), +=t=1
g(CX x Y) = basepoint.
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By Proposition 2.6 there is a homotopy equivalence
X382/ X531 — EX31t Ugy C(E(S™ 20 X377).

From the above observation the map #: S" 20 X771 — X27' is homotopic to
the map ¢': S"~20 X37! — X3! defined above. Thus we have a commutative
diagram

s*rexgzt = X33 — X3RUXER U C(XER o 57
~ 5
(S"20 X33%)/4
where A=pointx CX37' U CS* 2x X}71. Set
X ={[x,3]e CX331'|x e X511},
CiX ={[x,1]eCX;i'|xe X371, 0= 1 = 4},
C_X={[x,t]eCX3i}xe X231, 1=t =1}

From the definition of ¢’ we have that the f’-pre-image of X33!/X37! is the p-
image of S*2x X U CSx X}7' U ptx CXZ7l.

C.X

|

§*2  CX™2

We define maps

(i) CS*3xC,X— S*"2xC, X,

(ii)) CS" 3xC_X— S""2xC_X,
via the maps CS" 3> D"-2k S§"-2 and C, X9 C,X. In (i) the boundary
S*3xC, XU CS" 3x X is mapped onto pointx C, X U S*~2x X and in (ii) the
boundary

S"2xC_XUCS" *x Xonto ptxC_XU S" 2x(X U X).

Consequently there exists a homeomorphism

Y= (S"2x X U pointx CXUCS" 2x X)UCS" 3xC,XUCS"3*xC_X
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and so a homeomorphism

Y S*2x X

—~ = e n-3 n-3
Z: = ot x Ua C5" X €L X U, CS"°x C-X

A =
with ‘attaching maps «;, and o, derived from (i) and (ii) above together with the
collapsing map Y — Y/A.

Now the collapsing map

S*2xX S" 2 xX
- — — —
pointx X  S*2vX

(10)

induces a collapsing map

n-2y ¥
ay  z, >z, = (g_—zz-;;) Usg CS™ 9% C, X Uy CS*3x C_X.
But

S*2x X -

poin_txf~ S"_2 \% (S"'_2 A X)

and so the map (10) is obviously homotopy equivalent to a suspension map. And it
follows easily that the map (11) is also homotopy equivalent to a suspension map.
As the map f” of (9) factors as

z, L5 xiyxst v cxte s9)

N\ A
Z,

we see that to prove f’ is homotopy equivalent to a suspension, it suffices to prove

that f” is. Note that
n—1 Sn—nxA_/
"\ — 1 3,2 — <
" (x5h) = 5

The rest of the proof consists of two steps.
Step 1. f"|(S*~2x X)/(S*~2v X) is homotopy equivalent to a suspension.
Recall the homotopy equivalence

X(= X21) > EX212UC(S"20 8"79)
from which we obtain a homotopy equivalence

Sn-2x Y_)Z _ S 2x(EX3:2U C(S" 20 879
sPavX TP STTRV(EXEPUC(STTRe SmTY)

and a factoring
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.SLM f X33 X33t
S*2vX

\, A

In an obvious way Z; is homeomorphic to the space

S" 2xE
7, = (Srmy i) o O™ 0x O™ 205779

where 6 is given by
S*=3x C(S"~2 0 §"*~3) — basepoint,
CS" 3xS*2xCS"%— S""2x EX}71%,
CS™~3x CS™"~2x §S"~3 — basepoint.

With the inverse of the above homeomorphism Z; — Z, the map f” defines a
map f: Z, — X33/ X271 Checking the above definitions we see that f¥ is
induced by the composite map

CS" 3xC(S" 208" %) > CS" 3xCS" 2xCS" 3 — CS" 2x C(S" 30 §"°%)
— CS"2x CX37:%2— C(S™ %0 X3 712).

Therefore if we replace Z, by the homeomorphic (to Z,)

CS™3x CX372

25=W

U CS*2x C(S*~% 0 §™-9),

the resulting map Z; — EX3 72U C(S*~20 X23?) is induced by the composite
CS" 2xC(S" 808" 3% > CS" 2xCX}72—> C(S" 20 X272)
and so restricts to a suspension map E(S™ %o X272)— EX$372 and on
C(S" 20 (S"30.87"3))
is the conal extension of the map

idoy
Sn-2, (Sn—3 ° Sn—a) - > S*-2, X;’-lz.

Hence via the usual homotopy equivalences we obtain a commutative diagram

E(S™~% 0 X339 U C($™2 o ($72 0 §°79) —> EXg5? U C(S" % X33)

| |

E(S™ 30 X272) U C(E(S™2 0 (S""2 0 $"~%))) — EX272 U C(E(S™~® 0 X21?))

where the bottom horizontal map is a suspension map and the vertical maps
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homotopy equivalences. Thus f”|(S* 2 x X)/(S*~2v X) is homotopy equivalent
to a suspension.
Step 2. We have constructed a commutative diagram

Z ~Y|A > X332 X571 Ve C(X35 0 S"73)
l lql
zZ, {EX372VU C(S" %0 X33%)} U C(X37 0 S™72)
l qs
Zs

EA U, C(S" %0 X33') Uy, C(S™7% 0 X331) > EBU, C(X37205™73)

where the bottom horizontal map restricted to EA is a suspension map h: EA — EB,
EA =E(S" 30 X272 UC(E(S" 3o(S" 3085""9)))
and
EB = EX372U C(E(S" 30 X212)).
The attaching maps satisfy the relation hoa=yoT where T: S" %o X371 —
X371t o S"~3 is the switch homeomorphism. As
(8" 3x CX271' U CS™ 3 x point) = basepoint (i=1and?2)
and
Y(CX311x S*~ 3 U point x CS™~3) = basepoint,
we will be done if X37! is a suspension space X37'=FEY, for then we have a
commutative diagram

EA VU, C(S" 30 X311 U,, C(S" %0 X2711)—> EBU, C(X271 o S"9)

- |

EA U C(E(S*%¢ Y)) U C(E(S™ %o Y))— EBU C(E(Y o S"~9))

with the bottom horizontal map a suspension. And in fact by Lemma 2.1 of [1]

X237 is a suspension. However we can also give a self-contained proof using the

homotopy equivalence X237 — EY’ of Corollary 2.7. Since the attaching maps

o, oy (and y) send (S*2 o X7 )(XT o S*~3) to the basepoint, we obtain a new

diagram similar to (12) with EY’ and Y’ replacing X33 and Y respectively. The

conclusion again is that the bottom horizontal map is a suspension. Whence
2 2/ X2, has the homotopy type of a double suspension.
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REMARKS. 1. For m=2 the preceding argument would suffice to prove that
X31/Xt o (and hence X%, itself) has the homotopy type of a double suspension.
However Lemma 2.1 of [1] asserts much more: X7, is homeomorphic to the join
S"*=1opPr-1 of §*-1 with real projective n-space P"~1. The subsets of X7, corre-
sponding to the “ends” of this join are S™" !'~{[x,x]e X7, |xeS" !} and
Pr1ix{[x, —x]e X3, | x€ S~ }. It seems reasonable to conjecture that either
Xpm-10r Xp o1/ X;_1.m-2 is homeomorphic to a join of the form S™~* o Z for
some subcomplex Z (the problem is to determine Z).

2. Of immediate concern for constructing nontrivial maps SP™S™ — S™ would
be the result that X ., _;/X%_; -2 has the homotopy type of a double suspension
for all m (not just m=2 or 3). The techniques of this paragraph seem suitable for
this. What is needed is (a) X' has the homotopy type of a suspension, and
(b) the “shuffle” map S"~20 Xp-1, - X»7! is homotopy equivalent to a suspen-
sion map. For (a) an induction could be based on the following

Xoi~ Xpol X1V C(Xp 110872,
Xl Xmo15-1 2 Xose1/Xmo1,; Y C(Xm_j1 0 X2 D).

First Xp o/ Xm -1 m-12 EX37" and next Xp -1/ X3 _1 »-o~ EK by Proposition 2.6
and so on until one reaches X2 ./ X% _, ;.

3. Animportant lemma. Recall the attaching map ¢: X;,—> Xptl, =
SP™-1S5™ defined in Lemma 2.2. If f: SP™~1S™ — S™is any map of type ¢ such that
fe is nullhomotopic, say by N,:e~fp, then a map g: SP™S™ — S* of type q is
defined by g|SP™-'S"=f and g|CX2,=N, As ¢ }(SP'S")=X72 ,._, we define
maps

@i Xyiom—1 — SP'S™, @it Xpm-i1 Y Xp_imoi—2—> SP'*IS™
by the restrictions ¢;=¢| X - and gi=@|(X2 n_i YU X2 _1 moi_2).

LemMMA 3.1. If f: 8" — S" is a map of degree q such that fo,: X} ,_,— S"
is nullhomotopic, then there exists a map F: SP™~1S" — S™ of type q such that
Fou_1=Fo is nullhomotopic. Thus the above construction provides the existence of a
map SP™S™ — S™ of type q.

Proof. We have a filtration of X7, given by C,< D, cCy,c Dy<---<Cp_y
<Dy_2<Cp_y; where C;=X},_; and D;=X} U X% _; . ;5 and so we
have maps ¢;: C; — SP'S™ and ¢;: D, — SP'*1S™ determined by ¢. Suppose
inductively f;: SP'S™— S" is a map of type ¢ with nullhomotopy N}:e~fig:.
We will then construct a map f;,;: SP'*1S™ — S* of type ¢ and nullhomotopies
Nit:e~fi 1pi and Nf*lie~f;, @, ;. Clearly this will suffice to prove the lemma.
The construction of f; . ;, N, and N, is based on the geometry of Lemma 2.4:

() Cy12 DU C(XPhr,10 XmZio10),

(i) Dy=CVCX] 11X Xp_omi-a
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(ii) is an easy consequence of the observation that
CNXp imoicz = Xn_1moi-1

Construction of f;,,: we have the standard inclusion j: X7, < X .-, and so
let M}=N{j (more precisely M}=N{(jxid)) be the restriction of the nullhomot-
opy N{to X7, ,. Thus M;is also a nullhomotopy. But recall SP'*'S"~ SP'S™
U CX7.1,; and so we may define f;,, by fi.,|SPIS"=f; and fi,,|CX}., =M}
Because ¢,/ is the attaching map in SP'S™ U CX}.; 1, fi+1 is well defined.

Construction of the nullhomotopy N,':e~f, pi: this is simply given by
N.!|C;=N{ and

N“(([xs t]a )’), u) = ./;+1<P;([x9 ut]’ y)

on CX[' 11X Xpm_i_2.m-i-o. Here ([x,ut], y) also denotes a point of CX/;
X XE i _om-i-2- As @i[{([x, 0], y)} is the constant map, so is Ng'. And for u=1,
Nitis just f;, 1@ as desired.

Construction of the nullhomotopy Nj*':e~fi, 19,1 define Ni*! by Ni*!|D,
=N/"and on C(X},,,1 o Xp=i_1,1) by

(iii) Ni+l([(x’ [y, t2]), 5], w)=M'[x, sul,

@iv) N ([([x, 1], ), 5], u)= M'[x, st,u].

The common domain of (iii) and (iv) occurs when 1, =t,=1 in which case (i) and
(ii) reduce to M'[x, su]. When s=1 (i) and (ii) are consistent with N}{*!|D'= N}
This is clear for X7\, ,x CX2-}_;, since the attaching map of (i) sends X7, ;
xCXnZl_11 to C; and N{{|C;=N{. On the other hand ¢;|CX}, % X221,
viewed as a map into SP'S™ U CX}/,, ;, is the identity on CX},, ;; furthermore
Sfi+1|CXT4 1,1 is given by M*. Thus N"|CX}P,, . x X22}_,,, agrees with (iv) above.
Finally when u=0 we get the constant map and when u=1 we get f;, ¢, 1. This
completes the proof of 3.1.

We conclude this paragraph with a simple observation about the integer k™"
defined in the introduction. Note that [X} . _,, S"] is a distinguished set and the
function

‘ﬁq: [X:t.m—l’ Sn] - [Xr;:.m-la Sn]

defined by composition with a map f,: S™ — S™ of degree g, respects distinguished
clements. Set Ker ¢,=4,; 1(0). Then

PROPOSITION 3.2. Let n=2t+1 and @, ¢y, ..., pn_1 be as in 3.1. Then k™" is the
least positive integer q such that [p,] € Ker i,.

Proof. For any ¢>0 with [p,] € Ker ¢, the preceding lemma implies the exist-
ence of a map f: SP™S™ — S" of type ¢>0, whence k™"|q. But by definition of
k™" there exists a map g: SP"S"— S™ of type k™". Set g,=g|SP'S™. Then
gp: Xn.1— S" extends over the cone CX ; and so is nullhomotopic. Thus so is
g1¢1. But g;: S* — S* has degree k™" and so [¢,] € Ker ¢, for r=k™". Therefore
qg=k™"
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4. Suspension-order. The suspension-order of a space X is the order of the
class :zx € [EX, EX] of the identity map of EX. In [6] Toda has computed the
suspension-order of E"X},, r= —(n—1). Our main concern is the determination
of the suspension-order of E"(X§ ./ X3,), r= —1. However we begin with an easy
result about E" X7 1, r= —1.

PRrOPOSITION 4.1. (i) For n=2t the suspension-order of E"XD ._ i, r=—1, is
infinite.

(ii)) For n=2t+1 the suspension-order of E'X} ,._,, rz —1, is a divisor of
2132 - - p"1 for some positive integers ry, ..., r, where p is the largest prime not
exceeding m.

Proof. (i) By Toda [6] we need only prove that H'(Xp: ._.;Z) contains
an element of infinite order for some />0. We assert that this is the case for
H* Y Xp n-1; Z). For m=2, EX}, and SP2S"/S™ are homeomorphic but

H?(SP2S™; Z) ~ H*(SP*S"|S™;Z) ~ Z

is well known.
So assume inductively on m that H2"~Y(X2,_,; Z) contains an element of
infinite order. From Lemma 2.4 X%, , ,. is homeomorphic to the adjunction space

Xmsimer Y Xmm-) UC(S" 1o Xp3t)

(recall Xp, 1 me1=SP™*1S™" ). As Xpiime1 N XEmo1=X2 ,=SP™"S"~! and
HY(SP™S™~1; Z) is finite for i=2n—1, 2n—2 (Nakaoka [3]), a straightforward
application of the cohomology Mayer-Vietoris exact sequence implies that
H* Y Xpi1me1Y X2 n_1; Z) contains an element of infinite order. The pair
(SpmS*-1, SPm-1S" -~ (CX25Y, X23t) is n-connected and so the pair (using
Lemma 24) (X3i1m Xoi1me1 Y X2 no1) has trivial integral cohomology in
dimensions 0 <i<2n. And since n—1 is odd H?" is finite. So by the cohomology
exact sequence of the pair (Xp, 1 m X;i1me1 Y X5 n_1) We obtain that

Ho" " Y Xgs1m; Z)

contains an element of infinite order.

(ii) That E"X% ,_;, r= —1, is simply connected is an easy consequence of
(1) SPmS™~1 is (n—2)-connected, (2) Lemma 2.4, (3) induction on m, and (4) the van
Kampen Theorem. Hence to prove (ii) it suffices by Theorem 1.5 of [6] to prove
that the reduced homology A*(X2 ,._1; Z) is finite and has g torsion (g a prime)
exactly when g =m. This we do by induction on m. For m=2 it is well known that
H*(X},; Z) consists of only 2-torsion. By the cohomology exact sequence of the
pair (X2, 1. X2 .-1) and induction it suffices to prove that

ﬁ*(Xr::+1,m> X;,m—lg Z)
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is finite and has g-torsion exactly when g <m+ 1. By Lemma 2.5 we have

X;+1.m/Xr::,m—l = Xr'r:+1,m+1/X7::,m Y C(Sn—l ° Xg,_ll)

~ EXp3i U C(S™ o Xa3h)

with the attaching map sending CS™ ' x X7! to the basepoint and on S"!
x CX27t given by the composition

St-ix CXrit— S ix SPmSt-l
—> SPmFign-1 s Spmeign-l Spgn-l > EXRLY

Now rank A*(EX?71 ., Z)=1, a generator of infinite order occurring in dimen-
sion (m+ 1)(n—1). From the above description of the attaching map this generator
is mapped by the coboundary homomorphism onto (m+ 1)-times a generator of
infinite order (plus possibly something of finite order) in Hi*Y{(E"*1X23t; Z),
i=(m+1)(n—1). Thus A*(X2, 1 m/ X2 n_1; Z) is finite with g-torsion, gSm+ 1.

ReMARK. The assertion of 4.1(ii) is also true for E"(Xp n-1/Xm-1.m-2), rZ —1,
in place of E"X? ,_,. The proof is essentially the same, but of course the first
step is unnecessary.

LemMA 4.2. Let n=2t+1 and p be an odd prime. Then (KU)~ (X[ ,_1) contains
an element of order p'.

Proof. Consider the cofibration
X;—l,p-2 - X:.p—l - X;.p—l/X;—l,p-z-

As n is odd each of these spaces has finite reduced integral cohomology groups.
However Nakaoka’s results and Proposition 4.1 imply that H*(X}_;,_»; Z)
has g-torsion exactly for those primes g<p. Hence (via the Atiyah-Hirzebruch
spectral sequence) (KU*)~(X}., ,-2) contains no elements of order p’, r=1.
Thus we need only prove that (KUY~ (X} ,_./X} 1.,-2) contains an element of
order p'.

Similar application of Nakaoka’s results shows that the reduced integral co-
homology of E™**Xp-i ~EYSPP-1S"~1/SP?-25"~1) has rank 1 and has no
p-torsion. Again from Lemma 2.5 we have

X;.p—l/X:—l,p—2 jad EX,_?,;I U C(Sn-l o X;:%'l).

In addition to g-torsion, g<p, A*(EX?1'; Z) has one copy of Z (and that in
dimension (n—1)p) and has cyclic p-torsion only in dimensions (n—1)+2k(p—1)
+1, k=1,2,...,t—1. From the previous description of the attaching map it
follows that A*(X2,_,/XZ_,,_5;Z) is finite, has g-torsion for g<p, and has
cyclic p-torsion only in dimension (n—1)+2k(p—1)+1, k=1,2,...,t.

Now the remaining steps in the proof are a repeat of those given in §2 of [7].
Since all the p-torsion occurs in odd dimensions, it all survives to E,. Clearly
since there are 1 E-terms (all contributing to (KU*)~) containing cyclic p-torsion
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(KUY~ (X"»_1/X2_1,,-2) Will contain an element of order p* if its p-primary
part is cyclic. Coefficient K-theory and the Universal Coefficient Theorem will
suffice for this. H*(XZ,_1/X?_1.,-2; Z,) consists of 2t copies of Z, and the
initial differential d,,_, (of the Atiyah-Hirzebruch spectral sequence converging
to (KU*)~( ; Z,)) kills all but two copies of Z,, one in an odd dimension and the
other in an even dimension. The Universal Coefficient Theorem then implies that
(KUY~ (X2 -1/ X*_1.p-2) is cyclic. This completes the proof of 3.2.

For the suspension-order determination of X3 ,/XZ; and X% , we require more
precise information on H*(X% ,/X2,; Z) and H*(X% ,; Z).

LemMma 4.3. For n=2t+1,
H(X2,/X2:Z) 22 ifi=@m=1D)4dk+1,k=1,2,...,1,

~ 0 otherwise.
Proof. We start with the familiar

X2o/X2, ~ SPOS"-1SP2§"~1 U C(S™~ 1o XE7Y).

Nakaoka [2] has shown that H*(SP3S™~1, SP2S"~1; Z) H¥(E"X31'; Z)® K
where K=K; @ --- @ K,, K;~Z; and dimension K;=(n—1)+4i+1.
Thus in the commutative diagram

H*(SPGSn—l/SP2Sn—l;Z) —8> H#(EII‘#IXE'—II;Z)

K =

H*E"X31" Z)

we need only prove that ¢* is an isomorphism when restricted to the direct sum-
mand H*(E"X}11; Z).
Now ¢ factors as
n- - Stto Xpat S*ix CXEit
St e XiTt—> A = pointx CX2717U S Ix X771
_ S 1x SP2§"-1 ¢ Spisn-1
= Sn—lvsP2Sn—l SP2S7I.—1

where ¢ is induced by the composite

sn-1x sp2gn-1 P2, gpagn-1 P2 gpagn-1/gpagn-1,

But p¥u=u,+u, where u, u;, u, are (n—1)-dimensional cohomology generators
(of infinite order). By Nakaoka [2] the direct summand H*(E*X}i!;Z) of
H*(SP3S™~1/SP2S"-1; Z) is represented by the classes u-(8,S¢q*u) and so
o*(u-8;5¢%u)=u;, ® 8,8¢*u. But H*(E"X}1*; Z) lies in the image of p¥ and so
the result follows.
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LEMMA 4.4, Let n=2t+ 1. The exact cohomology sequence of the pair (X§. 5, X3 1)
breaks up into short exact sequences, and so

H*(X3 35 Z) =~ H*(X3.1; Z) @ HX(X32/ X315 Z).
Proof. We have a commutative diagram

i n
2.1 X352

A /i

SP3S*1U X3,

Since X3,/(SP3S™"~1 U X3,)~ E"*1 X}, is (2n+ 1)-connected, i¥ is an isomorphism
in dimensions <2n—1. But a straightforward application of the Mayer-Vietoris
cohomology exact sequence (note SP3S"~! N X2,=SP2S"~!) shows that i¥ is
epimorphic. And so i* is epimorphic and the result follows.

LeEMMA 4.5. Let n=2t+1. Then (KO™)~(X%},) contains an element of order
20(20.

Proof. Consider the exact sequence
(KO~ (X3.5) — (KO™)~(X3,1) — (KO"* 1)~ (X33, X3,1).
From Lemma 4.3 and the Atiyah-Hirzebruch spectral sequence
(KO™* 1)~ (X3,2, X3.1)

has no 2-torsion. But (KO™~(X3,)~Z,ea@» since X3, and E"P"~! are
homeomorphic (actually all one needs for this particular situation is that
H*(X%,; Z)~ H¥(E"P"~'; Z) as modules over the Steenrod algebra) and so the
result follows by exactness.

THEOREM 4.6. Let n=2t+ 1. The suspension-order of E"(X%.5/X%41), r= —1, is 3%

Proof. It follows from Lemma 4.2 (for p=3) and Toda [6] that the suspension-
order of E"(X2 /X2 1), r2 —1, is a multiple of 3t. So we need only show that it is
also a divisor of 3*. By Lemma 1.3 of [6] and our Lemma 4.3 there is a sequence
of subcomplexes *=L,cL,c...-cL,_,cLl,c...cL=FE"(X},/X},) with L;
=L,_,Veéeuve*t or Li=L,_, according as i—r=n—1+4k (k=1,2,...,t) or
not. Set K,=L, for i—r=n—1+4j so we have x< K, K,=--.-<K,and K;=K;_,
Ueuetl,

By Lemma 1.4 of [6] and the second paragraph of the proof of Theorem 4.4 of
[6] the class 3izz, Z=E"(X% 5/ X2 ), has a representative f'satisfying f(EK;)< EK;_,.
So the class 3 is represented by the map f=fo fo - - - o f (¢ times) which satisfies
f(EK)=x ie. fis nullhomotopic. Whence the suspension-order of Z is a divisor
of 3.

For completeness we include
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THEOREM 4.7. Let n=2t+ 1. The suspension-order of E"X% ., r= —1, is 2°20.3¢,

Proof. First by Lemmas 4.2 and 4.5 and Toda’s Theorem 1.1 [6] the suspension-
order of E" X%, is a multiple of 2°(20- 3t To prove it is also a divisor of this number
consider the fibration

n n n
X3 — X352 — X350/ X3,

By the corollary to Theorem 2.6 of [6] the suspension-order of E"X3,, rz —1,
is a divisor of 292, And from Lemma 4.6 above the suspension-order of
E"(X% ./ X% ,) is a divisor of 3'. So by Theorem 1.2 of [6] we have that the suspen-
sion-order of E"X% , is a divisor of 2¢29. 3¢,

5. The mod 3 Hopf invariant. The generalized Hopf invariant is a homo-
morphism

H
[EK, S"] —> [EK, $*""1]
for which the sequence

E H
[K, S""']—> [EK, S"] —> [EK, §*" "]

is exact when dimension EK<3(n—1). H also satisfies the property $,2H= H,.
In §4 of [1] H is used to prove y,,[h]=4r[h] for any [h] € [X],,, S™], n=2t+123.

Our situation is analogous but with one important exception: the dimension
restriction is not applicable. So we consider the mod p Hopf invariant H,, p an
odd prime (we assume the reader is familiar with the relevant sections of [5]).
H, is defined by the commutative diagram

H,

[Ezk’ Szm+1;p] [E2K’ S2Pm+1;p]

2| N / |

[K’ Q2S2m+l;p] 7, [K’ (£2252m+l’ S2m+l);p] T [K’ (122S2m+1’ ‘2S3’21);p]

where [ ; p] denotes the p-primary component. It is known that h,. is an iso-
morphism and that Kerj is the p-primary component of image E? where
E?: [K, S?"~1] — [E2?K, S?"*1]. So whenever k is a monomorphism, we will
have Ker H,=Ker j=p-primary component of image E2. k occurs in the homotopy
exact sequence of the triple (Q252m+1 QS§2™, S2m-1) as

(K, (QS375, §2"71); pl —> [K, (Q2S?"*1, §2 %), p]

k
— [K9 (Q2SZm+1’ QS}?T 1); p]
The group on the left is isomorphic to [EK, S?P™~1; p] so whenever the latter is
trivial, k is a monomorphism. We use this observation in 5.2, but first we have

LEMMA 5.1. Suppose HYE?K;Z)=0 for all i>pn—(p—1), n=2m+1, and
qH? - ®-Y(E2K; Z)=0 for some integer q.
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Then Ker H, contains that the subgroups q[E2K, S®>™*1; p] and y [E?K, S?"*1; p].

Proof. By the Hopf Theorem we have [EZK, SP"-®-D]x HPr-®-1(E2K; 7).
So
HyqlE®K, §°"*1; p] = qH,[EK, §"*1; p] < g[E?K, §*""*]
= g[E?K, SP"--D] = (.
And since H,=y,H, we have
H[E*K, 57"*%; p] = Yo H,[E?K, S7+1; p] < Y[ E2K, S27+1] = 0
since .» acts on [E2K, S?Pm+1]x H2Pm+Y(E2K; Z) as multiplication by g¢P.

LeMMA 5.2. Let r=kq? and assume [EK, S?*™~1; p]=0 in addition to the hypoth-
eses of 5.1. Then i, acts on [E2K, S2™*1; p] as multiplication by r.

Proof. For «€[E2K, S?"*1; p] we have o=t (Y,0)=kq(e)=ki(qo)=
kq(ge)=ro using 5.1 and the fact that Ker H,=Image E2 when [EK, S2*™~1; p]=0.

Proof of Theorem 1.2(ii). For n=1 the result is given by the group structure on
S~ U(1). For n=2t+123 we consider the cofibration

X5 —> X 2> Xpal X,

and the associated exact sequence
* S%

P l
[X;,Z/Xg,l’ Sn] e [Xg,z, Sn] —> [X2n.ls Sn].

The main results of [1] and [6] imply that i*i},c =0 for r=2° and so by exactness
we obtain an element B € [X} /X3, S"] with p*8=y,«. So it is enough to show
that $,8=0 for s=3t.

For n=3 we have from Lemma 2.5 that X3,/ X3, is homeomorphic to the com-
plex S U, e, degree f=3—note CS2x CX3, is just a 7-cell since X3, is a 3-cell.
Hence the only obstructions to nullhomotoping a given map S° U, e” %5 S3 lie in
HS(S® U, e7; 76(S®)=Z; and H'(S® U, e”; m(S®)=0. But y3: me(S3) — m6(S?)
is multiplication by 3 (since E: mg(S®) — m;(S*) is a monomorphism, or alterna-
tively since mg(S3)=mg(S?; 3) and we can invoke (13.13) of [5]). Thus ¢;8=0 as
required.

For n=2t+125 we can apply 5.2 whenever the condition

[E~*(X3.2/X3.1), %715 3] = 0

obtains—in which case we again obtain the desired result $8=s8=0 for s=3¢
(using both Theorem 1.4(ii) and Lemma 5.2). Now HY(E ~*(X§./X%,); Z)=0 for
i=3n—4 or i>3n-3, and is ~Z; for i=3n—3. As dimension E (X} ,/X%,)=6¢
the Steenrnd Classification Theorem [4, p. 460] immediately implies that

[E~Y(X3.2/X3,0), $*7]1 = 0.
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REMARKS. 1. It is possible to show that the suspension-order of E"X3 ;, rz —1
and n=2t+1, is also 2°¥3, Only minor modification of the hypotheses of Toda’s
Lemma 1.4 is needed for this. Indeed this was our first approach. However Lemma
3.1 showed that the suspension-order of E"(X} /X% ;) would be more useful.

2. We conjecture that the lower bound for k™" given in [7] is not best possible
for any value m>3, in particular for m=4. It is really just a first-order result.
Although we feel that K-theory will provide the best possible lower bound for all m,
higher-order considerations (in the use of coefficients K-theory) must enter for
m> 3. Finally we conjecture that for each prime p, the largest power p* of p dividing
k™™ is an unbounded, nondecreasing function of m (for fixed n=2¢+12=3). The
lower bound of [7] does not reflect this kind of behavior.
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