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CONTINUITY OF GAUSSIAN PROCESSES

BY
M. B. MARCUS AND L. A. SHEPP

Abstract. We give a proof of Fernique’s theorem that if X is a stationary Gaussian
process and o?(h)=E(X(h)— X(0))? then X has continuous sample paths provided
that, for some &> 0, o(h) < y(h), 0=h=¢, where ¢ is any increasing function satisfying

¢ Y(h)
® , Wlog (1/my™ % < -

We prove the partial converse that if o(h)=y(h), 0Sh=e and ¢ is any increasing
function not satisfying (*) then the paths are not continuous. In particular, if ¢ is
monotonic we may take ¢ = and (*) is then necessary and sufficient for sample path
continuity. Our proof is based on an important lemma of Slepian.

Finally we show that if o is monotonic and convex in [0, ] then o(k)(log 1/A)*'2 — 0
as h — 0 iff the paths are incrementally continuous, meaning that for each monotonic
bounded sequence t=1y, t5, ..., X(tn+1)— X(t,) = 0, w.p.L.

1. Introduction. Let X be a zero-mean separable stationary Gaussian process
with continuous covariance p(h)=EX(s)X(s+h). Xavier Fernique (1964) made
considerable progress toward a solution of the well-known problem [6], [3], [1]
of finding necessary and sufficient conditions on p in order that X have continuous
sample paths. Define o%(h)=E(X(h)— X(0))>=2(p(0)—p(h)). Fernique obtained
that if o(h) <4(h), 0= h= 1, where ¢ is monotonic 1 (nondecreasing) and satisfies

()

then X has continuous paths. He also obtained (under some additional conditions)
that if ¢ is monotonic 4 and (1.1) fails to hold then there exists a discontinuous
process X (which he gave as a random lacunary Fourier series) with o(h) <3(h),
0 s h=e. Modifying his method of random lacunary Fourier series, we obtain (§3)
using a basic inequality of D. Slepian (1962) that if for some &>0, o(h)=(h),
0=<h=e, where  is monotonic 4 and (I.1) fails to hold then the paths of X are
discontinuous. As an immediate consequence we find that if ¢ is monotonic 1
then

€ a(h)
(12 o F(log 1/
is the necessary and sufficient condition for X to have continuous paths. In parti-
cular if the convariance of X is of Polya’s type, the question of whether the paths
are continuous is settled completely.

dh < ©
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M. Nisio [9] has obtained conditions for continuity of X based on the spectral
distribution function F. As a corollary to the results of [9], it has been proved [10]
that if F(2"*!)— F(2")=s, is eventually decreasing then Y(s,)!/%2 <o is a necessary
and sufficient condition for continuity of X. We point out by examples (§5) that
neither (1.2) nor >(s,)!/%2 <o is a nasc for continuity among all covariances.

Finally, we observe that a discontinuous process X may or may not possess
the following property: call X incrementally continuous if for each monotonic
(either increasing or decreasing) bounded sequence t=1, t,, . . .

(1.3) X(t, )—X(,)—0 as n—>o0

except for a null set (which may depend on ¢) of paths X. We show (§4) that a
Gaussian process X with covariance of Polya’s type is incrementally continuous
if and only if

(1.4) o(h)(log (1/R)Y2 -0 as h—O.

As an immediate consequence we find that there exists a process X which is
incrementally continuous yet not sequentially continuous. (A process X is se-
quentially continuous if ¢, — ¢ implies X(z,) — limit a.s.; for Gaussian processes
sequential continuity is equivalent to sample path continuity.)

We would like to acknowledge the help of R. M. Dudley who provided an
enlightening example bearing on §4, of H. O. Pollak who found the simple proof
of Boas’ inequality, and of N. D. Ylvisaker who had suggested the use of Slepian’s
inequality to one of the authors.

2. Fernique’s sufficient condition for continuity of paths. The purpose of this

section is to prove the following theorem of Fernique [5]. Alternate proofs can be
found in [13]-[16].

THEOREM. Let X be a separable stationary Gaussian process with zero mean and
let o*(h)= E(X(h)— X(0))2. Let y be any nondecreasing majorant of o, so that

@2.1) oh) S ¥(h), O=<hs5l,
2.2) wht, O0=h=l

If (1.1) holds, then the paths of X are continuous. Note: it is clear that without loss
of generality we could take i to be the least nondecreasing majorant of o,

Y(h) = max [o(u) : 0 < u < h].

IIA

Proof. By Belyaev’s theorem [1] (see [4] for an alternate proof) discontinuous
Gaussian processes are unbounded on every set .S dense(*) in some interval with
probability one, so we need only prove that for some M and S

2.3) P{X(t) < M,1eS} > 0

(}) See Appendix 3.
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where S is dense in some interval. Oddly enough, the choice of the subset S is the
crucial part of the proof. We shall choose S={k/2, : 0=k/2,<1} where k and p
are nonnegative integers and 2,=2%, following Fernique [5] (see also [8]). S is
sparse enough so that (2.6) (below) holds and yet dense enough so that (2.8)
(below) also holds. If € S, let k(p, t) be the largest integer k for which k/2,<¢,
so that k(p, t)=[2,t]. Writing 7(p, t)=k(p, t)/2, we have

24) 0= p+l,t)—1(p, ) < 1/2,
and
(2.5) X(@) = X(=(0, 1))+ Z(X (r(p+1, )= X(7(p, 1))

where the series converges because only finitely many terms are nonzero. To prove
the right side of (2.5) bounded in ¢ for X in a set of positive measure we proceed
as follows. For p=0,1,2,...;k=0,1,2,...,2,-1;¢=0,1,2,...,2,—1, define

Up, k. q) = X(k/2,+q/2,41)— X(k/2,).

Let D)= E(? and set c(p)=5272%, p=0, 1, 2, ..., where b will be chosen later.
Let A be the event that for some (p, k,q) in the range above, |{(p, k,q)|>
c(p)D({(p, k, q)). Thus we have

o 2p—-12p,-1
P s 2 2 2 Pllal > o),

where »={/D({) is standard normal. Since P{|n|>c}<exp (—c?/2) for c>1 we
find choosing b large enough that

(2.6) P(4) < 2’ (2,)% exp (—=b22°"1) < 1.

Thus comp (A4) has positive measure and if X € comp (4) we have
2.7 | X(r(p+1, )= X(z(p, )| = c(p) DY),
where {={(p, k, q) and k=k(p, t), g=(r(p+1, t)—(p, 1))2,,,. We have

D) = D*Up, k, @) = 0%(q/2541) = *(r(p+1, t)—7(p, 1))
S P(r(p+1, 0)—7(p, 1)) = ¥(1/2,)
by (2.1), (2.2), and (2.4). Thus from (2.7) and (2.5)

2.8 X1 S X))+ 2, P12

Again by monotonicity of 4 we have

/2 > -u d_u
oy s [ e o
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and so by (1.1) the series in (2.8) converges:

< © du
29 > c(p(1/2,) £ b f W2 7 < o,
p=1 1
Finally, since (0, ¢) has only three possible values, it follows directly from (2.8)
and (2.9) that (2.3) holds for some value of M.

3. A sufficient condition for the paths to be discontinuous.

THEOREM. Let X be a stationary Gaussian process with zero mean and let o?(h)
=E(X(t+h)— X)) Let y be any nondecreasing local minorant of o, that is for
some >0

(3.1 olh) 24(h) 20, O0=h<=e
(3.2) $ht, O=h=e
If (1.1) does not hold for s then the paths of X are not continuous.

Proof. We will show that if the hypothesis holds for ¢ there is a separable, zero
mean, stationary Gaussian process Y for which, in the range se ], te I, I=[0, ¢]

(3.3) E(Y(t)—Y(5))* < Ko?(|t—s]),
3.4 P(sup [Y(¢) : tel] = 0) =1

where K is some constant. In other words we will obtain an unbounded process
Y whose incremental variance is bounded by a constant times the incremental
variance of X. Given such a Y the following inequality of Slepian shows that the
paths of X are also unbounded and hence discontinuous.

LEMMA (SLEPIAN). Let X and Z be separable zero mean Gaussian processes such
that EX?(t)=EZ*(t), EX(s)X(t) S EZ(s)Z(t) for s, t € I. Then

3.5) P(sup[X(¢):tell = M) 2 P(sup [Z(t) : tel] =2 M).

We include Slepian’s proof for completeness, but defer it to the appendix.

To see that X is discontinuous if Y exists satisfying (3.3) and (3.4), take Z(¢)
=(an+ Y(t))/b, where 7 is a standard normal variable independent of Y, and a
and b are constants to be chosen. If b is large enough so that EY?(t) <b2EX(¢)?
and K < b? we may choose a so that EX?(t)=EZ?(t). We then have E(Z(t) —Z(s))?
=E(Y(t)— Y(s5))?/b? < 0*(|t—s|) and the hypothesis of Slepian’s lemma is satisfied.
Since the right side of (3.5) is unity for every M, X is unbounded also.

To produce a process Y satisfying (3.3) and (3.4) we take Y to be a random
lacunary Fourier series, the stationary Gaussian process defined by

(3.6) Y(t) = D @ cOs 2+, sin 27),
n=0
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where {7,} and {y;} are independent standard normal sequences and > a2<oo.
Note that

3.7 EY(s)Y(t) = i a2 cos 2"(t—s),
n=0
(3.8) E(Y(t)—Y(s))? =2 i aZ(1 —cos 2(t—ys)).
n=0

We now use the following theorem of Szidon [12, §6.4] to show that Y(¢)
satisfies (3.4) if

(3.9) > las| = oo

LEMMA (SzIDON). If 3 (b2 +c?) <o, > (|ba| + |cq|)=0, and 6,,,/0,>A>1 then
the L? function with Fourier series 3. (b, cos 0,t+c, sin 0,t) is unbounded.

To show that (3.4) holds if (3.9) holds let b,=a,n,, ¢,=a,n, and 6,=2" so that
the series of the lemma is Y. Note that E > (b2+c¢2)=2 > a2 and so 3 (b2+c2) <0
a.s. Similarly, Efexp (= 3 (|ba] +|ea)]=TT (E exp— [B,)E(exp (— |ca])) =0 by (3.9)
and so 3, (|b,] + |c,|) =0 a.s. It follows from the lemma that Y(¢) is a.s. unbounded
on [0, 2#] and hence [1] on every interval [0, ¢]. Thus the problem reduces to
finding an /2 sequence a, satisfying (3.9) for which the function Y defined by (3.6)
satisfies (3.3).

We shall assume first that o2 is monotonically increasing and that ¢2(27™)
S2¢%(27""1Y), n=1,2,..., (call this assumption A) because if A holds (which it
does if the covariance is of Polya-type, 0% then being monotonic and convex) the
construction of the a, sequence is simpler. Later we give a construction which
works in general. Define f2=0%2"") and observe that f;> eventually decreases.
Define g7 as the largest convex minorant of £, so that g2=f2 for certain values of
n and between these values, g2 is linear and lies strictly below f2. We claim first
that g2, , Sg2<2g2, ;. The first inequality holds because g2 is convex and tends to
zero. To prove the second inequality observe that either g2, ,=/2,,0rg2,,<f2,..
In the first case, 2g2,,=2f2,, 2 f22g2, while in the second case g2,,—g2,,=g2
—gr+1 by the definition of g2 and so 2g2,,—g2=g2,,20. Thus we have that
g2<2g2, , for all values of n.

The hypothesis of the theorem requires that (1.1) not hold for . By 4, y=0
and by monotonicity of o it is easy to see that (1.1) is the same as

We claim next that > g,/1/n=00 also. To see this let r and s, defined as above,
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be any two consecutive points where f and g are equal. Then if rSn=(r+s)/2 we
have by linearity

= gl +(gi—gN)n—r)/(s—r) 2 gt —gi(n—r)[(s—r) = gi(s—n)/(s—r)
= ffs—n)(s—r) 2 f2s—n)(s—r) 2 f7]2

and since f,/4/n decreases,

Gy > f" <2 S <242 <2v2 5 &

rsn<s r=ns(r+s)/2 n rSn=(r+s)/2 '\/ rsn<s '\/n

Now we define a2=g2—g2,,. Since g2 is convex, a, decreases monotonically.
We now use the following inequality of Boas, proved in the appendix.

LEMMA. Let g2=37 , a? where a; decreases. Then

<) S a,.
It follows from the lemma that (3.9) holds and we need only verify (3.3). Fix
t<1 and let N be the largest integer for which 2¥¢<1. By (3.8) we see that

N ©
(3.12) E(Y(s+D)-Y(s)?* £ D a2*t+4 > a?
n=1 N+1
The second term on the right in (3.12) is 4g% , , S4f%, 1 =40%(2" V1) £40%(t) since
o is monotonic by A. The first term on the right of (3.12) is less than

o S g = gy Z 2412 Z (g2-g2+1) 2 2
(3.13) n=t

< LI S g
n=1
since g2—g2, ; < g2/2 as we proved above, and since >7., 2%/ £22%4/3). From (3.13)
we get upon subtracting the last term that

N
(3.14) 12 Y g2 < %R < 283
n=1

As before, 2g3 <4g%,1<4fF.1=40%(2"V"1)=44%(t) and so each term in (3.12)
<40%(t) and (3.3) holds with K=8. This proves the theorem in the case when o
is monotonic and ¢3(2 ") <2032 ""'). We point out that the proof would work
as well even if 6?2 ") S a0?(2°""1) as long as «<4. The case «=4 is the general
case because for any o and 4 we have

(3.15) o%Q2h) =2 f (1—cos 2hX) dE(A) = 2 f (2—2 cos? hX) dF(N) < 40*(h).
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We now give another proof of the theorem, slightly more involved, but which
works in general. We start from scratch at the expense of some repetition. Since
the incremental variance ¢2%(¢) has a least positive zero there is an ¢ >0 for which

(3.16) 0 < o(e/2) = min [o(u) : ¢f2 S u < €],

that is, the minimum of o on [¢/2, ¢] is taken at the left endpoint. To see that such
an ¢ exists, let 2z be the least positive zero of o, and let m(u) =min [o(x) : uSx=<7z).
We now choose ¢ as the largest number =<z for which o(¢/2) =m(z/2), which exists
because 0<m(z/2)<0o(z/2) and o tends to zero at zero. Then 0<o(e/2) < o(x) for
e/2<x=z[2 since ¢ was largest and o(¢/2)So(x) for z/2<x<e because o(¢/2)
=m(z/2) and < z. Thus (3.16) holds for .

Having chosen ¢, we next define

(3.17) W(h) = min [o(u) 1 h < u < e].

¥ dominates any nondecreasing minorant ' of ¢ on [0, €] and so if the hypothesis
of the theorem holds then (1.1) fails to hold for ¢, since

YD) =min[p'w) :h=u=<e]l<minfow): h = u=e]l=yh)
for 0<h=<e. Fixing ¢ as in (3.17) we have that if 2t <e,
$2%(2t) = min [0%Qu) : t S u < £/2]
=4min[o?(u) :t Su=<e]l]<4minfo?(u):t S u =< ¢2]
by (3.15) and so by (3.16) we have
(3.18) PA(2t) = 42(2).

Let now f2=y%(2 "), n=1,2,..., so that £;2| and let g2 be the largest convex
minorant of f;Z defined as before. By hypothesis, [“ (2~ *e)u~'2 du=c0 and so
> Jal4/n=c0 since ¥ is monotonic. By (3.11) we see that > g,/4/n=c0 as well.

We next define a convex subminorant h? of g2 by extending certain edges of the
graph of g2, viewed as a convex polygon. Let s,=0, and define 0<r,<s,<r,
<s§p<--- as follows. Suppose that s;_; has been defined. Let r, be the first n>s;_
for which g2>2g2, , if there are such n. (Let r;=c0 if g2<2g2,, for all n>s;_,.)
If r; < o0, let s, be the first n>r; for which g2 <2g2, |, noting that s, < co since other-
wise g, decreases exponentially contradicting > g,/v/n=c0. Now define h,=g,
fors;_;<n=r;+1and for r;+1<n<s, define h so that h2—h2 , , =h%(s;) — h*(s; + 1)
=g%s;)—g%(s;+ 1) (where h(n) is written for h, to avoid double subscripts). If
r;=00, set h,=g, for all n>s;_;. Since A% has been defined in r,+1<n<s; by
extending the edge between s; and s;+ 1 of the graph of g2 backwards throughout
ri+1<n<s,, and since g2 is convex, we must have h2 < g2 for all n and we see that
h? is also convex. We next show that > h,/v/n=c0. For r;Sn<s;, g,.1<8g./vV?2
and so g, 2g(r;)4/2s~" for r;<n<s;. Hence with r=r;, s=s,, we have

> &V s @OV 3 VIS GO = 4OV S 4D Hlvn
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Since h,=g, for s<n<r;,,, it follows that > g,//n<43 h,/v/n and so
2 hafv/n=00.

Set a2=hZ—hZ,, in (3.6). Since a, decreases (3.9) holds by Boas’ lemma. By
Szidon’s lemma the process Y of (3.6) satisfies (3.4). By Slepian’s lemma the theorem
follows from (3.3) and (3.4) and the only thing left to show is that the right side of
(3.12) is bounded by Ko?(¢) for t<e, where N is the largest integer for which
2Vt <e, e as above. The second sum in (3.12) is 4h3 ., <4g% ., <S4 3. . =W?*(2 V1)
< 4J%(t) £ 40%(t). The first sum in (3.12) will be bounded by Ko?(¢) if we can show
that

N
(3.19) . (h2—h2,)2%® < Kgf,
n=1

because gZ=<fZ=y%2 Ve) 4% (27" "1e) <4y*(t) <40%(t), where we have used
(3.18). It is the construction of A4 that plays the crucial role in proving (3.19) and
(3.19) is not necessarily true with the right side replaced by Khz.

We begin with the observation that

(3.20) 4g2,, 2 g2 foralln=1,2,....

To prove (3.20) observe that either g2, ,=f2,, or g2,,<f2 ;. In the first case,
4g?, 1 =4f2,1Zf2= g2 while in the second case, g7.,—g7,2=82—g.1 by the
definition of g2 and so 4g2,,>2g2,,=g2+g2,,2g2. Thus (3.20) holds.

Now suppose that N in (3.19) satisfies s, < N<s,,;. For j<k we have with
S=8;_1, I=r; =5,

T r

(3.21) D (B-h)2h= D> (g2-gi.)2 s > gien

n=s+1 n=s+1 n=s+1

But summing by parts we get

T T r—-1 n
D gm—gl > 2%y (82-g2.0) > 2%
n=s+1 n=s+1 n=s+1 k=s+1
(3.22) -
1827+% D (gh-gh.2
n=s+1

Since g2<2g2,, for s<n=r—1, g2—g2,,<g2/2 for s+15nsr—1 and sub-
stituting in (3.22) we get

(3.23) > @< 3 +; > ghn

n=s+1 n=s+1

Subtracting the last term in (3.23) from both sides and using (3.21) gives

(3.24) > (R—h,)2 < 28

n=s+1
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Since A is linear in the range r+1<n<¢+1 we have
t t
2, R—hp )2 = (i —hey) 2 2
(3.25) n=r+2 n=r+2
< (g7 —8h1)2%5 < 2g72%.

Since (h2,, —h2, )220+ D < 4h?, 2% < 4h22%" = 4g22%" we have from (3.24) and (3.25)
that

S

(h3—h3. )2 < 6g(r))*2% 1+ 2g%(s;)2%
(3.26) m=sg-1tl
é 8g2(s!)228‘f9

the last inequality being valid because by (3.20) g2 <4g2, , for all n and so g(n)?2%*
is monotonically increasing in n. Now again by (3.20), g2<4g2,, for s;_,Sn<s;
but there is at least one value of n in the range s;_, Sn<s; for which g2<2g2,,,
namely n=s;_,. Hence

(3.27) 8(s;-1)?2%1-1 = $g(s;)?2%.

Summing the inequalities (3.26) and using (3.27) we get

(3.28) Z (2 —h2, )2 < sg(sz)zzsk(1+l+l+ .. +l).
. < n n+1 = k 2 4 2k

The same proof as in (3.24) shows that if s, < N<r, that

N
(3.29) D (h2—h2, )2 < 2gf2%
n=sc+1
and the same proof as in (3.25) shows that (3.29) is valid also for r, < N<$,1.
Thus we have from (3.28) and (3.29)

N
(3.30) > (H3—h3,1)2% < 18g32%Y
n=1

again using the monotonicity of g222*, Since 122%2¥ < &% we see that (3.19) is valid
with K=18¢2. The theorem is proved.

4. Discontinuous processes which are incrementally continuous but not sequentially
continuous. A process X will be called incrementally continuous if for every
monotonic (either increasing or decreasing) bounded sequence t=t¢,, f,, . . .,

4.1 Xt )—X(t,)—>0 as n—

except for a set A(¢) of paths X with P(A(t))=0. Of course if X consists of a single
function then that function must be continuous, but the Poisson process is an
example of a discontinuous process which is incrementally continuous. On the
other hand, it seems to be difficult to find a process which is incrementally
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continuous without also being sequentially continuous, that is whenever ¢, — ¢,
X (t,) — limit, except for a null set A(). Since it can be shown(?) that a sequentially
continuous Gaussian process always has continuous sample paths, examples of
processes with the desired properties can be constructed by using the theorem of §3
and the following theorem.

THEOREM. If X has covariance p of Polya’s type then X is incrementally continuous
if and only if (1.4) holds.

Proof. The property of Polya-type processes that we make use of is that if
51 <S§3<t, <ty then

(4.2) E(X(s2)— X (s)) X (£2) — X (11))
Indeed, if t,—s, <t —s,; we write the left side of (4.2) as
(p(ta—52) = plty = 52) — (ot —5) = plts = 52)) = (o'(0) = P (B)Nt2— 1)
= p"(03)(0:—0,)(t2—1,) = 0

since 0< 0y <ty —5,<t;—S$; < 6,. On the other hand if ¢, —s, <t,—s; we write the
left side of (4.2) as (p(t,—s1)—p(t; —S2)) —(p(ts—s1) — p(t2—5s3)) and proceed
analogously. Thus (4.2) holds.

Now we use two lemmas from [7], omitting their proofs.

IA
o

LEMMA 1. Let X and Y be Gaussian variables with zero mean and suppose EXY £0.
Then ifa=0,b20,
4.3) P(X2a,Y2b)<P(X2aP(Y2zh).
LEMMA 2. Let By, B,,... be events with P(B,B,)<P(B)P(B,) for all j#k. If
> P(B,)=c0 then P(B, infinitely often)=1.
Let ¢ be a monotone sequence and &> 0. Define
By ={X(tny) — X(t) Z ¢}, n=12....

By (4.2), Lemmas 1 and 2, and the usual Borel-Cantelli lemma, we see that X is
incrementally continuous if and only if > P(B,) <o for every monotonic sequence
t. Supposing that ¢, 1 ¢ which involves no loss of generality, we see that §,=1,,,
—t, 20 must satisfy > 8, <oco. We have

(44 P(B,) = P{y 2 ¢/o(8,)}

where 7 is a standard normal variable. If (1.4) fails to hold then there exist u, | 0
and >0 for which o%(u,)> 0/log (1/u,). If we let (8, &z,...)=(us, ts,. .., Uy,
Ug, Ug, . . ., Ug, Us, . . .) Where the block of u;’s is of length 4, 20, the block of u,’s

(?) See Appendix 4.
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is of length 4,20, and so on, we can make > 8,<o0o and > P(B,)=00 provided
that we can choose the A4’s so that

4.5) D Aty < ©
and
(4.6) 2, An exp (—=e%o*(uy) = o0

hold. The sum in (4.6) is at least > 4,uz"/°. If we choose 2= /2, it is clear that there
can be found nonnegative integers 4,, A,, . . ., for which Y A,u, <o and Y 4,ul/?
=00. Thus if (1.4) fails for X of Polya type then X is not incrementally continuous.

On the other hand, if (1.4) holds, then X is incrementally continuous even if X
is not of Polya’s type because (¢2/20%(3,)) " *=0(1/log (1/8,)) and it follows that
> P(B,) < since P(B,) < 8, for sufficiently large n.

It is easy to find covariances which satisfy (1.4) but not (1.1) and thereby con-
struct incrementally continuous processes which are not sequentially continuous.

5. Examples. We give first a continuous process with lim sup (log 1/h)o?(h) #0
thereby showing that the condition that X be of Polya type cannot be dropped
entirely in proving that X is not incrementally continuous in §4. At the same time,
o of the example also fails to satisfy (1.2) and thereby shows that (1.2) cannot be
necessary for sample continuity in general. The example is

0

G.1) OED % (7 COS 22"+, sin 22°7)
1

where 7 and %’ are independent standard normal sequences. X is continuous be-
cause D, (|n,| + |nn|)/n® <00, a.s. On the other hand, we have

5.2) (log 2%*)a¥(1 /22”) 2 (1 —cos 1)(log 2)2%/k* — o0

and so lim sup (log 1/h)o%(h)#£0. A short calculation shows that (1.2) fails to
hold. Of course, o2 is not monotonic.

We remark that an extension of the above example shows that there is no simple
analogue of Slepian’s lemma in terms of spectral distribution functions (s.d.f.).
In fact if F is the s.d.f. of any discontinuous process then there is a s.d.f. G of a
continuous process Y with G(x) = F(x) for all x2=0, G(o0)=F(c0). Indeed this is
trivially seen by taking Y(¢)=2 au(n, cos 0,¢+1, sin 0,¢) where  and 7’ are
as in (3.6). If 3 |a,| <o, Y is continuous no matter what values the @’s take and
if 6, — oo sufficiently fast, it is clear that G will have uniformly fatter tails than F.
Similarly, it is shown that if F'is any s.d.f. with F#£0 then G, and G, may be found
with G, £ F< G, and G,(0)=G,(0) where the corresponding processes are either
continuous or discontinuous.

The next example shows that the condition

(5.3) D s <o, s,=FQ")-FQn,



388 M. B. MARCUS AND L. A. SHEPP [October

where F is the spectral cumulative distribution function of X, fails to be sufficient
for continuity of X in general. Our example, which is of Polya type, is defined as
follows:

Let u be the measure having a point mass

5.9 A = (1/2™)12 at p,, = 1/2%",
m=1,2,.... Define F(x) by setting F'(x)=f(x) for all x, where

(5.5) 1) = : Locos s duto.

prm <x_1 <pm+1’

1/x 1 2
66 S0 S [T rdu)+ [ 7 dule) S Dhmsipmratax hapit
X
and so, for 0=k <2™,

(5.7) F(22m+k+1)_F(22m+k) = S22m+k é 2/\m+1pm+122"‘+k+4/\mp';12-2m-k.

It follows easily that (5.3) holds. To prove that X is not continuous it suffices to
check that (1.2) fails to hold because X is of Polya type, as is seen by noting that

1 1
fx) = f p(t) cos xt dt = _ch f p'(¢) sin xt dt
o o

11 —cos xt
= —_— 2 do'(¢
. ()

x2t2

(5.8)

where we have set tdp’(t) =du(t), p(1)=p'(1)=0, p as in (5.4). We have

t
pO-0) = [ —p @) du = —p O+ [ dutw)

(5'9) 11 t t
—t ft L du(u) + fo dulu) 2 fo dulu).

Thus if pp 41 <t<Pm, p(0)—p(2) = Ay, and it is a simple matter to check that (1.2)
fails to hold. Thus X is discontinuous in spite of (5.3). Of course, s, in this case is
not a monotonic sequence.

Appendix.

1. Proof of Slepian’s lemma. The intuitive explanation of Slepian’s inequality
is that although X and Z are instanteously of equal variance, X oscillates more
than Z because it is less correlated. It is enough to prove (3.5) for finite sets I=
{t1, ..., to}. The left side of (3.5) is then 1 — Q where Q= Q(r) is given by

(A1) 00 = [ an [ drglr . xi)
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and the Gaussian density g(x, r) is given in terms of its characteristic function by

A gr) = [ db [ deon e (13 x6-02) 3 3 ki)

and r=EX(t)X(t), r={ry}. From (A.2) we obtain immediately that dg/or
=0%g[0ox,0x, for j#k and so differentiating (A.1) with respect to r,, say we get

a M M 82
% Q(’) = J:w dxl"' f—oo dxnmg(xhxm“-’xmr)'

Integrating we get

o 00 =[xy [ dnagM, Mx )
T2

Thus 2Q(r)/or,, 20 for all j#k. Now suppose that s, =EZ(t,)Z(t;) and let
radd) = Arpe+ (1= sy

Then r(A)={r,(A)} is positive definite and so g(X)=1— Q(r(})) is defined. We see
that

q'()\) = —; Z (3/arjk)Q(r(A)).drjk(A)/dA
- _21: Z (9[0rye) Qr(X)- (s —55) Z O

since r;;=s;; and for j#k, 9Q/0r;, 20 and s 2 ;. Thus
g(1) = 1-Q(r) = P{max X(¢,) =2 M} 2 q(0) = 1-Q(s) = P{max Z(1;) 2 M},

proving (3.5).
2. Proof of Boas’ inequality. The following proof was shown to us by H. O.
Pollak. We have since a, 2a,2 - - -, foreach m2n

o (4 -(54) (54 +(54))

< a/(m+1-n)2a, = a,/(m+1—n)*2,

Adding on m, we get

3
i NMes
I~
b
[ 3
™M
8
N ——
.
N
|
T
& 3
[} 1
3 -
o
N—"
-
S
N——
]

(24)"-

Z an/(m+1—n)t2,

m=n

IA
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Dividing by 4/n and adding, we get

IA

i gnlV/n

n=1

W/n) S anlm+1-n)ts

(B.3)

an i 1/(n(m+1—=n))*2

IIA

2§:am,

proving the lemma.
We remark finally that the reverse inequality, > a,<2 3 g./+/n is valid even
without assuming that the a’s are monotonic. Indeed, we may write

) ® © @© @ 1/2
(B.4) Zl G= D > 'l”a,,, 33 gn(z l/mn)

and the remark follows.

3. Footnote 1, §2. Actually Belyaev’s theorem shows only that a discontinuous
Gaussian process is a.s. unbounded on any interval I. To see that X is in fact a.s.
unbounded on any set S dense in I, we proceed as follows. If S'<1is a countable
set which acts as a set of separability for X, then, since X is unbounded on I,
sup [| X(¢)| : te SUS']=00, a.s. But sup [|X(¢)| : te S]=sup [| X(?)| : te SUS']
w.p.l. because every point € S’ is a limit of points 7, € S and so X(¢,) > X(¢)
a.s. along some subsequence {t,.} of {t,} since X(#,) — X(¢) in the mean. Since S’
is countable we see that sup [|X(¢)| : € S]=sup [|X(¢)| : te SUS']=00 w.p.l.
Thus the claim that (2.3) is sufficient for the theorem is proved.

4. Footnote 2, §4. To see that a discontinuous Gaussian process is not sequen-
tially continuous, note first that as a result of Appendix 3 above if X is discon-
tinuous and a<b,

(D.1) P(X(@+@®-a)jmn| £ Mj=0,1,...,m)—0, as n—oo.

Define t,=t,=---=0 and choose O<a;<b,, j=1,2,..., with b;| 0. Define
L, t3, ..., and n(0)=0<n(l)< - - - inductively as follows: Choose for j=1, 2,...,
Lani-1)+15> tang—1)+3s - - -5 Lancy—1 SO each belong to (a;, b;) and together satisfy
for each j=1,2,...

(D.2) P(|A(ta14 )| =, n(=1) 2 i < n(j)) < 1/j,

which can be done on account of (D.1). We see that ¢, — 0 but X(¢,) do not have a
limit because P(X(t3n+1)— X(tzn) = 0)=P(X(t3n+1) — X (0) = 0) S P(| X (tan+ 1)
n=1,2,... is bounded)=0 by (D.2). Thus X is not sequentially continuous.
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