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HOMOLOGICAL DIMENSION AND CARDINALITY

BY
B. L. OSOFSKY

Abstract. Let {e(i) | i € #} be an infinite set of commuting idempotents in a ring
R with 1 such that

[T e TI (—ep) #0
a=0 B=n+1

for {i, | 0Se<n} N {i; | n+1<B=<m}= @. Let I be the right ideal generated by these
idempotents. We show that the projective dimension of I is n< o if and only if the
cardinality of /=R,. As a consequence, a countable direct product of fields has global
dimension k+1 if and only if 280 =R,.. The same is true for a full linear ring on a
countable dimensional vector space over a field of cardinality at most 280, On the
other hand, if 280 > R, then any right and left self-injective ring which is not semi-
perfect, any ring containing an infinite direct product of subrings, any ring containing
the endomorphism ring of a countable direct sum of modules, and many quotient
rings of such rings must all have infinite global dimension.

This paper continues the investigation of the relationship between homological
dimension and cardinality questions started in [4] and [5], combining the tech-
niques of §7 of [5] with a modification of a projective resolution in Pierce [7].
Employing a result of Hausdorff and Tarski, we show that the X corresponding to
2% plays an important role in the global dimension of rings where one can find
analogues of characteristic functions of subsets of a set of orthogonal idempotents.

1. Homological dimension of an ideal generated by commuting idempotents.
We first calculate the homological dimension of a right ideal of a ring R (with 1)
generated by a “nice” set of idempotents, and then show that several types of
rings possess such idempdotents.

A family A={e(i) | i € £} of idempotents of R is called nice if

@) e(e(j)=e())e(i) Vi, je L.

(i) TT3=1 (i) [T5=n+1 (1 —e(ip)) #0 if

(|1 Sasmnl|n+tl SB<m=o.

For any nice family of idempotents %, define Jyy=>,.y eR. Assume U is indexed
by a linearly ordered set .£. Let
P,(N) = <) gy« s inyR S R*"
ig<iy<-<ip
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where i, .. ., i,y represents that function in R*" which takes the value 0 every-
where except at (i, . . ., i,) € #™ where it takes the value []%_, e(i,). We observe
that

n
<i0’ ceey ln> I—[ e(ia) = <i0’ ceey in>,
=0
and for any i € 4,
) P,®) = [ @ os---» z',,>e(i)R] G—)[ @ o in>(1—e(i))R].
fg < <ip ig<--<ip

We call the first summand e(i)P,(%) and the second (1—e(i))P,(%). We rewrite
the boundary operator of [7] to avoid using characteristic 2; namely, define

do: Po(?[) — Iy, d0<10> = e(iO)’
dn: Pn(m) _>Pn—1(2[)a dn<i0’ ] ln> = i (_ 1)a<i0,- . "ia’- . ’in>(e(i¢))
a=0

where i, means delete i,.

PROPOSITION 1.

g’(u):---d"“ P(%) h, % Po(2) d°,191 0

is a projective resolution of Iy.

Proof. P,(¥) is projective since it is isomorphic to a direct sum of projective
right ideals.
That #(Y) is a complex is a standard computation. Every term in

dn—l n<i09 R ] ln>
appears twice with opposite signs.
dodilo, 1) = do(<ire(io)e(iy) — iopelio)e(ir)) = e(io)e(iy) —e(io)e(iy) = 0.

Let d,p=0, p=27_1 o, ---» In,ara- Let i be the largest i,, such that
Lo,as -+ -5 In,apra 70, and let e(i)p and (1—e(i))p be the projections of p on the
appropriate summands of (*). Since

dn(e())P(A)) < e(i)P,—1(A) and dy((1—e(@))Pr(W)) = (1—e(i))Py-1(N),
d.e(i)p=d,(1—e(i))p=0. A straightforward calculation shows that

dn+1( Z <i0,a’ LS ] in.aa i>e(l)ra) _(_ l)n+1e(i)p = q € (‘B <i0’ L] in-l, I>R'
in,a #1

Since d,g=0, looking at terms of d,g not involving i shows that g must =0. We
observe that (1 —e(i))p has fewer than m nonzero terms since i is actually equal to
some I, , in a nonzero term of p, and then use induction on m to get

(1—e())p € dns 1Py (W)
Hence #(%) is exact.
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Let hd (Ix) denote the homological dimension of Iy, that is, the smallest &
such that d, P, () is projective, or oo if no such k exists.

PROPOSITION 2. Let card (#)=Rg, hd (Iy) Sk <oo. Then if k< Q, there exists a
set F<F such that card (£)=R, and d.P,({e(i) | i € #}) is a direct summand of
d P (N).

Proof. This is identical with the proof of Proposition 5.2(c) of [5].

PROPOSITION 3. Let # be an ordinal such that for some ne€ w, no ordinal of
cardinality <¥, is cofinal in #. Then hd (Iy) = n.

Proof. If n=0, then there is nothing to prove, so we may assume n=1. Assume
hd (Ix)=k <n. We will use induction on k.

If k=0, Iy is projective. By Proposition 2 (which uses the snaking argument
of Kaplansky [3]), there exists a countable set £ <.# such that

=2 e))ROI.
jef

Leti'e £F— £. Then e(i')=a+b,ac ;s e(j)R,beI'. Leta=3m"_, e(j,)r.. Since
A is a nice set of idempotents, for any j' € £ —{j, | | Sa=m},

a = ei')e(j") r':ll(l —e(j) # 0.

But
(a+b)a = e(i")a = a = ae(i’) = a(a+b)
= abee(j)RN e(i")R < aR.
Hence ba=0. But a>=a=(ab)(ab)=0, a contradiction.
Now assume k2 1 and k <n. By Proposition 2, there exists ,# <.# with card (_#)

=K, _; and d,P({e(i) | i€ #}) is a direct summand of d,P(¥). Since k<n,
by hypothesis r=sup (#)+1<.£. Now

Pk—l(%[) = (‘B {Jos - - -ajk—1>e("')R

UadsF

@ (‘D {Jos -+ > Je-1>(1—e(7))R
Uats S

@ @ <i0, LR ik—1>R
[T ¥4

= @ dk<j0, oe s Jk-1 R

UadsESF

@ @ <j0, .. '9jk—1>(1 _e(T))R
UdsF

@ @D <ioyeersix-1DR
[(M1¥4

and

d.P(¥) = dcP({e(i) | ie £ DK
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Then
e(7)d. P () = e(r)d P ({e(i) | i€ #}) De()KN K

where premultiplication by e(7) indicates as before the appropriate projection in
(x). Now e(7)d, P ({e(i) | i€ #}) is a direct summand of e(r)d,P(A) and M=
@Pvac s GlJos - - -sJe-1, R is a direct summand of P,_,(%) and indeed of
e(t)Py_ (). Moreover, M2 e(7)d, P, ({e(i) | i € #}) by the proof used for exactness
of Z(N). Hence e(r)d, . Pr({e(i) | i € #}) is actually a direct summand of e(7)P - (%)
since a direct summand of a direct summand of a module is a direct summand of
the entire module.

Define B={e(r)e(i) | i € ,#}. Then B is a nice set of idempotents of R since A
is and since 1—e(r)e(i)=1—e(r)+e(r)(1 —e(i)). Moreover, the complex #(B) is
naturally isomorphic to e(7)P({e(i) | i € /#}) in an obvious manner. In particular,
kernel p,d; -, is a direct summand of Py _,(8), so hd (Is) <k — 1. By the induction
hypothesis, n—1 < hd (Is) <k —1, contradicting k <n.

PROPOSITION 4. If £ is a set such that card (#)=X,, then hd (fu) <n.
Proof. If I is countable, order it by w. Then

Ly = e(0)R @ e(1)(1—e(0)R @ e(2)(1—e(0))(1—e(1))R
® - @e)] [ 1-e)RD---

a=1
is projective.

Assume the proposition for all nice sets of idempotents of cardinality less than
X,, n=1. Index % by the first ordinal of cardinality X,. Then Iy is a well-ordered
ascending union of subideals of homological dimension <n—1, so hd (lx)<n as
in [1].

Propositions 3 and 4 combined with some obvious set theoretic computations
such as those in [4] show

THEOREM A. If U is a nice set of idempotents, then hd (Ilu)=n if and only if
card (A)=N,.

2. Rings possessing nice sets of idempotents. Theorem A is of interest mainly
because several “natural” rings possess rather “large” nice sets of idempotents.
Of course, Pierce’s free Boolean rings, or indeed the analogous free algebra
generated by commuting idempotents over any ring will have nice sets of idem-
potents. In this section we use a result in [8] to get a method of constructing nice
sets of idempotents in other kinds of rings.

PROPOSITION 5. Let {e(k) | k € o'} be an infinite set of orthogonal idempotents of
R with card (K)=R. Assume for each L <A there exists an idempotent e(£) € R
such that

@ d(k)e(L) = e(L)elk) = e(k)xu(k)
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where x,, denotes the characteristic function of L.
(ii) e(Le(M) = e(M)e(L) forall &, M = K.
Then there exists a nice set of idempotents A< R such that card (%)=2%.

Proof. Hausdorff and Tarski have shown that there exists a family % of subsets
of A" such that card (§)=2% and for any disjoint finite subsets U and V of &,
Negev L N Naev (X —M)# @. (For a proof see Sikorski [8, p. 45].) Then
{e(£) | & € F} is a nice set of idempotents of R, for if U and V are disjoint finite
subsets of & and k € Ngecy &£ N Nwev (X — ), then

k) [ [ e(@) [ | (1—e(a)) = (k) +# 0.
FeU MeV

What kinds of rings satisfy the hypotheses of Proposition 5? Clearly [T.cx Ri

or Homg (Brexr My, Prex My) do, where the R are rings and the M, are modules

over a ring S. In these cases the ¢(k) and e(#) are appropriate projections. Also, if
S satisfies the hypotheses of Proposition 5, so does any over-ring of S.

PROPOSITION 6. Let R be a ring such that for some set U<{eR | e?=e € R}, the
elements of U form a complete, complemented lattice under join = + and meet =N.
Let {'(k) | ke A} be an infinite set of orthogonal idempotents of R such that
e'(k)R e U for all k € A. Then there exists {e(£) | £ < XA} satisfying the hypotheses
of Proposition 5, where (k)= e({k}).

Proof. By hypothesis, sup {¢'(k)R | k € X} =eR for some e=e?€ R. Let L.
Then

eR =sup{'k)R | ke L} Dsup{'(k)R | k¢ &L}

since eR contains each supremum on the right, their sum contains {¢'(k)R | k € A},
and their intersection is an idempotent generated right ideal in U containing no
&'(k) for k € A. Let e(£) be the projection of e on sup {¢'(k)R | k € £} with respect
to this decomposition. One readily verifies that e(L)e(#)=e(MA)e(L)=e(ZL N H)
by looking at the decomposition

eR =sup{'k)R | ke XL N M} Dsup{'k)R | ke L — M}
@sup{'k)R |ke M —F} Dsup{k)R | ke X —-FL U M}

and the result follows.

PROPOSITION 7. Let R be a right self-injective ring such that either R is regular in
the sense of von Neumann or R is left self-injective or no x € R annihilates P (k)R
on the left, where {e(k) | k € X'} is some set of orthogonal idempotents. Then R
satisfies the hypotheses of Proposition 5 for any right ideal generated by orthogonal
idempotents in the first two cases, and for the right ideal generated by the given set in
the third case.
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Proof. We will reduce the first two cases to the third. Let {¢'(k) | k€ A} be a
set of orthogonal idempotents of R, eR=an injective hull of @ &'(k)R. Let #(k)
=¢&'(k)e. Then e(k)R=¢(k)R and {e(k) | ke X} U {l—e} is a set of orthogonal
idempotents. Since I=P (k)R @ (1 —e)R is essential in Ry, if R is regular it is
well known that the left annihilator of I is zero. If R is left self-injective, let Rf be
an injective hull of @ Re(k) @ R(1—e), f=f2. Then the map

0,: R—] [ e(k)Rx(1—e)R
keX
given by IL(x)=({e(k)x), (1 —e)x) must be monic since its kernel has zero inter-
section with an essential submodule of R. Since II(1—f)=0, f=1. Then the left
analogue of II, has kernel zero, which is precisely the third situation.

Now let {e(k) | k € '} be a set of orthogonal idempotents in R such that the
left annihilator of @ e(k)R=0. Let E, and E; be two injective hulls of Pyee &(k)R
for <A. Then R=E, @ F,=E, @ F, where each F; is an injective hull of
@Prex - 2 e(k)R since R must be the injective hull of @rkex e(k)R=1I (no idempotent
1 —f annihilates I). Let | =e;+f;, i=1, 2, be the corresponding representations of 1.
Then (e; —ez)e(k) =0 for all k € X; so e, =e, and E; = E,. Hence the set of (idem-
potent generated) injective hulls of ideals Pyee e(k)R, L< A, forms a complete
complemented lattice and we may apply Proposition 5.

3. Conclusions. In this section we list some corollaries to the results in §§1 and
2, and insert a few remarks on the results.

3.1. Let R be a ring possessing a nice set of idempotents of cardinality 2 X,,.
Then R has infinite global dimension. Examples of such rings are endomorphism
rings of direct sums of at least X, modules, direct products of at least X, rings,
any nonzero quotient of a full linear ring on an X 2 X, dimensional vector space,
and two-sided self-injective rings containing sets of orthogonal idempotents of
cardinality &, for each k € w.

3.2. If 2% >R, then any infinite direct product of rings, endomorphism ring of
an infinite direct sum of modules, or nonsemiperfect two-sided injective ring must
have infinite global dimension. Moreover, if I is an ideal of R=one of the above
types of rings, and if there exists an infinite set of orthogonal idempotents of R
none of which is in 7, then R/I has infinite global dimension. We note that if R is
regular or if R is self-injective, then if R/I is not semiperfect, it will have a countable
set of orthogonal idempotents generating a right ideal J’, and the preimage J of J*
in R will contain a countable set of orthogonal idempotents {e; | i € w} such that
J=32,eR+1I Thus R/I will have global dimension =o0.

3.3. If the R, corresponding to 2% is less than R, the global dimension of a
countable direct product of fields is equal to k+1. We thus have a homological
dimension statement equivalent to the continuum hypothesis similar to that found
in [5].

3.4. By looking at quotients of injective modules in [6], we showed that the
kinds of rings mentioned in the above remarks could not be hereditary. The main
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theorem of that note had hypotheses requiring that for a given set of orthogonal
idempotents {e; | i € £} and &/ < J, there exist m € R such that em =0 for all
i¢ o/, and mye;=e, for all i e & If, in addition, we require that {m,} be com-
muting idempotents, these hypotheses will give rise to nice sets of orthogonal
idempotents as in §2 and thus show that such rings cannot be hereditary by looking
at projective resolutions.

3.5. It is an open question whether the hypotheses of Proposition 6 can be
weakened to R is one-sided self-injective. Commutativity of nice sets of idem-
potents was used strongly in getting the projective resolution of §1, and just
selecting any injective hull in a ring will not guarantee commutativity without some
kind of uniqueness property. Perhaps there is some way to select injective hulls
corresponding to subsets of a set of orthogonal idempotents in such a way that
commutativity is assured, but such a technique seems rather elusive at the moment.

3.6. If 2% =R, the results in §§1 and 2 give a lower bound of 2 on the global
dimension of a countable dimensional full linear ring. If the field is suitably small,
this is the global dimension. However, if the field has cardinality >X,, an upper
bound on the global dimension is not as easy to obtain. It appears to be an open
question whether the global dimension of a full linear ring is indeed dependent on
the cardinality of the field as well as the dimension of the vector space if one
assumes the generalized continuum hypothesis. The problem is illustrated by the
following:

Let ¥ be an X-dimensional right vector space over a division ring F of cardinality
b>2%, and let R=Hom;y (¥, V). Then R has cardinality 5%=®X,, and the global
dimension of R is at most «+ 1. We will show that R has a right ideal generated by
X, but no fewer elements. All we can say about the homological dimension of this
ideal is that it is <«. We also show that R has a right ideal of homological dimen-
sion 1 generated by b but no fewer elements, so ideals requiring many generators
may still have low dimensions.

We use the following two known results (see [2, pp. 67-68]).

LEMMA 1 (ERDOS-KAPLANSKY). There exists a set of sequences {(b{") | j € w,y € T'}
such that the cardinality of T is band every n x n matrix (b9"), <., <, is nonsingular.

LEMMA 2. dimp F®=08,
PROPOSITION. R has a right ideal generated by b® but no fewer elements.

Proof. Since V is a right vector space, right ideals of R are completely deter-
mined by the lattice of ranges of elements in the ideal. Hence, we need only con-
struct a set of b* subspaces of ¥ such that no one of them is contained in a finite
sum of others in the set.

Let {b* | y € I'} be a basis for F¥, where b ={b{), « € &, & a set of cardinality
X. By Lemma 2, I" has cardinality &. Also, let {e, | « € &/} be a basis for V.
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Since 8= for all n € w and XX =R, we may express o/ as a disjoint union of
subsets .24 indexed by the set &% of all finite subsets of 7, where %4 has the same
cardinality as f. We may also assume that each 4 is indexed by f, that is,

o = {«(f) | BT}
Let W, be the subspace of V generated by

{; eanby’ | T € 3}

Assume W, s W, +---+W,,.
For each fe{, every W, contains precisely one vector in Zaedt e, F. Hence
dim (3f-y W,,) N Seesr; €F <n. Let

k = dim (Z W,,) A eF
i=1 aesg

be the maximum dimension possible for g € ¥, and assume

{z ey’ |Beg, 1 i < k}
are linearly independent. Let
k
Z expb = Z (Z exbf m)
Beg =1 \geg

Then for all B € g, b =¥, by’x;.
Let B’ e &/ —g, h=g U {#’}. Then

k k
6) — ()
> (Z P ¢ "’)x,—z asyh? = ea(,,,)(z bg,wxi—bg)),
i=1 Beb i=1

o(B) € .
By the maximality of k and the independence of {3 e,b3? | 1 Si<k},

k
> bpx—bp
i=1
must be zero. But then b®=>¥%_, b*’x,, a contradiction.
PROPOSITION. R has a right ideal of homological dimension 1 generated by b but
no fewer elements.

Proof. Let {<b{") | jew,y€c T} be a set of sequences satisfying the properties
asserted in Proposition 1. Let {¢; | i € w} be any linearly independent set of elements
of V. Let W, be the subspace spanned by

an— 3
{ Z egny ;b | n Ew}-
i=o
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By the nonsingularity of nxn submatrices formed from {(b})}, W, N 2", W,
= 321" e,F, where 2! is the largest power of 2 which is less than or equal to m. In
particular, a set of projections E, onto W, are independent modulo the socle S
of R. Then

0->SNn> ER—~> ERR—>® (E,R+S/S)—>0
Y

is exact, S N > E,R is projective, E,R+ S/S~ E,R/(S N E,R) has dimension 1, so
> E,R has dimension at most 1. >, E,R cannot be projective since it needs too many
generators to be a direct sum of principal ideals (see [3]). Hence > E,R has dimen-
sion precisely 1.

3.7. Editorial. In this paper as well as in [5], statements on homolgical dimen-
sion were found to be equivalent to the continuum hypothesis. In these works, if
2% %R, then X, appears in the role of a stumbling block in getting from X, to
2%. The ““natural” structures all have cardinality X, or 2% (or greater). There
is no way in these papers to get one’s hands on X,. Such a situation is aesthetically
(or intuitively if you prefer) repugnant to me. In addition, a finite full linear ring
has global dimension =0. When one goes from finite to X, of course this changes,
and in any case the global dimension goes up to at least 2. However, a jump from
zero to infinity is quite a jump and appears rather unintuitive. Moreover, infinite
global dimension for nonsemiperfect two-sided injective rings is also very surprising.
For those reasons, the hypothesis 2% =X, appears to me to be the natural one
applying to the axiom system in which homological algebra is done, and 2% >R,
has somewhat upsetting consequences.
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