TRANSACTIONS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 151, October 1970

CLOSE ISOTOPIES ON PIECEWISE-LINEAR MANIFOLDS

BY
RICHARD T. MILLER(®)

We say that two maps of a set into a metric space are within & everywhere fif,
for each point in the set, its images under the maps are within & of each other.
Let I=[—1, 1]. We prove the following theorems.

THEOREM 9. For g—n=3 and >0, there is a >0 such that if f: I"— I is a
proper piecewise-linear embedding with f|bdy (I™) the identity and f within 8 of the
identity everywhere, then there is a piecewise-linear ambient isotopy of I° that fixes
bdy (19), that moves points less than e, and that takes f to the identity.

THEOREM 11. Let M be a compact piecewise-linear n-manifold, let M be a compact
piecewise-linear n-submanifold of M, let Q be a piecewise-linear q-manifold, and let
n=<q—3. Suppose g: M —int (Q) is a piecewise-linear embedding. Let N be a
neighborhood of

&M —M)
in Q. Then for ¢>0, there is a 8>0 such that if h: M — int (Q) is a piecewise-
linear embedding with h| M=g|M, and with h within 8 of g everywhere, then there

is a piecewise-linear ambient isotopy of Q that is fixed outside N, that moves points
less than e, and that takes h to g.

THEOREM 14. Let M be a compact piecewise-linear n-manifold, let M be a compact
Diecewise-linear n-submanifold, and let Q be a piecewise-linear g-manifold. Suppose
n=q—3 and q=5. Suppose g: M — int (Q) is a locally-flat embedding such that
g|M is piecewise-linear. Let N be a neighborhood of

gM—M)
in Q. Then for ¢>0, there is an ambient isotopy of Q that is fixed outside N, that
moves points less than e, and that takes g to a piecewise-linear embedding of M in Q.

The problem underlying Theorems 9 and 11 is the following. Suppose f: I" — I¢
is a proper p.l. embedding that is the identity on bdy I". In general, f(I") N
({0} x 14-1) is just an n-complex. If the vertices of f(I") are moved just enough to
get them off {0} x 7%~ but not enough to alter the fact that fis an embedding, then
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the new f(I") N ({0} xI°"') is a p.l. (n—1)-submanifold of both f(I") and {0}
x 17971, A vertex move like that described above may actually be accomplished
by an arbitrarily small ambient isotopy of 79. We would like to do still better and
make the intersection an (n— 1)-cell. If n<g—3, Zeeman’s unknotting theorem says
there is an ambient isotopy of I? that moves f to the identity (and incidentally
therefore makes f(I™) N ({0} xI?~ 1) the (n—1)-cell {0} xI*~1). But there is no
reason to suspect that this ambient isotopy is small even if fis close to the identity.
In fact the ambient isotopy actually constructed necessarily moves points a long
way. Below we outline a construction that yields a small ambient isotopy if the
original embedding f'is close to the identity.

Think of the last coordinate of a point in I? as its height. Thus, 7~ x {l1} and
1971 x {—1} are respectively the “top”” and “bottom™ of 1% A point (x, s) is above
(x,t)if xeI*"! and s>t are in L If K is a complex in I, the shadow set K; of K
is K together with all points below K.

Suppose that K is a subcomplex of f(I") that is also contained in [—1, 0] x 971,
We define the subset Wy of I as

(bdy ([~ 1, 0] x 19~ ) — ({0} x int 19~ 1)) U K.

Then there is a collapse of [—1, 0] x ¢~ onto Wy given by collapsing in a shelf
just under the top of 779 and then collapsing downward until stopped by either K
or the bottom of 79 (See Figure 1.) Since f is a proper embedding, a sufficiently
low shelf will not hit K, and consequently will not hit Ks. By “isotopy following
collapse’ (Proposition 1), there is an ambient isotopy of I? fixing bdy I? that
takes N([—1,0]x 1971, I?") (the second derived neighborhood of [—1,0]x I¢-?
in I9) onto N(Wx, I?). It is important in the sequel that the ambient isotopy
follows the collapse closely in the sense of Proposition 1. The upshot of this
discussion is that it suffices for us to arrange that the intersection of f(I™) with
N(Wrg, I7) have nice properties (this is done by judicious choice of K), since then
if we run this ambient isotopy following collapse backward, the intersection of the
isotoped f(I™) with N([—1,0]x 1971, [*) will have the same nice properties.
This will lead quickly to a small move that makes the twice moved f(I") N
({0} x 17~1) nice.

We come to the question of choosing K. First note that no matter which K we
pick, N(K, f(I")") is contained in N(Wy, I?). If a simplex of f(I")— K meets K
(it cannot meet anything else in W), then its second derived neighborhood in
S(I™) lies in N(Wy, I7). Conversely and happily it is easy to see that if no simplex
in f(I")— K meets K then the intersection of f(I") with N(Wy, I*) is precisely
N(K, f(I")"). So the condition we need on K is that no simplex of f(I")— K lies
below a simplex of K. In particular, if f(I™) sunny collapses to K then this condition
is satisfied.

We get a second condition on K by requiring that f(I*) N N(Wy, I%)
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(=N(K, f(IM") by the first condition) is an (n— 1)-cell. This happens precisely when
K is collapsible.

Thus, if f(I™) sunny collapses to K and K collapses, then the previous discussion
shows that there is an ambient isotopy that fixes bdy /% and moves f(I™) so that its
new intersection with {0} x /9~ is an (n— 1)-cell.

If we are interested (which we are) in the further question of whether the moved
SN N ([—1,0]x7197) is an unknotted n-ball in [—1,0]x 17", the answer
(according to Zeeman) is yes provided the collapse of K to a point is actually
sunny. If the original pair {/% f(I™)} is also unknotted then we can conclude by
standard p.l. theorems that the moved f(I") N ([0, 1]x1?"1) is unknotted in
[0, 1]x I9-1,

Until the end of Lemma 12, all maps and manifolds are piecewise-linear unless
otherwise noted. Thereafter they are p.l. only when so noted. The diameter of a
set is defined as the maximum distance between two points in the set (all our sets
are contained in Euclidean n-space (R") for some n). If K is a simplicial complex,
define the mesh of K, written mesh (K), as the maximum diameter of the simplexes
in K. Let K’ denote a first derived subdivision of K, and let K denote the rth
barycentric subdivision of K. If L is a subset of K, then the neighborhood of L in K,
written N(L, K), is the subcomplex of K generated by the simplexes of K that
intersect L. If & is a real number greater than or equal to zero, the 8-neighborhood
of L in K is defined as the set of points in K whose distance from L is less than or
equal to 8. If S is a set, let bdy (S) denote the boundary of S, and let int (S)
denote the interior of S. Let I,,=[—w, w]. Take R to be included in R**! as the
hyperplane R" x {0}.

If P and R are simplexes and R is a top-dimensional face of P, we may think
of the collapse of P through R to (bdy (P)—int (R)) as a deformation retraction
of P onto (bdy (P)—int (R)). Consequently, if Y is a simplicial complex, if X is a
subcomplex of Y, and if Y collapses simplicially to X, then the collapse may be
regarded as a deformation retraction of Y onto X formed by the composition of the
elementary simplicial collapses involved, each being considered a deformation
retraction. For each simplex Z in Y, define imagey x (Z), the image of Z under
the collapse from Y to X, as the image of Z under the collapse considered as a
deformation retraction, and define tracky\ x (Z), the track of Z under the collapse
Sfrom Y to X, as the set of points in Y that are images of Z at some time during the
deformation retraction.

PROPOSITION 1. Let M be an n-manifold contained in a q-manifold Q. Suppose
that n=q or n<q—3, that int (M) is contained.-in int (Q), and that M is a sub-
complex of Q. Let Y and X be subcomplexes of M, and let W be a subcomplex of Q.
If Y collapses simplicially to X and W N (Y — X)= @, then there exists an isotopy
@, of N(Y, M") into itself such that ®,(N(Y, M"))=N(X, M"), such that

O|N(W, M") U (M— N(N(vertices in (Y—X)', M"), M™))
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is the identity, and such that if Z is a subcomplex of Y, then
O(NZ,M") =N (image 2z), M ").
YN\x

If, in addition, (Y — X) is contained in the interior of Q, then ®, extends to an
ambient isotopy of Q (also called ®,) for which
O(N(N(Z, 0, 0") =N (N (tr&c’} 2), Q) Q")
and
O,|N(W, Q™) U (Q— N(N(vertices in (Y—X)', 0"), Q"))
is the identity.

Proposition 1 is a convenient tool for constructing isotopies and ambient iso-
topies that behave in a reasonably predictable manner. Unfortunately, our proof
is rather long, and we omit it here. It is reproduced in full in [8].

Define the diameter of the simplicial collapse from Y to X as the maximum
diameter of tracky\ x (Z) for simplexes Z in Y.

COROLLARY 2. If the mesh of the triangulation of Q isless than 8, if (Y—X) is
contained in the interior of Q, and if the diameter of the collapse from Y to X is less
than y, then the ambient isotopy ©, moves points less than (y+ 28).

Proof. For each simplex Z in Y, the diameter of tracky\ x (Z) is less than y.

In addition,
PV (V(fagk 2), €) ) < N (N (k). €7, €7)
<N (track 2), Q’).
YNX

The last set has diameter less than (y+238). Thus, points in N(N(Y, Q"), Q")
are moved less than (y+28). Points in

(Q-NWN(Y, 9, 27)
are fixed.

We now deal with the problem of taking an embedding f of I™ in /9 that is close
to the identity and sunny collapsing f(I™) to a subcomplex K that comprises about
the left-hand half of f(I™), and then sunny collapsing this complex to a point.
The general philosophy here is that if we can cut f(I™) approximately in half,
we can cut it into many approximately equal sized pieces (but not so many that the
characteristic size of each piece is small relative to the closeness of the embedding f).

To achieve our sunny collapses we slightly modify Zeeman’s method of sunny
collapsing f(I") to a point. In particular, we choose a sequence of cones, each
having one less dimension than and contained in the preceding one, but not
exactly as a subcone. The first cone is f(I™)=f(bdy (I")-v) where v € int I". The
induction hypothesis then requires that the dimension of the subcomplex of each
cone that is shadowed by that cone is 2 or more less than the dimension of the
cone. (Enter the condition n<g—3.) This means that if we have already collapsed
to the cone of dimension j then all the j and j—1 simplexes of the cone are un-
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shadowed and so any collapse of j-dimensional simplexes is sunny. Unfortunately,
in order to have the induction hypothesis satisfied for the (j—1) dimensional cone
we had to choose one that could not be collapsed to by only j-dimensional collapses.
It is actually necessary to collapse out a few (j—1) simplexes through (j—2)
dimensional faces that shadow one another. These can be sunny collapsed if we
do the collpses in the correct order (namely, the ones on top first).

Now, in our modified form we want to leave approximately the left-hand half
of f(I"). Thus, the collapse of the j-dimensional cone to the (j—1) dimensional
cone must leave most of the j-simplexes that lie in the left-hand half. This much
goes easily. But recall that there are still (j—1) simplexes that must be collapsed
in a specific order. Some of these simplexes may not be free in our case because we
left some higher dimensional simplexes (the left-hand ones). Conceivably this
could prevent us from collapsing out any of the (j—1) simplexes. This does not
happen since the embedding f is close to the identity which implies that only
simplexes near the left-hand half can be shadowed by simplexes in the left-hand
half. To complete this step we collapse out those (j— 1) simplexes that we can and
forget about the others. (They are near the left-hand side anyway.) This is the way
we collapse f(I™) to K. The collapse of K to a point is done by Zeeman’s argument
as outlined above. Here we do not have to worry about leaving any simplexes.

Recall that I=[—1, 1] and I,=[—w, w]. Let k and q be nonnegative integers
such that k <gq. Call the direction of the last coordinate in I% x 19~* vertical or
sunny, and call the projection

m IExI97% > JEx J1-k-1

sunny projection. If two points lie on the same vertical line, say that the one with
the smaller last coordinate is shadowed by the other. A set is shadowed by another
set if any of its points is shadowed by a point in the other.

If K and M are simplicial complexes, and some subdivision of K is a subcomplex
of a subdivision of M, then call K a subpolyhedron of M. The underlying topological
space of a simplicial complex X is denoted by |K]|.

Let K and L be subpolyhedra of I£ x I¢~* and K collapse to L by an elementary
collapse. If (|K|—|L|) is not shadowed by |K]|, say that the collapse is sunny
Call a sequence of elementary sunny collapses a suiny collapse.

Let S be a subset of I¥ x I*~*, and denote by S* the singular set of S with respect
to sunny projection. Thus S* is the collection of those points in S which shadow
or are shadowed by another point in S.

Let n be a nonnegative integer such that g—32=n2k, and let & be a positive
real number such that 48(n+2) < 4. If k=0, define

A=[—-1, —48(n+2)]x 1171,

B=[—-1,0]x 19"},

A;=[—1, —48(n+1—j)]xI""*, and

the point 5=(-1,0, ..., 0).
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If k>0, define
A=IF_ gsminy X 1975,
B=19,
Aj=If_ssms1-p* "%, and

5=(0,. .., 0).

Iu-k

ANt

|S—— AN [P —————
—
=

f————— 4, N —]
| e———— A4, NI* —————— |

IFxI9-*

/

Jan

FIGURE 1
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LEMMA 3. Suppose f: I" — It x I*~* is an embedding with
SU™ N bdy (1% x I1-%)=1TI* x bdy (I"~¥),
fI* x bdy (I*~*) the identity,

f within 8 of the identity everywhere,

Original Configuration

VAT
L Z3
41
Z3 VA1
Z3

4,

Ao I , N

—

Ay B
FIGURE 2. The collapses in Lemma 3 (k> 0).
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JU™) meeting every vertical line finitely, and

S(I™)* having dimension <n—2.
Then there is a sunny collapse of f(I"™) to a subpolyhedron K such that K> f(I*) N A,
the set K< B, and there is a sunny collapse of K to a point f(v) near f(%).

A1 A’ B
Step 3 | I
7\
Ao A,
Az
B

FIGURE 3. Lemma 3.
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Proof. Subdivide I™ so that A4; is a subcomplex (for j=—1,...,n+1), and the
mesh of the triangulation is less than 8. The first part of the proof is Zeeman’s
construction in the proof of Lemma 23 except for a modification that is discussed
when it is made.

Construct inductively two sequences of polyhedra,

IExIvk > f(I") = Xy> X, 2 --- D X, = v (= a point)
and
bdy (I") = K""* 2 K""2> ... 2 K7l > ... D K1 = g,

and (for each i) a homeomorphism f;: X; 2%, pK™~i{~1, These sets and maps are
to be such that

f(X7¥) does not contain v,

S(X7¥) meets each generator of the cone f, X; finitely,

dimension X*<(n—i—2), and

there is a sunny collapse from X;_; to X;.

Start with fo=/f"1: f(I™) 2%, I". Since f(I")* has dimension <(n—2), thereis a
point v € int (/™) that lies within & of & and is in general position with respect to
So(X&F) (=f~(fI™)*)). Star I™ at v. This makes I" into the cone v(bdy (I™)) on
bdy (I™).

Next is the inductive step. Suppose fi_;: X;_; — vK™~! satisfies the inductive
conditions. We can assume X;_, and vK"~! are triangulated so f; is simplicial.
Choose a conical subdivision (vK™~%)" of vK™~*. This contains the subdivision
(K"~Y” of K*~*. Define K*~*~* to be the (n—i—1)-skeleton of (K"~*)". Notice
that vK™~*~1<pK™~% and denote the inclusion map by

inc;: vK* -1 — pK"H,

Construct another embedding, e;: vK* -1 — pK"~*, as follows. Choose sub-
divisions (f;-1(X7%1))° of fi_1(Xi* )" and (I¥x 197 %) of (I¥xI?~*-1), and a
triangulation (X ;) of | XX ;| such that for these choices, the maps

fio1t (X ) > (fio (XX DF
and
m (XX ) (XX ) — Ik x Ie-k-1y

are simplicial. By induction, dimension (XF* ,)S(n—i—1). If {7, 0472, ..., 0t 1

are the (n—i— 1)-simplexes of (X;* )", the ordering may be chosen so that all the
points of f(I") which overshadow int (¢{;7!) are contained in |J,., int (¢}~ ?).
Define 7t~ 1=f;_,(c}~1) and let #~* be the barycenter of i~ 1. For each j, there is a
simplex D} ~! of (K™~*)" such that 74~ is contained in v(bdy (D7 ~%)). Let (vK™~¥)*
=the extension of (f;_,(X*,))* to (vK™~?)". Use the ordering on the 7{~! induced
by the ordering on the o1, and construct inductively a sequence of new vertices
a;~! and c¢i~%, and a sequence of subdivisions of (vK"~*)*; do this by choosing
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ai~* on the ray »#i~! and in the interior of the unique simplex of the (j—1)th
subdivision that is contained in v(bdy (D} 7)), that contains 4~ ! as a top-dimen-
sional face, and whose interior intersects the line segment v#i~1. Subdivide the
(j— Dth subdividion by starring at ai~*. Choose ¢}~ to be empty if i~ is contained
in D7 -1 itself. Otherwise choose ci~! to be on the ray extending v#j~! and in the
interior of the unique simplex, in the subdivision last described, that has i~
as a top-dimensional face and whose interior does not intersect v#i~1. Obtain the
Jjth subdivision by starring at ci~*. We produce the sets a}~17i~1ci~! by this con-
struction. These sets are contained in vK™" -1, and they have the property

i—1 d—-1.i—1 i-1_i—-1.i-1 _ Li—1 i-1
aj 17'1 Cj N ay T:” Cw = Tj N Tw -

Similarly, construct inductively a sequence of vertices b~ ! and a new sequence
of subdivisions of the rth (last) one obtained above by choosing b}~! in the interior
of the small star of 7i~! in the new (j— l)th subdivision (of the aforementioned
rth subdivision). The modification of Zeeman’s construction comes at this point.
If 74~ is contained in bdy (4;) (for some s=—1,...,n+1), then choose b}~!
also in bdy (4,); this makes sense since both 7i~! and A4, are polyhedra in I7,
and does not conflict with Zeeman’s choice since f(I* x bdy (I"~¥)) contains no
singular points.

Define blisters Zi~*=a}~ b}~ 17}~ cj~1. Notice that

ZF N ZE = Arind

Define e;|ai~17i~1ci~* as the simplicial homeomorphism specified by the require-
ments that
e = by
and
e;|bdy (ai~17i~'ci~1) = the identity.

This map extends to all of the set K™~ -1 by the identity. The extension completes
the definition of the embedding e;: vK™~*~! — vK"~i. Note that ai~%, bi~1, and
¢}~ can be chosen arbitrarily close to 74~ and consequently, Z}~* can be put in
an arbitrarily small neighborhood of 7i=1 in I™

Define

X; = fi-i(e(vK**"1Y)) and f, =e 'ofi_;cinc,

where inc is the inclusion of X; in X;_;.

The modification mentioned above insures that (for each i) the embedding
e;: vK"~t~1  pK™ ! satisfies the two inclusions

e(vK* ' 1N A4;) < vK"tN A
and
e,(vK"_'_l n In—'Aj) < UKn_i nln—Aj

(forallj=—1,...,n+1).
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It is implicit in this construction that

inc inc inc inc . inc inc
X, X, e X X, e X,
J 0 l 1 1.’;-1 l i lf"
vKn-—l vKn—z vKn-i vKn—i—1<.__ cee——
1 €3 €;

is a commutative diagram, and that X}* is contained in f; (vK"~7~2). The second
statement means that no point in f; *(vK" 7~ —pK™~’~2) shadows or is shadowed
by any point in f; X(vK"~’~!) (= X;). A further consequence of the construction
is that X;_,, and therefore f;_%(Z!~2), which is contained in X;_,, can shadow
pointsin X;_; (=£Z4(vK" ") only if they also lie in fiz3(vK™~!~1). Let Z'=, Z!.
This completes Zeeman’s construction and the list of its consequences that we use
in the rest of the proof of Lemma 3.
Define a new sequence W, of subpolyhedra of I¥ x I?~* by W,= X, and

W= X J (7@K 0 a) o o)

(i=1,...,n). The set {’ is the union of those blisters Z,<=A;,, for which
Jfi Y(int (+3,)) shadows f;*(int (r/)) implies that ZI< 4, ;.

The remainder of the proof shows that W, _; sunny collapses to W, (i=1, ..., n),
and that W, (which we call K) satisfies the requirements of the lemma. It is con-
venient to apply the homeomorphism f, to the sets W,, and then work in I"
(=/fo(X0)) to find a collapse, of fo(W;_;) to fo(W,), whose inverse image under f,
is a sunny collapse from W,_, to W,.

The commutative diagram gives the equalities:

SolWioo) = filXm) U Sof Ay 0RO 1)
=e; e 1fi-1(Xi-1) :Q e;---ef(4; N vK* "1y U [)
= ey ey (K™Y ,u er- - -ef(A; N oK™ 1Y) U ).

For each principal simplex D in (K™~!)" that is not contained in 4,_,, the set
vD—A,_; is a (n—i+1)-dimensional cell that collapses in vK"~* through the
(n—i)-face D. The simplicial map obtained by taking #{~ onto b}~ (for all j)
induces a homeomorphism of vD—4;_; onto vD—(A4,_,; U Z'-7) that takes D
onto D—Z%1, Thus

ero---oe_3(vD—(4,-, YV Z*"Y)

collapses in e, o - - - o ¢;_;(vK™~*) through e, o - - - 0 ¢,_,(D—Z""1).
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Notice, in addition, that e, o---oe,_;(wD—(4;,-, Y Z'"1)) is contained in
I"—A,_,. Thesete,o---oe_,(D—Z' ) can intersect 4;_, only in
bdy (e, 0 - -- o e,_;(D—Z" ).
Also
Jo(Wi_)—eyo---oe_1(vK" ") < A;_;.
Consequently,

€yo0---0 ei_l(vD—(A¢_1 UZi_l))

collapses through e; o --- o e, _(D—Z*") in fo(W;_,).
The points removed by this collapse are

Sl =eo0-++o0 e‘_l(int (UD_(Ai—l v Zi_l)) v int (D—Zi_l)).

To show that the inverse image under f, of the collapse is sunny, it is sufficient
to show that none of the points in S* has inverse image shadowed by a point in
Wi -1 (=f5 Yo(W;_1)). Observe that

i-2
Wisi=foloe o -oe_,(vK*™") ,gofo'l oejo---oef(d;NvK" ") U ).

Also

S (SN =fol(ero---oe_y(int @WD—(4i-, VZ'Y)) Lint(D-Z'"%)
= fizi({int @D—(4;,_, VZ'")) vint (D—-Z'"1))
< fill(vK"~t—pK"-i7 1),

this means f; *(S?) is not shadowed by fy*oe; 0 - -0 e,_;(vK*™Y) (=fiZ4 (WK™ ™Y).
In addition,
i-2
jU fO—l 0@ o---0 ej((Aj N vK”-f-l) v CJ)
=0
Sl Ai—a) Y fotoe o oe_s(l'3).

The set f5 1(4,_3) (=f(4;_5)) is within 8 of A;_,<I¥xI?"* and therefore cannot
shadow f(I"—A4;_,). The inverse image of S! is contained in the last set.

Finally, it is one of the previously mentioned consequences of Zeeman’s con-
struction that fyloe; o - - -0 e_o(L'~2) (= fi2%(*~2)) does not shadow

S A@Krt—pK ),

This last set contains f; 1(S?).
If the above procedure is carried out for all principal simplexes D in K"~*
that are not contained in 4,_,, then a collapse is obtained, from

i-2
ero oo a0k Uerooe((d;n oK) U D)
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to
ero---oe_1(evK" ") Ue oo (K" N A4y)

Ueo---o ei-1(Zi_1) :L:): e 0.0 ej((Aj N vK"“‘l) U Cj) = SZ,

whose inverse image under f; is sunny.
Each Z{~! not in {'~! is in the 38-neighborhood of (I"—4,), since if it is not

already in (I"—4,), then f;Zi(int (+i~1)) must shadow f;z4(int (+; 1)) for some

r1c(*—4,). Consequently, the cell e;o---oe_y(Z}- 1) does not intersect
A;_, and has its top-dimensional face e, o -'oei W@t 1ei~Y) free in S2;
this means that the cell collapses to (bdy (ai=17i~1ci=1))bi~ 1.

The inverse image under f, of the points removed in such a collapse lies in
fotoeio - oe_y(Zj~Y) (=fizi(Z}j™"). The union

fit(ener o a@K 0 4,y g evor o ef(d; N oK"Y U L))
lies in the 8-neighborhood of 4;_,<If x I*~¥, and thus cannot shadow points in
724(Zi-Y) for any Z{~* notin {'~1. The set
foloe o---ogK" ") = X,
and hence does not shadow points in
foloe o---oe_y(int(Zi~Y) Uint (@i~ 17i"1ci~ 1))
(for any j). We know f,_}(Z% 1) shadows points in
fri@nt (Z-Y) vint (@i~ icimY) = §°

if and only if fizi(int (1)) shadows f;Zi(int (74~1)). Therefore, for Z{ 1< {-1,
the set f;-1(Z*~*) shadows S3 only if Z{~* is also in {!~*. For the Z}~* that are not
in {'~*, the cells e, o - - - o ¢,_1(Z}~?) collapse (in order of increasing j) to

exe- o eroa((bdy (@1 e B,

The inverse image under f; of these collapses is sunny for precisely the same reason
as in Zeeman’s proof. Note that fy1 o ey o---oe _;({!~?) is still undisturbed.

The set f(I"—A,) is contained in the 8-neighborhood of (I®—A4,) in I¥ x I*~¥,
and therefore does not intersect A (=A4_, xI?~"). Thus

) O A< fldo) = £(Ao) < U 7 0 ok* ) U D) = R
Also,
£ 00K U D) € Ay 00K ) € £ Ay )

(for all j<(n—1)). This means K<fy 1(4,). But f5 (4,) (=f(4,)) is contained in
the &-neighborhood of A, in I¥xI?"* and consequently cannot intersect
Ik xI*"%)y—(A, .1 x I°~™). The last set equals (/% x I*~*)—B.
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Finally, it is necessary to verify that K sunny collapses to the point f(v). We do
this in stages by showing that K N X;_; sunny collapses to K N X; (for each i).
Again it is convenient to collapse fo(K N X;_,) to fo(K N X)) and check that the
inverse image of this collapse under f; is sunny.

We have the equalities:

KN X, =ij_11f}_1((Af NoK* " v )
and
SR Xy = \J everooef(d; 0ok O D).

For each principal simplex D in (K"~)", the cell vD N A;_; collapses through
vD N bdy (4;_,) in vK"~* N A,_,. As before, the simplicial map that takes #{~!
onto b5~ (for all j) induces a homeomorphism of vD N 4;_; onto

(DD N Ag_l)—ct‘l
that takes vD N bdy (4;_,) onto
(D N bdy (4;-,))—- 071

Thus (vD N 4;_;)— "1 collapses through the last displayed set in oK™ ™' N 4;_,.
Since
(DN 4,-)-0""
< bdy (@D N 4r_ =T D —int (WD A bdy (A _))— T,

the cell wD N A,_;)—{"T collapses through (vD N bdy (4;_,))—*"1 in

WK N A_)vl-L
Thus

el Oeses0 e‘_l((UD N Ai-l)_zt_l)

collapses through e, o - - - o ¢,_3((vD N bdy (4;-,))—{'"?) in
ero---oe_ (K" N A_) U LY.
Furthermore,
ero- o {GDA A DTN (:L;Jll e o---oef(4; N oK "YU E’))

ey oo {GDAA DT Neyo o e oK™ Y
=e o o _(WDN A )" N ek ")
Ceyo---oe_y(bdy (WD N A;-;)— T~ —int (0D N bdy (4;-1))— ).

Thus, ey o---oe,_,((vD N A;_;)—{*"1) collapses through
eyo---oe_1(0D Nbdy (4,-1))—C"")
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in fo(K N X,_,). The set removed by the collapse is

St=eo0---0e_i(int (0D N A,_))—-"Huint (0D N bdy (4;-,))—"1)).
The set S* is contained in e, o - - - o ¢;_;(vK""*—pK™~*~1), and thus

FX(SY < fitero - o ey —pK"=11) = fi@K" =t~ 0K*i7Y),

It is one of the consequences of Zeeman’s construction that the last set is not
shadowed by X, _;. Therefore, the inverse image under f; of the collapse is sunny.

Carry out this procedure for all principal simplexes D in (K"~ '), and thereby
obtain a collapse, from fo(K N X;_,) to

n-1
ejo-:+0 et_l(gi'l) ’L=)1 €00 e,((A, N UK""j_l) v Cj)’

whose inverse image under f, is sunny.
Since | U}zl e 0 - oe(4; N vK™" /-1 U {Y)iscontained ine, o - - - o g(vK" "I 1),
for each blister Z‘ ! in the union (=2, the cells e; o - - - 0 ¢;_1(Z} 1) collapse to

€ o---0€_ 1(es(ai 11 1‘ D))

in order of increasing j. The inverse image under f;, of these collapses is sunny.
Take this collapse together with the collapse of the previous paragraph, and get a
sunny collapse from K N X,_; to K N X;. This completes the proof of Lemma 3.

ReMARK 4. (Refer to the proof of Lemma 3 for notation.) For each principal
simplex D in bdy (I"), the image of vD— A, under the collapse from I" to f,(K)
is contained in the 8-neighborhood of vD N 4, — A4,.

Proof. Let D;_; be a principal simplex in (K"~!)". During the first part of the
ith stage of the collapse, e; o - - - o ¢;_;(vD;_; — A,) collapses to

eyo---oe_3(vD;_1—Ao—(int (vD;_,— (4, YV Z'"Y)) Vint (D;_,—Z'"1))).

This equals
o0 e{—l((UDi—l N (A1_1_A0))
U (Z'-* N (@D,_1—A4,)) Y (v-bdy (D;_,)—4o)),

which, in turn, is contained in

eyo---oe_y(Di_y N(Ai_1—A40) Y Z' U (v-bdy (D,_})—4)) = S°.

The set Z*~1 is the union of all Z:~* which intersect vD,_, — A,. The image of
S*% under the second part of the ith stage of the collapse is

ero--oe_{(vD-1 N A_1—Ay) V') U efv-bdy (D,_1)—4y)) = S8,
where {t-1={'"1 N Z*-1, Then
S8 =e0---0e_ (D1 NA_1—Ag)V Y %J ey oevD,—Ay),
i

where the union is over all principal simplexes D; in bdy (D;_,). Notice that
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nothing in 4;_, is moved during the ith stage of the collapse, and that the first
term in S® is contained in 4;. Thus the image of v.D — A, under the entire collapse is
contained in

i.ly—; eyo---oe_ (oD, NA_—A) V) =87,
where the union is over all principal simplexes D;_; in (K"~f)” that also lie in
| D|, and over all i.

We noted when we defined the blisters that ai~1, b~ %, and ¢}~ * can all be chosen
arbitrarily close to #i~1, and consequently Z;~* can be put in an arbitrarily small
neighborhood of 7{~1 in I™. Also, by its construction, the map e; moves points no
more than

max {distance from #{~! to b}~ 1}.
i

Thus we may choose e; arbitrarily close to the identity. The proof of Lemma 3
makes no restriction on how small the distances from a&}~%, b}~%, and cj~* to
#-1 can be, and we now assume that the choice is close enough to insure that the
set S7 is contained in the 8-neighborhood of vD N A4, — A,. This completes the
proof of Remark 4.

If k=0, let C'=I"—T_, (for some 0<p<3), and if k>0, let

Ja—-k _Ja-Fk
Cl = ng[q k_ f/g .

LEMMA 5. If the embedding f in Lemma 3 satisfies the additional condition that

fIC* N I* is the identity, then there is a set K which satisfies all the conclusions
of Lemma 3 and also satisfies

KN bdy (IEx19°%) = K N bdy (B) = BN I* N bdy (I& x I2-¥).

Proof. If k=0, let C2=I"—17_, where 0 <« < and « is sufficiently small that
ACENTIN=C2NI"=f(I") N C2=S8. Let C3=I"—TI{_, ;. Subdivide I" so that
the triangulation is conical from the origin and collapse I* to (B N I") U I"— C?
radially. The diameter of this collapse is less than (n+2)8, since the mesh of the
triangulation is less than 8, and since the radial distance from I*— C? to bdy (I")
is greatest along the ray from the origin to (1,..., 1) (where it is less than 4/n &
<n-8). Now collapse (B N I") U I"—C? cylindrically in the direction of the first
coordinate to

BNI"nbdy (IExI*F¥)uANTYU (T =C? = S°.
The distance from A to B along I is (n+2)-48, so that the diameter of the collapse
is less than (n+2)-48+24.
If k>0, set C2=Ifx (T —I3;%) and C3=Ikx({T" F—IiF). C? formally
satisfies the equalities S®. For each r-simplex D, in bdy (I*) x I*~¥, the projection

m I* — {o} x I" ¥
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({0} is the origin in I*) defines an (r+ 1)-cell #~Y(=(D,)) that contains D, as an
r-cell in its boundary. Call geometric collapses along such cells c-radial. In particu-
lar, there is a c-radial collapse of I™ to S° (remember that the definition of S°
depends on the value of k). The diameter of the collapse is less than the radial
distance from bdy (/¥) to A, plus twice the mesh of the triangulation on I™. This
sum is less than ((k-(n+2)-48)+28).

Step 1 Step 2
B— - - —B
A— - - —_A
Step 3 Step 4
B- - - - B
A— - - -4
SHK)

— B

FIGURE 4. Lemma 5 (k=0).
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Thus I™ collapses to S°. The collapse removes only points in S8 (=C2 N I™).
The two other interpretations of S® imply that this collapse induces the identical
collapse on f(I"), and that the latter collapse is sunny in J§ x I9~*,

Now apply Lemma 3 to

fIF=C%: TP =C? - XTI H—C?,

where A4, B, and A, are replaced by their intersections with (I3 xI?~¥)—C*%, to
get a sunny collapse from f(T* — C?) to K. Since fis within § of the identity, Remark
4 shows that the diameter of this collapse is less than the diameter of the largest
(vD—A,), plus 8, plus 28. The diameter of (vD— A,) is less than §, plus the maxi-
mum distance from A to bdy (/") measured along the ray from v. If k>0, Pythagoras’
Theorem shows that this diameter is less than (8n(n+2)é + 8); therefore the collapse
from f(I"—C?) to K has diameter less than (8n(n+2)8+48). In addition, this
collapse is a collapse in f(S°) that is sunny in I¥ x I?~¥, since no point in f(S° N C?)
shadows any point in f(I" — C?). Define K as the image of f(:S°) under this collapse.
Then f(I™) sunny collapses to K. The complex K collapses to (4 N I") U K,
which collapses radially toward the origin to (4 N {T"—C%)U K (=K). By
Lemma 3, K sunny collapses in (7§ x I9-¥)— C? to f(v). Thus K collapses to f(v).
Again the equivalent forms of S® show that the collapse is actually sunny in
I% x I°~* Tt is clear that K< B, that K>f(I™) N A4, and that

Knbdy(IxI9"%) = KN bdy (B) = BN I" N bdy (I&x I17%).
REMARK 6 (Notation as in Lemma 5). Suppose k=0. Then there is a homeo-

morphism

4 NGB I, (8 N IM) U T=C%) 2% N(F-1(K), (B N I") U TT=C3Y")

that fixes N((bdy (I")) U (4 n I™), I"") and is within A(n)-8 of the identity. A(n)
is a positive integer which depends only on n.

Proof. We may regard the collapse in Lemma 5 (k=0) from (BNI") U
(I*=C?) to S? as a collapse from B N I" to

(BN (bdy((mUTT=C?)u (4 NI¥) = S*.
We saw that the diameter of this collapse is less than (48(n+2)+28). Since the
mesh of the triangulation on I™ is less than 8, Proposition 1 gives a homeomor-
phism
t
$: N(B I, (B N I") U FF=C%) 2% N(S™0, (B N I") U TF=CF)")

that is within (48(n+3)) of the identity. There is a radial collapse toward v of
I"—C?*toI"-C? N B. Let

t
g N(F=CF, 1) 2% N(F=CZ n B, I™")

be the corresponding homeomorphism given by Proposition 1. If D, and D, are
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First Collapse
B— - =1 1 — B
. _ Y-
M, ) A A
Second Collapse (radially toward v)
B— - = — B
A— —_ - — A

Third Collapse (by Lemma 3)

B- - - - B

I PRV —\MCMmJ —

FIGURE 5. Remark 6.

A—

disjoint principal simplexes in bdy (I"—C?), then the sets N(vD, N B—4, I*")
are disjoint (i=1, 2). Since for each i,

Y (N@D,—4, I'")) < N(wD, n B=4, I*"),
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the sets y(N(vD,— A, I*")) are disjoint (i=1, 2). Thus

WY -"(WN@wD N B—A,I")) < N(v-N(D, bdy (I —CH)—A4,I™)
= LpJ N(vB—A, ),

where the union is over all principal simplexes in N(D, bdy (I* — C?)).
Let y™ be the homeomorphism that Proposition 1 associates with the collapse

of I"=CZ to K. Remark 4 shows that
Y(N@wD—4, I"))

is contained in N(8-neighborhood of vD N B—A4, I""). This is, in turn, contained
in the 28-neighborhood of vD N B—4. Thus

Yo ()N @D N B—4, I") < U $™(N(@D— 4, I"")
< | (28-neighborhood of v.D N B— A)
< (38-neighborhood of vD N B— A),

where the unions are over all principal simplexes D in N(D, bdy (I"—C?)).
" Consequently,

Y o ()2 N(wD N B4, I"")

is within (68 + diameter (vD N B—A)) of the identity. Pythagoras’ Theorem shows
that (764 (1 +4n)-48-(n+2)) is an upper bound for this distance.

Since each of the three collapses fixes bdy (I") U (4 N I™), Proposition 1 insures
that ¥%, y=, and Y™ each fix

S = N(bdy (I") U (4 N I7), I™).

In particular then, ™ o (y)~* is within (784 (1 +4n)48(n+2)) of the identity
everywhere. Finally, =y o ()) "1 o ! fixes S!! and is within

(764+(1 +4n)4d(n+2)+(n+3)48) = A(n)- &
of the identity.

LeEMMA 7. Let f: I — I5 x I~ * be an embedding with

SU™ N bdy (I x I~ *)=TI* x bdy (I" %),

fII*xbdy (I"~¥) the identity, and

f within 8|2 of the identity everywhere.

If k>0, assume further that f|C* N I™ is the identity. Then there is an ambient
isotopy 9, of I% x I°"¥ that fixes a neighborhood of the boundary, that moves points
less than o(n, k)-8 (where o(n, k) is a positive real number which depends only on
n and k), and such that the pair {B, 0, o f(I") N B} is homeomorphic to a standard
ball pair.

Proof. If k=0, Zeeman’s unknotting theorem together with the beginning of
Alexander’s trick gives an ambient isotopy 6} of I that fixes bdy (/9), that moves



1970] CLOSE ISOTOPIES ON PIECEWISE-LINEAR MANIFOLDS 617

AN AN
\ \

rS— :_S—

L 1
A\ W

| —
H€r: —_ 5
AN

Collapses 1-4 take S'* onto X (the heavy line)

AN \ AN
N s— T |

\ i
\\ \ \ \\\ \\
Collapse associated with 6V Collapse associated with 6™

FIGURE 6. Collapses in Lemma 7.

points less than 8/4, and such that 6%f is the identity on some neighborhood of
bdy (I*) in I™. If u (the same as in Lemma 5) is chosen small enough, the map
6} o f|C* N I™ is the identity. If k>0, let 6] be the identity. Thus 6 o f|C* N I*
is the identity for all k.
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General position gives an ambient isotopy ;' of 1§ x 19~ that fixes
bdy (I¥ x I*=*) U 6% o f(C* N I7™),

that moves points less than 8/4, and such that 6F o 6% o f(I™) meets each vertical
line finitely and has singular set with respect to vertical projection of dimension
=(n-2).

Set =00 6% o f. Then f: I* — Ik x I~ satisfies the hypothesis of Lemma 5.
Let K be the set given in the conclusion of that lemma.

At this point, take subdivisions of I¥ x I?~* and I™ such that f is simplicial,
that the collapse from K to f(v) is simplicial, and that the triangulation of I x I¢~*
is cylindrical in the sunny direction. Take first and second derived subdivisions of

these.
If X is a subset of I¥ x I*~*, let X, denote the shadow set of X; that is, X together

with all points shadowed by X.

Let S'2=B—int (I¥ x I*~¥~1x I;). Since f is within & of the identity, f(I") can
intersect S2 only in bdy (I¥ x I°~%~1) x I,. The set S12 U K, U 4 U f(I™) collapses
to

(BN IExITF1x[—1, —8] U (bdy (Ifx I""¥"Y)x I)) U K, U A U f(I").
This collapses to
BN (IExIFYx{-1})) U K, U f(I") = S*3
by vertical collapses, since
K2 ™) n (4 U (BN (bdy (I x I*~*~1)x I))).
Zeeman’s proof of Theorem 20 shows that S*° collapses simplicially to
(B0 (UEx I+ 1) x{=1})) U f(v), v fU").

This collapses to f(I*). In particular, the set S'2 U K, U A=S* is contained in B,
and it collapses simplicially to K without disturbing f(I*). By Proposition 1,
there is a homeomorphism of N(S%, B”) onto N(K, B") that fixes fdm). This
means that the pair

5% = {N(S*, B"), N(S*, B") n f(I")}
is homeomorphic to the pair {N(K, B"), N(K, B") N f(I")}. This, however, is equal
to the pair
{N(K, (B TExTTH—C%"), N(K, (BU TExTTH=C%") n fUm)},
since K N bdy (B) does not meet (I¥ x I1¢-%)— C? (see Lemma 5 for the definition
of C?). The last pair is equal to the pair

{N(K, (BU TETTH=C?'), N(K, (BN I") 0 F=C?)")} = S*°,

since f((BN IY) UTF—C3)=f(I") N (B U (If xI°-F)—C?). Each of the elements
of the pair S is a ball because X is collapsible. The second element is properly
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embedded in the first (as manifolds with boundary), since each vertex of K that is
in the boundary of f((B N I") U I*=C?) is also in the boundary of

BUTEXITH—Co.

Thus, S is a ball pair. Recall that S® is homeomorphic to the pair S®; there-
fore, it too, is a ball pair.

K does not interesect I¥ x Ik~ 1x ([—1, — 8] U [§, 1]), and consequently there
is a number y € (0, 8) such that S'* is contained in

(BN IEXI*tx([—1,y] U5, 1]) U bdy (IEx I %Yy x)) U 4 = SI.

There is a vertical collapse from S'7 to S*%. The vertical distance from y to (—38)
is less than 26, and the mesh of the triangulation on I} x I97* is less than §; hence
the collapse has diameter less than 38. By Corollary 2, there is an ambient isotopy
01 of If x I°~* that takes N(S'7, B") onto N(S*%, B") and that moves points less
than 58.

For k=0, there is a cyclindrical collapse, parallel to the direction of the first
coordinate, that takes B onto S'7 and that has diameter less than ((n +2)46 +23).
For k>0, there is a c-radial collapse toward {0} x I" ¥ (see definition in Lemma 5)
that takes B onto S!7 and that has diameter less than (k(n+2)43+ 28). Accordingly,
by Corollary 2, there is an ambient isotopy 6}V of I x I?~* that takes B (= N(B, B"))
onto N(S'7, B") and that is within ((k + 1)(n+2)48 +498) of the identity (for all k).

Both collapses fix bdy (1% x I¢~*), and therefore, by Proposition 1,

(B5%)~ o (619)*| N (bdy (If x I*), (I x 1))
is the identity. Set 6,=(6/V)~'o (6i")-10 610 67. Then 6, fixes bdy (I¥ x 117¥);
if k>0, it actually fixes
N(bdy (I¥ x I1-¥), (1% x I1~¥)"),
The ambient isotopy 6, moves points less than
((k+1)(n+2)45+48)+55+8/4+8/4 = o(n, k) - 6.
The pair
{B, 6. fU") N B}

equals the pair {B, (6¥) !0 (6M)~1of(I") N B} which is the image under
(617)~ 1o (61~ of the pair S'°. Consequently the last displayed pair is homeo-
morphic to a ball pair. This completes the proof of Lemma 7.

ReMARK 8 (Notation as in Lemma 7). Suppose k=0. Then there is a homeo-
morphism

A B2 6 o/ A B

that is the identity on B N bdy (I*), and that is within 7(n) - 8 of the identity
everywhere. 7(n) is a real number greater than o(n, 0).
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Proof. The second derived subdivision of I™ may be chosen so that
NBNIY (BN IY)UI"—C?")
is the set
BNIY V0, v]x IfZg5) = ([—1,0]x 1" U ([0, v] x I{ ),

(for some v € (0, 8)). Then there is a homeomorphism

Al: BN I"—-—> NBNI' (BN IY)uT"—C%")
that fixes B N bdy (I*) and moves points less than 8. Let S*® denote the range of
AL
For the map f of Lemma 7, Remark 6 gives a homeomorphism

g: 81 252 N(f-X(K), (BN I") U TF=C))

that fixes S8 N bdy (I™), and that is within A(n) - 8 of the identity everywhere.
Thus we have the homeomorphism

fopo A B I 22 Nk /(B O 1M UTF=TY),

The range of f'o § o Al is equal to
N(K, (BY (IFxITH=C%") n fI™) = N(S*, B") 0 f").

(See the proof of Lemma 7 for a discussion of these equalities.) The last paragraph
of the proof of Lemma 7 shows that

(7)1 o (B5) "1 (N(S4, B") N f(I™) = 6, - fI") N B.
Set A=6; o foho AL Then A: BN I"— 0, f(I") N B, fixes BN bdy (I"), and is
within (o()- 8+ 8+ A(n)- 8+ 8)=()- § of the identity.

THEOREM 9 (q—n, n). Forq—nz=3 and >0, there is a 8> 0 such that if f: I™ — I*
is a proper embedding with f|bdy (I™) the identity and with f within & of the identity
everywhere, then there is an ambient isotopy of I that fixes bdy (I9), that moves
points less than e, and that takes f to the identity.

Suppose w is a positive integer. Partition I™ into w" congruent cells Cy, . . ., Cyn,
each being similar to /™. Arrange the ordering so that | JiZ} C, is a cell that inter-
sects C, in an (n— 1)-cell (for each r=1, ..., w").

LemMma 10 (g—n, n, w, r). There is a 8,>0 such that if

£y a—(gc)xr
i=1 i=1
is a proper embedding with

f|bdy ( Lr) Ci) = the identity,
i=1
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and with f within 8, of the identity everywhere, then there is an ambient isotopy of
WUi=1 CyxI°~™ that fixes bdy (i-, C;x 1%~ ™), that moves points less than 2q|w,
and that takes the set f(\UJ;-, C;) onto the set \ J;-, C;.

For a fixed codimension g—n=3, we prove Theorem 9 and Lemma 10 by the
following induction.

1. Lemma 10 (g—n, n, w, 1).

2. Theorem 9 (qg—n, n—1) together with Lemma 10 (¢g—n, n, w, r—1) imply
Lemma 10 (g—n, n, w, r). Induction on r then implies Lemma 10 (g—n, n, w, w").

3. If e>2g/w, then Lemma 19 (¢—n, n, w, w*) implies Theorem 9 (q—n, n).
For any &> 0, there is some w with ¢>2g/w, and this implies Theorem 9 (g—n, n).

The induction starts trivially at Theorem 9 (g —n, 0).

Proof. 1. Choose 8; < 1/w. Then f actually embeds C, in C; x I{3". This em-
bedding is proper, and f|bdy (C,) is the identity Thus, by Zeeman’s unknotting
theorem, there is an ambient isotopy of C, xI{;" which fixes bdy (C; x I{"
and takes f to the identity. Since the diameter of C; x I{" is less than 2q/w, the
ambient isotopy is automatically within 2g/w of the identity. Since it fixes the
boundary of C, x I{y;", it extends, by the identity, to an ambient isotopy of C,;
x 197" that fixes bdy (C; x I?~"), that moves points less than 2g/w, and that takes
S to the identity.

2. Suppose Theorem 9 (g—n, n—1) and Lemma 10 (g —n, n, w, r—1) are already
proved. Let n*: Uj-; C; %%, I" be a homeomorphism that takes | JiZ} C; onto
[—-1,0]x 1"~ ! and takes C, onto [0, 1]x I*~1, Define

T onto
7 = qptxid U CixIt " ——> ]9,

Since the domain of 4™ is compact, there is a number «> 1 such that

distance (™(x), nn(y))
distance (x, y)

1
- <
o

(for all x#yin UJj_, C;xI*™™),

Let 8,_; be 8,_;/3« or the 8 in Theorem 9 (¢—n, n— 1) for which the ambient
isotopy there is within 8,_,/3e of the identity, whichever is smaller. Choose 8,
such that 0< 8, <8,_;/3 and such that §,-«-7(n) <8, _;.

Let f: Ui-; Ci— Uj-; CixI%" be a proper embedding such that

fibdy (O )

is the identity and such that f is within 8, of the identity everywhere. Then
o fonl: I"— I%is a proper embedding whose restriction to the boundary is the
identity and which is within «- 8, of the identity everywhere. By Lemma 7-(k =0),
there’is an ambient isotopy 6, of 17 that fixes bdy (1%, that moves points less than
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a-8,-a(n, 0), and such that the pair {B, 8, o f(I") N B} is a ball pair. By Remark 8,
there is a homeomorphism

A B2 g o sum A B
that is the identity on B N bdy (I™), and such that A is within «- §, - 7(n) of the iden-
tity everywhere. In particular,

A|BAT=B): B T=B) 2% 0, . st1") n B~ T7=B)

is the identity on bdy (B N T*— B) and is within «-§,-7(n) (<$§,_,) of the identity
everywhere. Since BN I"—B={0}xI""!, and since BN I"—B={0}x I},
Theorem 9 (¢—n, n—1) applies to A|BNT*—B, and yields an ambient 1sotopy
671 of {0} x I°-* that fixes bdy ({0} x 79~ 1), that moves points less than §,_,/3«,
and such that 67! o A|{0} x I*~* is the identity. 67~ extends by collaring to
67, an ambient isotopy of I¢ that fixes bdy (1%, that preserves B and I%— B, and
that moves points less than 3§, _, /3.

6Y o A: BN I" — Bis a proper embedding with 6 o A|bdy (B N I™) the identity,
and with 6y o A within (-8, 7(n)+8,_,/3«) (<%-8,_,/a) of the identity every-
where. Thus

t 4 r—1 —n
(o 0o hont: U 63 ()2 o0y e 0,0 g (U €)) 0 U Goxre

is a proper embedding of (Jjz} C; into Jjz} C;xI?~™ that is the identity on
bdy (UUiz1 C,) and that is within £-8,_, of the identity everywhere. By Lemma 10
(g—n, n, w, r—1), there is an ambient isotopy 6Y* of \Jj=} C;x I?~" that fixes
bdy (IUjz1 C;x I*~"), that moves points less than 2g/w, and such that

r—1 r—1
oy e (e 0y o Ao €) = U G
The ambient isotopy 67! extends by the identity to an ambient isotopy, also called
0y, on Jj-, C;x I?~™ Consequently
§19 = (070 )20 6 2 6, 07 o f( U C)) 0 (Cx )
i=1

- ((,711)—1 oY 000t of(‘L_:)l Ci)) N (C,xI%7™).

The last set is an n-cell properly embedded in C, x I9~", The boundary of the n-cell
is the set bdy (C,) x {0}. Since fis within J,_,/3 of the identity, and since the map
(™) ~1o (6 o 0,)-7* is within «-%-38,_,/a of the identity, the map

() teblobyoqtof

is within 8, _; of the identity. Recall that 8, _; < 1/w. Thus S*® is properly embedded
in C,xI?~" Part 1 of this proof now gives an ambient isotopy 67" of C,x I~ "
that fixes bdy (C, x I?~"), that- moves points less than 2g/w, and that takes S'°
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onto C, x{0}. 7™ extends by the identity to an ambient isotopy, also called 6™,
of Ui, C;x I~ m,

670 Y0 (n)~1 0 6Y o 6, 0 9 is the ambient isotopy that completes the proof
of Lemma 10 (g—n, n—w, r).

3. This part depends on Alexander’s trick for showing that a homeomorphism
of a cell that fixes the boundary is ambient isotopic to the identity. Let f: I oat, »
be a homeomorphism that is the identity on bdy (I*). Let v=(0,...,0, 1) e I"
x [0, 1]. Extend f first to Cf: v-I™ 2%, . I" by mapping the base of the cone by f;
mapping the vertex v to itself, and extending linearly. Cf|v-bdy (I™) is the identity,
and consequently, Cf extends, by the identity, to F: I"x [0, 1], [*x [0, 1]. F
is an ambient isotopy of I® which has the property that if f is within & of the
identity everywhere, then so is F. Set Fy(x)=F(x, ).

Lemma 10 (¢—n, n, w, w") yields a number 8,»>0 such that if f: I* — [*x ¢~
is a proper embedding with f|bdy (/™) the identity and with f within minimum
{d,n, 2q/w} of the identity everywhere, then there is an ambient isotopy ™ of ¢
that fixes bdy (I%), that moves points less than 2g/w, and such that §y™ o f(I")=I",
The mapping f=6Y" o f is the identity on bdy (/*), and is within 4g/w of the
identity everywhere. For F, defined above, F; o Y1 o fis the identity. The isotopy
F, extends by (g —n)-fold collaring to an ambient isotopy F; of I° that fixes bdy (1%,
and that moves points less than 4g/w.

If we choose w so that &> 6g/w, then F, o Y™ is the ambient isotopy required in
Theorem 9 (¢—n, n).

THEOREM 11 (g—n, n). Let M be a compact n-manifold, M a compact n-sub-
manifold of M, Q a g-manifold, and n<q—3. Let g: M — Q be an embedding such
that g(M)<int (Q). Let N be a neighborhood of g(M — M) in Q. Then for &> 0, there
isa 8>0such thatif h: M — Q is an embedding with h(M )< int (Q), with h| M = g| M,
and with h within 8 of g everywhere, then there is an ambient isotopy of Q that is
fixed outside N, that moves points less than e, and that takes h to g.

LEMMA 12 (g—n, n). Suppose 0<k<n<q—3 and ¢>0. Then there is a §>0
such that if f: I" — I} x [""¥ is an embedding with

SU™ N bdy (If x I~ *)=1TI* x bdy (I"~¥),

SII"—={UFxI73%) the identity, and

S within § of the identity everywhere,
then there is an ambient isotopy of If x I°~* that fixes bdy (If x I°~¥), that moves
points less than e, and that takes f to the identity.

Fix a codimension (g—n). If k=0, Theorem 9 (¢g—n, n) implies Lemma 12
(g—n, n) immediately. If k>0, we prove Lemma 12 and Theorem 11 by the follow-
ing induction:

1. Theorem 11 (¢—n, n—1) implies Lemma 12 (¢—n, n).

2. Lemma 12 (¢—n, n) implies Theorem 11 (qg—n, n).

The induction starts trivially with Lemma 12 (g—n, 0).
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Proof. 1. >0 is given. Choose 2™ ° such that 2(e*"™ %) < e. Theorem 9 associates
a 8m® to £hm9 Choose &P™*! such that 2(s*™1!) < minimum {8P™ 9 thm 9}
Theorem 11 (g—n, n—1) associates a §**™ 1! to "™ 11 Choose & such that

(o(n, k)- 8+ k(n+2)48+45+28) < min {Shm 11, gthm 113

Finally choose § =§/2.

The hypotheses for Lemma 12 (g—n, n) are precisely those of Lemma 7 where
§=58/2. By Lemma 7, there is a set K and an ambient isotopy 6, of I x I*~* such
that {B, 6, o f(I") N B} is a ball pair and

610 fU") N B = (61Y) 7% o (B X (N(S™, B) N fI™)
= (7)1 o (61 (N(K, (BN I T =C¥)")
= (61") % o (61 (N (K, fUI™)").

The last equality holds since (B N I") U T*—C?3=1I" if k>0. (Compare this with
the next to the last paragraph of the proof of Remark 8.)

f{I") is a submanifold of I% x I9-* of the sort required in Proposition 1. K is a
subcomplex of f(I"), and f(I™) collapses to K by a collapse whose diameter is less
than (k(n+2)48+268). This number comes from Remark 4, together with the
paragraph in Lemma 5 (k >0) where c-radial collapse is defined. By Corollary 2
there is an ambient isotopy Zf of I¥ x I¢~* that fixes a neighborhood of the boun-
dary, that moves points less than (k(n+ 2)48 +48), and such that

L o fI") = N(K, fI™)").

This, combined with the second paragraph of this part, shows that 6, o E o f(I™)
is properly embedded in 7 (= B). This embedding induces an embedding of bdy ()
into bdy (79 that is the identity on a neighborhood of I* x bdy (I"~¥) in bdy (I"),
and that is within (o(n, k)-8 +k(n+2)48+48+28) of the identity everywhere.
This number is less than minimum {§**® 11  gthm 11} Thys Theorem 11 applies to

0, © &} o f+ bdy (I") — bdy (I°)

o

to yield an ambient isotopy Ef' of bdy (/% that is fixed on a neighborhood of
bdy (9 N bdy (I¥ x [¢7%) in bdy (19, that moves points less than ™™l and
such that Ef' o 8, o Elo f|bdy (I™) is the identity. The isotopy Ei* extends by collaring
to an ambient lsotopy of I¥ x I, also called E}', that fixes a neighborhood of
bdy (I¥ x I°~¥), that satisfies Z}'(/ ‘1) I%, and that moves points less than ™11,
It is still true that & o 8, o B! o f|bdy (I™) is the identity. In addition,

Elof, 080 fr I > I

is a proper embedding and is within 8**™ 9 of the identity everywhere. By Theorem
9, there is an ambient isotopy Z[!! of /¢ that fixes bdy (%), that moves points less
than £*™° and such that Zf o E{I 0, o E' o fis the identity. The ambient isotopy

= extends by the identity to the ambient isotopy Ef on I¥x I?~*. Define
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=210 810 f,0El. Then =, of is the identity, =, fixes bdy (I¥ x I"~¥), and
¢ moves points less than e.

A compact n-manifold may be built up through a finite sequence of n-manifolds,
the first being a submanifold, and each subsequent element of the sequence ob-
tained by attaching an n-cell to the previous element by identifying an unknotted
solid torus (B* x S™~*) in the boundary of the cell with a solid torus in the boundary
of the previous element. Such a sequence is called a handle decomposition of the
manifold.

By induction on the number of elements in the handle decomposition of M, it is
sufficient to prove Theorem 11 (g—n, n) for the special case that M=M—H U H
(where H is an n-cell, M— H is an n-manifold, and M—H N H is a solid torus),
that N is a neighborhood of H in Q, and that g|M — H=h|M — H.

2. Let Al: I*x I§z* %, N(N(H, M"), M") be a homeomorphism such that
N(I*x I*~*)=N(H, M") and X(I*x I?3*)= H. Construct, as follows, a homeo-
morphism A that extends g o Xl|I* x I"~* and maps I¥ x I*~* onto a neighborhood
of g(H) in Q. We lose no generality by assuming that g(N(N(H, M"), M™)) is
contained in N. Let N be any regular neighborhood of g(N(N(H, M"), M™)) that
is contained in N. By homogeneity, there is a homeomorphism A that maps the pair

{N, g(N(N(H, M"), M)}

[ [1]

onto the pair {I§, I* x I}7*}. Then the composition

nt
Ao go s T Ik Z0 i [ak,
Let AII: [2 onto_ I# be any extension of A% o g o AL and let

MV = Ny id: Ipx 8- = 13 22 fa.

Then the homeomorphism AV=(A")"10 AIV: Jgonte, N extends g o AL. Thus, if u
is chosen small enough,
N = Nt x I FxI37) 0 g(M) = g o N(I").

Let AVL: IfxIr-kx[o-nomte, Jk  xI"~kx[3-" extend the identity map on
I¥x I"~*. Then the composition A=AV o AV! is the required map.
Let «>1 be a real number such that

distance (A(x), A(»)) _
distance (x, y)

1
- <
o

(for all x# y in I9). There is a number « >0 such that if h: M — int (Q) is within
« of g everywhere, and if h| M — H=g|M — H, then h(N(H, M")) is contained in N;
this means that f=A"!o ho A is defined. The number e>0 is given. Let Stem 12
be the number associated to e/a by Lemma 12. Choose §<« and such that
ad < 8m12 Then, the homeomorphism f satisfies the hypothesis of Lemma 12
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(g—n, n) and is within «d of the identity. By Lemma 12, there is an ambient isotopy
IV of I that fixes bdy (%), that moves points less than /e, and such that 1V o f
is the identity on IfxI"~* Define ZY=2A0 EV o A"l Then ZY is an ambient
isotopy of N that fixes bdy () and moves points less than e. It extends by the

identity to all of Q. In addition,
EYoh|[N(H,M") = EY o ho X o (\)"N(H, M")
=AoEVoAtohodo(AN) I N(H, M")
= Ao (M)"N(H, M")
= g|N(H, M").

This completes the proof of Part 2.
From this point on, maps are necessarily p.l. only if so noted.

PRrROPOSITION 13. If G is a homeomorphism of R® onto itself and e: R? — (0, )
is a continuous function, then there is an ambient isotopy B, of R such that B, o G
is a piecewise-linear homeomorphism and

distance (B(x), x) < &(x) for all xe R

Proof. Since g=35, either G or G o (Ref) is stable where Ref: R? — R? is the
reflection through the first coordinate. (See [6].)

Connell [3] and Bing [1] have shown that a stable homeomorphism of R? onto
itself, g= 5, can be ambient isotoped to a piecewise-linear one that is an approxi-
mation in the sense of the statement of this proposition. Let 8, be such an ambient
isotopy. If G is stable, we are done. If G o (Ref) is stable, then B; o G o (Ref) is
piecewise-linear and so,

BioG = ByoG o (Ref)o (Ref)~*

is piecewise-linear, which completes the proof of the proposition.

Proof of Theorem 14. Since M is a compact p.l. manifold, and M is a compact
p.l. n-submanifold, there is a finite handle decomposition of M that begins with
M and builds up to M. We may assume that the individual handles are so small
that g restricted to a neighborhood of each is actually flat. By induction on the
number of handles, Theorem 14 reduces to the special case that M=M—H U H
where H is an n-cell, M—H=M is a compact p.l. n-manifold, M N H is p.l.
homeomorphic to S~ x B™~* for some 0 <k <n, g restricted to a neighborhood
of Hin M is flat, and N is a copy of R? that contains H.

Subdivide M and Q so that in the new triangulation g|M is simplicial, so that

gIN(N(H, M"), M™)) < N,

and so that g|[N(N(H, M"), M") is flat. This last condition implies the existence
of a homeomorphism G: N(N(H, M"), M")x 19" %, N that extends g. Let N
denote the image of G.
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Now int (N) is a copy of R? and has a piecewise-linear structure induced by that
on Q. Let
e: int (N) — (0, o0)

be a continuous function. Apply Proposition 13 to obtain an ambient isotopy
B: of int (V) such that B; o G|int (V) is piecewise-linear and

distance (By(x), x) < &(x) for all x € int (N).
Let Z=N(H, M"), and for j= 3, define

A;=NZNM=2Z,Z?)-N(Z N M=2Z,Z9*Y),
Since g| M — H is simplicial, g(4,) is a subcomplex of QY+P, Let
By = N(4;,Z9+%) and C; = N(g(4,), Q9*?).

Thus g(M) N C;=g(B;). The intersection C; N C,= @ (unless w=j—1,j,j+1).
By Theorem 11, there is a 8,,,, such that for any piecewise-linear embedding
8%*1: Byjp1 — Cyyy that is equal to g| By, ; except possibly on A, ;, that maps
A4y into int (Cyy, 1), and that is within 85, , of g on 4, ,, then there is a piece-
wise-linear ambient isotopy Q& ** of C,;,, that fixes bdy (Cy,, ,), that satisfies

27 +1 2 —
Q11+ og j+1—ng2j+1,

and that moves points less than minimum {1/2j+ 1, ¢/2}. Also by Theorem 11,
there is a 8,; such that if
g% Az — int (Cyy),
and g% is within 8,; of g|A,;, then there is a piecewise-linear ambient isotopy
Q' of Cy; that fixes bdy (Cy,), that satisfies
Qo g% = g|As,,
and that moves points less than

. . L e 83541 831 mesh (CFHY) mesh (CFH?)
minimum {21’ 5, D) 5 D) s D) s 3 }.

Let &(x): int (N) — (0, ¢/2) be any continuous function that goes to zero as x
goes to bdy (N), and such that

¢(x) < minimum {mesh (C*+)/2, 8,2}

(if x € C;). Let B, be the ambient isotopy of int (V) defined above. The behavior
of &(x) near the boundary of N implies that B, extends by the identity to an ambient
isotopy on Q. The homeomorphism B, o g is piecewise-linear except at Z N M —Z.
Take the map g discussed above to be B, o g|4z;. Then since Cyy N Cyp= 2 if
J#w, the composition Qf"*" of the Qf’ is well defined. Since each Q moves points
less than 1/2j, Q¢¥e" extends by the identity to an ambient isotopy on Q. The
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homeomorphism Q§7°" o B, o g is piecewise-linear except at Z N M —Z, and equals
gon M=Z Uiz 4z

Let Q57°" o B, o g| By, 1 be the map g2/ ** discussed above. Again the composition
Qe of the Q'+ is well defined and extends by the identity to an ambient isotopy
on Q. Define Q,= Q4 o Q¢ven o B, Then Q, is an ambient isotopy of Q that moves
points less than e, and such that Q, o g is piecewise-linear except possibly at
ZN'M-=2Z;but Q, o g is piecewise-linear there since

Q,oeM=Z ) 4, = g|M=2Z ,O A,
ji=38 =3

and g is piecewise-linear on M—Z | J2 ; A;. Consequently, Q, o g is piecewise-
linear on M. This completes the proof of Theorem 14.

REFERENCES

1. R. H. Bing, Radial engulfing, Conference on the Topology of Manifolds (Michigan State
Univ., E. Lansing, Mich., 1967) Prindle, Weber & Schmidt, Boston, Mass., 1968, pp. 1-18.
MR 38 #6560.

2. R. H. Bing and J. M. Kister, Taming complexes in hyperplanes, Duke Math. J. 31 (1964),
491-511. MR 29 #1626.

3. E. H. Connell, Approximating stable homeomorphisms by piecewise-linear ones, Ann. of
Math. (2) 78 (1963), 326-338. MR 27 #4238.

4. V. K. Gugenheim, Piecewise linear isotopy and embedding of elements and spheres. 1,
Proc. London Math. Soc. (3) 3 (1953), 29-53. MR 15, 336.
~ 5. R. C. Kirby, Smoothing locally flat imbeddings of differentiable manifolds, Topology 6
(1967), 207-220. MR 35 #2291.

6. R. C. Kirby and L. C. Siebenmann, A proof of the stable homeomorphism theorem, Bull.
Amer. Math. Soc. (to appear).

7. W. B. R. Lickorish, The piecewise linear unknotting of cones, Topology 4 (1965), 67-91.
MR 34 #3585.

8. R. T. Miller, Close isotopies on piecewise linear manifolds, Ph.D. Thesis, University
Microfilms, Ann Arbor, Michigan, 1968.

9. E. C. Zeeman, Seminar on combinatorial topology, Inst. Hautes Etudes Sci., Paris, 1963
(Mimeographed notes).

UNIVERSITY OF CHICAGO,
CHICAGO, ILLINOIS 60637



