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A COLLECTION OF SEQUENCE SPACES

BY
J. R. CALDER AND J. B. HILL

Abstract. This paper concerns a collection of sequence spaces we shall refer to as
d, spaces. Suppose a=(a,, az, ...) is a bounded number sequence and «;# 0 for some
i. Suppose 2 is the collection of permutations on the positive integers. Then d, denotes
the set to which the number sequence x=(x,, xs,...) belongs if and only if there
exists a number k> 0 such that

ho(x) = lub 2 |x;ma| < k.
peP i=1

h, is a norm on d, and (d,, h,) is complete.

We classify the d, spaces and compare them with /; and m. Some of the d, spaces
are shown to have a semishrinking basis that is not shrinking. Further investigation
of the bases in these spaces yields theorems concerning the conjugate space properties
of d,. We characterize the sequences B such that, given «, ds=d,. A class of manifolds
in the first conjugate space of d, is examined. We establish some properties of the
collection of points in the first conjugate space of a normed linear space S that
attain their maximum on the unit ball in S. The effect of renorming ¢, and /; with A,
and related norms is studied in terms of the change induced on this collection of
functionals.

Introduction. The d, spaces were studied by W. L. C. Sargent [6] in 1960 and
more recently by W. Ruckle [5] and D. J. H. Garling [2]. Some of the results in
§I and III appear in one or more of the above papers, as will be indicated.

Throughout this paper if S is a linear space and g is a norm on S then (S, g)
will denote S with the norm g. The symbol (S, g)* denotes the first conjugate space
of (S, g) and g* denotes the conjugate norm on (S, g)* induced by g. If His a
subset of S then L(H) denotes the linear span of H. The symbol N(S) denotes the
origin in S and U(S, g) denotes the unit ball in (S, g). The term basis will refer to a
Schauder basis.

I. d, spaces.
DEerFINITION 1.1. Suppose n is a positive integer. Then x§ denotes the number
sequence (xy, X, . . .) such that x;=1 if i<n and x;=0 otherwise.
DErFINITION 1.2. Suppose a«em. Then B(x) denotes the number sequence
(Bi(«), By(), . . .) defined as follows: for each i,
Bye) = h(x}) ifi =1,
= h () —h(xY) ifi > 1.
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DEFINITION 1.3. Z denotes the number sequence collection to which the sequence
a=(ay, a,, ...) belongs if and only if a is nonincreasing, a, >0 and for each i,
a;20. Zy=coNZand Z,=I, N Z.

The following lemma was found to be very useful in the investigation of the d,
spaces.

LEMMA 1.1. Suppose o € m. Then B(e) € Z and d,=dg,. Moreover if x € d, then
ho(x) = hpa(X)-

Thus in the investigation of these spaces we need only consider the sequences
inZ.

THEOREM 1.1 [2]. d,=m if and only if o« € I,.
THEOREM 1.2 [2]. d, =1, if and only if o € m—c,.

Thus the spaces fall naturally into three categories, (1) those that are /;, (2) those
that are m and (3) those that are “between” /;, and m.

OBSERVATION. If d,=m then A, is equivalent to the ordinary norm ||, on m,
and if d,=/, then h, is equivalent to the ordinary norm |-|, on /,.

DEFINITION 1.4. e=e,, e,, ... denotes the point sequence in m such that for
each i, e;=(el, €,...), ei=1-and e,=0 if i#j. If e is a basis for a normed linear
space (S, g) then b=b,, b,, ... denotes the point sequence in (S, g)* that is bi-
orthogonal to e. G, denotes the closure of the linear span of b. If e is a basis for
(S, g) and fe (S, g)* then the number sequence (fi, fs, . . .) is defined by f;=f(e))
for each i.

DEerINITION 1.5. T, denotes the linear transformation from (I, |-];)* to m
defined by T1(f)=(f1,fs, - . .) for each fe (I}, |- ]1)*.

It is well known that T, is a congruence (isometry) from [(/s, |-[|))¥, |-|F] to
(m, | |m)- The following theorem shows that this relationship between /; and m
does not necessarily exist between the d, spaces that are /; and those that are m.

THEOREM 1.3. Suppose « € Z,. Then each two of the following statements are
equivalent.

(1) There exists a point B € Z—Z, such that T, is a congruence from [(d, h)*, h¥]
to (dy, hy).

(2) ay=0.

(3) There exists a number ¢ such that if x € d, then h(x)=c-|x|n.

Proof. Suppose Be Z—Z,. d,=m and dy;=1/, and h, is equivalent to |-|, and
hg is equivalent to |-|,. Hence (ds, hg)*=(ly, |-|1)* and T, is a reversible linear
transformation from [(d;, hz)*, h*] onto (d,, h,). Now suppose T; is a congruence.
Suppose further that for each positive integer n, f*=T7 (81, B2, ..., B, 0,0,...).
Since T, is a congruence h(T,(f™)=h¥(f™). But hf(f™) =150 ho(T:(f))=Pres =1.
Thus By=1/e; and h(Ty(f%))=Pre; +Bes=1. Since B;#0 then a;=0 and (1)
implies (2).
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Suppose now that «;=0 and f=(f1, /s, ...) €d,. Then h(f)=0;-|f|n So (2)
implies (3).

Now suppose (3). e, € d, and h,(e;)=a;=c-|e|,=c. Soa;=c. Let B=(By, Bs, . . .)
such that for each i, B;=1/¢;. Then BeZ—Z,, d;=1I, and if x € d; then hy(x)
=(1/ey)|x|;. So T; is a congruence.

I1. Bases in the d, spaces. The following are some of the properties that a
point sequence p;, ps, . . . may have and are listed here for easy reference.

DEFINITION 2.1. Suppose (S, g) is a normed linear space, W is the set of positive
integers and Q is the collection of all finite subsets of W. Suppose further that
P=p1, Pa, - - - 18 @ sequence each term of which is a point of S.

(i) p is orthogonal means that if each of H and K'is in Q, H= K and a,, as, . . .
is a number sequence, then g(Qicn a:ip:) < gC ek aipy)-

(ii) p is strictly orthogonal means that p is orthogonal and if each of H and K
is in Q, and H=K and a,, a,, ... is a number sequence, then the following two
statements are equivalent.

(1) gCGicn aip)=8(Zick aipy)-
(2) H=K or H# K and if i € K— H then a;=0.

(iii) p is strictly coorthogonal means that if each of H and Kis in Q, and HS K,
and a,, a,, . .. is a number sequence then

g( z aipi) s g( Z aiP;)
. \ieW-K ieW-H
and the following two statements are equivalent.
(1) gCiew-x aip)=8Ciew - 1 @:iDy)-
(2) H=K, or H#K and if i € K— H then a;=0.

(iv) If p is a basis, p is unconditional means that if x € S and x=>{, x;p; and
if r € Z, then x=321 X,4)Pr0)-

(v) If p is a basis, p is semishrinking means that there exists a number ¢>0
such that

(1) 0<glb, (g(p:)) <1ub; (g(py)) <c, and
(2) if fe (S, g)* then lim,_, , f(p,)=0.

(vi) If p is a basis, p is shrinking means that if g=g¢,, g5, . . . is the point sequence
in (S, g)* that is biorthogonal to p and y,, y,, . . . is a bounded point sequence in §
such that for each j, lim,_, ., ¢{(»,) =0, then if fe (S, g)*, lim,_, » f(¥,)=0.

THEOREM 2.1. Suppose o« € Z—Z,. Then the point sequence e=e,, ey, ... in
(d., hy) has the following properties:

(1) e is orthogonal,

(2) e is strictly orthogonal,;

(3) e is strictly coorthogonal,;

(4) e is a basis;

(5) e is unconditional,

(6) e is boundedly complete.
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That e is orthogonal, strictly orthogonal, and strictly coorthogonal is easily
verified. Garling [2] has shown that the linear span of e, L(e), is dense in d, and so it
follows that since for each i, e;# N(d,) and since e is orthogonal, that e is an un-
conditional basis for d,. That e is boundedly complete is obvious.

It may be noted that the collection of d, spaces can be enlarged as follows: if
a=(ay, ag,...) is @ bounded number sequence and «;#0 for some i and if k=1,
then d, , denotes the set to which the number sequence x=(x,, x,,...) belongs
only in the case that there exists a number ¢ such that

© 1/k
ha,k(x) = lub [Z pr(i)ailk] < C.
re? Li=1

In this case, results similar to Lemma 1.1, Theorem 1.1, Theorem 1.2 and Theorem
2.1 may still be obtained. Theorem 1.1 becomes d, ,=m if and only if « €.
Theorem 1.2 becomes d, , =/, ifand only if « € m—c,. Again, if d, ,=m then h, ;
is equivalent to |-|, and if d, =1, then A, is equivalent to the ordinary norm
only, ||k

Here then, we have spaces some of which are /,, some m and some ‘“between”
I, and m. The remainder of this paper deals with the d, (i.e. d, ;) spaces.

A. Pelczyniski and W. Szlenk [3], answering a question of I. Singer, constructed
an example of a normed linear space with a basis that was semishrinking but not
shrinking. J. R. Retherford [4] has shown that the space (d), which is d, with
o;=1/i, also has a basis that is semishrinking but not shrinking.

THEOREM 2.2. Suppose that « € Zy—Z,. Then the basis e for (d,, h,) is semishrinking
but not shrinking.

Proof. If « € Zy,—Z,; then there exists a point x=(x;, X5,...) in d, such that
for each i, x;Zx;,,20 and x ¢ /,. Suppose f€(d,, h,)* and that lim, f;#0.
Then there exists a number ¢>0 and a subsequence f,,, f5,, . .. of f1, /2, ... such
that for each i, |f,|2c. Let y=(p1, ys,...) be the point of d, such that y,=0 if
i#n; for every j and y;=x;-|f,|/fs, if i=n; for some j. So if N is a number there
exists an integer s such that

N < c-i x < i | fal % = i S
i=1 i=1 i=1

So f¢(d,, h,)* and we have a contradiction. Hence lim,_, f;=0. For each i,
h,(e;)=«; so e is semishrinking.

For each positive integer n, let S,=>7_, o; and y,=(1/S,)- >, ;.. Then A, (y,)
=1. Let F denote the point of (d,, h,)* defined as follows: if xed, and x=
(x1, X3, . ..), then F(x)=>{, x;05. For each n, F(y,)=1. But if b=b,, b, ... is
the point sequence in (d,, h,)* biorthogonal to e and if j is a positive integer then
lim, ., » b/(y,)=0. So e is not shrinking.

COROLLARY 2.1. Suppose o € Z. Then [(d,, hy)*, h¥] is not separable.
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Proof. It is well known, for instance [1, p. 77], that if p=p,, p,, ... is an un-
conditional basis for a normed linear complete space (S, g) then p is shrinking if
and only if [(S, g)*, g*] is separable. Thus if « € Z—Z,, since e is an unconditional
basis that is not shrinking we have that [(d,, h,)*, h¥] is not separable. If « € Z,
then (d,, h,) is isomorphic to (m, |-|,) and thus [(d,, h,)*, h¥] is not separable.

DEFINITION 2.2. Suppose (S, g) is a normed linear space and that H is a linear
manifold in (S, g)*. J¥ denotes the transformation from S into (H, g*)* defined as
follows: if x € S and f€ H then [JH(x)I(f)=/(x).

THEOREM 2.3. Suppose o € Z—Z,. Then JC is a congruence.

Proof. (d,, h,) is complete and e is an unconditional basis for (d,, 4,) that is
boundedly complete. Thus it follows from a result of Singer [7] that J% is a
congruence.

THEOREM 2.4. Suppose o € Z—Z, and b is the point sequence in (d,, h,)* biorthog-
onal to e. Then b is

(1) orthogonal,

(2) a basis for (G,, hY¥),

(3) unconditional,

(4) not boundedly complete,

(5) not strictly orthogonal.

Proof. Since e is orthogonal b must be orthogonal and since b is orthogonal and
L(b) is dense in G, and since b;# N(d,, h,)* for each i, it follows that b is an un-
conditional basis for G,. Since [(d,, h,)*, h¥] is not separable there exists a point
¥ € (dy, he)* —G.. Suppose h*(y)=c. Suppose further that n is a positive integer
and y"=>7_, y:b;. Then A¥(y")<c. But y ¢ G, so b is not boundedly complete.
Suppose n is a positive integer and «" =37, o;b;. Let x=(1/e;)e,. Then x € U(d,, h,)
and o*(x)=1. Suppose y=(y;, y2,...) is a point of U(d,, h,). Then |«"(y)|=
|57 1 yieu| Sh(¥)=1. So h¥(c™)=1. Hence b is not strictly orthogonal.

COROLLARY 2.2. Suppose a € Z—Z; and (S, g) is a normed linear complete space.
Then (G,, h}) is not isomorphic to [(S, g)*, g*].

Proof. Singer has shown [7] that a normed linear complete space (S, g) with an
unconditional basis, p, is isomorphic to the conjugate space of some normed
linear space if and only if p is boundedly complete. Thus Corollary 2.2 follows.

COROLLARY 2.3. If a € Z then (d,, h,) is not reflexive.

In case a € Z, the question whether or not (d,, 4,) is congruent to the conjugate
space of some normed linear space is answered by the following theorem.

THEOREM 2.5. Suppose « € Z, and g, is the norm on [, defined as follows: if x € I,
and x=(x,, X, ...) then

2. = lub

o0
Z YiXy
i=1

Iye U(dau ha)9y = (y13y2’ .. )}'
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Then each of the following statements is true.

(1) [(Co, ho)*, hE] is congruent to (11, g,);

(2) g, is equivalent to |-|;;

(3) [(h, 8)*, %] is congruent 10 (do, ha);

@) [((Co, ho)*, X)*, hE*] is congruent to (d,, he).

III. d,=d;. W. J. Davis, in a private communication, has characterized the
extreme points of U(d,, h,) in the case « € Z,—Z,.

THEOREM 3.1 (DAVIS). Suppose o € Zy—2Z,, x € d,, x=(x1, Xg, . . .) and hy(x)=1.
Then (1) implies (2).

(1) x is an extreme point.

(2) There exists an integer n such that if i>n then x;=0 and if x;#0 and x,#0
then |x;| =|x,|.

This gives us the following result of Garling.

THEOREM 3.2 [2]. Suppose e € Zy—Z,, fe(d,, h,)* and r € # Suppose further
thatfor eaCh i, If;‘(i)l ; Iﬁ(i"’ 1)|. Then

hi(f) = IUbniZ |ﬁ(£)|/‘§; 0.

Garling has also characterized G..

THEOREM 3.3 [2]. Suppose a € Zy—Z,, fe(d,, ho)* and r € P. Suppose further
that for each i, | f,w| 2 | fra+1y|- Then f€ G, if and only if

lim i lﬁ(i)'/i o = 0.
R® 4= i=1

THEOREM 3.4 [5]. Suppose each of « and B is in Z and for each positive integer
S(a, n)=271 oy. Then d,=d; if and only if there exists a number k, and a number
ko such that if n is a positive integer then S(«, n) < k,S(B, n) and S(B, n) < k,S(«, n).

OBSERVATION. Whenever d,=d; then A, is equivalent to A,.

THEOREM 3.5. Suppose a € Z—Z, and fe(d,, h,)*. Suppose further that B=
(f1,fs, . . .). Then each two of the following statements are equivalent.

(1) dy=dg;

) fe (s h)*—G.;

(3) if Fe(d,, h,)* such that for each i, F,=«; then F € (dg, hy)*.

IV. A collection of manifolds in (d,, /,)*.
DEFINITION 4.1. Suppose (S, g) is a normed linear space and H is a linear mani-
fold in (S, g)*. The statement that H is absolutely total means that if x € S then

g(x) = lub {|f(x)| | fe H and g*(f) = 1}.
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DEFINITION 4.2. The statement that a normed linear space (S, g) has property ¢
means that if H is an absolutely total linear manifold in (S, g)* then H is dense in
[(S, &)*, g*].

B. E. Wilder has shown [8] that each of (co, |- |o) and (c, |- |.), where |- |, and |- |,
are the ordinary norms on ¢, and ¢ respectively, is a nonreflexive space with
property t. He has also shown that (co 1, |- |o,1), Where |-|o,; is the ordinary max.
norm on ¢, ,, does not have property ¢. It has been conjectured that the only
nonreflexive spaces that have property ¢ are isomorphic to (co, |- |o). The following
theorem settles this conjecture in the negative.

THEOREM 4.1. Suppose « € Z—Z, and there exists a number M such that if i is a
positive integer o; <(M+ 1)a; 1. Then (G,, h¥) has property t.

Proof. Suppose for convenience that «;=1. J% is a congruence from (d,, )
to [(G., k¥)*, hX*]. Let T denote the inverse of J%. Suppose that L is an absolutely
total linear manifold in (G,, A¥)*, and that n is a positive integer. Then b, € G, and
if £> 0 there exists a point f'€ L such that A¥*(f) <1 and |h¥(b,) —f(b,)| < /(M +2).
Suppose T(f)=(f1, /2, - - .)- Then since h¥(b,)=1/e; =1 and f(b,)=b.(T(f)) =1», We
have that |I—f,| <e(M+2). KE*()=h S fb)<1, so |fi|S1 and 1-|f]
S1—fo=|1—f.| <e/(M+2). Pick reZ such that r(l)=n and if i22, |fu)
2| fra+n|- For each i, let F;=f,,. Then

|Fyf -+ Z | Filey = z |Filey < BE*(f) = 1.
i=2 i=1
So
S <1-— _& .
{Zz IFiIO‘i =1 If;ll < (M+2)

Let x and y be points of d, defined by x=(1—f;) e, and y=f,e,— >, fie;- Suppose
P=D1, Ds, - - - 1s the point sequence in (G,, h¥)* that is biorthogonal to b. Then if i
is a positive integer, T(p;)=e;. So

HE*(pa—1) = ha(en —2 fiei) = hax+3) S b0+ ha(3)

= l"fn"‘ha(y) < (M;-I-2)+ha(y).

Now
ho(y) = Z |Fisaloy = Z |Fi+1|°‘t+1+z | Fisal- o —o441]
i=1 i=1 i=1
& < ) € Me  o(M+1)
<arry M2 VPl < Grstams = G
So

€ eM+1)

KE*(p—f) = h‘,(e,.—; f“") <o)t

Hence p, is a point or a limit point of L.




114 J. R. CALDER AND J. B. HILL [November

Suppose s is a positive integer and each of ¢y, ¢y, . . ., ¢; is a number. Suppose
further that x=c,p;+ - - - +¢,p, and for each j, 1 <j<s, let y, y3,... be a point
sequence in L converging to p;. If ¢>0 and if j<s is a positive integer such that
¢;#0, then there exists a number n; such that if i>n; then |y]—p,| <e/(|c;|-5).
For each positive integer j, j<s, let y;=c,y}+--- +¢,y5. Then y;e L. Let N=
max {n;}. Then if i> N,

hE*(x—y) = h*(cx(pr—y1)+ - - - +cps—¥))
< e -hE*(pa—yD)+ - el -BEH(ps—pD) < e
So x is a point or a limit point of L. Hence any point in L(p) is a point or limit
point of L and thus the closure of L contains L(p). L(e) is dense in (d,, h,) and J %
maps L(e) onto L(p) so L(p) is dense in [(G., h¥)*, h**]. Thus L is dense in
(G, hZ)*, hE*].

Every o in Z—Z, has the property that there is a number M such that «; <
(M +1)e; ., for each i. Some of the sequences in Z,—Z, have this property, for
example a«=(1, 1/2,..., 1/i,...), while some other sequences in Z,—Z; do not.
If e € Z,—Z, then (d,, h,) is not isomorphic to (/;, |-|;) and thus (G., A¥) is not
isomorphic to (cy, |- |o). Thus we have the following corollary.

COROLLARY 4.1. There exists a nonreflexive normed linear space (S, g) that has
property t but is not isomorphic to (co, |- |o)-

CoNJECTURE. If « € Zy—Z, then (G,, h¥) has property t.

V. Regular functionals.

DEFINITION 5.1. Suppose (S, g) is a normed linear space and fe (S, g)*. The
statement that f is regular on (S, g) means that there exists a point x € S such that
g(x)=1 and f(x)=g*(/).

R(S, g) denotes the subset of (S, g)* to which the point f belongs only in the case
that f is regular on (S, g).

THEOREM 5.1. Suppose that (S, g) is a normed linear space and that p=p,, p,, . . .
is @ monotone basis for (S, g). Suppose further that q=gq,, q., . . . is the point sequence
in (S, g)* that is biorthogonal to p. If f € L(q) then f € R(S, g).

Proof. Suppose x€ S and x=372, x,p;. If n is a positive integer let X" be the
point of E, defined by x"=(x,, x,, ..., X,). Let g, denote the norm on E, defined
by g(x")=g(21-1 xip;). Suppose y € L(q) and y=y,q,+ - +yngs. Then if xe S
and x=372, x;p;, ¥(x)=27_1 yix;. Let y’ be the point of [(E,, g.)*, g*] defined as
follows: if x € E, and x=(x;, X3, ..., X,) then y'(x)=>7_, yix;,. ¥' is regular so
there exists a point z=(z,, z, . . ., z,) in E, such that g,(z)=1 and y'(z)=g*(y").
Examine the point x of S defined by x=>7_, z;p;. g(x)=g.(z2)=1 and y(x)=
>ty vizi=gX'). Now suppose r=>2, r,p, and g(r)=1. Then g,(F*)<1 and

)] = Z il = 1Y) = g20).

So g*(y)=g%(y") and y € R(S, g).
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COROLLARY 5.1. Suppose (S, g) is a normed linear complete space, p=p;, p, . . .
is a basis for (S, g) and q=q,, qs, ... is the point sequence in (S, g)* that is bi-
orthogonal to p. Then there exists a norm h on S such that h is equivalent to g and
L(q)S R(S, h).

Proof. 1t is well known [1, p. 67] that there exists a norm 4 on S equivalent to g
such that p is monotone in (S, 4). Hence, by Theorem 5.1, L(q)< R(S, h).

THEOREM 5.2. Suppose « € Z—Z,, e is the ordinary basis for (d,, h,) and fe
(G., h¥)*. Suppose further that p=p,, p., . .. is the point sequence in (G,, h¥)* that
is biorthogonal to the basis b in (G,, h¥). Then £(p)= R(G., h?}).

Proof. Since b is an orthogonal basis for (G,, A¥) then, by Theorem 5.1, Z(p)
S R(G,,h}). Suppose fe(G,, h¥)*—L(p). J% is a congruence from (d,, h,) to
[(G., B¥)*, h¥*] and for each i, JC(e)=p,. Thus if T denotes the inverse of JC
and T(f)=(f1,f2 --.), then T(f)ed,—ZL(e). Pick re? such that for each i,
| frrl 2 [ fra+1)| and let Fi=|f,q)|. Suppose n is a positive integer and «"=37., o;b;.
Then if T(F)=(Fy, Fs, .. .),

n+1l

n
F(@" = » Foy < > Fo = F@*).
i=1 i=1

Suppose y € U(G,, h¥). Then lim,_, ., y;=0. Pick s € Z such that for each i, | y.u|
2| ysa+n| and let Y;=|yy,|. Let Y=22, Y,b, and ¢, =glb «;. Since lim,_,, y,=0
there exists a number n, such that if i>n, then Y;<c,. Let co=>7t, F(y— Y)).
Suppose ¢;<0. Then >, Foy<>rt; FiY,. There exists a number ¢#>0 such that
the point z of (d,, h,) defined by z=3>71, ¢- F;b; has norm 1. So

ni ni
t> Foy=1<ty FY = Y@).
i=1 i=1

So h¥(Y)>1. But h¥(Y)=h¥(y)=1 so ¢, 20, and

ni+1

z F(o;,—Y) =¢c3 >c; 2 0.
i=1

Let ng be a positive integer such that 52 ,, .1 F; Y; < c3/2.Suppose N=max {n, + 1,n,}.
Then if n> N,

> FYi>c¢-3=3>0

=n+1 2

F) = F(Y) = Z Fa=Y)-

So F(«™)>F(Y). F(Y)Z F(y) and so F is not regular and f is not regular. Hence
R(G,, h*)=L(e) and the theorem is proved.

It may be noted that if we define the norm 4, o on ¢, by h, o(x) =h¥(T1 }(x)) for
each x € ¢y, then T; restricted to G, is a congruence from (G,, h¥) to (co, hq,0) that
maps the basis b in (G,, ¥) onto the basis e in (¢, A4, o). Thus Theorem 4.2 gives us,
in case ¢; =1 and «, =0, the usual characterization of R(co, |- |o)-




116 J. R. CALDER AND J. B. HILL [November

THEOREM 5.3. Suppose that o € Z, and e is the ordinary basis for (c,, h,). Then
L(b)=R(cy, h) if and only if a;=0.

Proof. If ;=0 then (co, h,) is congruent to (co, |-|o) and h,=a;-|-|o. So
R(co, ha)=R(co, | |0)- But R(co, |-|o)=L(b) so R(co, hy)=L(b). Suppose «,;#0.
If «' =32 by, then h¥(e)=1. Suppose o’ ¢ L(b) and y=(y;, ys, . ..) is the point
of U(co, h,) defined as follows: y,=1/e; and y;=0 if i>1. Then «'(y)=1 so
o’ € R(co, hy) and L(b)# R(cy, h,). Suppose now that «’ € L(b). Then there exists
an integer » such that «,#0 and «, ., =0. Let f be the point of (c,, k,)* defined as
follows:

fi=e if12i<n—1 and f‘=% ifi 2 n.

Then f¢ L(b) and it can be shown that f is regular on (co, 4,). Hence L(b) # R(c,, h.),
and the theorem is proved.

DEFINITION 5.2. Suppose g is a norm on /;. The statement that g has property r
means that

(1) gis equivalent to |-[,; and

(2) if x=(x, X,...)isapointin /; and s € Z and if y=(yy, s, . . .) is the point
in /; such that for each i, y;=|x,u|, then g(»)=g(x).

THEOREM 5.4. Suppose that g is a norm on l, and g has property r. Suppose that
fe(ly, g)* and that if j is a positive integer then | f;| <luby | f;|. Then f'¢ R(l,, ).

This result is well known in case g=]-|, and a proof may be constructed similar
to the proof of that case.

THEOREM 5.5. Suppose that « € Z—Z,. Then only one of the following statements
is true.

(1) For each positive integer i, o;=c;.

(2) R(d,, h,) is a proper subset of R(ly, |-],)-

Proof. Suppose (1) is true. Then the transformation T from (d,, A,) to (/y, |-|1)
defined by T(x)=«,x, for each x €d,, is a congruence and R(d,, h.)=R(l,, |-|.)-
So (2) is not true. It is well known that f€ (/;, |- |,)* then f¢ R(/, |-|,) if and only
if for each positive integer j, | f;| <lub, {| fi|}. Therefore, since h, has property r,
R(d,, h,)<= R(l;, | -|1)- Suppose (1) is not true. Let n be the least integer such that
a, >a, ... Let f be the point of (d,, h,)* defined as follows:

i—n
i—n+1

fi=1 if1<i<n and f = ifi >n;  feR(U, | )

However it can be shown that f'is not in R(d,, h,), so (2) is true.
Thus it is seen that, in case « € Z—Z,, R(d,, h,) is largest when (d,, h,) is con-
gruent to (43, |- |.)-
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DEerINITION 5.3. Suppose (S, g) is a normed linear space and H is a linear
manifold in (S, g)*. The statement that H is maximal regular in (S, g)* means that

(1) HESR(S, g).

(2) If L is a linear manifold in (S, g)* and H is a proper subset of L, then there
exists a point f'€ L— H such that fis not in R(S, g).

DEFINITION 5.4. Suppose that (S, g) is a normed linear space. Then Q denotes
the transformation from (S, g) to [((S, g)*, g*)*, g**] defined as follows: if x& S.
and fe (S, g)* then Q,(f)=/(x). Q(S) denotes the image of Q.

THEOREM 5.6. Suppose g is a norm on l; and g has property r. Suppose further
that the ordinary basis e for (l,, g) is orthogonal. Then G, is maximal regular.

Proof. By Theorem 5.1, G,< R(/;, g). Suppose L is a linear manifold in (/,, g)*
and G is a proper subset of L. Suppose further that fe L—G,and T,(f)=(f1, />, . . .)-
Consider the following two cases.

I. Suppose there exists a positive integer # such that F,=T7(f, 41, fas2,...) 18
not regular on (/;, g). In this case let y be the point of G, such that y,= —f if
1<i=nand y,=0if i>n. Then y+fe L and y+fis not regular on (/y, g).

II. Suppose that for each positive integer n, F,=T7 *(fp+1,fn+2> - ..) is regular
on (I, g). Let n, denote the least integer such that |f; | =|T1(f)|n. Let n, denote
the least integer such that ny>n, and |f,,| =|T:(F,)|.. If j is a positive integer,
J22, let n; denote the least integer such that n;>n;_; and | f;, | = |Ty(F,,_,)|m- Then
| fasls | fasls - - - is @ nonincreasing subsequence of |f;|, |fz|,... converging to a
number k>0. Let £, , f;,, . . . be the subsequence of f}, f3, . . . to which the number
f; belongs only in the case that |fj| Zk. For each positive integer i, let d;=|f; |
—k+k/2s;. Define y=(yy, ys, . ..) as follows:

=0 if i # s, for every j,
= —d; ifi=s,for somejandf, 20,
=d, if i = s, for some j and f;, < 0.
It can be shown that Y=T7(y) is in G, so Y+fe L and f+ Y is not regular on
(1, 8-
COROLLARY 5.2. Suppose o € Z,. Then Q(c,) is maximal regular in
[((CO, ha)*a h3)9 h:*]'
COROLLARY 5.3. Suppose a € Z—Z, and e is the ordinary basis for (d,, h,). Then
O(G,) is maximal regular in [((G,, h¥)*, hE*)*, h¥**).
CONJECTURE. Suppose (S, g) is a normed linear space. Then Q(S) is maximal
regular in [((S, g)*, %)*, g**].
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