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ON THE IDEAL STRUCTURE OF C(X)

BY
WILLIAM E. DIETRICH, JR.(})

Abstract. The ideal structure of C(X), the algebra of continuous functions from a
completely regular Hausdorff space X to the scalars is analyzed by examining for
fixed A<BX (the Stone-Cech compactification of X) the structure of the quotient
I4/F4, where I4 [F*] is the ideal of maps fe C(X) for which

A<clgx Z(f) [4 < intgx clgx Z(f)].

Unless it vanishes, /4/F4 has no minimal or maximal ideals, and its Krull dimension
is infinite. If J is an ideal of C(X) strictly between F* and I4, there are ideals J and J
of C(X) for which FAcJ<cJ<J<I4 with all inclusions proper. For K< C(X), let
Z(K)=N{clsx Z(f) : fe K}. If JZI are ideals of C(X) with Z(J)=Z(I) and if I is
semiprime, there is an ideal K strictly between J and /. If I and J are Z-ideals, K can
be chosen to be of the form P N I, P a prime ideal of C(X). The maximal ideals of
a semiprime ideal I of C(X) are of the form [N I, g€ BX—Z(I). If A<BX is closed,
I4 is a finitely generated ideal iff A4 is open.

Let X be a completely regular Hausdorff space and let F denote the real or
complex numbers. An examination of the ideal structure of C(X), the F-algebra
of continuous mappings from X to F, along the lines begun in [2] is continued here.
For a subset 4 of X, the Stone-Cech compactification of X, let I4 (F4) denote
the ideal of functions fin C(X) for which A<clyx Z(f) (A<intsx clsx Z(f)) where
Z(f)={x € X: f(x)=0}. Every ideal of C(X) lies between I4 and F4 for appropriate
A (1.3), so that the ideal structure of C(X) can be examined piecewise: it is enough
to obtain information about the ideals of the algebras I4/F4, A<BX. If A< X,
I4 (F4) is just the ideal of maps vanishing on 4 (on a neighborhood of A). This
means the results of [2] apply to suggest that I4/F4 is likely to be algebraically
complicated (and that the piecewise approach will not be dramatically simpler
than the global one). This suspicion is confirmed here. In fact the qualitative com-
plexity of I4/F# is shown to be substantially independent of the topological
structure of A: For any 4<BX, I4/F4 fails to contain either maximal or minimal
ideals; and unless it vanishes, I4/F4 has infinite Krull dimension.

Because of this, we are led to examine more closely what can occur between two
ideals of C(X) which both lie between F“ and I“. For a subset J of C(X), set
Z()=N {clsx Z(f) : feJ}. If JEI are ideals of C(X) with Z(J)=Z(I) and if I is
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semiprime, we can find an ideal of C(X) strictly between I and J (compare [12,
7.7.2, p. 183]). This means if J is an ideal strictly between F4 and I there are ideals
J and J so that
FAcJcJcJc A

with all inclusions proper (4.5). By repeating the process we conclude that through
any such J we can thread infinite ascending and descending chains of ideals lying
between F4 and I4. As an application, we show that for a semiprime ideal 7,
g—I7N 1 is a one-to-one correspondence between BX—Z(I) and the set of
maximal ideals of I. This has been obtained in [6] for I=1” or F?, p € BX.

Needless to say, the topology on X is relevant to the structure of C(X). For
example, whether F4 and 74 coincide depends topologically on A. (If X is discrete,
this happens for every 4, so that the ideal structure of C(X) is completely known in
this case.) In this direction, we show if A<BX is closed, /4 is finitely generated as
an ideal of C(X) iff 4 is open (compare [2, Corollary 2, p. 176]). This means if X
is connected, I4 is finitely generated only when it is trivial or all of C(X).

The proof of many of these results is accomplished by exploiting techniques first
developed by C. W. Kohls [7], [8] and first used to exhibit an abundance of prime
ideals in C(X). As existence theorems, our results are positive, but they conclusively
place C(X) outside the range of finitistic algebra. For the analyst, perhaps, they
serve to reinforce the prevailing tendency to concentrate only on the structure of
closed ideals in Banach algebras. To do otherwise, even for primeval CJ[0, 1], is
to open Pandora’s box.

1. Preliminary results. We shall view X as a subspace of BX. For A<BX, we
will abbreviate clzx 4, the closure of 4 in BX, to ¢l 4 or 4 as convenient.

LeMMA 1.1. fe FA iff there is a neighborhood V of A for which V N X< Z(f).

Proof. Because X is dense in BX, V' N X is dense in intgx ¥ and the condition
is sufficient. If fe F4, Z(f)= X N cl Z(f), so that we obtain the condition with
V=cl Z(f).

If A< X, let I, (F,) denote the ideal of maps vanishing on 4 (on a neighborhood
of A). An ideal I is called a Z-ideal if every function whose zero set agrees with
that of some function in [ is also in I.

PrROPOSITION 1.2. I* and F* are Z-ideals of C(X) and if A< X, I*=1, and
FA=F,.
Proof. The statements involving F4 follow directly from the above lemma.

Suppose f, g € I4. Among the compactifications of X it is characteristic of X that
cl Z(f) ncl Z(g)=cl [Z(f) N Z(g)] [5, 6.5 1V, p. 86]. This means

A < cl[Z(f) N Z(g)] < cl Z(f—g),

and hence f—geIA If felI4, ge C(X), A<cl Z(f)<cl Z(fg), so I* is an ideal.
If fe C(X) and Z(f)=Z(g) for some g € I4, A<cl Z(g)=cl Z(f), so I* is a Z-ideal.
Finally since Z(f)= X N cl Z(f), A< X implies I4=1,.
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The reason I and F# are so valuable for the study of the ideal structure of
C(X) is the following.

THEOREM 1.3 (McKNIGHT). If J is an ideal of C(X) and A=Z(J), FAcJ<IA.

Proof. Z(J)=N {cl Z(f) : feJ}, so that J<I4 is clear. Let ge F4 By 1.1,
there is an open neighborhoed U of 4 with U N X<Z(g). For each ye BX—-U
we ¢an find an f, €J so that y e cl Z(f,). Since BX is regular we may choose a
neighborhood U, of y disjoint from cl Z(f,). The U,’s cover the compact set
BX—U so for some yy,...,y.€BX, BX—U<Ur-, U,,. Set f=3r_.f, f, €J.
Z(f)=Nr=1 Z(f,,) so that cl Z(f)=}-1 cl Z(f,,) and hence

px-undz(H< U Uy‘njt:_)l A Z(f,) = H U, nelZ(f,) = o.

This means Z(f)=XNcl Z(f)cUn X<Z(g); that is, Z(f)<intx Z(g). This
allows us to define a continuous function 4 by

h(x) = gX)[f(x),  xe€ X—inty Z(g),
=0, x € Z(g).

But then g=hf e J, so FAc<J as required.

This means we can examine the ideals of C(X) by fixing A<BX and looking at
the structure of I4/F4. Sometimes there is nothing to examine. For example,
since I4=(\,ea I? and FA=("\,c, F?, if X is a P-space [5, 4L, p. 63; 7L, p. 111],
I4=F* for every A<BX. Examples include discrete spaces and there are others
[5, 4N, p. 64].

COROLLARY 1.4. If X is discrete, every ideal of C(X) is of the form I, A<BX.

With the compact-open topology, C(X) becomes a locally m-convex topological
algebra and its continuous dual can be identified with the regular Borel measures
on X of compact support [3, Theorem 1(iii), p. 203]. The next result shows,
however, that these measures are oblivious to any algebraic subtleties which may
occur between F4 and I4.

THEOREM 1.5. F4 is compact-open dense in I4.

Proof. Let C*(X) denote the subalgebra of C(X) consisting of bounded con-
tinuous functions. For B C(X) set B¥*=B N C*(X). Let K< X be compact.
First we show Ifx=If. Let feI4 f=|f|"%(|f|*'? sign f) where (sign f)(x)=
S| if f(x)#0, so f=gh for some g, h € I* with h=0. g|K extends to some
g€ C*(X)[3, Lemma 1(i), p. 201]. If M is the maximum of Aon K, h A M e I*
because Z(h A M)=Z(h) and I* is a Z-ideal. Hence g(h A M) e I*, and this
function agrees with f on K. Since the compact-open topology is just the topology
of uniform convergence on the compact parts of X, it is now sufficient to show
F# is sup norm dense in I4. Let fe I*, ¢>0. Since f is bounded, it has an
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extension fe C(8X). A<cl Z(f)=Z(f), so that U=F"(cl (B(0, &/2))) is a compact
neighborhood of A4 disjoint from the closed set L={y € BX : |f(y)| Z¢}. Since BX
is normal, there is an s e C(8X) with 0<A<1, hJU=0 and A|L=1. If we set
h=h|X, U X<Z(h), so that fh € F* and yet || f—fh|x< |f (1 —h)|sxSe.

LeMMA 1.6. Z(F4)=A=Z(I*) and if FA<I®, B< A.

Proof. The second assertion follows from the first since F4<I? implies Z(I5)
cZ(F*). Surely A<Z(I*)<Z(F*) so it suffices to show that Z(F4)<A4. If g ¢ 4,
there is an fe C(8X) which vanishes on a neighborhood of A4 but not at gq.
f=f|X € F4 and yet q ¢ cl Z(f), since cl Z(f)<Z(f). So q ¢ Z(F*).

The standard reference on C(X) is [5]. However only real-valued functions are
considered there, and we must on occasion introduce ad hoc arguments to handle
the complex case as well. An example is the following.

THEOREM 1.7 (GELFAND-KOLMOGOROFF). g — I is a one-to-one correspondence
between BX and the set of maximal ideals of C(X).

Proof. For B< C(X) let B, denote the intersection of B with C(X)=C(X, R),
the real-valued continuous functions on X (of course if F=R, B,=B). Let
Zp: C(X, F) — 2(X) be the map Z (f)={xe X : f(x)=0}.

Suppose M is a maximal ideal of C(X). We claim & =Z(M) is a real z-ultra-
filter on X (see [5, 2.5, p. 26] for a definition). Since Z(f)=Z(|f|)=Z(ff), o/ =
Zy(M,), and since M, is a proper ideal of C,(X), & is a real z-filter on X [5, 2.3,
p. 25]. Suppose & is a real z-filter on X which contains &. M<Zz () <=Z; (F),
and exactly as in [5, 2.3], one shows that Z;(#) is a proper ideal of C(X).
Thus M=Z; (%) and so &/ =Z(M)=Z(Zz (¥))=%. Hence & is a real z-
ultrafilter on X and M,=Z3 (&) is a maximal ideal of C,(X) [5, 2.5, p. 27].

By the usual Gelfand-Kolmogoroff Theorem [5, 7.3, p. 102] M, =1} for some
geBX. But if fe M, ff=|f|>e M,, so qeclZ(|f|})=cl Z(f) and M<I° By
maximality, M =19 Conversely, 9 is a proper ideal of C(X) so it is contained in
some maximal ideal M. By the above M =17 for some p € BX. Fi<I*<]? and 1.6
then forces p=gq, so that /= M is maximal. Finally, we conclude from 1.6 that
the correspondence is one-to-one.

As a sample application we have

COROLLARY 1.8 [5, 2.11, p. 29]. Every proper prime ideal of C(X) is contained
in a unique maximal ideal.

Proof. Every proper prime P is contained in some maximal ideal. If P</¢,
then Fe<P. For if g € F9, choose fe C(BX) so that f(g)#0 and

supp f < intgy clgx Z(g).

Then f=F|X ¢ I? yet fg=0 € P. Hence the Gelfand-Kolmogoroff Theorem and 1.6
guarantee that P can be contained in at most one maximal ideal.
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LEMMA 1.9. If ge C(X)—F4, g¢ gl4+ F4.

Proof. Suppose instead that g=gf+h for some fe I4, he FA. U N X<Z(h) for
some neighborhood U of 4, so that on U N X, g=gf. In fact, |g|=]|g|(|f] A 1)
on U N X, since if g(x)#0, | f(x)]=|g(x)/g(x)|=1. But |f| A 1 has an extension
f" e C(BX) and since |f| A 1 €I, V=Unf'~1(B(0, 1/2)) is a neighborhood of
A in BX. Because g ¢ F4, 1.1 guarantees that g(x)#0 for some x € V' N X. But
then f'(x)=|f(x)| A 1=|g(x)/g(x)|=1, which is a contradiction.

This means in particular that if 74/F4+#£0, neither I4/F4 nor /4 has an identity.
For choose g € I4— F4. If either has an identity, there is an fe [4 with fg—g € F4,
and hence g € gI4+ F4 in violation of the lemma. So a distinction should be made
between the ring and algebra ideals of these algebras (see 4.6, 4.7). Ideal will mean
subgroup closed under multiplication from the ring and algebra ideal will mean
subspace closed under multiplication from the ring. Of course if J is an ideal of
C(X) lying between F4 and I4, it is an algebra ideal of /4 and J/F* is an algebra
ideal of I4/F4.

Lemma 1.9 allows us to prove the next three assertions exactly as Theorem 1,
Corollary 1 and Theorem 2, respectively, are proved from the lemma in [2].
1.9 also holds for bounded functions: if ge C*(X)—F4, g¢ gl + F#, and we
could again formally use the proofs of [2] to obtain the following for I*'/F#
instead of I4/F4.

THEOREM 1.10. I4/F4 has no minimal (algebra) ideals. In fact if I is a nonzero
ideal of I4|F4, there is an ideal J of C(X) lying between F* and I* such that
0cJ/FAc T

COROLLARY 1.11. I4/F4 has the descending chain condition on ideals of the form
JIFA, J an ideal lying between F4 and I4 iff I4|FA=0.

PROPOSITION 1.12. I*/F# has the ascending chain condition on ideals of the form
JIFA, J an ideal lying between F* and I* iff I4|F*=0.

One of the highlights of this paper is the stronger version of 1.12 found in 4.4
but much more than Lemma 1.9 is required to obtain it.

2. Finitely generated ideals of C(X). Theorem 3 and its corollaries in [2] are
partially generalized here. For B=C(X) set Re B={Ref: fe B} and Im B=
{Imf: fe B} (of course if F=R, Im B=0). For an ideal I of C(X), set Bl=
{3.f.g :f,€ B, g, €I with sums finite}. Bl is an ideal of C(X) contained in I.
Finally, if Re B=B and r is a positive rational with odd denominator in lowest
terms, let B"'={f"(x)=f(x)" : fe B}.

THEOREM 2.1. Let B< C(X) and let J be an ideal of C(X) for which Z(J) N A= .
Suppose there is a g € I*— F* such that for each f € B we can find a neighborhood U
of A and a §>0 so that 8| f| < |g| on U N X. Then there is a prime ideal P of C(X)
with

[BI*+FAINJ<c PNINTA g JINnITA
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Proof. Since BI4+FAc(B U {g}—F4)I4+ F4, we may assume @& #B<C(X)
—F4, Define p: R— R by
p(y) = 1/log 2, yz 172,
lfloglly, 0<y<1/2,
=0, y=0.

p € C(R), p(0)=0, and by L’Hopital’s Rule, for each a>0, p(»)?/y4 o0 as y |} 0.
Set h=p o |g| € I4. Since Z(J) and A are disjoint closed sets in BX, they are con-
tained in disjoint neighborhoods S and W and we may select a ¥ € C(BX) which is
OonSandlon W.t=i|XeJ,by1.3,sothats=theJ N I4. We claim s* ¢ B[4+ F4
for each a>0. Suppose instead that

§¢ = Z f;gg'l‘k
i=1

for some a>0, fie B, g;eI4, 1<i<n, and ke FA Choose ane (O0<e<1) so
small that for O<y<e, p(»)*/y=1. Find a neighborhood V of A for which
V N X<Z(k). For each 1 £i=n, there is a neighborhood U; of 4 and a §,>0 such
that 8, fi|<|g| on U; N X. Setgi=|g| A 8/nand g'=|g| A 1, and find extensions
gi, 8 € C(BX). Since the g;’s and g’ vanish on 4,

U = () [&7X(BO, 3/m) N UIN VO WO g (B, ©)

is a neighborhood of A. Because g¢ F4, 1.1 gives us an x€ U N X for which
g(x)#0. Because e<1, g’ and |g| agree on U N X, so 0<|g(x)| <e. Yet t(x)=1
and for each 1 2i<n, §|f(x)| <|g(x)| and |g«(x)| < &;/n, so we have

1S 12100l = #@/le)] S 3, 180 LWL < X lels, < 1.

This contradiction shows s™ € J N I*— BI*+ F* for each positive integer n. Since
[BI*+ F4] N J is an ideal of C(X), we may find a prime ideal P of C(X) containing
it which is disjoint from the multiplicatively closed set {s" : n=1,2, 3,...} [5, 0.16,
p. 6].

Observe that if J=C(X), Z(J)= @ so that 2.1 holds in this case for any A=BX.
There are a number of situations in which the technical condition on B is satisfied.
For example, suppose F4sI4 and B is locally a finite subset of 74. That is, suppose
for some finite subset G<=I4 every element of B restricted to X and some neigh-
borhood of A coincides in modulus with the restriction of some element of G
there. If G={g,, ..., g} and h € [4— F4, then set

n
g = |h+ z |gi| € I4— FA,
i=1

The condition on B in 2.1 is satisfied with this g.
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Or again suppose F4#I4 and suppose B is countable. If (N Zg(B) € Z (I*) then
the conclusion of 2.1 also holds. For choose 4 € I4— F4 and set

#9 = I+ 5 5 (1) A D

where {f,:n=1,2,3,...} is an enumeration of B (with possible repetitions).
Since by assumption

Z(g) = Zh) f\[i Z(f) = Z(h) N Z(k) = Z(|h|*+|k|?)

for some k € I, we have g € I4. Because h¢ F4, ge I4—FA. |f] A 1 extends to
some f € C(BX) and because Z(k)<Z(f)=Z(|fi| A 1), f{ vanishes on 4. So
U;=f{~%(B(0, 1)) is a neighborhood of 4 and (1/2})|fi|=|g| on U; N X.

Under further restrictions on either 4 or B the condition (N Zx(B) € Z (I4)
holds automatically. For example if B<I4 and A N X is dense in 4 (e.g. A< X),
set k=22, 29f1 A D). AN X<XNAdZ(f)=Z(f) so AN X<NZ1Z(f)
=Z(k), and since 4 N X is dense in 4, A<clyx Z(k); that is, k € I*. For arbitrary
A<BX, it is not necessarily true that () Zg(B) € Zx(I*4) (see 2.10). However if
Z«(B) is a finite subset {Z(f), ..., Z(f,)} of Zg(I*), then k=>7_,f,fie I* and
Z(k)=N?-1 Z(f)= Z¢(B). From this last observation we select the following
corollary.

COROLLARY 2.2. Suppose FA#I* and B is a finite subset of I4. If J is an ideal
with Z(J) N A= @, there is a prime ideal P such that

[BI*+ FAINJ <= PNINnI*gJNTA

COROLLARY 2.3. Let X be a compact connected metric space. A proper ideal which
is not contained in any nonmaximal prime cannot be countably generated.

Proof. Let / be a proper ideal generated by a countable set D. I is contained in
a maximal ideal which, by 1.7, must be of the form I,, p e BX=X. D<I, and
I=DC(X)=Re DC(X)+1Im DC(X)<Re D*3I,+Im D3I, (since Re f=(Re )3
x (Re f)?3 € Re D3I, etc.)=[Re D' U Im D*3]I,. So if we let B=Re D'®
U Im D'3, B is a countable set and I+ F,<BI,+F,. Because X is a connected
metric space, F,# I,. Applying the above remarks with /= C(X), we obtain a prime
ideal P for which I+ F,<P N I,< I,. P is contained in some I, and because F,<P,
1.6 forces p=q. Hence I<I+ F,=Pg,; that is, I is contained in a nonmaximal
prime ideal.

THEOREM 2.4. Suppose A=cl Z(g) for some g € C(X). If J is an ideal of C(X)
with Z(J) N A= &, and if J N\ I4 is finitely generated, A is open in BX.

Proof. Suppose J N I“is generated as an ideal of C(X) by a finite set D. Then
D<I4 and JN I4=DC(X)<BI* where B is the finite set Re D3 U Im D3,
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Hence [BI4+F4 NnJ=JN T4 and by 2.2, FA=I4 This means that ge F4 and
int A=intgy clgx Z(g)> A>int A so A=int A4 is open in BX.

LEMMA 2.5. For each nonnegative g € C(X), there is a positive u € C(X) such that
ug=g A L.

Proof. Set
ux) = 1/g(x), gx) z 1,
=1, gx) = 1.

THEOREM 2.6. If A<BX is closed, then I* [I*'] is finitely generated as an ideal of
C(X) [C*(X)] iff A is open.

Proof. Suppose I is generated by a finite set {f3, ..., fo}. If fe I4, f=27_, fig
for some g; € C(X), 1=5i<n, so N1 Z(f;)<Z(f) and applying the characteristic
property of BX [5, 6.5IV],

im" A Z(f) = () Z(f) < cl Z(f).
=1 i=1
1.6 implies

A = Z(I% =ir:\1 A Z(f) = cli(:]l Z(f) = el Z(g)

where g=>7_, | fi|. Applying 2.4 with J=C(X) we see that 4 is open in BX.

Suppose now that 14" is generated in C*(X) by a finite set D={g,, ..., g,J<I*.
Let I be the ideal of C(X) generated by D. Certainly I<I4. If fe I4, |f|*2eI4
and by 2.5 there is a positive u € C(X) such that |f|¥2=37_, fi(u='g) el So
S=If13(|f|*"?signf) e I and I*=1 is finitely generated. By the above A4 is open
in BX, and the proof of one-half of the theorem is complete.

Conversely, suppose A is open (closed) in SX. Then 4'=4 N X is open-closed
in X, so y,, the characteristic function for A’, is continuous. Actually x, € I*
since A’ is dense in A. Thus 4 y, A< x, C(X)= T4 [I¥ Sy I¥ < x,, CHX)<=I7],
and I4 [[#] is generated as an ideal of C(X) [C*(X)] by .-

Since BX is connected when X is, we have as a consequence

COROLLARY 2.7. If X is connected, an ideal of the form I*, A<BX, is finitely gen-
erated only when it is trivial or all of C(X).

COROLLARY 2.8. (Compare [2, Corollary 4, p. 177).) If D<= C(X) is finite, the
ideal of C(X) generated by D is compact-open closed in C(X) iff N\ {Z(f) : fe D}
is open in X.

Proof. Let I be the ideal generated by D and set A=\ {Z(f) : f€ D} and
A'=N {cl Z(f) : fe D}. Since A'=Z(I), F¥<I<I*.

If I'is compact-open closed in C(X), I=I;for some closed B< X [3, Theorem 1(i)].
1.6 implies A'=B, so I=I;=I8=I* is finitely generated, and A’ is open in BX
by 2.6. Since A= {X NclZ(f): fe D}=X N A’, Ais open in X as required.
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Suppose 4 is open in X. Since D is finite, A=Z(f) and A'=cl Z(f) for
some feI. In particular I</4=1,. If g€ F,, Z(g) is a neighborhood in X of
Z(f) so [5, 1D.1, p. 21] g=fh e I for some h e C(X). Thus F,cI<I,. Since A4 is
open in X, F,=I, and I=1, is compact-open closed in C(X).

COROLLARY 2.9. If A is finite and A— X is nonempty, I* is not finitely generated.

Proof. Otherwise, A4 is open in BX by 2.6, and 4— X is also. Since 4— X is
finite, each of its points is isolated in 8.X. But no point of BX— X is isolated since
X is dense.

In view of [2, Corollary 2, p. 176] we might conjecture that 2.6 holds with
“countably generated” in place of “finitely generated ”. This may be true. However
the following shows that something other than 2.1 will be required to obtain it.
A completely regular space is called hemicompact if it is the union of a sequence of
compact parts {K,}, and every compact set in X is contained in some K,. Examples
include the locally compact, s-compact spaces as well as the maximal ideal spaces
of locally m-convex Fréchet algebras [11, 6.2(c), p. 25].

ProOPOSITION 2.10. Suppose X is hemicompact and A<BX is closed. Then it is
true that (") Zx(B) € Z(I*) for every countable B<I* iff A N X is dense in A.

Proof. If A N X is dense in 4, I4=1,.x is compact-open closed in C(X). If
B={g,)cI* is given, g=>2, (1/2(|g:| A 1) is the compact-open limit of a
sequence on [4. Thus g € I so that (N Zx(B)=N21 Z(g)=2Z(g) € Z(I*).

On the other hand, suppose 4 N X is not dense in A. We first observe that 14 is
not compact-open closed in C(X). For otherwise [3, Theorem 1i)], /4=1y where
B=N{Z(f) : fe I} =X NZ(I*)=X N A; that is, [*=14.,. Since A N X is not
dense in 4, we may choose some pe A—cl A N X and find an fe C(8X) which
vanishes on a neighborhood of cl 4 N X but not at p. f=F|X € Fyox<Isnx=14,
whereas p ¢ cl Z(f). This contradiction means /4 is not compact-open closed in
C(X). Since X is hemicompact, C(X) is metrizable [1, Theorem 7, p. 486] and there
is a ge C(X)—1I* and a sequence {f,} on I4 with f,—g uniformly of the compact
parts of X. Set h,=|f,| A |g| and B={h,}>_,. Since Z(h,)=Z(f,) Y Z(g), h, € I*.
We observe that 4,(x) — | g(x)| pointwise. Because of this, Z(g)<= (N2 1 Z(h)<Z(g)
so in fact, Z(g)=(") Zz(B). Since I* is a Z-ideal, this means () Zz(B) cannot be a
member of Z (I4) without forcing g € I4, a contradiction.

In particular then, if A<BX— X, there is a countable set B=I* for which
M Z#(B) ¢ Zx(I*), and so 2.2 (and hence 2.6) does not follow from 2.1 for this B.

Notice also if X is hemicompact but not compact, there is a sequence {j,} on
C(X) for which cl N2 1 Z(f) # (21 cl Z(f). For choose g € BX— X and use 2.10
to find a sequence {f,}<I? for which N2, Z(f) ¢ Z-(I*). If it were true that
A N2 Z(f)=N=1 cl Z(f), then g ecl Z(h) where h=>72, (1/2(|fi] A 1). This
would force M2, Z(f) € Z#(1?), a contradiction. This means the characteristic
zero-set property [5, 6.51V] of BX does not extend to countable intersections.
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3. Prime ideals in /4/F4. Let S be a commutative algebra (perhaps without an
identity). An (algebra) ideal P of S is prime if whenever fge P, f, g € S, either
fe€PorgeP. The Krull dimension of S (Krull dim S) is the length of the longest
ascending chain of distinct proper prime algebra ideals of S. That is, Krull dim S
=sup {n—1 : there are n prime algebra ideals P; in S with P,g P, ---cP,}.

As is well known, [9, p. 220] algebras with identity, ascending chain condition
and only one maximal ideal (so-called local Noetherian rings) have finite Krull
dimension. Krull dim S is one of many numerical dimensions one can attach to S.
All of these carry no simplifying structural information if they are infinite (or even
large in some cases), but this itself is of interest. Thus the analyst, who tends to
regard C(X) philosophically as a primitive or irreducible (witness the Gelfand-
Neumark Theorem), might welcome news that C(X)—even most pieces of C(X)—
cannot be ‘“represented’’ algebraically in any enlightening way. Such news is
provided here. For we show that if Jg I are Z-ideals of C(X) and Z(J)=Z(I),
the Krull dimension of ///J is infinite. In particular if F4# 14,

Krull dim I4/F* = oo.

The proof utilizes machinery of Kohls [7], [8] which is summarized in [5,
Chapters 5 and 14] and briefly reviewed here. The natural order on R induces
(pointwise) a partial order on C/(X) which is compatible with the algebraic
structure. If P is a proper prime ideal of C,(X), P is absolutely convex (0= | f| £ |g]|
with g € P implies fe P) and the quotient map C(X) — C,(X)/P transports this
order to C,(X)/P and actually makes C/(X)/P a totally ordered ring [5, 5.5].
Because of 1.8, C,(X)/P has only one maximal ideal /?/P which must be the set of
nonunits in C,(X)/P.

This means that every element greater than a positive unit is a unit. For suppose
instead that 0<a<s, a, s € C,(X)/P with a a unit and s a nonunit. We may find
h, fe C{X) with fe I? such that 0<h=<f and h+P=a, f+P=s. Because I? is
prime (and hence convex) h € I?, so a=h+ P € I?/P is a nonunit. Because C,(X)/P
is totally ordered, this implies as<1 for every a,se C(X)/P, a a nonunit. In
particular, for each positive nonunit a, 0<a<l1/n, n=1,2,....

Since the prime ideals of C,(X)/P form a chain [5, 14.3c)], there is a smallest
prime ideal P® in C,(X)/P which contains a given positive nonunit a € C,(X)/P.
a has a positive nth root a*', for if a=f+P, 20, set a¥/"=f*"+ P. For b=g+P,
set |b| =|g| +P. Because P“ consists of elements b € C,(X)/P at least one of whose
powers belongs to aC,(X)/P, one can use the above remarks to show that

*) pe = Q {(be C(X)P : |b] < a'™).

An ideal I is called semiprime if f2 € I implies f€ I. Examples include Z-ideals
and, of course, prime ideals. The class of semiprime ideals is actually obtained by
taking arbitrary intersections of primes [10, 4.16, p. 69]. The following proposition
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provides the necessary device for utilizing Kohls’ machinery in the complex as well
as the real case.

LemMA 3.1. If F=C and I is a semiprime ideal of C(X), I, +il,=1.

Proof. Recall I,=I N C(X). Clearly I, +il,<I. Let fe I |f|>=ffel,and I, isa
semiprime ideal of C/(X), so |f|=(|f|*?)? €I, and hence |f|? € I, | f]|*/*(sign f)
is continuous so f=|f|Y%(|f|"2 signf) € ,C(X)<[I,+il,JC(X)=1I,+il,, because
I, +il, is an ideal.

THEOREM 3.2. Let I be a Z-ideal and P a prime ideal of C(X). If I, P<I° for some
q € BX but I& P, then there is a prime ideal Q of C(X) containing P for which

PNIgOnlIgl

Proof. Choose fe I—P. There is a positive u € C(X) for which |f|2u=|f]|2 A 1
(2.5). If we set h=u| f?, h lies in the Z-ideal I and because P is a proper prime and
u is a unit, he I, — P,. Because 0<h=1,

8 = 3 5 H)

is continuous and since Z(g)=Z(h), g € I,. Let a denote h+ P, in the residue class
ring C(X)/P,. P, is a prime ideal of C,(X) and @20 in the order on C,(X)/P,.
Actually since h''* ¢ P,, a'™>0. Because h'/" € I ]9, a*'™ is a positive nonunit in
C(X)/P,. So for all n, m=1,2,...,0<a'™<1/m.

Let P¢ be the smallest prime ideal of C(X)/P, which contains a. We claim
g+P, ¢ P For g=2-2"ht2" gnd 22" > q'/?" so that

g+Pr > 2—2n(h1/2n +Pr) > aqll2nglizn — glin

Since this holds for all n, (*) implies that g+ P, ¢ P°.

There is a prime ideal P’ of C,(X) containing P, such that P'/P,=P¢%, and we
havege I,—P'. If F=R,weset Q=P'. Becausege I-Q N ITandhe QNI-PN I,
we have P N Ig Q N I< T as required. If F=C, set P"=P'+iP’. P" is an ideal of
C(X) and he P" " I—P N I. Because P’ is prime, the multiplicatively closed set
S={g": n=1,2,...} is disjoint from P”, and we may find a prime ideal Q con-
taining P” which is disjoint from S [5, 0.16]. By 3.1, P=P,+iP,<P’'+iP'=P"< Q.
Because ge I-QNnlTandheQNnI-PnNnIweseethat PNIcQNIc]

LeEMMA 3.3. Let I be an ideal of C(X). If K is a proper prime ideal of the ring I,
there is a proper prime ideal P of C(X) such that K=P N I.

Proof. First observe that K is an ideal of C(X). For if fe C(X) and peK,
fpel and (fp)>°=f(fp)p € K, so that fpe K. Since I—K is a nonempty multi-
plicatively closed set, there is a prime ideal P of C(X) disjoint from /— K which
contains K. Clearly PN I=K.
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THEOREM 3.4. If J< I are ideals of C(X) with Z(J)=Z(I) and if I is a Z-ideal, then
the Krull dimension of 1|J is either O or co.

Proof. If Krull dim I/J#0, I/J contains a proper prime ideal Q. Q=K/J for
some proper prime ideal of K of I containing J, and (3.3) K=P N I for some proper
prime ideal P of C(X). P<1¢ for some q € BX. Set A=Z(J)=Z(I). By 1.3, FAcJ
cKcl<A FAcK<P<]9 and 1.6 implies ¢ € A. Thus I, P<I° I4¢ P (otherwise
K=1),and we apply 3.2 to obtain a prime ideal P; of C(X) such that KgP, N Ig]I.
Q.=P, N I}J is a proper prime algebra ideal of I/J and Q< Q,. We repeat this
process on Q, to obtain a proper prime Q, with 0 0, < Q,, and continuing this
indefinitely, we obtain an ascending chain of distinct primes of I/J of any desired
length.

COoROLLARY 3.5. If J& I are Z-ideals of C(X) and Z(J)=Z(I), Krull dim I/J=co.
Proof. Pick h € I—J. Because J is a Z-ideal, it is disjoint from
S={h:n=12,...}

Choose a prime ideal P of C(X) containing J and disjoint from S. PN //J is a
proper prime ideal of I/J so that Krull dim ///>0, and the result follows from 3.4.
1.6 now yields

COROLLARY 3.6. Unless it vanishes, I*/F* has infinite Krull dimension.

4.9 below shows that the hypothesis Z(J)=Z(I) in 3.4 is essential. And although
3.5 holds just as well if we assume only that J is semiprime, we cannot replace
“Z-ideals” by ““semiprime ideals” in 3.5. Consider for example, an upper (prime)
ideal I in C,(X) with immediate (prime) predecessor J [5, p. 200]. O is a proper prime
in I/J and if 0cP< I/J is a prime, there is a prime Q of C,(X) containing J with
Q N I/J=P. Since the prime ideals of C,(X) containing J form a chain [5, 14.3¢c)],
Q<lorI=Q. I4¢Q, since P#1/J. Thus J= Qg [ and because [ is an upper ideal,
Q=J and P=0. So Krull dim ///=1.

Because of 3.6 it is sensible to examine topological conditions on 4 which make
I%/F# nontrivial. There are a number of them. For example suppose X is con-
nected, f is a nonzero nonunit in C(X) and 4=Z(f) or cl Z(f). Then fe I4— F4,
since otherwise there is an open neighborhood U of 4 in BX with Z(f)= X N cl Z(f)
c U N X<Z(f). This makes Z(f) open-closed in X, and because X is connected,
this implies f is either zero or a unit. If X is metrizable, every closed set A< X is
of the form Z(f), f€ C(X), so I4/F# will then vanish only in the trivial cases 4= @
or X. Although not every closed set in 8.X is of the form cl Z(f), fe C(X) (2.10),
sets of this kind form a base for the closed sets in 8.X [5, 6E.1, p. 94].

For a locally compact space X, let Co(X) [C(X)] denote the continuous functions
X — F which vanish at oo [off a compact set]. If X, =X U {o0} is the one-point
compactification of X, Co(X) is I® and C,(X) is F* in C(X,). Yet if X is not
countably compact (or o-compact but not compact), Co(X)# C(X) [5, 7G.2, p.
109], so we may apply 3.6 to obtain
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COROLLARY 3.7. If X is locally compact but not countably compact (or a-compact
but not compact), Co( X) has infinite Krull dimension.

No point of BX — X is of the form cl Z(f), fe C(X). No g € BX— X can be of the
form Z(f), fe C(BX), either; in fact, such sets contain a copy of the Stone-Cech
compactification of the natural numbers [5, 9.5, p. 132]. Nevertheless for some X,
there are points g € BX— X with I9/F?+0.

PRroposITION 3.8. If X is a noncompact connected metric space, I9/F? does not
vanish for some g € BX— X.

Proof. There is a proper countably infinite D< X with no limit points in X.
D is closed in X, so D=Z(f) for some f'€ C(X). Because BX is compact, q € cl Z(f)
for some g e BX— X. If fe F9, there is a neighborhood U of ¢ with U N X<
Z(f)=D. Because X is dense in X and D has no limit point in X, UN X is a
nonempty open-closed set in X. So X=Un X< D, a contradiction. Thus
fel'—F. ’

Obviously this argument shows I?/F?#0 for every p € BX which lies in the
BX-closure of a fixed proper subset of X which has no limit point in X. Not every
point of BX need be such a limit, but for X=R and the sequence N={1,2,...},
clgg N=BN [5, p. 91] and card BN=2°¢ [5, 90, p. 139]. Thus even for a fixed
sequence, quite a few limit points can accumulate in this way.

Since I4=(\peq I? and FA={",e, F?, if I?/F? vanishes for each p e 4, I4/F4
does also. The converse is false: if X is a disconnected compact perfect metric
space (e.g. a Cantor set), I?/F?#0 for every p, yet X contains a proper open-closed
set A. However if A=BX is finite, the converse holds. For if fe IP—F?, pe A, we
may choose disjoint neighborhoods of 4 —{p} and p and find a § € C(BX) vanishing
on the neighborhood of A —{p} but not at p. Then f(g|X)e[4—F4 Soif Xisa
noncompact connected metric space, there are finite sets A<BX— X of every size
for which I4/F4+0.

Other conditions are possible. Call a point y € Y a P-point for Y if I,=F,. If
Co(X)=0 (as happens if X is a proper noncyclic subgroup of R), and ifge BX— X
is a P-point for the space BX— X, then I?= F4 This follows from [5, 7F, p. 109].
This condition may not be very useful, since for the rationals Q, Co(Q)=0 but
BO— Q has no P-points [5, 60.5, p. 97]. If T is a locally compact o-compact space,
the set of non-P-points for the space BT— T is dense in BT— T [5, 9M.3, p. 138], but
it is not clear that F?#171? when g is a non-P-point for 87— T (see [5, 6T.2, p. 99]).

4. Maximal ideals in [4/F4,

LeEMMA 4.1. Let I be a semiprime ideal of C(X). Suppose K& I and one of the
following is true:

(a) K is a maximal ideal of the ring L.

(b) K is a maximal algebra ideal of the algebra I.

(c) Kis an ideal of C(X) and there are no ideals of C(X) strictly between K and I.

Then K=P N I for some proper prime ideal P of C(X).
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Proof. Because of 3.3 it is sufficient to show that in each case, K is prime in the
ring 1. Observe first that I%, the ideal of C(X) generated by products fg, f, g€ I,
is just . For clearly I2< 1. Let fe I. | f|>=ff€ I, so | f| € I and hence | f|*'? € I and
|f]¥* e I. g=|f|*?sign fe C(X), so h=|f|**g € I and hence f=|f|**h e I%.

(a) If K is not prime in [/ there are f, g € I— K with fg € K. Let Z denote the
integers. Zf+If+ K and Zg+ Ig+ K are ideals of I properly containing K, so by
condition (a) they must both be I. Thus I2=(Zf+If+ K) (Zg+Ig+ K)< Zfg+ Ifg
+ Kf+ Kg+ K2< K. Since I=1? we have a contradiction.

(b) Again if K is not prime in I, there are f, ge I— K with fge K. Ff+If+K
and Fg+ Ig+ K are algebra ideals of I properly containing K, so by condition (b)
they are both I. Thus I=7%< Ffg+Ifg+ Kf+ Kg+ K*< K, a contradiction.

(c) Finally, if K is not prime in I and f, g € I— K with fg e K, fC(X)+ K and
gC(X)+K are ideals of C(X) contained in I but properly containing K, so by
condition (c) they are both I. Again, I=I1?<fgC(X)+ K+ K2< K, a contradiction.

THEOREM 4.2. Suppose J< I are ideals of C(X) with Z(J)=Z(I). If I is semiprime,
there is an ideal of C(X) strictly between J and I.

Proof. Suppose no such ideal exists. Then by 4.1(c), J=P N I for some proper
prime ideal P of C(X). In particular J is semiprime, and this implies that there are
no ideals K of C,(X) strictly between J, and I,. For otherwise, for F=C,

J,+iJ, ¢ K+iK g I +il,
and 3.1 implies J& K+iKg L.

We will now use the Kohls machinery to construct an ideal K of C(X) between
J; and I, and obtain the required contradiction. Since J,# I, we may choose some
fel,—P,. g=f%?el,—P, and we observe that a=g + P, is a positive nonunit in the
totally ordered ring C,(X)/P,. For P<I? for some ¢q € BX and since J=P, g € Z(J)
=Z(I) and thus a € I%/P,, the set of nonunits of C,(X)/P,. Let L denote the ideal
generated by a. We claim a2 ¢ L. If instead a'/2=sa for some s € C,(X)/P,, a*'? is
a nonunit so sa*?< 1, and hence

a'? = sa = (sa'?)a'? < a'®,

a contradiction. a'2=g'2+ P_ so if N=p~!(L) where p: C(X) — C,(X)/P, is the
quotient map, g'/2 ¢ N. Set K=N N I,. Certainly

Jy=P.nl,=cNNnI =Kcl.

Because I, is semiprime, g'2 e I,— K. Since also ge K—J,, we have J,.c K<,
which is the desired contradiction.

4.2 holds in particular if I is a Z-ideal, although we could derive it from 3.2 and
4.1 in this case. For a genuine example, consider Q& P prime ideals of C(X). The
argument in 1.8 shows that Z(Q)=Z(P), and 4.2 then yields an ideal between P
and Q—even in the (frequent) case when there are no prime ideals between them
(see [5, p. 200]).
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COROLLARY 4.3. Suppose JE I are ideals of C(X) with Z(J)=Z(I). If I is semi-
prime, I/J has no maximal (algebra) ideals.

Proof. If M is a maximal ideal in the ring I/J, M = K/J for some maximal ideal
K in the ring I which contains J. By 4.1(a), K=P N I for some (prime) ideal P of
C(X). In particular, K is an ideal of C(X). Since J< K¢ I, Z(K)=Z(I) and applying
4.2, we find an ideal K’ of C(X) strictly between K and I. The ideal K'/J in the
ring I/J is proper and properly contains M, which is a contradiction.

Similarly, since K’/J is an algebra ideal of the algebra I/J, we may apply 4.1(b)
and 4.2 to see that I/J also has no maximal algebra ideals.

CoROLLARY 4.4. (Compare [2, Theorem 4, p. 177].) I4/F# has no maximal or
minimal (algebra) ideals.

Proof. Z(I4)=A=Z(F*) and 4.3 implies the first part. The second is just 1.10.

COROLLARY 4.5. If J is an ideal of C(X) strictly between F* and I*, there are
ideals J and J of C(X) so that
FAcJcJcJcJ4
with all inclusions proper.

This follows from 4.2 and 1.10. The distinction implicit in 4.4 and 4.5 between
algebra ideals, ring ideals and ideals of C(X) lying between F4 and I4 is a real one.

PROPOSITION 4.6. Every fe I4—F4 is contained in an ideal of I* containing F*
which is not an algebra ideal of I* (and hence not an ideal of C(X)).

Proof. I=Zf+fI*+ F* is an ideal of I* containing f 'and F“, and yet if « € F is
not an integer, «f ¢ I. For otherwise, of =nf+fg+k, ne Z, g e I, k € F4, so that

(e—n)fefl*+FA.
Since a#n, f € f[4+ F4 which contradicts 1.9.

PROPOSITION 4.7. Suppose A is the zero-set of some f € C(X). Then every algebra
ideal of 1, lying between F, and I, is an ideal of C(X) iff ©A, the boundary of A in X,
consists of at most one point.

Proof. If 64 is empty, A4 is open so that F,=1I,. If 4={p} and I is an algebra
ideal of I, with g € I, k € C(X), define h € I, by

h(x) = k(x)—k(p), x€ X—intg A4,
= 0, x€A.

h is well defined and continuous because 04 ={p}. gk—k(p)g=glk—k(p)l=gh e I,
and since 7 is an algebra ideal, gk € I as required.

Conversely, suppose the algebraic condition is satisfied. 4 =Z(f) for some fe C(X),
and J=Ff+fI,+F, is an algebra ideal of I, containing F,. By assumption,
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gfeJ foreach ge C(X). Thus for some a€ F, hel,, ke F,, (g—a)f=fh+k.
Choose a neighborhood U of 4 in X on which k vanishes, and for each p € 24,
select a net {x;} on U N X— A which converges to p. Since f(x;)#0 for all 8,

8(xp)—a = f(xp)h(x,)[f(x5) = h(xs) — 0.

But g(x;) — g(p), so g(p) =« for each p € dA4. That is, every continuous function
on X is constant on dA4. This certainly implies ¢4 has at most one point.

Topological considerations can come into play in other ways. For example, if
A is a nonempty nondense open set in a connected metric space X, then F4/FA£0.
(Here 4 denotes the closure of A in either X or BX: since cly A<clyy A, we may
assume A=cly 4.) For choose fe C(X) with Z(f)=A. Because X is connected,
felz—F; and since I,=F,, fe F,—F; This has an interesting algebraic con-
sequence because of the following.

PROPOSITION 4.8. Unless it vanishes, F4|F* has no minimal or maximal (algebra)
ideals, and its Krull dimension is infinite.

Proof. If /is a nonzero ideal of F4/FA and f+ FAe I—{0}, {I,=f"I4+ FA|F&>_,
is a descending sequence of distinct ideals of F4/F4 containing I (cf. 1.10). Z(F%)
=Z(F*) implies F#/F# cannot have a maximal ideal (4.3). Finally since F4 and
FZ are Z-ideals, 3.5 implies Krull dim F4Fi=c0.

The next result has been obtained elsewhere for =17 and F?, p € BX [6].

THEOREM 4.9. If I is a semiprime ideal of C(X), the map q — 1 N I is a one-to-one
correspondence between BX — Z(I) and the set of maximal (algebra) ideals of I.

Proof. It is well known [10, p. 49] that
Nini1ex I1+1914, q € BX.

If g¢ Z(I), I I+1° and 1.7 implies that I+ 7=C(X) and I/IN 1° is a field.
Thus 79 N [ is a maximal (algebra) ideal of I. If p and g are distinct points of
BX—Z(I), choose a neighborhood U of Z(I) U {p} not containing g and find an
fe C(BX) which vanishes on U but not at q. flXeI* N I-1"N1T(1.3), so g—
I'nJTis I-1.

Finally, let J be a maximal (algebra) ideal of I. 4.1 implies that J=P N I for
some proper prime ideal P of C(X). Fi=P<] for some g € BX (cf. 1.8). If we set
A=Z(),

FAv@D cJ=pPNn]c IAU(Q)’

and hence Z(J)=A U {q}. This means q ¢ 4 since otherwise Z(J)=Z(I), and we
would contradict 4.2. But then J=P N I<]? N I<] and by the maximality of J,
J=1%N I as required.

In particular, if A<BX is closed and g ¢ A, there are no ideals between 1?9 N 4
and 74. Thus the condition Z(J)=Z(I) in 3.4 and 4.2 is essential even when both 1
and J are Z-ideals. However, it is not known whether 4.2 holds if only this zero-set
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condition is assumed. For example, let f be a nonnegative function vanishing only
at a nonisolated point p and set

J= Ulf"C(X) and I =(fI,.

J< I are ideals of C(X) and although 7 is not semiprime (f2€ I but f'¢ I by 1.9),
and although there are no ideals between J and I of the form P N I, P prime, we
can still construct an infinite ascending chain of ideals of C(X) between I and J.
The easy but unenlightening proof is left for the interested reader.
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