TRANSACTIONS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 152, November 1970

EXISTENCE AND CONVERGENCE OF PROBABILITY
MEASURES IN BANACH SPACES(?)

BY
ALEJANDRO D. pe ACOSTA

Abstract. Theorems of the Bochner-Sazonov type are proved for Banach spaces
with a basis. These theorems give sufficient conditions of a topological nature under
which a positive definite function is the characteristic functional of a probability
measure. The conditions are, in a certain natural sense, best possible. Central limit
theorems of the Lindeberg type for triangular systems of random variables taking
values in a Banach space with a basis are obtained. Applications to /, and C[0, 1] are
given.

0. Introduction. In this work we will be concerned with the following problems
which we describe in general terms.

(1) Generalization of Bochner’s theorem. Let X be a topological vector space
X' its dual space. Let g: X' — C be positive definite, g(0)=1. Under what con-
ditions, or more specifically, under what topological conditions is g the charac-
teristic functional of a probability measure on X?

(2) Generalization of the central limit theorem. Let {Z}, j=1,2,..., be an
independent sequence of X-valued random variables with a common distribution.
Suppose for each y e X', EXZ, y>=0 and E{Z, y>2<o0. Under what conditions
(on the common distribution) does £(n~Y2>7_; Z,) converge weakly? More
generally, when are limit theorems of the Lindeberg type valid ?

For the first problem, the classical theorem of Bochner provides a complete
answer when the space X is finite dimensional: g is a characteristic function if
and only if g is continuous at 0. (See, for example, [11, p. 207]). A complete answer
is also possible when the space is a locally compact abelian group. (See, for
instance, [17].)

In the infinite-dimensional case, Kolmogorov showed that g is the Fourier-
Stieltjes transform of a finitely additive measure defined on the field of cylinder sets
induced by X' and o-additive on each o-field induced by a finite subset of X’
if and only if the restriction of g to each finite-dimensional subspace of X’ is
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continuous. (See [16], [4].) Bochner showed that under the same conditions, g is the
characteristic functional of a o-additive measure on the o-field induced by X’ in
its algebraic dual (X’)*, and conversely. (See, for instance, [4].)

The question is then: When is it possible to extend the finitely additive measure
corresponding to g, called weak distribution (or cylinder measure), to a s-additive
(or even tight) measure on a o-field of subsets of X? Or, when does the corre-
sponding o-additive measure on (X')* concentrate its mass in X?

It is easy to show that, for infinite-dimensional Banach spaces, continuity in the
norm topology of X’ is not enough to make g the characteristic functional of a
o-additive measure. For a discussion of the difficulties involved, as well as various
results, we refer to LeCam [10], Prohorov [16], and the recent work of Dudley [4].
For the case of a (separable) Hilbert space, Sazonov [18] gave a solution to the
problem: g is the characteristic functional of a o-additive measure if and only if
g is continuous in the topology generated by the trace class operators. (An ex-
position may be found in [14].) The same result was later obtained by Gross with
a different approach [8].

For the case of nuclear spaces, a complete solution was obtained by Minlos [12]
(see also [7]). A contribution in the case of /, spaces was made by Vakhania ([22],
[23D).

A solution to the second problem is known when X is a (separable) Hilbert space
([13], [15]). More generally, a theory of limit laws of infinitesimal systems of
random variables closely paralleling the classical one has been developed in the
case of Hilbert space ([25]; see also the exposition in [14]). Fortet and Mourier [6]
have studied the problem for a special class of separable reflexive Banach spacess
the G-spaces. Results for the case of /, spaces were obtained by Vakhania ([23]; a
theorem for /; was also announced in [24]). In a recent work, Dudley and Strassen
[5] give a sufficient condition in terms of e-entropy for the validity of the central
limit theorem when X'= C(S), S a compact metric space. These authors also present
an example showing that the classical statement of the central limit theorem is
false in C[O0, 1].

In the present work (§§4 and 6) sufficient conditions are given under which the
two problems have solutions, for the class of Banach spaces with a Schauder basis.
(It should be remarked here that no example of a separable Banach space without
a Schauder basis is known. See [2, p. 67], or [19, p. 114].) It is also shown that the
conditions are, in a certain natural sense, the best possible in the situation we study.
Generalizations of Prohorov’s compactness criterion (for a family of probability
measures in Hilbert space) are obtained for spaces with a Schauder basis (§4).

(2) After the present work had been completed, the author learned about the existence (in
manuscript form) of the paper ‘“ Harmonic analysis on certain vector spaces,” by J. Kuelbs and
V. Mandrekar. This work contains a detailed study of measures on /* spaces, including versions
of the Bochner theorem and of the Lévy continuity theorem.
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Some applications to special spaces are presented, in particular to the study of
the continuity of Gaussian processes (§§7 and 8). In the first section, we study the
situation that arises when g is assumed w*-continuous.

In the second section, certain convenient formulations of tightness and con-
vergence criteria are given for Banach spaces.

Notation and terminology. For the standard notions concerning the weak topology
of the space of probability measures on a topological space, we refer to [1], [14].
For us, probability measure will always mean a o-additive measure, defined on the
o-field specified in each case. Given a topological space X, % will denote the Borel
o-field of X, that is, the o-field generated by the open sets of X.

The basic facts about the characteristic functional of a measure,

Ay) = f exp (iCx, yY)u(dx), (v X),

defined on a topological vector space, may be found in [4], [10], [16].
For the linear space notions we use, we refer to [2], [19].

1. Positive definite functions continuous in the w*-topology. Let X be a Hausdorff
locally convex topological vector space, X' its dual space. Let g: X' — C be
positive definite, g(0)=1. In this section ‘we show that continuity of g in the
(X', X) topology, while providing a sufficient condition for the validity of
Bochner’s theorem, greatly restricts the class of measures obtained. It should be
remarked that sequential o(X’, X)-continuity is a necessary condition for g to be
the characteristic functional of a probability measure, as can be proved easily
using the Lebesgue dominated convergence theorem. The situation is, however,
quite different for topological continuity.

We start by proving a proposition which describes the support of a probability
measure in terms of its characteristic functional.

We recall that the support of a measure is defined as follows:

DEFINITION 1.1. Let X be a Hausdorff topological space, ¥ the Borel o-field of X.
Let p be a nonnegative measure on (X, ). The support of . is the set

C(n) = {xe X : w(U) > 0 for every open U containing x}.

The following properties of C(u) are easily proved:

(a) C(p) is closed.

(b) If D is closed and u(D°)=0, then C(u)< D.

(c) If pis a regular Borel measure, then u[C(1)°]=0.

(d) If f: X — R* is continuous and nonnegative, then [ fdu=0 implies f(x)=0
for x € C(w).

PRrROPOSITION 1.1. Let X be a Hausdorff topological vector space, & the Borel
o-field of X. Let p be a regular Borel probability measure on (X, ¥). Then

[Cw)]*t ={ye X' : pty) =1 forall te RY.
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Proof. Suppose y € X’ and fi(ty)=1 for all 1€ R*. Then 1= e'** u(dx), so
[ (1=cos {x, ty>)u(dx)=0 for all ¢ € R. Using (d), one obtains: for each ¢ € R,
1 —cos {x, ty>=0 for all x € C(n). This implies: for all x € C(u), {x, y>=0. Thus
y € [C(W]*

Conversely, let ye[C(w)]*. Then: for all re R, A(ty)=cqw, &< u(dx)=
wCw)=1. O

THEOREM 1.2. Let X be a Hausdorff locally convex topological vector space, X'
its dual space, ¥ be the Borel o-field on X. Let g: X' — C be positive definite,
g0)=1.

(a) g is o(X’, X) continuous if and only if g is the characteristic functional of a
probability measure p on (X, &) which satisfies the condition: for every >0, there is
a finite-dimensional subspace S of X, such that u(S)=1—e.

(b) If g is as in (a) and, further, for eachy € X', (u o y~1)({0})=0 or 1, then there
is a finite-dimensional subspace S of X such that u(S)=1.

Proof. (a) Suppose p is a probability measure on (X, &) satisfying the stated
condition. Then, given ¢ >0, one can find a finite-dimensional subspace S such that
#(S)Z 1—(¢/6); then

00)=11 < [ [1=ePlud)+ef3,  ye X
S

Let {ey,..., e,} be a basis for S, {fi,...,f,} the dual basis in S’, so that x=
>k 1{x,fpe; when x € S. Then if 4,={xe S : |<x,fp|=<r,j=1,..., k}, one can
choose r so that u(S— A4,) <¢/6. Then

[L—eemiu@n s [ j1-ecm i@ +o3
S A,

< f I<x, ¥ |u(dx) +e/3

IIA

2 Ker )l f <X, £)|ild) +ef3

IIA

k
r > e yd|+ef3.
=1

If we put now V={ye X' : [e;, y>|Se/(3kr), j=1,..., k}, then ye V implies
|i(y)—1| Se. This proves the o(X’, X)-continuity of ji.

Now let g: X' — C be positive definite, g(0)=1, g continuous in the o(X’, X)
topology. Then there exists a weak distribution p on the cylinder sets of X such
that i=g (see [16, p. 410)).

We wish to show that u extends to a tight probability measure on (X, %).
According to a theorem of Prohorov ([16, p. 411]; see also [9, p. 147] for a more
general theorem on probability measures constructed from projective systems) it is
enough to show: for every > 0, there is a compact K such that for any cylinder set
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E which contains K, u(F)=1—e. (The assumptions on the space make possible
the use of this theorem.) Given &>0, there are >0, x,,..., x, € X such that if
V={ye X' : Kx;, )| =8, j=1,...,k}, then ye V implies |a(y)—1|<e/2. Let S
be the subspace generated by {x,, ..., x;}. Then for any y,,..., y, € S* and any
ti, ..., tn € R, one has |4(3F-, t,;)— 1| £¢/2. By integrating on the cube [—n, n]™
of R™ with respect to normalized Lebesgue measure, changing the order of integra-
tion and finally letting n— oo, one obtains u({x : {x, y;>=0,j=1,...,m})=
1 —(&/2). This says: for any closed subspace T of finite codimension which contains
S, (T)21—(¢/2).

Letzy,..., z, € X' besuch that St ® H= X', where H is the subspace generated
by {zi, ..., z;}. Then for any r=0, the set S N A, is compact, where

A, ={xeX: Kxzp| 2rj=1,...,k}.

Choose r so that u(4,)=1—(¢/2). _

Let E be any cylinder set such that ESS N A4,. We want to show u(E)=1—e.
Suppose, to the contrary, that u(E®) > e. Since E° N A, is a cylinder set, there exist
a continuous linear map Il of X into some RF and a Borel set F in R? such that
E°n A,=T1"(F). Now E° N A, n TI-Y(II(S))# @, for: p(II-Y(II(S))) = 1—(¢/2)
because I1-*(II(S)) is a closed subspace of finite codimension which contains S,
and hence

HE® N 4, 0 TT~YTI(S)))

[\

1= (W(E) + m(47) + p(I1-1T1(S))%))
1—-((1—¢)+¢/2+¢/2) = 0.

But then F N II(S)# @, so for some x € S, x e [I"Y(F)=FE°N A,, and therefore
E° N A, N S# . This contradicts the assumption about E. Therefore w(E)=1—e¢,
and the compact S N 4, satisfies the desired condition. The additional property
of the extended measure is clear.

(b) Let 6>0 and x4, ..., x, € X be such that if

\

V={yeX : Kxp,y)| £8,j=1,...,k}

then y € ¥V implies |1 —A(y)| £1/2. If S is the subspace generated by {x;, ..., X},
then for all ye S*t, for all te R, |[1—a@ty)|=1/2, or |1—(uney 1) ()| =1)2.
Reasoning as in the proof of (a), one can show that this implies (1 o y~1)({0) = 1/2.
Our assumption forces p o y~* to be point mass at 0. Therefore g(ty)=(u o y~)"(¢)
=1 for all te R'. This shows St<={ye X' : g(ty)=1 for all ¢te R'}. But, by
Proposition 1.1, [C(p)]*={y : a(ty)=1 for all ¢t e R'}; therefore C(x)<[C(n)]**
cSH=§, and u(S)2u(C)=1. O

REMARK. Theorem 1.2(a) is essentially equivalent to Theorem (3.1) of [4]. Our
proof, however, is different from Dudley’s. Part (b) of the theorem is a generaliza-
tion of a remark of LeCam [10, p. 230] concerning the case when y is Gaussian
centered.
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2. Tightness and convergence. In this section we prove certain tightness and
convergence criteria for measures in a Banach space. These propositions will be
quite useful in our further work. Their convenience lies in the fact that the hy-
potheses are formulated “linearly”; thus, the application of these criteria to a
particular Banach space does not require a description of the compacta of the space.

Let X be a normed linear space, A< X. Then we call

A ={xeX:inf{|x—z| : ze 4} < &}.

THEOREM 2.1. Let X be a Banach space, F its Borel o-field, {j,}qc; a family of
probability measures on (X, F). Then {uo}ec; is tight if and only if for every ¢>0,
8>0, there exist (a) a finite-dimensional subspace S of X such that p,(S€)=1—8
for all o € I, and (b) a finite subset {y,, ..., y}< X' and a number r >0 such that

pax s K, ypl Srj=1,...,k}) 2 1-=39,

and S* @ T=X', where T is the subspace generated by {y,, ..., yi}. Therefore, if
the stated condition holds, then the family {u.}.c; is relatively compact. If p, is
individually tight for all « € I then the converse is also true.

Proof. We prove sufficiency. Choose a finite-dimensional subspace S of X such
that u(S¢)=1—¢ for all « € I, and a finite subset {y,, ..., y,}< X’ as described in
condition (b). Consider now the set A=S°N{x: Kx, y>|sr,j=1,...,k}. We
will show that there is a compact K such that A< K.

Let Ay, ..., A be elements of X" such that y=z+>%_; {(y, A Dy, (with ze S*)
for all y € X’. Then |<x, y>| Z[<x, 2D|+ 2.1 <y, AD| [<x, ¥l

Let xe 4. Then |Cx, 2| Selz] and ¥ [y, M| 1<x, yp| S AP IS [AD-
Put

k
M= |\, Me=suwp{lyl:j=1,..., k.
=1
Then

Izl = Iyl + < Iy I+ MyMy).

k
> <y Ay
i=1

Therefore
x| = sup {|[<x, ¥>| : |y = 1} < e[1+ M M]+rM, = p.

This shows that A< B,, where B,={x € X : | x| £p}, for any p=0.

It is easy to show that B, N S°=(SN B,,.)°. Since A<B, N S¢ we have
A<(SN B,,,)°. But SN B, is compact.

We have then p (S N B, )’ =p(4)=1—2¢ for all « e l. Therefore we have
shown: for every >0, there exists a compact K such that for all e €1, ro(K&) =
1—e. Now choose, for each j=1, a compact K such that p (K%)= 1—e/2’ for all
a €l Then if K=, K;'?, K is compact and p,(K)=1—e for all « € I This
proves the tightness of {u.}.e;- The necessity is clear. The rest of the statement




1970] PROBABILITY MEASURES IN BANACH SPACES 279

follows from Prohorov’s theorem (see, for instance, [1], p. 35 and Appendix on
theoretical complements). []

Motivated by Theorem 2.1, we introduce

DEFINITION 2.1. A family {u}qe; of probability measures on (X, F) is flatly
concentrated if for every ¢>0, for every 8>0, there exists a finite-dimensional
subspace S of X, such that n,(S€)=1—38 for all « € I. It is clear that any tight family
of probability measures is flatly concentrated.

For our next theorem, we need a geometric lemma:

LEMMA 2.2. Let X be a topological vector space. Let T be a closed subspace of X,
of finite codimension k>0. Suppose A is a total subset of X. Then there exist
Y1+ - s Vi € A sSuch that:

(1) {»1,- .., yi} is an independent set.

(2) If H is the subspace generated by {y,, ..., v}, then T @ H=X.

Proof. We show first that there exists y;, € 4, y, ¢ T. For suppose A<T. Taking
closed linear hulls on both sides of the inclusion, we would obtain X=T, a contra-
diction.

Let y, € A N T*. Let T, be the subspace generated by T and y,. It is hot difficult
to see that T is closed and has codimension (k—1). Thus we can repeat the same
argument as above, obtaining y, € A, y, ¢ T,. Continuing in the same way we
obtain yg, .. ., . It is clear from the construction that (1) and (2) are satisfied. [

THEOREM 2.3. Let X be a Banach space, ¥ its Borel o-field, {u.}.e; a family of
probability measures on (X, F). Then {u,}ac; is tight if and only if:

(@) {pataes is flatly concentrated.

(b) There exists a subset A of X' which is w*-total such that {p, o y~}ue; is tight
in R* for all y € A. Therefore, if the stated conditions hold, then the family {p,}qc;
is relatively compact. If p, is tight for each « € I, then the converse is also true.

Proof. We only prove that (a) and (b) imply tightness. The rest of the statement
is clear.

Choose a finite-dimensional subspace S of X such that p,(S¢)=1—8 for all
a el Then S* is w*-closed and has finite codimension. By Lemma 2.2, one can
choose y,, ..., y, € A such that S* @ H= X', where H is the subspace generated
by {¥1, - - ., Yi}. Since {u, o ¥; Jae; is tight, one can choose r>0 such that

I-"a°yj—l([_r9 r]) = l—S/k,
for j=1,...,k and all « € I. Then

b : [yl S rj= 1, K S 12 pal(x  [<x, pd S F)F < 8

for all « € I. The statement follows now from Theorem 2.1. [J
We obtain now a convergence theorem.
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THEOREM 2.4. Let X be a Banach space, {i,}nen a Sequence of probability measures
on (X, F). If
(@) {tn}nen is flatly concentrated, and
(b) there exists a sequentially w*-dense subspace W of X' and a function g:
W — C, whose restriction to each one-dimensional subspace of W is
continuous, such that f, converges (pointwise) to g on W,

then there exists a probability measure p on (X, F) such that n, converges weakly
to p and f(y)=g(y) for ye W.

Proof. We show first that {u,},cy is relatively compact. Fix y e W and define
h(t)=g(ty) for t € R*. Then h is continuous at 0 and (i, o ¥ ")~ (¢) =f.(ty) — g(ty)
=h(t). By the one-dimensional P. Lévy continuity theorem, the sequence
{ttn © ¥~ 1}en is tight. Theorem 2.3 implies now the desired conclusion. Clearly
any two subsequential limits of {u,}.cx, say p and v, satisfy g(y)=g(y)=>9(y) for
yeW. Let ye X', y, € W, y, — y in the w*-topology. Since characteristic func-
tionals are always sequentially w*-continuous, we have A(y)=Ilim,_ . 2(y,)
=lim, ., #(y,)=9(y). But p and v are tight measures; therefore the equality
p=9% implies that u=v [16, p. 414]. Hence there exists a (unique) probability
measure p on (X, &) such that u, converges weakly to u. [

REMARK. It is well known that the classical form of P. Lévy’s continuity theorem
fails drastically to be true in the infinite-dimensional case. In a future work, we will
study conditions, in a sense weaker than those in Theorem 2.4, under which
P. Lévy’s theorem holds. These conditions, first conjectured by L. LeCam, allow
the finite-dimensional subspaces near which mass is concentrated to depend on
each measure in the sequence.

3. A ‘“flat concentration”’ inequality. In this section and the following ones,
we work with Banach spaces possessing a Schauder basis. First we establish certain
terminology and recall basic facts about such spaces [2].

Let X be a Banach space with a Schauder basis (e;)icy. We assume |e;|| =1,
i € N. Wecall S, the subspace generated by {e,, . . ., e,}. Let (f}),ex be the coordinate
functions for this basis. Then f; € X’ (j € N) and <e;, f;>=38,,. We call T, the sub-
space of X' generated by {f1, ..., fn}, and let T=\J>_, T,.

Let II,: X — X be defined by Il (x)=>7, {x, f;>e,. Then II, is a projection
with range S,, and |II,x—x| — 0 asn—co for all x € X. If IT¥: X' — X" is the
operator adjoint to II,, then one can write IT¥(y)=2>7%_, {e;, y>f;, and II}(y) -y
in the w*-topology. This implies that T is a sequentially w*-dense subspace of X".
One also has T, @ S:=X". In fact, y— I1¥(y) € SL.

For each closed subspace S of X, we define ps(x)=inf {|x—z| : ze S} for x € X.
Then one can show that ps is a continuous seminorm. If S=.S,, we put ps =p,.
Then p,(I1,(x)) — p.(x) as m — co.

We introduce now the concept of “space of type p.”
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DEerFINITION 3.1. Let X be a Banach space with a Schauder basis (e;);cy and
coordinate functions (f;)jen. Let p>0. We say that X is of type p, with respect to
(€)ien if [Pa(TLn(PP S 3™ i1 [<x, f|P for all x € X and n,me N (n<m).

In the future, when dealing with a space of type p, we will omit reference to the
basis.

As an example, we mention the fact that /, is of type p (1 <p <), as one can
easily verify.

LeMMA 3.1. (a) All Banach spaces with a Schauder basis are of type 1.
(b) If X is of type p and q<p, then X is of type q.

Proof. (a) Since p, is a seminorm, we have

Pa(TL () = pn(nn(x)+j=§“ <x,f,>e,)
< PN+ D K S5l pale)-

j=n+1

But p,(I1,(x))=0 and p,(e)) <1, j=n+1,..., m. Therefore

PN S S K fl.

j=n+1

(b) Using the inequality >¥_, ai <(C¥-, a))", valid for a,=0, r=1, we have

m m rlq
P s 5 el s| S o]
j=n+1 j=n+1

and then [p(IT(x))* S 2fenva [Kx, |4 O

We prove now an inequality which gives an estimate for the mass a probability
measure puts in an e-neighborhood of S, in terms of the characteristic functional
of the measure. It is stated so as to allow some flexibility in applications. We
denote by y the standard normal distribution in R%.

THEOREM 3.2. Let X be a Banach space with Schauder basis (e,);.y and coordinate
Sunctions (f})jen, of type p (1 £p< ). Let p be a probability measure on (X, F).
(@) If 1=p<2 and (b,),ey is a sequence of positive real numbers, then

pl(S9)°] < K, lim inf f
m— o RM-1

1—-Re ﬂ(s(n, m) i t,b§”’fj) ‘y(dt,.ﬂ)‘ - y(dty)

j=n+1

where K, =[1—exp (—¢*/2)]"* and s(n, m)=[3]- ., by 2@~ P]@-»i2p,
(b) If 2= p <o, then

Hdtni1): - -y (dtn).

(s s Ktimint [ |1-rea( 3 0

j=n+1
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Proof. (a) First observe that (S5)°={x : p,(x)>¢}. By Markov’s inequality, we
have

p({x : pu(x) > &) = pfx 3PP > 2/2}) = K, f [1 —exp (—3[pa(x)1)]u(dx).
Then, by Lebesgue’s dominated convergence theorem,

M (x 1 pa(x) > ) £ K, lim f [1—exp (= 3[pa(Tln(x))?)]u(dx).

By assumption, [p,(ITn(x))JP £ 57 n+1 [<x, f;>|?. By Holder we have

D Kl = D brbKx, I

ji=n+1 j=n+1
m 1/q m p/2
é[ 2. b;"] [Z b?’”l<x,f;>I2] ,
f=n+1 j=n+1

where g=2/2—p is the exponent conjugate to 2/p. Then

a0 s [ 3 b;"]m[j > e b

(2) j=n+1 =n+1

= [<x, s(n, m)b}'>f;|2.
j=n+1
Since 7(¢)=exp (—¢2/2), one can write

t-exp (=3 3 1cx st mpppl)

j=n+1

= f (1 —cos S t<x, s(n, m)b}"’f,})y(dt,,+ V- dty)
nm -n j

=n+1

o (e (o 3 stnmut, ) Yot - i)

j=n+1

Integrating with respect to u, using Fubini’s theorem and inequality (2), we obtain
[ 11=exp (~ 4P
< f 1—Re ;.'l(s(n, m S t,b}”jf,)
Bm -n

Jj=n+1
Taking lim inf on both sides and using (1), we obtain (a).
(b) If X is of type p, with p=2, then it is of type 2, by Lemma 3.1. Thus

')'(dtn+1)' ° 'Y(dtm)~

m

PGNP = D Kx, )l

j=n+1

The proof proceeds in a way similar to the proof of (a); the only difference is that
the sequence (b,),cy is not introduced. [

ReMARK. Theorem 3.2 may be regarded as a generalization of an inequality
used implicitly by Sazonov [18] (see also [14, Chapter 6]). Our formulation is,
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however, somewhat different. A generalization of Sazonov’s method along different
lines has been obtained by L. Schwartz [20]. It should be observed that the use of
the standard normal distribution in Theorem 3.2 is just a matter of convenience.
For example, if p € [1, 2] and p<r=2, then a corresponding inequality could be
obtained using the standard symmetric stable distribution with index r. However,
the fact that a stable distribution lacks a second moment if r<2 would create
difficulties in future application.

A distribution which can provide a successful substitute for the normal is the
bilateral exponential.

4. A theorem of the Bochner type. In this section we prove a compactness
theorem for a family of probability measures and establish a sufficient condition of
topological character for the validity of Bochner’s theorem, for Banach space with
a Schauder basis. We also show that the condition is the best possible of its kind.
We use the notation of §3.

Let us recall that a real-valued function ® defined on a vector space E is called a
quadratic form if there exists a symmetric bilinear form ¢ on Ex E such that
O(x)=y(x, x) for all xe E. ® is called nonnegative definite if ®(x)=0, for all
xeE.

We introduce now the

DEFINITION 4.1. Let E be a vector space, {z;};cn a sequence of elements of E. Let
p>0. A nonnegative definite quadratic form ® defined on E is said to be of trace
class p, relative to {z};cn, if 2521 [P(2))]? < 0.

We will be concerned with quadratic forms defined on spaces E= X', where X
is a Banach space with Schauder basis (e;);,cy and coordinate functions (f);en-
The property of being of trace class p will always be taken relative to (f);cy. In
general, the property being satisfied or not depends on the particular basis chosen.

REMARK. This terminology is consistent with standard Hilbert space usage in
the following way: Let X be a separable Hilbert space with inner product (-, -),
(f7)jen an orthonormal basis. If @ is continuous and of trace class 1 and A4 is an
operator on X such that ®(x)=(4x, x), then A is of trace class in the usual sense.
In fact, in this case the condition on 4 (or ®) does not depend on the particular
orthonormal basis (see, for instance, [7, Chapter 1]).

As in §3, let T be the linear subspace of X', spanned by (f));en-

THEOREM 4.1. Let X be a Banach space with a Schauder basis of type p (1 < p <o0).
Let {i1,}.e1 be a set of probability measures on (X, F).

(a) Let p e[1,2). Suppose for every e>0, there exists a family {®, },c; of quad-
ratic nonnegative definite forms of trace class p|2, defined on T and satisfying
SUPger Z;o=l [q)a,s(f})]pl2<wa and SUPqer z;°=r [q)a.s(fj)]p/z —0asr— o, such that
|1—Re 2,(»)| £ D, (¥) +e for all y € T. Then {puy}qc; is relatively compact.

(b) Let p €[2,©). Suppose for every e>0, there exists a family {®,  },e; of
quadratic nonnegative definite forms of trace class 1 defined on T and satisfying
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SUPger Dj%1 [(Da,s(fj)] <00, and Supger 2%y [P, o(f)] =0 as r— oo, such that
[1=Re fio(y)| £ Do (y)+e, for all y € T. Then {p1,}4e; is relatively compact.

Proof. (a) By Theorem 3.2, one has

ke(SY° < K lim i | \I—Re r»a(s(n, m > t,b}'%) Welta 11)- - - V(dtn).
m-— o RM—T

j=n+1

Given >0, choose a family {®, }.; as described in the statement of (a). Then

|1—Re na(soz, m > tfb}“’fj) < <I>.,.e(s<n, m > t,b;“'f,)+e
j=n¥1 S j=n+1
< 33 Istn PSP f f) e
n+

i=n+1 j=n+1

where ¢, . is the bilinear form associated with ®, .. Then

[oed|1-Rem(stnm) & ptos) |ttt
R™-" j=n+1

< [s(, mPP > B3P0, (f),

j=n+1

because [ #y(dt)=0 and [ t?y(dr)=1. Thus we have: for each a € I,

no(SEY° < Ko(nm inf [s(n, M2 > b?'*'(ba,s(f,)ﬂ)-

j=n+1
The sequence (b,),ey is still an arbitrary positive sequence. Now we make a proper
choice of (b,),cy for each « € I.
Put b,,;=[®,,.(f;)]?®~ 2% Then, on the one hand,

smm = > (@ Hre-om-2e-n= S [0, ()P

j=n+1 j=n+1
on the other hand
m m
> b, (f) = [@,..(f)F®~ P25, ()
j=n+1 j=n+1

= > )P

j=n+1

Let M=supye; 2521 [, (f)IP'2 Then, for all « € I,

ael

1S9 < K.,[Mz sup > [<I>.,,,(f,>1~2+e]-
j=n+1

It is clear now that for a prescribed 8, one can choose first £ and then 7 so that
the right-hand side of the inequality is smaller than any given number.
Next we observe that |1—(u, o fi ) ()| =|1—atf)| 12D, (f}) +e=t2M??
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+e. This implies that for each j € N, the family {, o f; 1},¢; s relatively compact in
R*. Since T, ® Si= X', an application of Theorem 2.1 concludes the proof of (a).
(b) The proof of this assertion is similar to that of (a), with the difference that
now we apply Theorem 3.2(b) and no choice of b,’s is necessary. [J
Obviously in Theorem 4.1, as well as in future propositions, one can take p=1
and obtain a statement valid for all Banach spaces with a Schauder basis, by
Lemma 3.1.

PrROPOSITION 4.2. Let X be a Banach space with a Schauder basis. Let g: T — C
be positive definite, g(0)=1. If the restriction of g to each finite-dimensional subspace
of T is continuous, then for each n € N there exists a probability measure p.,, on (X, F)
such that p,(S,)=1 and f.(y)=8(27-1 <es, y2.1))-

Proof. The function g induces a weak distribution x on the field generated by
Ton X. Let #,={I1;%(B) : B Borel in S,}. Then &, is precisely the o-field induced
by {f1, - - -, fn}. Therefore u is o-additive on &,. It follows that the measure v,,
defined 6n the Borel sets of S, by v,(B)=u(IL; }(B)), is o-additive. We extend it to a
probability measure p, on (X, &) by putting p,(4)=v,(4 N S,) for 4 € #. Then
clearly pn(S.)=1 and p,=po 71 Also, A.(y)=(uc 7" (y)=a(II3(y))=
827145 ¥2.15)-

Having fixed in X a Schauder basis (e;);cy and the corresponding coordinate
functions (f});en, We state the

DEFINITION 4.2. We call 7, the (locally convex) topology defined on X' (or T,
as the case may be) by the system of seminorms {®'2 : ® s a quadratic nonnegative
definite form on X' (or T), of trace class p}.

Obviously, r,= 7, if p<gq.

THEOREM 4.3. Let X be a Banach space with a Schauder basis of type p (1 < p <0).
Let g: T— C be positive definite, g(0)=1. If either (a) p€[l,2) and g is 7o
continuous, or (b) pe[2,0) and g is t,-continuous, then there exists a unique
probability measure p on (X, F) such that i(y)=g(y) for each y € T.

Proof. (a) Let >0 be given. By assumption, there exists ® of trace class p/2
such that ®(y) <2 implies |1 —Re g(»)| 7. Then for any y € T, one has

0] [1-Reg(y)| = ©(y)+n.

It follows that the restriction of g to each finite-dimensional subspace of T is
continuous. Therefore, one can construct a sequence {u,},ey Of probability measures
as described in Proposition 4.2. Also, it is clear that 4, — g on T; in fact, &n(»)
=g(y) for all m=n whenever y € T,. Since T is sequentially w*-dense in X’, in
order to prove (a) we only have to show that {u,}.,.y is relatively compact, by
Theorem 2.4.
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But (1) implies: for all n e N, |1 —Re fi,(y)| =|1—Re g(II}(»))| £ O(I1*(p)) +7.
Since clearly the family of quadratic forms {® o I1}},.y satisfies the hypotheses of
Theorem 4.1(a), the relative compactness of {u,},cy follows.

(b) Similar to (a); Theorem 4.1(b) is used now. [J

Next, we construct two examples, for cases (a) and (b) respectively, showing
that as far as continuity in a =, topology is concerned, our conditions cannot be
relaxed.

ExAMPLE 4.1. We show that for every p € [1, 2) and for every o> p|2, there exists
a Banach space with a Schauder basis, of type p, and a function g: T — C such that
(1) g is positive definite and g(0)=1, (2) g is T,~continuous but g is not the charac-
teristic functional of a probability measure on (X, F).

Let X=1,, 1Sp<2; then X'=1,, where gq=p/p—1if p>1, g=c0 if p=1. Let
p/2<a<1. Putting r=p/«, we have p<r<2.

Let (a,).en be a sequence of positive numbers (to be completely specified later).
For y=(Yu)nen € T<1,, we define g(y)=exp (—>2-1 a.|¥.|") (g is well defined,
because y, =0 except for a finite number of »’s). Clearly g(0)=1. The fact that g is
positive definite follows from the positive definiteness of exp (—[¢|) in R*. We
will show that it is possible to choose (a,)..y SO that g is 7,-continuous but not a
characteristic functional.

Introducing a second sequence (b,),.y of positive numbers and applying Hélder’s
inequality, we obtain

0

> alnl = 3 @bl

n=1

(3, @siy] ”‘[i bﬁ"y?.]"z’

n=1 n=1

I\

[1—g(»)|

IA

where s=2/2—r is the exponent conjugate to 2/r. Thus

© 1/s
W 1-¢0)] = [ 3, @biy] oo,

where ®(y)=2>7_, b}'"yZ. Observe that ®(f;)=>b3"". Suppose g= (on T) for some
probability measure u on (X, #). Then, under u, {f1, ..., fn, . . .} is an independent
sequence such that #(a;'’f;)=0,, where o, is the standard symmetric stable
distribution of exponent r.

Since for all xe X=1,, >7.; [<x,fu>|?=|x|?, the Kolmogorov three series
theorem [11, p. 237] implies that

2) 21 E (| falPIysis1) < oo.
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Now

E(falPLys51) = @"E(lag 1’%191[,a-1/r,”,§a;11r])

= gor.2 f T redr)
0

-1/r

n
> a2 f t70,(dt)
1
=1/r
an t? dt
2 aﬁ"L M =y

(We have used here the known fact that if ¢, is the density of a,, then there is a
constant M such that ¢,(¢)= M/t"*  fort=1.)

But j"l"rm t?=7"tdt=(1/(p—r))la; ?"**—1]. Therefore

M M
E(falPlysmis1) 2 =7 [a,—ad"] = = [a%—a,].

Then we have

3 Zﬁ E( /il Tuss) 2 s— z [a%—an].

We show next that (a,)nen and (b,).ey can be chosen so that > a, <o, > b2%" < oo,
> (ab; 1?2 "<oo, and > af=oco. It will follow then from (1) that g is 7,
continuous; but the contradiction between (2) and (3) proves that u cannot
exist.

Put a,=n"%* and b,=a’=n"""%, where v is any number such that p/2a<v<1
—(Qa—p)/2 (this choice is possible because p/2a<1—(2a—p)/2 if and only if
p/2<ea<1). Then we have > a,=> n~Y*<oo because 1ja>1, > b2¥"=3 p~-2vr
< o0 because 20v/p> 1, 3 (a,b; 1)?E"N=3 p~WHaA-0EIE-M < o0 because

W1 =0) 5= > ()(25L) s = 1,

and finally > a2=3 n~1=o0.
REMARK. Since (a,)qey is chosen so that 3 a, <0, g can be taken to be defined
on X'.

EXAMPLE 4.2. We show that for every p € [2, ©) and for every o> 1, there exists
a Banach space with a Schauder basis, of type p, and a function g: T — C such that
the same properties stated in Example 4.1 hold.

Let X=1I,, p<2<o. Let «>1. Choose re(l,2). As in Example 4.1, define
for y=n)aex ET<X':8(y)=exp (—>2-1 @n|¥a|)- Proceeding as before, we
obtain |1—g(y)| S [57-1 (a:b7 F1**[®(y)]"?, where s=2/(2—r) and (y)
—Znn 1 bzlr ne
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Suppose g=4 (on T) for some probability measure p on (X, #). Reasoning as
in Example 4.1, we have the two inequalities:

Z E (| fal"Iysps1) < oo,
n=1

ﬁ Z (an_ag/r)~

E( an nl =< _Z_
n§=:1 WSl Pl g1 <1) p—r L

We show next that (a,),ey and (b,)nen can be chosen so that > a2/"<co, > b2e"
<00, > (a,b;})?** "< and > a,=00.

As in Example 4.1, this will show that u cannot exist. Put a,=n"?%, b,=a=n"",
where v is any number such that /2« <v <r/2 (this choice is possible because «>1).
Then we have > a?'" < oo because p/r>1, > b2%"=73 n~2%"" <0 because 2av/r>1,
S (a.by HH2 =3 p=1-02E-N < oo because (1 —v)2/(2—r)>1—r/2)(2/(2—-r))=1
and Y a,=o0.

COROLLARY. Let p>2. Then there exists no topology o on I, such that if g is
positive definite on I, and g(0)=1, then g=p. for some probability measure p. on l,
if and only if g is o-continuous.

Proof. In the terminology of Example 4.2, let «=p/2. Then >, [®(f)]"'?
=22, b?*"<o0. According to Theorem 5.2 (§5 of this paper), exp (—®) is the
characteristic functional of a Gaussian probability measure on /,. Now suppose o
exists. Then ® would be o-continuous, and consequently the function g of Example
4.2 would be o-continuous, hence the characteristic functional of a probability
measure on /,. But Example 4.2 shows that this is impossible. [

REMARK. Professor LeCam communicated to us an example of R. M. Dudley
concerning the question of “decomposability” of the composition of a linear
process and a nuclear operator. This example has recently appeared in [4, Proposi-
tion (8.1)]. Although Dudley uses the Cauchy distribution and deals with a different
(though closely related) problem, we found his example useful for the construction
of Examples 4.1 and 4.2.

5. Gaussian measures. We recall several definitions (see [10, p. 229]).

DEFINITION 5.1. Let X be a locally convex topological vector space, p a weak
distribution on X. p is said to have a covariance if | |{x, y>|*u(dx)<oo for each
¥ € X'. The quadratic form y — [ |<{x, y>|*w(dx) will be called the covariance form
of w.

DEFINITION 5.2. Let X and p be as in Definition 5.1. If [ |<{x, y>|u(dx) <o for
each y e X', and there exists in X an element x, (necessarily unique), such that
{Xo, ¥ =f {x, y>u(dx), then x, is called the expectation of p.

DEFINITION 5.3. Let X and p be as in Definition 5.1. Then w is said to be Gaussian
if for every y € X', the probability measure oy~ in R' is Gaussian (possibly
degenerate).
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Let us remark that a Gaussian weak distribution p always has a covariance, for
J 1<% yo12m(dx) = 12 o y=1)(dt) < 0. Let p(y)=[ <x, y>u(dx),

o) = [ 1<, »>12u@).

Then f(y)=exp [ip(y)—HO(»)—p*(»))].

THEOREM 5.1. Let X be as in Definition 5.1. Suppose pn is a Gaussian probability
measure on (X, F). Then p and ® are sequentially o(X', X) continuous.

Proof. Suppose y, — y in the o(X’, X) topology. Then fa(zy,) — A(ty), for each
t € R, But it is not difficult to see from the form of 4 that this implies p(y,) — p(»)
and ®(y,) — O(y).

REMARK. Questions concerning the continuity of p and ® are studied in [10].

We construct now Gaussian measures in Banach spaces with a Schauder basis.
Although Theorem 4.3 could be applied, it turns out that a direct approach yields
a stronger result.

THEOREM 5.2. Let X be a Banach space with a Schauder basis of type p (1 £p < ).
Let ® be a nonnegative definite quadratic form of trace class p[2, defined on T. Let
X0 € X. Then there exists a Gaussian probability measure p on (X, ¥) such that
A(y)=exp [iKxo, y>—P(p)/2] on T.

Proof. Let g(y)=exp (—®(y)/2) for y e T. Then it is not difficult to prove
that g is positive definite (for example by using the fact that the Fourier transform
of a measure in R" is always positive definite).

Let {u,} be the sequence of measures constructed from g in Proposition 4.2.
Since 4, — g on T, to prove the existence of a probability measure » such that
p=g on T, it is enough to show that {u,} is flatly concentrated.

Now

(S = w{x 1 [pa(X)]? > 7))
f [2u(0) P1ee(d)

tim inf e~ [ [pu(TTa()Pia(d)

IIA

lIA

M

IIA

lim inf ~? f 2,.. <%, £ |Pp(dx)

m=®© j=n+1

IIA

e S [ s 7Pt

i=n+1

We use now the following fact, which can be easily verified by calculation: For
every r>0 and s>0, there exists a constant C(r, s), such that if y is a normal
distribution with mean 0 and arbitrary variance, then

[1trvan = e, 5)[ [1e1wan]™
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We have then [ [<x,f|"mddx)=C(p, DI |[<x, [;>|?mddx)]"’>. But for any k,
I 1<%, £9|2m(dx) = ®(f;) or 0. From (1) we obtain now: for any k,

m(S £ e77C(p,2) D [O(H)I.
j=n+1

Since @ is of trace class p/2, this proves that {u,} is flatly concentrated.

Now if 3,, is point mass at x,, then p=8,,*v. [

ReMARK. The property of the normal distribution mentioned in this theorem is
also used by Vakhania [22].

DEFINITION 5.4. We call y(q, ., the Gaussian measure constructed in Theorem 5.2.
If xo=0, we write y.0,=%a-

6. A Lindeberg-type central limit theorem. For the sake of convenience, we
state the classical theorem of Lindeberg (see, for instance, [11, p. 280]), in the
form:

CLAsSICAL LINDEBERG THEOREM. Let (Q, o/, P) be a probability space. Let
Z,;:Q—>RY neN, j=1,..., k,, be a triangular system of random variables such
that E(Z%)<oo and E(Z,;))=0 for ne N, j=1,...,k,, and {Z,,}, j=1,..., k,, is
an independent set for each n. Suppose:

(1) For every e>0, Y2, E(Z2,Iz,,>s) — 0 as n — .

(2) Dkn, E(Z2) — a as n — oo, for some a>0.

Then for each t € R*, E[exp (it X¥», Z,;)] — exp (—at?/2) as n — oo, and there-
fore L(Ckny Z,)) converges weakly to the Gaussian distribution with mean 0 and
variance a.

We prove next a generalization of this theorem to the case of a triangular system
of random variables taking values in a Banach space with a Schauder basis. Let us
remark that, since we deal with separable Banach spaces, measurability questions
pose no difficulty. In particular, the sum of two random variables is again a random
variable.

THEOREM 6.1. Let X be a Banach space with a Schauder basis (e;)icy and co-
ordinate functions (f);en, of type p with respect to (e;)icn, where p € [1, 2). Let T, be
the subspace of X' generated by { fl, o osfu} > and let T=\JZ-, T,. Let (Q, &, P)
be a probability space. Let Z,,;: Q — X,n€e N, j=1, .. ., k,, be a triangular system of
X-valued random variables, such that for eachy € T, E|{Z,;, y>|? <0 and EXZ,, ;, y)
=0,neN, j=1,..., ky, and for each n {{Z,;, y>};-1,....x, is an independent set of
real-valued random variables. Let us call ®,{y)=E|{Z,;, y>|2. Suppose:

(1) For every y €T, for every ¢>0, > 1 E(I<Zpnj, YD |*L1i(znyv51> 1)) — 0 as n—> 0.

(2) There exists a function ® defined on T such that for each y e T, >k, ©,(y)
= O(p).

3 If $u(¥)=2f21 Ouf(y), then {Po}nen satisfies suppen 221 [$a(f)]P2 <0,
SUPnen 242 s [$a(f)]?'2 — 0 as r — co.
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Then @ is a quadratic nonnegative definite form of trace class (p[2) and L (S¥r , Z.,,)
converges weakly to y,.

Proof. Since ®(y)=Ilim,_ ., $.(»), Fatou’s lemma yields

2, [000P" S limint 5. (AP

IIA

sup 2 (P2 < oo,

and hence @ has the desired properties.
Let p,=2%Gk, Z,,;). Then for each ye T

|1—Re fn(y)] = \ [a-cos & yyatan

<3 f 1<%, 9] 2a(d%).

But

kn 2
f Xy P unl(dx) = E< 2. 7 y>

kn

;1 E(Zuis Y Znjs ) = Zl EZ,, y>?
= i=

Kn
-2

n
= Z (I)n!(y) = 'l'n(y)a

j=1
using the independence of {Z,};-,, ..., and EXZ,;, y>=0. Thus, for each y e T,
lt—Re g,(¥)| =3¥.(y). Applying Theorem 4.1 and taking into account the
properties (3) of {¢,}nen- it follows that {u,},.y is relatively compact. Assumptions
(1) and (2) and the Classical Lindeberg Theorem imply that

) = E[ewp (i S Z., v )|~ e (—o0)

i=1

for each y € T. But, as we know, T is sequentially w*-dense in X'; therefore, by
Theorem 2.4, p, converges weakly to yo. [

Of course, by taking p=1, this theorem includes a statement valid for all Banach
spaces with a Schauder basis.

For spaces of type p=2, we have the proposition:

THEOREM 6.2. Suppose the conditions of Theorem 6.1 are verified, with the only
changes: p=2 instead of p €[1, 2), and (3) is replaced by sup,cy 2> ¥.(f}) <0,
SUPnen 2:.;7 '/'n(f;) —0asr— 0.

Then @ is a quadratic nonnegative definite form of trace class 1 and (3%, Z,))
converges weakly to y.
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Proof. Similar to that of Theorem 6.1, only that instead of Theorem 4.1(a) we
apply Theorem 4.1(b). [
From Theorems 6.1 and 6.2 we obtain now

THEOREM 6.3. Suppose the space X is as in Theorem 6.1., only that we assume
p €[l, ).

Let p be a probability measure on (X, F) such that for each y € T, | |<x, y>|?u(dx)
<o and [ {x, y>u(dx)=0. Let (Q, &, P) be a probability space and Z;: Q — X,
Jj € N, independent X-valued random variables with £(Z)=un for all je N. Let
O(y)={ [<x, y>|*w(dx), y € T. If either:

(1) pell,2) and ® is of trace class (p/2) or

(2) pe[2, ©) and ® is of trace class 1,
then L(n~Y2(37_, Z,)) converges weakly to yg.

Proof. If we put Z,;=n"'2Z,, j=1,..., n, then >7_; ®,(y)=o(y) and
. .
> EZus 2 hicarn»o) = | [, p)[3u(d).
=1 [1<x,v>| >ent'2]

The statement follows at once. [
ReMARK. Theorem 6.3 can be proved directly as follows:

g meor]=epfrez 7)o

sev 5 E

r+1

—1/2

fi

Let 1=p<2. But

n b4 n
v 3 2y [ =[] (e 2
=1 i=1

Therefore Pln=12 37_, Z; € (S§)°]1Se? 3%, 41 [P(f))P2. 1t follows that

{52}

is flatly concentrated. Since the characteristic functionals converge to

exp (— ©(»)/2),

]' = [P,

the statement follows.
If p=2, then X is of type 2 and one can proceed similarly. [

7. Application to the spaces /,. In this section we show that certain results we
have proved can be sharpened in the case of /, spaces.

We take in /,, 1 £p <oo, the usual Schauder basis. Let Q, (r>0) be the class of
all quadratic nonnegative definite forms of trace class r, defined on T.




1970] PROBABILITY MEASURES IN BANACH SPACES 293

THEOREM 7.1. The map (®, z) — y(o.», is a bijection of Qs % I, onto the class of
all Gaussian probability measures on I,.

Proof. The fact that to each pair ® € Q,5, z €/, there corresponds a Gaussian
measure y ., has been proved in Theorem 5.2. Now suppose u is a Gaussian
measure on I,. Let p(y)={ <(x, y>p(dx), ®,(y)={ [{x, y>|?*uw(dx) for y € X'. Then
A(y)=exp [ip(»)—3P.(»)—p%(»))]. We want to show that (P, —p?) is of trace
class p/2. Call ®=®, —p?. Define i on (X, &) by @(B)=u(— B) for Be #. Then if
v=up * i, we have #(y)=exp [— ®(»)]. Let e<1/2. If we choose a ball

B={xeX:|x| £r}
such that »(B¢) <¢/2, we have:

1—exp (= O(y)) = j [1—exp (ix, y>)](dx)
< [ 11—exp (x y)lu(dn)
< fB|<x,y>|v(dx)+e

< [, 16 ydlewtan)] "+

Let $(y)=[; [<x, ¥>|*»(dx). Then if (y) <&, one must have ®(y)< M, <co. Let
ye X' If (y)#0, then P[e[p(y)]"V?y]=¢"; therefore O(e[(y)]~?y)= M, so
O(y) < Mie~2[§(»)]*"”, and finally [®(y)]"* = Maih(p). If 4(p)=0, then

vixeB:{x,y> =0} =vB) > 0.

Then v o y~}({0}) >0, and the fact that v is Gaussian implies that v o y~1({0})=1.
Therefore D(y)={,.cx.ys- 0<% ¥>(dx)=0. Hence [D(y)]"'2< Myi(y) holds for
allye X'.

Then we have

jz [P < M, i S

= [ (3, 160l o
- M, L lx|P(dx) < Mar® < oo.

This proves ® € Q..
A similar argument using homogeneity properties shows that

2
i=1

f < fpuldx)

"= 2 ()l < oo.
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Define now z=332, [[ <x, fiyu(dx)]e;. Then if y € T, y=737_, a.f;, we have

@3> = 3 a [<x foud)

Thus <z, y>=p(y) for all yeT. But T is sequentially w*-dense in X’ and both
functions are sequentially w*-continuous. It follows that {z, y>=p(y) for all
yeX'. O

REMARK. If p>2 and p is a probability measure on /,, then 4 is 7,;-continuous.
For:

|1-Re 4(y)| = | [1=cos <x, yhutan

<3 f I<x, )2u(d) +e,

where B={x:|x|<r} and w(B)>1-—¢/2. Put ®(y)=[, |<{x,y>|?w(dx). Then
[®(»)]P'2 = [ |<x, y>|Pu(dx). Therefore

,il [P < 2 [ 1w £ ety

< [ IxlPutan s 2 < o
B

Therefore @ is of trace class p/2, and the statement follows. []

THEOREM 7.2. Let X=1,. Let p be a probability measure on (X, %) such that for
eachy €T, | [<x, y>|?u(dx) < o0 and [ {x, y>u(dx)=0. Let (Q, o, P) be a probability
space and Z;: Q — X, j € N, independent X-valued random variables with £(Z,)=p.
Sor all j. Let ®(y)=[ |<x, y>|?u(dx). Then:

(1) If L(n~12(31_, Z,)) converges weakly, then ® is of trace class p|2.

(2) If 12p=2, then L(n~Y4(3r., Z;)) converges weakly if and only if ® is of
trace class p[2.

Proof. It is clear that only (1) requires proof. Suppose Z(n~Y%(3}-,Z))
converges weakly to v. Then v is Gaussian and has covariance form ®. By Theorem
7.1, @ is of trace class p/2. [J

REMARK. Vakhania [22], [23] has obtained with different methods Theorem 7.1
and part of Theorem 7.2. He proves also that [ || x|"u(dx) < co for any r>0 when p
is a Gaussian measure on I, (1 <p <0).

8. Applications to the space C[0, 1] and to Gaussian processes. From Theorems
2.3 and 2.4 we obtain now compactness and convergence criteria for measures on
C[0, 1]. Although these criteria are close to standard ones (see [1, Chapter 2]),
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the replacement of a direct tightness assumption by the assumption of “flat
concentration” seems to be of some interest. Let M[0, 1] be the space of (finite)
signed measures on [0, 1]. Then (CJ[O0, 1])’=M][0, 1] by the Riesz representation
theorem. For ¢ € [0, 1], 8, will denote unit point mass at 2. We denote by W the
subspace of M[0, 1] consisting of all measures of the form >}, A8, for Ay, ...,
MERY ty,..., 1, €[0, 1]. Finally, (X, &#) will denote the space C[0, 1] with its
Borel o-field.

THEOREM 8.1. Let {uy}ee; be a set of probability measures on (X, F). Then
{o}eer is relatively compact if and only if

(@) {pa}acr is flatly concentrated,

(b) for every t € [0, 1], the set of measures {p, ° 8; ‘}4e; is tight (in RY).

Proof. The subspace W is (sequentially) w*-dense in M[0, 1]=X". Therefore
{8; : t €[0, 1]} is w*-total. The statement follows then by Theorem 2.3. []

THEOREM 8.2. Let (Q, &, P) be a probability space. Let Z,,: QO — X, me N, be a
sequence of X-valued random variables. Suppose:

(@) {L(Z,)}men is flatly concentrated.

(b) There exists a function g: W — C, continuous in (A, . . ., A;) for each fixed
(t1, ..., ty) sSuch that for each (Ay, ..., A,) and (t,...,t,), as m — oo,

E [exp (i ,Z )\;Zm(tj))] —>g (2"; Af%)'

Then there exists a probability measure p on (X, F) such that £(Z,) converges
weakly to p and p(y)=g(y) for ye W.

Proof. Our assumption on g means that the restriction of g to each finite-
dimensional subspace of W is continuous. The statement follows from Theorem 2.4
and the already used fact that W is sequentially w*-dense in M[0, 1]. [

Next we determine the form of the characteristic functionals of Gaussian
measures on C[0, 1]. We prove first a lemma relating the usual notion of continuous
Gaussian process to the notion of Gaussian measure.

LeMMA 8.3. Let p be a probability measure on (X, F) such that for all finite sets
{ts, ..., ,}<0, 1], the measure p. o (8,,, . . ., ;) "' is Gaussian (possibly degenerate)
in R Then p is Gaussian. The reciprocal also holds.

Proof. The hypothesis implies that for any (A, ..., A,), (¢4, . . ., t,;), the measure
po(2F=1 A8,) "1 is Gaussian in R*. If y € X" and {y,} is a sequence in W which
converges w* to y, then po y; ! converges weakly to po y~! (by the dominated
convergence theorem). But this implies that u o y~* is Gaussian. The reciprocal is
obvious. [J

THEOREM 8.4. Let P be a Gaussian measure on (X, ). Let m(t)=| x(t)P(dx),
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K(s, t)=][ [x(s)—m(s)][x(t) — m(t)]P(dx), s, t € [0, 1]. Then m and K are continuous
functions, and P(v)=exp [i f m(t)v(dt)—1% f K(s, t)v(ds)v(dt)],ve X'.

Proof. Since the map ¢ — §; of [0, 1] into MO, 1] is continuous when M]0, 1]
is given the w*-topology, it follows from Theorem 5.1 and the fact that x(t)=
{x, 8,y that m and K are sequentially continuous, hence continuous.

If p(v)={ (x,v)P(dx) and ®(v)={ <x,v)2P(dx), then we know from §5 that
P(v)=exp [ip(+) —3[®() — p*()]]. But

o) = [[[*teman]pas) = [war [xoP@) = [miewan.

(The use of Fubini’s theorem is not difficult to justify.) Also, by a similar com-
putation, ®(v)— p2(v)=[ K(s, t)(ds)v(dt). O

ReMARK. For the particular case in which P is Wiener measure (see, for instance,
[1, Chapter 2]), we have m(t)=0 and K(s, t)=min (s, t). Hence:

COROLLARY 8.5. Let P be Wiener measure on (X, ¥). Then

P@) = exp [—% j min (s, t)v(ds)v(dt)], v e M0, 1].

We prove next a criterion for the continuity of Gaussian processes.

We use in this proposition a basis for C[0, 1]. One such basis was constructed by
Schauder. This basis is described in [2, p. 69]; we will just display the coordinate
functions. For convenience, we write 8(¢) instead of 8,. For n=1, we denote by
(Pns o) the unique pair of nonnegative integers such that n=2%"1+p,. The
system of coordinate functions is

Jfi = 8(1), = §(0),
o= ) A o) ooz

We formulate the theorem in terms of this basis; it is clear that another basis could
be used instead (with the appropriate modifications).

THEOREM 8.6. Let {Z.};c10.1; be a real-valued stochastic process such that for each
finite set {t,,...,1t,}<[0,1), L(Z,,,...,Z,) is centered Gaussian. Let K(s,1t)
=E(Z.Z). Let (D(V)=f K(s, t)(ds)(dt)=27-1 271 MK, t)) for v=37_1 A8,
eWw.

Suppose >, [D(f;)]M2 < co. Then there exists a probability measure P on (X, F)
such that for each {t,, ..., t,}<[0,1}, Po (8;,,..., 8 ) '=L(Z,, ..., Z;).

Proof. If T, is the subspace of X’ generated by {f1,...,f.}, and T=JZ-; Ty,
then T< W and hence ® is defined on T. Clearly ® is a quadratic nonnegative
definite form on T, of trace class 1/2 by assumption. The statement follows now
from Theorem 5.2 and the fact that

E [exp [i 121 )«,Zt,” = exp [—%‘g g AN K(2, t;)] O




1970] PROBABILITY MEASURES IN BANACH SPACES 297

REMARK. Computation shows that in the case of Wiener measure, that is, when
K(s, t)=min (s, t), one has (for our special basis) >, [P(f})]*2=0c0. Of course,
Wiener measure can be constructed in several ways, exploiting the special proper-
ties of K in this case (such as the independent increment property of a process with
covariance kernel K).

Thus Theorem 8.6 provides a comparatively simple sufficient condition for a
Gaussian process to have continuous sample paths; however, this condition is by
no means necessary. In fact, no necessary and sufficient conditions for the con-
tinuity of the paths of a Gaussian process seem to be known.

Sufficient conditions of a rather different type have been obtained by Fernique,
Delporte and Dudley. (See [3] for these results.)

In connection with Theorem 8.6, a natural question arises: given a (centered)
Gaussian process {Z},c;0,1; Which has continuous paths, is it possible to find a basis
of C[0, 1] such that 32, [®(f;)]*'% <0, where (f));ex are the coordinate functions
for the basis and @ is the quadratic form on M0, 1] associated to the covariance
kernel of the process?
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