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BRANCHING PROCESSES

BY
KRISHNA B. ATHREYA(*) AND PETER NEY(?®)

Abstract. Let {Z, : n=0,1,2,...} be a Galton-Watson branching process with
offspring p.g.f. f(s)= 25 p;s’. Assume () l<m=f'(1-)=37 jp; <o, (ii) 37 j2ps<co
and (iii) yo=f"(q) >0, where ¢ is the extinction probability of the process. Let w(x)
denote the density function of W, the almost sure limit of Z,m~" with Z,=1, w®(x)
the i-fold convolution of w(x), P.(i, j)=P(Z,=j | Zo=i), 8o=(log y5 )(log m)~* and
Bo=m%/®+% Then for any 0<B<pB, and i we can find a constant C= C(i, B) such
that

[m"Py(i, ) —wO(m~ )| = C[Bs "(m~"j)"*+B~"]
for all j=1. Applications to the boundary theory of the associated space time
process are also discussed.

1. Introduction. Let {Z, : n=0, 1,...} be a Galton-Watson (Markov) branch-
ing process, with offspring generating function f(s)=72 p;s’. (See [1].) The oldest
and most basic limit law in the subject states that there is positive probability of
nonextinction if and only if m=73 ip;> 1, and that in this case with some additional
hypotheses W,=m~"Z, converges to a nondegenerate random variable W.

In a series of papers, the hypotheses for this result were weakened, the type of
convergence was strengthened, and information was produced about the limit
random variable W. Hawkins and Ulam [6] proved convergence in distribution
when all moments of {p;} existed; Yaglom [15] assumed only a second moment;
Harris [4], [5] proved mean square and probability one convergence under a
second moment. The observation that W, was a martingale implied probability
one convergence assuming no more than the existence of m but said little about W.

An important step in this direction was taken by Kesten and Stigum [11], who
proved that if EZ, log Z, =00 then P{W=0}=1, while if EZ, log Z, <co then W
is nondegenerate, and in fact has an absolutely continuous distribution away from
zero. Namely, there is a function w(x)=0 such that

) 11m Px; < Wy £ x5 | Zy = i} = J : wh(x) dx, 0 < x; < Xy < 00,
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where w®(x) is the i-fold convolution of w(x). (This result had - viously been
proved by Harris under a second moment. For new, and we believe simpler proofs
of the above results, and a complete discussion of this and related topics, we refer
the reader to our forthcoming book [1].)

Expressing the “global” limit law (1) in terms of P,(i, ))=P(Z,=j | Zo=i)
yields

xmn X X mh
lim > Pi,j) = f WO(x) dx = f m="wO(ym=") dy,
x xym"

ND = mh 1
which suggests that one might expect the “local” law
(2) m"Py(i, j) ~ w(jm™").

A slightly sharper result is in fact true, and we shall prove the following theorem.
Let g denote the extinction probability of the process when P(Z,=1)=1. In this

q is the smallest nonnegative root of 1=f(t). Let y,=f"(q)>0, 8,=(—log y,)/log m,
Bo=mP/3+%0),

THEOREM 1. Let {Z, : n=0,1,2,...} be a supercritical Galton-Watson process
with E(Z3% | Zy=1) < 0. Then the following holds for each i. Given any B < B, we can
find a constant C(B) such that

) ImPo(i, J)— wO(m )| < c[(mi‘f%w-n] forallj = 1.

If EZ, log Z,=00 but EZ; <oo then E. Seneta [12] has shown that there exists
a sequence ¢, of norming constants such that Z,/c, converges (in distribution) to
a nondegenerate random variable. It is not known, however, whether this limit
variable has an absolutely continuous distribution. Although limit theorems for
P.(i, j) for i, j fixed, n — oo, are known (see e.g. [1], [12]) without moment assump-
tions, results of the form of Theorem 1, which are uniform in j, are not known
when EZ, log Z, =c0.

The theorem has a somewhat confused history. The first published work on
local limit theorems for branching processes was by Chistyakov [2], who claimed
a weaker result than (3); namely that for constants 0 <¢; <c; <o
3) lim  sup |m"P,(1,j)—w(m~")| = 0.

n-o c;Sjm-"Sce
He concerned himself primarily with the continuous time Markov branching
process (hereafter referred to as the continuous case) and treated both the critical
(m=1) and supercritical (m > 1) processes. The former contained a gap, in that his
estimate (20) was unfounded. This theorem and its application to the study of
stationary measures and harmonic functions has since been treated by Kesten,
Ney, and Spitzer [10]. Chistyakov repeated his error in the supercritical case,
where his estimate on the characteristic function of the process (preceding his
expression (32)) is incorrect. (He corrected both errors in A letter to the editor,
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Theor. Verojatnost. i Primenen. 10 (1965), 597-598. (Russian) MR 32 #6556.)
He concluded his paper by giving the results for the discrete case, and stating that
the proof was similar to the continuous one.

Recently there has appeared a paper by H. Imai [7], claiming proof of (3) with
an additional hypothesis, namely j and » vary in such a way that, for some
0<c,<cy<o0,

¢ £ jm™" £ cs.

He repeats identically the error of Chistyakov, his Corollary 2 being wrong. It is
easy to construct a counterexample to this corollary by looking at the linear
fractional generating function. More strongly, however, we will show after Lemma
2 in §2 that this bound can never hold.

The first complete proof of a supercritical local limit theorem is due to S.
Karlin [8] who treated the continuous case in an unpublished manuscript(®). He
proved the following: ’

Let {Z, : t=0} be a continuous time supercritical simple Markov branching
process with offspring p.g.f. h(s) and lifetime parameter A. Let a=A/'(1)—1),
h(0)=0, A"(1 —)<oo. Then

P(Z(t) = n| Z(0) = 1) = e~ *[w(ne~*)+0(1)]

as n, t — oo, where o(1) is uniform for n and ¢ increasing to oo and obeying the
constraints 0< ¢, Sne~* < ¢y <00 for some constants ¢; and c,; and where w(x) is
the probability density function of the random variable W=1lim,_, , Z(t)e~*.

Karlin’s proof uses the Wiener Tauberian theorem, and methods which are
particular to the continuous case and do not seem to work easily in the discrete
case.

On the other hand our proof for the discrete case works just as well for the
continuous case; and hence Theorem 1 also produces a sharper form of the latter
result.

There are also some other consequences. One of these is the following sharper
form of the global limit law:

THEOREM 2. Let {Z, : n=0,1,2,...} be a supercritical Galton-Watson process
with E(Z3)<oo and P(Z,=r)=1 for some r. Then for any B<Bo=m’'®*% and
Jixed 0< x; < x5 <00,

where W,=Z,/m" and W=1im, W,.

The proof of Theorem 1 is in §4. In §§2 and 3 we give some lemmas on the
characteristic functions of W and W, which are of some interest in their own right.

(®) We would like to express our thanks to him for making his manuscript available to us.
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§5 contains further results on W; namely the Lipschitz continuity and strict
positivity of w(-), and the global limit Theorem 2. (Without the positivity of w(-)
the local limit theorem would lose much of its punch, since it would then not
be clear that m" is always the right norming sequence.) Some partial results on the
behavior of w(-) near zero, and on the space-time boundary of the process, are
in §6. .

One final point. For convenience we shall carry out the entire analysis under
the assumption that f(0) =0, hence that the extinction probability g=0. The reader
will easily convince himself that all lemmas and arguments have their appropriate
analogs when ¢ > 0.

2. Estimates on the characteristic function of . Let f, =the n-fold iterate of f.
We shall use ¢’s and C’s, with or without subscripts to denote constants, not
necessarily the same ones each time they appear.

The following result is known (see [1], [5]).

LemMA 1. For any complex s, |s| <1,
) Jim 5 7/u(s) = A(s)
exists (recall yo=f'(q)) and is the unique solution of the functional equation,

(2 A[f()] = AGs), |s| = 1,
with boundary conditions A(0)=0, A'(0)=1. Further for 0<s<1,
Y()_Vn(s)/A(s) < o, A,(S) > 0’ A(l _) = 00.
Let ¢(u) = Ee"¥, p,(u) = Ee"“¥», and 8,—(log v *)(log m) ™.
LemMA 2. If EZ, log Z, <0, then
(i) lim,_, , mPo*p(m*u)= A[p(u)], u#0, real;
(i) SUP_ o <y <o [V]%]@()] <00;
(iii) limy., o m**+%%g (m*u) =¢'(W)A'(p(w)), u#0;
(iv) SUP_w<v<w [0]** %9’ (0)] <c0.
Proof. (i) It is well known [5] that ¢(u) satisfies @(mu)=/f[e(u)], which, when
iterated, yields
3 p(m*u) = filp(w)].

Since m~%=vy,, and |p(u)| <1 for u#0 (due to nondegeneracy of W, see [13,
Lemma 1]), our Lemma 1 implies

mo*p(m*u) = filp())/m=%* = filp)]/ys — Alp)] as k — co.

(i) (m*|ul)oo|p(m*u)| < |ul’fillp@))/vE < [u|®A(|lp(W)]), since y5'fi(x) /* A(x)
for 0<x<1. Let B=sup; <4 =m |@(%)|. Then by continuity of ¢, 8< 1. Thus
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sup (mHlul)olp(m'u)] < sup [ul'*A(g(W)]) S meA(R) < o,
1slul=m

15iulSm
0=k
or
o,
sup |v]%e(|o]) < oo.
Clearly supy) 51 [v]%g(|v]) <oo.
(iii) Differentiating both sides of (3) with respect to u yields
mte'(m*u) = ¢'(u)fi(p(w),
and hence as kK — o
()09 (m*u) = (fl@))/vo)e' () - A'[p(W)lp’'(w),  u # 0.
(iv) From the above identity (iii)
(m*|u])* + 20|’ (m*u)| < |u|**%|¢'@)| fillp()])/vE
< Jul*+%lg’ )| A'(lp@)])
due to the monotonicity of f,/y%. Hence

sup  [(nHful)! g/ (rw)]] < m* 5 d'B) < o
1z

Since sup)y; <3 |v]|1*%|¢’(v)| <o, the lemma is proved.
ReEMARK. We shall now show that Corollary 2 of [7] is incorrect. In our nota-
tion the latter asserts that there exists 7>0 and ¢> 0 such that for any n

™ lpn()| = exp (—cu®) for |u| > T

or equivalently exp (cu?)|p,(u)| =1 for |u|>T. Since @,(u) — ¢(u) for each u (*)
implies

**) exp (cu?)|p(w)] £ 1 for |u| > T.

Clearly there exists a -0 >0 such that A(g(6))#0. For this § by Lemma 2 (i) we
know

lim (m*8)%|p(m*6)] = 6%|A(p(6))| > O.

On the other hand

lim (m*g)~% exp (c(m*6)?) = oo
kK->

thus making (**) and hence (*) false.

LemMA 3. If EZ, log Z, <0, then there exists a constant ¢ <o, such that for all
T=0

) T% sup
x20

lulST

xw(x)—ziﬂ f e "“o(u)du| < c.
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Proof. Writing () in its integral form and differentiating with respect to u
yields

(5) %q)'(u) = J:o e xw(x) dx.

Note that since E(W|Z,=1)=1, xw(x) is a probability density function and also
that |¢’(v)| is integrable by Lemma 2 (iv). Thus we may apply the usual inversion
formula to (5) and get

_l ® —iux 1 —iux 1 f .
©  xwx) = 21Tif—oo e e du = 2mi fmsre ) du+27" lul>T

Integrating the first integral on the right side by parts yields

! + L ]T p(u)xe "% du
217 -T ’

1 T
—_ —tux_./ —  p—iux
2mi lul ST € ? (u) du 2w € tp(u) -

which, substituted in (6), implies

x0(x) = f Pue ™% du = 1 {e=TG(T) — T ~ T+ f‘ ¢ (w)e =% du

and hence
Toox

T
W) =5 [ olue=* du| < THlo(T)|+ TIo(~T)|
-T

, du
1% [ g ful o i
lul>T Jul 2+

Applying Lemma 2 (ii) and (iv) to the right side of this inequality, we see that it is
bounded, implying the lemma.

3. Estimates on W,

LEMMA 4. |@,(v) —o(v)| S V2 E(W,— W)?/2.

Proof.

Pn(v) — @(v) = E(exp (ivW,)—exp (ivW)
= E(exp (W)l +iv(W— W,)—exp (iv( W— W,))])
+ivE(exp (W, )(W— W,)).

The second term on the right side above is zero since W, is a martingale. For the

first term, note that for any real x

x [t
le*—1—ix| = | —f f et dudtl < x?2,
0 Jo

and the lemma follows.

LEMMA 5. Assume that EZ, log Z, <. Let
d(K,n) = sup {|fu(e™)] : Km~""* £ |u| £ Km~"}.
Given any 1> 0, there exist K(n), N(n) <oo such that d(K, n) < for alln= N.
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Proof. Since ¢,(u)=f,(exp (ium~")),
0] d(K, n) = sup {|p.(v)| : Km~* < |0 £ K}.

By Lemma 2 (ii) there exists a constant C such that

0 sup {|p()| : Km~* < |o] < K} S C(Km~")~%.
Given 5 >0 choose K= K{(») such that
3) C(Km~1)~% < /2.

Since @,(u) — (1) uniformly on compact sets there exists a N=N(») such that
nz N implies

@ sup _ |eu(0)—9(v)| = 9/2

Em=-1=liSK
with K as chosen in (3). Then (2) and (4) imply the lemma.
LEMMA 6. Assume EZ, log Z, <. Let
&) a(K, n) = sup {|fu(e")| : Km™" < [u| < =}.
Given any 1> 0, there exist K, N<oo such that a(K, n)<n for all n> N.

Proof. We have fi(e)=f(fn-1(e™), | fa(e")| f(| fo-1(e")]), and hence
sup {|fu(e®)| : Km™™ £ |u| £ =}
< fGup {|fa-1(e™)| : Km™" < |u| < =})
= flmax [sup {f,_1(e") : Km™" =< |u| < Km~"~V},
sup {fo-1(e") : Km~®~? < |u| < 7}]],
i.e.
6) axn S fldg.n-1 V agn-1] (where a v b means max (g, b)).

Now choose N, K as in Lemma 5. Then

@) dgn-1 <m forn> N,
and hence
® agn S f(q Vv agn-,) forallm = N.

If ax,y <7 then by (8), ax,y+1=f(n) <7 and hence

©) ag, <n forallm = N.

On the other hand, if ax y>7 then, by (8), ax y.1=f(ax,y) and iterating

(10 ag n+; = flak,n)

as long as ag y.;>7. But the right side of (10) goes to zero as j — o0, and hence
the left must eventually be <. By (9) it then remains <. This proves Lemma 6.
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4. Proof of the main result. We restate Theorem 1 in the form in which we
shall here prove it. Since the proof for a general i/ is identical to the case of i=1
we shall prove instead of (3) of §1 the following version.

THEOREM la. Let P,(i, j) be the transition function of a Galton-Watson process
with m> 1, g=0, and EZ? < oo. Then the following holds:
Given any B<PBo=m’'3*+% one can find a constant C(B) such that for any j=1
Im"Py(1, ) —w(m="))| < CIBg"[(m™"j)+B~"].
Proof. Noting that f,(e")=>2, P,(1, r)e'™ for —mSu=<m we have

M) (L= = |t [ Sl dumwm ™)

On adding and subtracting 1/27 |, <,a-on exp (—iu(jm™")) p(u) du (where
O<ea<1 is to be specified later) to the right side of (1), it is

1 1
< |Im'— fu), —iju g, - .
=" 2m 0§Iu|§nf;l(e )e d 27 |y Em —On exp( lu(—’m ))‘P(u)du
2) :
+|W(m-nj)—2—ﬂ - exp (— iu(jm~"))p(u) du |-

Denote the first term on the right side of (2) by I™ and the second by II™.

Applying Lemma 3 to II'” with x=m ™", and T=m %" we see that there is a
constant C such that

m(l—a)mioll(n) § C(m— j)—l,

i.e.
3 II™ < Cm~A-9"%(m="j)~ 1.
Thus if we take « < 1 then (m~%)II™ decreases geometrically. Next, we decompose
I™ into

1 1
mn_ eiu e—iju du__
2 J;émgaf"( ) 2

T T

™ =

exp (— iu(jm™="))p(u) du

Iulém(l—a)n

< (jm—n)—l

j f fn(elu)e—i:'u du
m- "= |u|Sx

@ :
n__ iu), —iju
o fo eI

1 L.
"% )z -om exp (— iu(jm="))p(u) du
ul=m
Denote the first term in (4) by IV and the second by I{. Consider I first. In the
first integral in I make the change of variable u — um~". Then
m" l fn(elu)e—(ju du

2w os|ulSm™ "

+

L J(exp (ium=")) exp (— ijum~") du,

27 Josjujsmt -om
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and
1 . ..
P = (gm [ Uslexp (um ™)~ ) exp (—jum ™) du|
0=lujSm
and hence
©) e | fexp (ium=") — g()| di.

Oﬁlulsmu —-am

To estimate the latter we use Lemma 4. Recall that ¢, (v)=F exp (ivW,) =
E exp (ivm~™)Z,=f,(exp (ivm~")) and E(W,— W)?=<c,m~". Hence (5) implies

I(zn) § f . czuzm—n du é cama(l—a)n-u’
0= |y|Smt —®"

or
(6) Ig') é c[m(2—3a)]n.
If «>#% then I{" \ 0 geometrically. Thus we now have the restriction

) 3<a<l.

It thus remains to estimate

® 1P = (jm=")?

JJ‘ ﬂ(eiu)e—iju du .
m-**S|u|Sa

To this end we will use Lemma 6. First, integrating (8) by parts yields
(mIP = |1R-+193],
where

IY':'I.) = - (l/i)f;l(e‘u)e_uu‘m'“"Slul S
and

I = J file)e= e du.
m-**=<|ujsSn
Now since e =¥, (e'") = e!*f, (e~ 1*),

If? = —(A/DLfu(exp (—im~*")) exp (ijm~ ") —fu(exp (im~*")) exp (—ijm~*")].
Furthermore
(€) Sulexp (—im=")) = fo_ i (fr,(€XD (—im~°")))
where k,=[en], and
Jea(€Xp (—im ™) = @y, (m ="+ ).

‘Since <p,(u)—>§>(u) and |p(u)| <1 for u#0 there exist B and r such that r=r,
implies

sup o) < B < 1.

m=1sluls1
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Thus for » such that [en]=r,

| fale*™ ™) < fr-r(B)
and hence by Lemma 1
(10) < const y3 7%= < const Y3,

Finally we turn to I{%. We consider the positive range of u, namely

an 190 = [ filee du

the integral I{¥~ over negative «’s being treated similarly. Note the identity
(12 e = T ruen

The idea now is to break the product (12) into two parts

ay ey =TT rven T ruen = pw- oo,

and to choose J(u, n) in such a way that

@ [f(fle")| =y for j2I(u, n), ’
where y=1"(n) € (yo, 1) can be taken arbitrarily close to y, by choosing % suf-
ficiently small;

(i) |f'(f(e™)| =m for j<J(u,n)
(this inequality is trivially true);

(iii) y~7@mpm,/@m ig integrable in u.
To achieve (i) we want to take J large, while for (iii) we want J small. The right
balance is obtained as follows:

(a) Pick y=f"(n) arbitrarily close to y, by taking 5 sufficiently small (f'(g)=1v,).

(b) With this 5 choose K,, Ny, satisfying the conditions of Lemma 6.

(c) Choose k, such that m*o > K,, and ko> N, +log =/log m.

(d) Choose n2k,/(1—«) Vv No.

For any u in [m~°", 7] define 6(u, n) by u=m-"°*m_and take

(14) ~ J(u,n) = [6n]+k, = [—log u/log m]+k,

where [x]=(the largest integer in |x|)(sgn x). Now due to condition (c), j> N, for
all terms in this product. Furthermore (c) and j> —loguflog m+k, imply
Kom~7<u. Hence

n-1 n—-1
(15) .l = [1] s s 1A= 1 flas i),
j=J+1 Kom~Izv=n j=T%1
which by Lemma 6 yields
n-1
(16) 10, = [] £1G) = yr-211 = yr-tom=i,

j=J+1
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and finally

a7 |Qn@)] = cy*-om.

(Note that (d) guarantees n—12J+1.)
Turning to P,(u) we note that this product has J(u,n) terms and use the
gross estimate

(18) |Pa(u)] £ cm®m.
Combining (17) and (18) we see that for m~*" < |u| <=
19) | /(@) = c(m®y*=O).

Although this bound (and in fact f, itself) need not be bounded, we shall sco
that it is integrable. In fact for 0<p<1 (19) yields

lulplf’:(eiun § c[mo(l -p))’l_o]"-
But m®@-#,1-9 jg increasing in 6, and u=m~°" implies 6 <«. Hence the abh:.vc
inequality yields
(20) sup {Iulplf':(elu)l tmmr Sy < ‘n'} < c(.y(l—a)ma(l—P))n.
So far our only restriction on « is ¥ <o < 1. We may now take p sufficiently close to
1 so that

yroemEa - < 1,

Then

s [ Ul s [OBE g,

T du
(1—a)ma(1—p) n .
c(‘y ) J‘m_“ |u|p

IIA

The last integral converges, and combining the above with a similar bound for
I~ we get
@1 ] S caly-Pmea -
Summarizing the estimates in (3), (6), (10), (21) we see that
[m"Py(1, j)—w(m™=")| < {lI™+I9 + |I7R] + I3[}
c m(a—l)oon(m- j)—1+m(2-3a)n(m— j)—l

+ '}’3 + m(l —-2a)n + m(a -1)4yn + ,y(l —a)nma(l - p)n}‘

=
=

But

min [m@-Dé% y m@-30 y .y%—a] = min [m(a:—l)ao v m(2-aa)],
2/3<a<l1 2/3<a<1

which is achieved for a=ao=(2+8,)/(3+8,), and then the minimum is
mMPo/@+60)= B .
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Given any B < B, we can find y >y, and 0 < p < 1 such that with «=(2+ 8,)/(3 + 8,)
one has By! ~%m®%1~” < 1, Thus the proof is complete.

REMARK. It is worth noting that the only place we use the assumption EZ% < oo
is to estimate

1

9= 5[ )= p@]exp (~im) |

We suspect that I, like I{” decays at a rate faster than =" for any B < B, =m’,
and that this holds under EZ, log Z, < co.

5. More on W; the global limit law. In this section we prove the Lipschitz
continuity and strict positivity of w(-), and the global limit law.

LeMMA 7. If EZ,log Z, <0, then w(x) is Lipschitz continuous of order 8=
min (8, 1) for x=e>0 where >0 is arbitrary.

Proof. Differentiating ¢(x) we have
o'w) =i f e xw(x) dx.
0

Now xw(x) is a density function, and we know by Lemma 2 that ¢’ is integrable.
Hence

— 1 ® —iux ‘Pl(u)
XW(X) = Z_w-f_w e Tdu,
and taking Y1, ¥2>0
W) -wiy) = 5 [ {SRCI) P G, g,

_ L f Y1 exp (iuya) = ya €Xp (—1wy1) oy g,
Y1Y2
Adding and subtracting y; ! exp (—iuy,), the above

= 5222 7 exp (— iyl ) du

2n y1ys
+2L1r.-)’1_ (exp (—iuys)—exp (—iuy,))g'(u) du
= L, +L,.
Since ¢’ is integrable
(2 |L,| < cl J’2|

Y1Y2
To estimate the integral in L,, we decompose it into the ranges A=
u : |u| |[y2—y1| =1} and 4 =the complement of 4. Now for u € 4

Jexp (—iuys)—exp (—iupy)| _ _

[ya—l lu]
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and hence

IIA

| texp (—uys)—exp (= upy)| I9') du < clya=al [ lu] 1§/ i

du
_ 1464|0" .
clya=yil [ 1 le @I 75
But by Lemma 2 |u|**%]|¢'(»)| is bounded, and hence the above

3) < a1|ya—yi| |u| % du £ cg|yz— y1|%.

lul=1/ly2-v1l

On the other hand

IA

[ lexp (= iuy—exp (—iuyo)| I/ du < 2 [ ¢/
a a

d
) Sc Ll—illlu_”" S ¢|ye—yil%
(by Lemma 2).
Combining (2), (3), and (4) with (1) yields

) [w(y)—w(p2)| < ¢|y1—yal[y1y2+c"|y1—Pal%/y1,

which implies the lemma.
One can also quite easily prove the following:

LemMMA 8. Let 8,> 1. Then w(x) is differentiable at least p times, where p is the
greatest integer strictly less than .

This lemma is meaningful only in the discrete case since 8, <1 in the continuous
case. However, Karlin [8] has shown that in the continuous case w(x) is infinitely
differentiable.

From Lemma 7 and Theorem 1 we easily get the sharp form of the global limit
law. We again make the simplifying assumption g=0. We shall prove the following
form of Theorem 2:

THEOREM 2a. Fix 0<x; <X, <00. Then under the hypothesis of Theorem 2 we can,
for any B< By, find a constant C= C(B) such that

©) |P{x; < W, = xo}—Plx; < W < x}| = CB™™.

Proof. As before we assume without loss of generality that P(Z,=1)=1.
|P{x; < Wy S x5} —P{x; < W < x5}

Xom"
<|m= S P (1) wm )
©) o
xgm™ X,
+ > m‘"W(m"j)—fzw(x)dx
j=2x1mn *1

= I+
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By Theorem 1la, each term in the first sum is o(8") uniformly for j in the range of
summation. The number of terms is (x;— x;)m", and hence

® I = o(B").

Next we write J$” in the form

(f+1m—n
| = f [W(x) — w(m~"})] dx |

m="

X1SJm~nsSxg

But according to Lemma 7 (see end of proof) w(-) is Lipschitz of order &g, i.e.

[w(x)—w(y)| < K|x—y|% forx,yze>0.
Thus

(f+1m—" , mhxg m-n
|J$] = KZf |x—m~"j|% dx = K 2 f Yo dy
m=" 0

j=mnx,

1 . .
= 7 Km™(x3—x;)m="1*% = K,(x5—x1)m=%".
1+8;

But 8<B,<m?® and this proves the theorem.

THEOREM 3. If EZ, log Z, <, then the density w(x) is strictly positive for all
x>0.

Proof. By Lemma 2, |¢'| is integrable. Thus xw(x) and hence w(x) is continuous
for x> 0. Since there exists at least one point where w(-)> 0, there is also an open
interval I=(a, b) such that w(x)>0 for x € I. Since m>1 there must be integers
ki, k3, such that 1 <k, <m<k, and such that P(1, k,)>0 and P(1, k;)>0. Fix k,
and k, for the remainder of the proof.

Using again the identity

) p(mu) = flp(w)],

we readily deduce that

(10) wO(x) = > P(i, j)mw?(mx),
i

where w® denotes the n-fold convolution of w. Since P(1, k,) >0 and P(1, k;) >0
we see from (10) that

(11) wh(x) = ew(mx), i=12,...,

and
(12) w9(x) 2 ew*2)(mx), i=1,2,....

Now suppose w?(x)>0 for x €J where J is some set of real numbers. Then
wt2)(x)>0 for x € k,J, which by (12) implies that w®(x)>0 for x € (ky/m)J.
Repeating this argument » times we see that

13) wd(x) > 0 for x € (ky/m)"J, foralln = 0.
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Therefore w:1)(x) >0 for x € k,(k,/m)J and applying (11) we see that w®(x/m)>0
for x € ky(ko/m)"J, or wP(x) >0 for x € (ki/m)(ko/m)"J. Repeating the latter step N
times we conclude that w(x) >0 for x € J implies

(19) w®(x) > 0 for x € (ky/m)*(ko/m)*J, n,N = 0.
In particular since w(x)>0 for x € I, we see from (14) with i=1 and J=1I that
(15) wx) >0 forxeS= U {(ﬁ)n(ﬁ)nl}

n,N20 m m

To complete the proof we use repeatedly the following fact. If u(x) and »(x) are
densities on the line, with u(x) >0 for x € 4 and v(x) >0 for x € B (4, B being sub-
sets of the reals), then

(16) uxv)(x) >0 forxeA+B={y+z:yecAd,ze B}.

Now from the definition of S in (15) and the fact that (k,/m)<1 there is a
sequence of intervals {I,}={(a,, b,)}< S such that a, — 0, b, — 0 as n — oo, and
from (16)

an w?(x) >0 forxel+I, = (a+a, b+b,)
for n=1,2,.... Since a, — 0 we conclude that
(18) w®(x) > 0 for x € (a, b),

and also we note that we can choose an n, so that a+a,,<b. Hence (17) and (18)
imply
(19) w®(x) > 0 on (a, b+b,,).
Applying the same reasoning to w®(x) we get
w®(x) > 0 on{a, b+b,)+1I, = (a+a,, b+b,,+b,),

= w®(x) >0 on(a b+b,),

= w®(x) > 0 on (a+by,, b+b,,+b,,),

= w¥(x) > 0 on (a+2b,).

Continuing in this fashion we see that given any d<oo, there is a K, such that

for any integer ko> K
(20) w®(x) > 0 on (a, d).
Choose d so that ko/m <d/a. Then | -, (ko/m)*(a, d)=(a, ), and hence applying
(14) with i=k,, N=0 and J=(a, d), we see that

21 w)(x) > 0 for x € (a, ).

Reapplying (21) to (14) with i=k,, n=0 and J=(a, ) we see that
wkoX(x) > 0 for x € (ky/m)¥(a,©), N=0,1,...,
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or, since (k,/m)<1,
(22) wkd(x) > 0 forx >0, ko= K,.
Now (12) with i=1 implies
23) w(x) = ew*(mx) = Aw*P(m3x) = - - - 2 Wk (m'x), r= 1.

Choose ko= K, so that k,=k} for some integer r. (This is possible since k;>1.)
Then (22) and (23) imply

w(x/m") = wko*P(x/m") = c'w*o)(x) > 0 for x > 0.
Hence w(x)>0 for x>0.

6. Some further observations.

6.1. The space-time boundary. If we let Z,[(i}, n,y), (iz, n;)] denote the n-step
transition function of the space-time process, then the Green function (renewal
function) for this process is

(l) G[(ll’ n1)3 (i2’ ”2)] = Z g”n[(ila nl), (i2a n2)] = Png—nl(ila iz)s

where P,(i, j) is the transition function for the original Galton-Watson process.
Fix (iy, no). We want to find

: G[(l9 n), (.]s N)] _ H PN—n(i’j)
@ o Glliar 100> Go M~ 6o Pr—nlior )

for all possible sequences (j, N) — co. Any harmonic function (i.e. a function
g(-, ) satisfying g=2g) can then be expressed as a mixture (with respect to some
measure) of the functions /4 obtained as limits in (2). (For a general discussion of
these matters see e.g. Kemeny, Snell and Knapp [9].)

Now if (j, N) — o in such a way that jm~¥ — x, 0 <x <00, then we can use
Theorem 1 to evaluate the limits in (2). (This observation has been known to many
workers—e.g. S. Karlin, L. Snell—and we make no claim of originality here.)
Theorem 1 yields
3) lim N m"P,(i, j) = w¥(x).

fm—n—

= h(i, n)

Using this fact we have

. Py_.(i, ) . m" ~"Py_.(i,j)
lim N — limm* "o Nomo
(M= w:jm=N-x Py _a (lo, J) m" =" Py _ (o, J)
(4) w(i)( X mn) @
— N — n n
= e c,m™"w(xm™),

where the constant ¢, depends on iy, ny, and x. Let

%) : h(i, n) = c,m"w®(xm™).
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The functions A, are easily seen to be harmonic functions, namely to satisfy

(6 h(i,n) = > 2G,n), G, N)h(G, N) = gP(i,f)hx(i,nH),

,N)
ie.

) wO(x) = > P(i, j)mw®(mx)
i

which is precisely (5.10).
At the moment we do not know what the other limits are. However, we can say
the following. Suppose that there were a sequence (ji, NV,) such that

®) tim  Lealls Ji)

——— = h(i,n) exists for all (i, n),
(ks Ng)— © PNk—no(lOs ]k) ( ) ( )

but ki, n)Zh,(i, n) for any of the functions given in (5). Let o,=jm e, If
o, 4> 0 or co then there must be a subsequence o, such that «;, — « € (0, o). Thus

PNk' - n(i’ jk')

—_— ——>h i, n),
PNk'—no(l’ Jk') a( )

and hence the same must be true for the original sequence. Hence if there are any
limits other than those in (5) they must be limits of ratios of the form (8) where
o, — 0 or co.

When the process is embeddable in continuous time one can use the following
result, claimed by Karlin [8], to conclude that if «, — O then h(i, n)=1 for all
(i, n).

THEOREM (KARLIN). Under the notation and condition of Theorem 1 one has, for
any i,

lim m(m=")~%P,(i,j) = b where0 < b < 0.

J,n)+>0;m= "0

Even in the embeddable situation the case when «, — oo is not settled yet. These
questions are under study. The behavior of w(x) near the origin and co will be
essential in this. We have a few partial results in this direction as given below.

6.2. Behavior of w(-) near zero. In his 1948 paper [4], T. Harris gave some
partial results on the behavior of F(x)=P{W < x} near x=0. He proved a Tauberian
type theorem, in which an average of F was described, namely

R L 1 * M(v)
0 1 —_ . S, —_
il_{r(l) i v %" 1F@) dv = TG, 1),‘; > dv,

where M(s) was a function satisfying

M(s) ~ sPgp(is), §—0; M(ms) = M(s).

We wish to observe here that if one restricts oneself to sequences {x,, n=0, 1, ...}
of the form x,=xm ™", 0<x < oo, then one can describe the asymptotics of F(x,)
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itself; and under further restrictions, that of w(x,). Namely, applying the Karamata
Tauberian theorem [14] to Lemma 2(i) (note that the latter holds for Laplace
transforms as well) we get

) F(m~*x) ~ ll"“g(l-{-xl); vk (here A(s) is as in Lemma 1).

By Lemma 8 we see that if 8,> 1 then w(-) is differentiable and

w(x) = - f e o' (u) du+ Z%x f_ . e~ "yue'(u) du

= —2‘”1x3 ) e Vg ( )dv+ fe""(;)q)'()—l;) dv
= O(x%-%) asx—0.

We can therefore apply Corollary 4.4a, p. 194 of Widder [14], and conclude that

(@) w(m="x) ~ (Alg(i/x))/xT(8o))m~*% = b,

Since §,=(log (1/p,))/log m we see that (2) will hold if p, is sufficiently small. If
p1 is not sufficiently small then (1) and (2) suggest that w(y) blows up at the rate
(1/y)* ~%, but also oscillates wildly in the process.

In the continuous case Karlin [8] has shown that actually w(y)~const y% ~! as
y — 0, and the density thus does not oscillate in this case.

6.3. Acknowledgements. After this paper was completed the authors were
informed (by A. Joffe) of the beautiful work of S. Dubuc on boundary theory for
supercritical Galton-Watson branching process. By an ingenious trick Dubuc
establishes the following form of local limit law just under the assumption that
EZ . (log Z,) < o0 and using nothing more than the dominated convergence theorem:
Let ;, e a sequence of integers going to infinity such that lim, _, o, jum ~™=c where
0 < ¢ <oo. Then j,P,(i, j) — cw(c).

He does not, however, establish any rates of convergence. There is some further
overlap between Dubuc’s paper and ours. He too establishes the strict positivity
of w(x) using essentially the same method. We understand from S. Karlin that
S. Watanabe also showed a proof as early as 1965.

Dubuc’s paper will appear in Studia Mathematica and is entitled La fonction
de Green d’un processes du Galton-Watson.”

We would also like to thank the referee for several useful observations and for
pointing out an error in an earlier version of Theorem 3.
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