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THE SPECTRUM OF PARTIAL DIFFERENTIAL
OPERATORS ON L*(R*)(%)

BY
FRANKLIN T. IHA(?®) AND C. F. SCHUBERT(®)

Abstract. The purpose of this paper is to prove that if the polynomial P(¢)
associated with a partial differential operator P on L?(R"), with constant coefficients,
has the growth property, | P(¢)| ~*=O(|£| "), |é| — « for some r > 0, then the spectrum
of P is either the whole complex plane or it is the numerical range of P(¢); and if
P(¢) has some additional property (all the coefficients of P({) being real, for example),
then the spectrum of P is the numerical range for those p sufficiently close to 2. It is
further shown that the growth property alone is not sufficient to ensure that the
spectrum of P is the numerical range of P(§).

1. Introduction. It is well known that the spectrum of a partial differential
operator on L2(R") with constant coefficients associated with P(D)=2,4 sm @ D"
is precisely the closure of the numerical range A (P(£))={P(¢) | £ € R} of P(¢).
Here a,’s are complex constants, a=(ey,..., ), «’s nonnegative integers,
le|=2>"_1 «j, D*=D%-..D%, and D,=(1/i)0/ox;, 1<j<n. By a differential
operator P on L?(R") we understand the closure with respect to the L? norm of the
operator: u — P(D)u, u € &, where & is the class of all complex-valued functions
u € C*(R™) such that sup,cg» |x* D?u(x)| < oo for all multi-indices « and 8. Further
we will be concerned only with differential operators with constant coefficients and
P(¢) always stands for a polynomial in n variables é=(¢,, ..., £,) with complex
coefficients. If P(D) is an elliptic operator on L?(R"), 1<p<oo, with constant
coefficients, then also o(P)=A"(P(£)) (Balslev [1]). However, the nonmultiplier
example given by Littman, McCarthy and Riviére [5] shows that such a character-
ization cannot be made for a general differential operator. Thus, there is a limit to
the possibility of characterizing the spectrum of a partial differential operator on
LP(R") with constant coefficients by the numerical range of the associated poly-
nomial. Consequently attention may now be directed toward finding the largest
class of differential operators for which such a characterization can be made or
alternatively toward finding some other simple means of characterizing the
spectrum. Recently M. Schechter [6] announced a characterization for somewhat
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216 F. T. IHA AND C. F. SCHUBERT [November

larger class of differential operators than the class of hypoelliptic operators with
some restriction on p (for the precise statement see [6]). The main purpose of this
paper is to establish the following theorems:

THEOREM 1. Let P be a differential operator on L°(R™), 1 <p <oo (with constant
coefficients), such that

[P~ = O(¢]™),  |€] — oo,
for some r>0. Then, either
(i) o(P)=C, or
(i) o(P)=A"(P(¢)).
THEOREM 2. Let P be a differential operator on LP(R™) with the following
properties:
M) [P~ *=0(¢|"7), |€| — oo, for some r>0;
(2) there exists a po € C such that
‘ N (P(§)—po) < {ze C||Im z| £ K|Re z|%}
for some constants o, 0<a<1, and K. Then p(P)# @ for those p satisfying
[1/p—=1/2| < r/2x(m—r—1)+n),
where y is the smallest integer such that 2y >n and m is the degree of P(§).

The §§2 and 3 are devoted to the proofs of these theorems. In §4 we will show
that the growth property of P(§) alone does not assure that o(P)=A4"(P(£)), so
that the case (i) does occur.

Throughout this paper we assume the results established in Hormander [3]. The
definitions of some undefined terms and symbols inthis paper can be found in
Hormander [3] and [4].

2. Proof of Theorem 1. To prove Theorem 1 we need four lemmas. The first
three are either well known or their proofs are straightforward, and the proofs will
not be given.

LEmMMA 1. If P is a differential operator on LP(R"), 1<p <o, with constant
coefficients, then

3) |Pu|, = K|u|, forallueS
if and only if

(C)

‘.0;-1(1—,% a(.f)) “,, < 2 lul, forallue,

where K is some positive constant.

LEMMA 2. If X is not in the closure of A" (P(£)), then there exists a 8, >0 such that

(5) |P(€)—A] = 8,|P(¢)| forall £ R™
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LemMA 3. If |P(§€)|"*=0(|¢| "), |¢| — oo, for some r>0, then A (P(§)) is closed.

Lemma 4. If |P(&)| "1=0(|€]| "), | €] — <o, for some r >0, and if 0 ¢ N (P(£)), then
there exists a positive integer N such that 1/P(§)¥ € M3, 1 Sp=<o0.

Proof. Since |P(¢)|"t=0(|¢|""), |£| — oo, and O ¢ #"(P(£)), we have
(©) |P(&)] =z C(1+]€]) forall {eR"
for some positive constant C;. Let N be a positive integer such that
@) 2Nr—-2|B|(m—r—1) > n for all B

with |B| = x, where x is the smallest integer such that 2y >n and m is the degree of
P(€). Let S(&)=P(¢)". Then S@(£)=0'*15(£)/2£% can be written as

min (le},N)

S@(&) = jz; P(&N-7 F’ja(g)

where Ff(¢) is a polynomial of degree at most jm—|«|. Estimating Fj(£) by
(1+|€]y™-'el and using (6), we obtain

|S“(E)/S(€)| = Co(l+|€])etm=r=D

for all £ € R*, for some constant C,.
Noting that the ratio of the number of factors in the numerator and the
denominator in the second factor of the expression

1 SU§SED)- - -S9AE)
5® SEF

remains invariant upon differentiation and that D?(1/S(€)) consists of a linear
combination of the terms of the form (8) in which >%_; |u,| =|B|, we obtain

®

1 (] + |§|)l3l(m-r—1)
©) (@) = 4 aEr
for all £ € R" for some constant 4;. We have

[]7 " (s) |«

(10)

IIA

2 1/2
dx]

[ " (l-l-IIW dx] mU LA+ |x?y f-l(#@)(x)

C[w% b [ | 2(s8)| d‘f] )

where b,’s are the multinomial coefficients. Each integral in the sum is finite by (9)
and (7). Hence & (1 /S(f)) € LY(R™), and so

IA

= 1/P(&)Y € M3, 1 <p = oo

N (§)
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Proof of Theorem 1. Suppose o(P)#C. Let X € C such that A ¢ #/(P(£)). Then
by Lemmas 3 and 2 there exists a 8,>0 such that |P(§)—A| 2 8,|P(¢)| for all
£ € R™. Hence |P(£)—A| = 8,Co|€|" whenever |€| = R,. 0 ¢ A (P(£)— ), so that by
Lemma 4 there exists a positive integer N such that (1/[P(£)—A]N) e ME,
1£p=co. Hence by Lemma 1, there exists a constant K> 0 such that

1 |[P(D)—Aul|, = K|u|, forallue.

Let P, be the closed operator associated with P(/*)—A. For each u € & we have
by definition
Pyu = [P(D)—AJu.

Moreover, [P(D)— AJu € & whenever u € &. Hence by induction PYu=[P(D)— A]"u
for each u € <. Thus,
|PYull, = K|ul|, foralluef.

Since & is dense in LP(R™), 1 Sp< oo, and & is contained in the range of P}, this
shows 0€ p(PY) or 0¢o(PY). We assert 0¢ o(P,). Suppose the contrary. By
assumption p(P)# @, so that p(P,)# @. Thus the spectral mapping theorem for
closed operators (Dunford and Schwartz [2, Theorem 10, p. 604]) applies:
[o(P))Y =a(PY), so that if 0 € o(P,), then 0 € o(PY), contradicting our conclusion
reached above. Hence 0 ¢ o(P,) or A¢ o(P). Therefore, o(P)<A'(P(£)), which
together with the well-known fact that the closure of A'(P(£)) is contained in
o(P) proves that (ii) holds. Thus, we have the dichotomy.

3. Proof of Theorem 2. The idea of the proof is rather simple. From Lemma 4
we know that if (1) is satisfied and 0 ¢ A (P(£)), then there exists a positive integer

N such that the operator:
1

u»ﬂ‘l(W a(f))
is a bounded operator on LP(R"), 1 £ p<co. The idea is to extract the Nth root of
the above operator and show that it is bounded and coincides with the operator:
u— F - (1/P(£)i(é) on &.

Proof of Theorem 2. Before we begin the proof we remark that if m—r—1<0,
where m is the degree of P(£), P(D) is elliptic and Balslev’s result together with the
condition A(P(§))# C (condition (2)) shows that the assertion is true. Thus we
will be concerned with the case m—r—120.

We first bring A4 °(P(£)) around the real axis and push it so far away from the
imaginary axis that it is contained in a very narrow sector centered around the real
axis. This statement is made precise below. Let P(§)=R(€)—p,+i[Q(€)—us]
where po=p, +iug, w1, p2 € R, and R(§) and Q(€) are polynomials with real co-
efficients. Using (2) and (1), we obtain

(12) [(R(&) = 11)* + KH(R(O) — p)* ]2 Z Colé]

whenever |£| 2 R, for some constants C, >0 and R,. This shows that | R(§) —p,| — ©




1970] PARTIAL DIFFERENTIAL OPERATORS ON L?(R") 219

as |¢| — oo. Hence the first term in the brackets in (12) predominates as |¢| — oo,
and we have |R(€)—p,| 2 C,|£|” whenever |£| 2 R, for some constants C; >0 and
R,. Since R(¢) and p, are real, we can thus assume (if necessary by multiplying
P(¢) by —1) that

13) R(&)—py 2 Cy|€" whenever |£] 2 R,.

Let N be a fixed positive integer such that 2Nr—2x(m—r—1)>n. Let «,>0 be so
small that N <7/4. Then choose A, >0 so large that

a4 Ko+ R(§)—m]*~* < tan o,
(15) Xo+R(O—py Z |RE)—pal,
and

(16) Do+ R(E)—p 2 4

for all £ € R™.
Let ‘Po(f) =X+ R(€)—p1 +i[Q(€) — p] and set

17 Sx(€) = 1—|A[+id—Py(§)".
From our construction we obtain
(18) |SA(€)] = |Re Sx(é)] = |A|+|Po(§)|N cos (m/4)—1

2 |A|+3|Py(8)|V for all £ € R™
In particular,

(19) 1S:(&)] 2 HPo(&|" for all £€ R".
Using this, just as in the proof of Lemma 4 we obtain
(20) |SE(E)/SA(€)| £ C,(1+|€])eim-7-D for all £€ R",
and

1 (a+ Igl)lal(m—r-l)
21 Da( )| <4, GFIEDTT
@ Sx(é). Al + Co(1+ [EDM

for all £ € R*, for some constants C, and 4,. Here C,>0 is a constant such that
(22) |Po(§)] = C3¥(1+|€|) for all £€ R™

For |«| =y, we obtain, using (21),

Jo|s)

< CA|+Ca] 2+ C’|A| 2+ @xtm ==L+ miNr

2
d¢

Iflzx(m—r—l)

- T CIE P %

where C and C’ are some constants (independent of A). The integral on the right
is finite since 2Nr—2y(m—r—1)>n. The first term is bounded for all A€ R and
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goes to zero faster than the second term as |A| — co. Hence there exists a constant

B, such that
(Sh(ﬁ))

Applying Cauchy-Schwartz inequality and Plancherel’s theorem, we get
g C 2 f 1 I 2 d 1/2
X b Y
[l 5 (s b= (s8) @ | 2]

[ 5 =[] ]

for some constants C and C’. Hence, by (23) we see that there exists a constant B,

fx 2
Ix|Z1

Also, we obtain

o SIES R B (W e

scf
R’l
for some constant B,. Let

M)\ = 2 max (Bll’\l —1+(21(m—r—1)+n)/2Nr, le)‘l —1+n/2Nr)_

(23)

df BglAl —2+(2x(m—r—1)+n)/Nr.

dx

IIA

IIA

1
yf__— —1+(2x(m—r~—1)+n)/2Nr
(Sh(g))(x)ldx < B[} .

] 1/2

(s@)®|

1 ‘2115]1/2 <B |)\|—1+n/2Nr
S)\(f) = 2

Then,

| ~1(1/Sx(®)||, < M, forall Ae R.
Hence,
(24) "-7'1 u(f) “ M,|lu||, forallue¥.

S\(®
Since [SA(&)| 2 |A| +3|Po(8)|¥ 2 |A| +2 for all £ € R* and A € R, we also have

25) for all ue &,

|gr-1(%(§) zz(f)) "2 < IM;H lulla

Hence by Riesz-Thorin convexity theorem, from (24) and (25) we obtain, for
1=p=2,
M2 p—-1

(26) |7 (55%0)|, = gz 4l

for all ue <. We set F ~}((1/SA(£)i(8))=Ryu, u € &, and let

0
Pu = 51;1 (1= |X[+iN) " Ry (1 +i) dA
27 I

+%fo (= || +iN) Y Ru-(—1+i) d\
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where the Nth root is taken to be the principal value. We will show that & is a
bounded operator on L?(R") if p is sufficiently close to 2 and that

Lu = .?"1(}, @ u(f)) for each u € &.

Applying Minkowski’s inequality for the continuous case (which is permissible
since we will choose p so that the integrands in the integrals of (27) are absolutely
integrable with respect to A), we have

1
|2ul, < 5- | [(1—|A|)2+A21-1'2"||Rw||pf d\

_ M3r
< 2‘;f.w (= A+ ]2 b tul, VE
But
M)\ —_ 0(',\'—1+(2l(m—r—1)+n)I2Nr) as IAI — 00,
so that the integral converges if

2-2/p+1/N=Q/p—1)(—1+Q2x(m—r—1)+n)/2Nr) > 1

or if

(28) 0= 1/p—1/2 < r/2x(m—r—1)+n).
Thus, if (28) is satisfied, there exists a constant K, such that
(29) |Lul, £ K,|u|, forallue .

To show Lu=F~Y((1/Py(£))i(¢)), let ue & and
={zeC|z=1-|N+i)\A€R}.

Then, substituting & ~1((1/S\(£€))i#(¢)) for R,u in (27), interchanging the order of

integration, and recalling Sy(§)=1—|A| +iA—Po(£)¥, we obtain

l z—l/N

(gu)(x) (2 ),, f u(f)ei< 21" w dz df

The function z~ ¥ with its principal value is analytic on the region lying on the
right of I" and also on I'. Py(€) is so chosen that Py(£)¥ lies in the interior of this
region for every ¢ € R*. Thus, by Cauchy’s theorem

1 z- N 1

3w ) TP @ “ T B®

for every ¢ € R™. Hence

(@) = F (55 80) ()

and so

|# (5 80) | s Kell, foratues
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with p satisfying (28). Thus, (1/Py(¢)) € M3 for those p satisfying (28). Since
Mz3=MZ, 1/p+1/p’=1, we have (1/Py(£)) € M? for those p satisfying

(30) |1/p—1/2| < r/2x(m—r—1)+n).

By Lemma 1 and by the facts that & is dense in LP(R"), 1 Sp <00, and & is con-
tained in the range of P—(uo— Ap), it follows py— A € p(P) for those p satisfying
(30), and Theorem 2 is proved.

COROLLARY. Let P be a differential operator on LP(R™), whose polynomial satisfies
the conditions of Theorem 2. Then, o(P)=A4"(P(£)) for those p sufficiently close to 2.

4. Examples. Now we will show that the growth property of P(¢) alone does
not guarantee that o(P)=A"(P(£)). To do this we first prove the following
proposition.

PROPOSITION. Let ¢ and i be functions of a single variable with continuous first
derivatives on a neighborhood of a point t, =0 with ¢(t,) #0. Let a be a real constant
and | a nonnegative integer <n/2. If a function K(t, x) in n+1 variables t and
x=(x1,..., X,) has the form

G1) K(t, %) = % exp [i ‘ﬁ] +Ki(, %)

{@

for some 8,>0 and K; € L'(R**?), then K cannot be the kernel of a bounded con-
volution operator on L*(R"*') (i.e. K ¢ L3), for those p satisfying

on the strip

XeER"

t°§t<to+480}

1 =p<@n+2)/(n+2+21).

Proof. Since ¢(#,) #0 and ¢ is continuous on a neighborhood of z,, we assume
80> 0 has been chosen so that |(t)| =, >0 for all ¢ € [t,, t,+48,] and o, ¢', $, P’
are all continuous on [t,, #,+48,]. Let

w()=1 if -2 =r=0, ux) =1 if |x| £,
=0 otherwise, = 0 otherwise,
where 6> 0.
Let u(t, x)=u,(t)us(x). Let F(t, x)=o(t)/[|x|2+¥(¢)] and

E;, = {(t, X)

to+ 80 St < ty+25,
1678 x| 21874
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where 0 <B <1, to be chosen more precisely later. For (¢, x) € E;,

—o|?

kst 9 2 |F | [ A=) gy ar

exp [

lo| =6
0

- f f \F(t, ) — F(t— 7, %)|do dr
-62 Jiolse
0

—f f |F(t—1, X)— F(t—1, x—o)|do dr
-02 JigIso

— |(Ky * u)(t, x)|.

Since ¢, ¢ and their first derivatives are continuous on [t,, £, +48,], there exist
constants C;, C, and 8, >0 with 8,874 >V M such that

(32)

|F(t, x)—F(t—7, x)| = C,&[|x|*-M]
and
|F(t—7, X)—F(@—7, x—0)| £ C.8/[|x|2*—MT]

for all (¢, x) € E;, —82<7 <0, |o| £ 8, whenever 0< 8 < 3,, where

M= max |P@).

telto,to + 460)
We also have

|2

0 — |2
j f exp[i M]da dr| = exp[i alx do dr
-2 Jioise t—r -6 JioIse
0 1/ —_ 2
—f j 2 sin M al|dodr
-6% Jjaise 2t
- 2 —o|® a|de dr.
fo“ fmso sin 2t(t ) 7
Let
. %x, 0>—|o|?
d) = AX 9,719
Sl() Iol§6§g§)eh 2sin 2t al
2
S.(8) = 2 si 7|x—0| .
(%) Ialsa;—oﬁsszlslg;(t,mes., s 2((t—1) a4

Then, $,(8) =0 and S,(8) -0 as & —0. Hence there exists 8;>0 such that
S1(8)=1/4 and S;(8)<1/4 whenever 0< 8 < 8,. Hence

—cl2
exp[i M]da dr
t—7

g %wns'n +2

-62 JioI1se
for (¢, x) € E; whenever 0< 8 < 8,. Let 8;=min (8;, 83). Then,

C1 82(0"8” +2 C28wn3

|(K * u)(t, x)| 2 [l |2+M]' (Fw,d"+?) — [xF—MT [lez M]‘ — |(Ky * u)(2, x)|
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for all (¢, x) € E, whenever 0< 8 < 8;. Hence,

1/p
[J; |(K* u)(t, x)lpdx dt] g 8n+2—Bn/p+2Bl[Bo_3182_328]_ "K1 Illw'll/ps(n+2)/p
3

whenever 0 < 8 < §;, where B, B, and B, are some positive constants independent
of 8. Suppose K is the kernel of a bounded convolution operator on L?(R"*'). Then
there exists a constant A, such that

UE‘, (K * u)(t, x)|?dx dt] 1p

IIA

S Aplull, = Apwr/?dn 2P,

Then we have
(33) prilllps(n +2)/p g 8n +2-8n/p+ ZBI[BO — Blsz _ 328] _ " I{1 “ lw}‘/PS(n +2)/p

whenever 0<8<8;. If 1<p<(2n+2)/(n+2+2l), then (n+2)/p>n+2—n/p+2l
Since g(B)=n+2—(Bn/p)+2B! is a continuous function of B, we can satisfy the
inequality

(34) (n+2)/p > n+2—Bn/p+2pI

if we choose B sufficiently close to 1 with the condition 0<B8<1. Now we will
arrive at a contradiction in (33) if we let 8 — 0. Consequently K cannot be the
kernel of a bounded convolution operator on L?(R"*') for those p satisfying
12p<(2n+2)/(n+2+2I).

We now consider the polynomial P(r, £)=[r—|£|2—il[r+|é|2+i]. It can be
shown that

|P(r, O171 = O(ll7|+ €[], [7]+ €] > 0.

Thus, P(r, £) satisfies the condition (1). If we “formally” compute % ~1(1/P(x, £))
by first integrating with respect to = and then applying integrations by parts to the
remaining integrals, we can put & ~(1/P(r, £)) into the form

2
35) ﬂ‘l(P(—_rl’g—))(t, X) = mf(Tt).p(t) exp[i %] +Ki(t, %)
for =1, where ¢ and ¢ are functions of a single variable satisfying the conditions
of the proposition and K; € LY(R**?) if n<3. The formal computation can be
made rigorous by adjoining a convergence factor exp [—u?|£|?] to (1/P (=, £)) and
letting u go to zero faster than 8, where 8 is the positive quantity used in the proof
of the proposition. However, the computation becomes quite tedious and we omit
the proof. Thus, having obtained an estimate of the form (35) for

F =t (exp [ 12| €[°)/P(r, §)),
we will arrive at a contradiction, just as in the proof of the proposition, if we
assume (1/P(r, £))e M2 for 1=p<8/7 (n=3,I=1). Since 0¢ A(P(s, §)), it
follows from Theorem 1 that o(P)=C for 1=<p<8/7, where P is the differential
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operator on LP(R"*1) associated with P(D,, D). Thus, the growth property (1)
alone does not guarantee that o( P)=A"(P(£)).

This example in conjunction with Lemma 4 shows that the differential operator
(the minimal operator) on L?(R™) associated with P(D)" is not the same as PV,
where P is the differential operator on LP(R") associated with P(D).

As a final example we consider the differential operator associated with the
nonmultiplier example given by Littman, McCarthy and Riviére [5]. They have
shown that (1/(7—|¢|2—i)) ¢ M2 for those p satisfying |1/p—1/2|>1/2n+2).
From this it follows that o(P)=C, where P is the differential operator on LP(R"*1),
|1/p—1/2| > 1/(2n+2), associated with P(D,, D)= D,—>*_, D%, D,=(1/i)o/ot. We
will show that o(Py)=C, where Py is the differential operator associated with
P(D,, D)?" and N is any positive integer. If x € C such that u is not in the closure of
N (P(7, £)2Y), then for ¢ >0,

F AP (r, N — )8, x) = J(#)|t| ~™2 exp [i|x]?/41],
where

© itt
10 = g [ dr and o= [ exp g7,
which exists in the generalized Riemann sense. (The method used to obtain this
Fourier inverse transform is formal, but the result to be obtained can be made
rigorous by adjoining a convergence factor just as in the preceding example.) We
note J(0) 50 and J is continuous for all . Hence there exist an e, >0 and 8, >0 such
that |J(r)| 2 &, for all £ € [8,, 58,]. Let t,=38, and

o(t) = J(@)|t|~ ™3, t>0.

Then, the conditions of the proposition are satisfied with /=0 and K(z, x)=0.
Hence (1/P(7, £)*" —u) ¢ M?E for those p satisfying 1 <p<(2n+2)/(n+2). Hence
1 € o(Py) for every p ¢ A (P(7, £)2V) for those p with 1 <p<(2n+2)/(n+2). Since
the closure of A (P(7, £)Y) is contained in o(Py), it follows that o(Py)=C if
1=p<(2n+2)/(n+2). Since M2=MZ%., 1/p+1/p’=1, we have our result.

This is a marked contrast from the case where P(r, £) has the growth property
(1), in which case o(Py)# C (providing 4 (P(x, £))# C), for sufficiently large N for
every p, 1 Sp<oo.

Added in proof. We have been informed by M. Schechter that he has obtained
a more general result than our Theorem 2. In particular, he can replace the con-
dition (2) of Theorem 2 by the simple condition that #(P(£))# C. His results will
appear soon.
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