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FROM IMMERSIONS TO EMBEDDINGS
OF SMOOTH MANIFOLDS
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FRANCIS X. CONNOLLY

Introduction. In this paper we study the question of when an immersion
between two smooth manifolds, f: V' — M, is homotopic to an embedding. We
introduce an invariant ¢(f) which determines, under suitable connectivity hypoth-
eses, whether f is homotopic to an embedding or not. Specifically, if V* is k/2
connected, M™ k-connected and m > 2n—k, our main theorem (3.5) shows that f'is
homotopic to an embedding if y(f)=0, m=(3/2)(n+ 1), and the normal bundle to
the immersion has a cross section. Thus the connectivity of ¥ is about half of what
is usually required.

The inivariant y(f) is usually readily computed, since there is a simple formula
for it in terms of Poincaré duality on ¥ and M, the fundamental class of ¥, and the
maps f* and f (see 2.8, 2.10). In particular it is always zero for M= R™ (4.2). This
yields essentially the results of deSapio [2] immediately. For the standard embed-
ding questions about CP* and HP" it yields (using 4.3):

(i) If CP" immerses in R**~3, then it embeds in R*"~2,

(ii) If HP™ immerses in R®*~7, it embeds in R®"~/*1 for j<8.

Actually, the method gives more interesting results when M # R™. For example
if ¥ and M are products of spheres (with correct connectivity) one can pretty
nearly classify which continuous maps are homotopic to embeddings. Such special
cases are developed at the end of Chapter 4.

As for notation, » always denotes a normal bundle, ¥, denotes the tangent space
of V™ at x. Throughout the whole paper, if f: ¥* — M™is an immersion, the letter r
is reserved exclusively for 2n—m, the dimension of the double point set. All mani-
folds and immersions will be smooth (i.e. C®) unless expressly referred to as piece-
wise linear.

I. Generalities on generic immersions.
1.1. DeFINITION. Let M™ and V™ be smooth manifolds. An immersion f: V — M
is generic if, for each x; - - - x;, in V with f(x,)=p for all j, then

FuVe)+{ (VSV} = M.

We will say that two generic immersions f;: V; — M, i=1, 2, intersect generically
if the induced immersion of the disjoint union f; U f5: V1 U ¥V, — M is generic.
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The following facts about generic immersions are more or less well known, or at
least easily verified by standard methods.

1.2. The generic immersions are open and dense in Imm (V, M). (See [12].)

1.3. If f;: V; — M are generic immersions, i=1, 2, with f;(V;)=£3(V3), and with
dim (M)>dim (V;), i=1, 2, then there is a unique C° map h: V; — V, with
Ji=f3h, and this map is a diffeomorphism. (This is easily seen by noting that a
point x in V; is determined by its image f;(x), together with the image of its tangent
plane.)

1.4. If f: V — M is a generic immersion, then the smooth map

XfiVXV=-AV >MxM

is t-regular to the submanifold AM in M x M. If f;: V, — M, i=1, 2, are generically
intersecting immersions, then f; x f5: V1 X V; — M x M is t-regular to AM.
1.5. DerNITION. If f: V™ — M™ is a generic immersion, and

() = {(x, ) e VX V-AV: f(x) = ()},

then %(f) is a smooth closed submanifold (by 1.4) of ¥ x ¥, called the double point
manifold. Its dimension is therefore 2n—m; that is to say dim %(f)=r. Also the
map a: ¥(f) = %(f) defined by o(x, y)=(», x) is a smooth fixed point free involu-
tion. The quotient space %(f)/o is denoted y(f) and is called the self intersection
manifold; it is a smooth manifold and the quotient map =: %(f) — x(f) is a smooth
double covering map. The map j: %(f) — V given by j(x, y)=x is smooth, and
there is a unique smooth map j: x(f) — M with j o w=f o j. We write X(f)=j&(f))
and X(f)=j(x(f)); these are called the double point sets and self intersection sets
respectively. Note X(f)={xe V : f~f(x)#x}, and X(f)=f(X(f)). Finally we
write ¥(f)={x € ¥ : f~f(x) contains at least 3 points}.

Similarly, if f;: V; — M, i=1, 2, are generically intersecting immersions, we let
V=V,U V,, f=fi Uf; (disjoint union) so Vx V=V, xV, UV xV,U VyoxV;
U Vex Vo We write x(f1,f2) for x(f) N Vix Vs, x(f, f1) for (f) 0 Vax Vi,
#(f1, f2) for x(f1, f2) Y x(fa, f1); we write k(f1, f2), or just k, for the smooth map
JN): x(f1,f2) = V1, and we write X(f1, f2; V1) for Im (k), X(f1, /) for Im (fik)
which is £i(V1) N fo(Va). We write 7:x(f1, f2) R x(fe, 1) for o(f)|x(f1, f2) and we

define k'(f1, f2): x(f1, f2) = Va by k' =j(f) o .
We also need two further results on generic immersions:

1.6. LEMMA. Let f: V™ — M™ be a generic immersion. Then there is a Riemannian
metric on M such that:

@) If (x, y) € (f), then {f(VI} <fu(V2).

(b) f(V) is totally geodesic in M (i.e. geodesics of M starting in and tangent to
f(V) stay in f(V)).

Proof. We first work locally. For any point p in M, with f~1(p)={x;- - - Xy},
choose neighborhoods %; of x; and % of p which satisfy:
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(i) For each i, f(%)=¢; 1(0) for some smooth map ¢,;:  — R™~™ with rank
m—n everywhere.

(ii) The set N=f-, f(%,) is a submanifold of # (necessarily, by 1.1, having
dimension m—k (m—n)) and there is a smooth map @o: % — R, s=m—k (m—n),
such that @,|N is an embedding, and @,(p)=0.

Consider the map P=pyx@; X -+ X@: - R*X R*~"X --- x R*~"=R™ By
1.1 we see that (M-, fu(V.)=N,. But since fi(V.,)=Ker (dp), and Ker (dg,),
N N,=0, it follows that Ker (d ®),=0, so that if % is chosen small enough we can
assume ® maps % diffeomorphically onto N(0, ¢), the e neighborhood of 0 in R™.
Clearly then, if K; is the orthogonal complement of the ith copy of R™*~" in R™ as
above, ® maps f(%,) onto N(0, ¢) N K.

Now under the ordinary metric g on R™, it is obvious that the subspaces K; are
totally geodesic and satisfy Ki<K; if i#j, and so if g€ K, N K, we get T(K,):
=T(K,),- But let g’ be the tensor g'(vy, w,)=A(| x||?)g(vx, w,), where A=0. Under
this “metric” we still have T(K):<T(K)), if ¢ € K; N K;, i#j, and A(g)>0. Also,
each K; is still totally geodesic under g’ for it is easy to see that straight lines through
0 will still be paths of minimal length under g’, and K; is thus the union of the
geodesics through 0 which are tangent to a given subspace of the tangent space to
R™ at 0.

Hence we can choose an appropriate A so that A is >0 only on N(0, ¢/2), and
then, choosing %’'=®~Y(N(0, ¢/2)) and pulling this metric g’ back to %', we see
that we have proved:

For each point p in M there is a neighborhood %’(p) and a metric g’ on %’ which
satisfies (a) and (b) of 1.6 for f:f~Y%') — %'. Furthermore g’ has a smooth
extension to a tensor on all of M by letting g’(v,, w,)=0 if x is not in %’.

To complete the proof, let {#,} be a locally finite cover of M by such neighbor-
hoods, and let g, be the corresponding metrics. Consider the metric on M given by
g=72. 8. It is immediate that g satisfies (a) of 1.6 for f: V' — M. Also if a path is a
geodesic for g, and for g; (i.e. it minimizes lengths) then this path also minimizes
lengths for g, +g;. It follows immediately that g satisfies (b) of 1.6 for f: V' — M.
This proves 1.6.

Note that an immersion f: ¥ — M which satisfies 1.6(a) must be generic since,
if x1- - - x; € f7Y(p), then {fo(V, )} <fu(Vy,) for j=2,...,k, so that

My = V) HI VY € SV (LSlV).

1.7. LemMA. (A) Let f: V*— M™ be a generic immersion. Then the map
J:%(f) = V is a generic immersion and ¥(f) is its self intersection set (i.e. ¥(f)
= X()). Furthermore, there is a canonical bundle equivalence X : o*v(j) = j*«(f).

(B) Let f;: V, — M be generically intersecting immersions, i=1, 2. Then the map
k: x(f1,f2) — V1 is a generic immersion which intersects generically withj: %(f1) = V.
Furthermore there is a canonical bundle equivalence X' : v(k) X k'*v(f5).
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Proof. (B) is clearly a restatement of (A) along the lines of the second paragraph
of 1.5, so we prove (A) only.

We first show that jis an immersion. Note that if (x, y) € ¥, then a tangent vector
(v, w) in V. x V, is in the tangent space ¥y, iff (f % f)«(v, w) is tangent to AM. So
Xee={(0, W) eV, x V, : f«(®)=f+«(w)}. Thus (f o DsRex,m =fu(V2) N f(V,). By 1.1
this last space has dimension dim V,+dim V,—dim M =2n—m=dim %,,. So
(f o)« is 1-1 and so j, is too. So j is an immersion.

Now, to show ¢*»/(j)=j*1(f), assume a Riemannian metric satisfying 1.6 has
been chosen for M. It induces a metric on V. Now, if (x, y) € %(f), then the fiber
{o*(N}x.) 18 {JaKa,w}" in ¥y, and this is just {v € V,, : fu(v) € (fiV)' < M} since
[+ preserves inner products. But by 1.6(a) (f. V) <fsV,, so the fiber {j*»(f)}x..)
=1f)x=(f4V2)" is just f(6*W(/)x,1»)- Thus the map

Se Ao (Mo = T NNxwy

gives the desired bundle equivalence, A: o*1(j) = j*v(f).

Finally if (x, y;) and (x, y,) are two points of %(f), we show that j is generic by
showing that {j,¥ v} SJ4Xex.ve (s€€ the remark after 1.6). For, applying f to the
left side, we get:

f*{j*)?(x,yl)}l = (f* Vx ('\f*Vyl)-L ﬁf*Vx = f* Vyll ('\f*Vx = f* szil
by 1.6(a). Also applying f to the right side we get fo fuXcx,vm} =5V O f4Vy,. But
SV, SV O fiVy, by 1.6(a) since f(x) =f(y1) =f(ps). Hence {Jukce,upb* “akex,vn
as claimed.

1.8. COROLLARY. If f: V— M is a generic immersion between k-parallelizable
manifolds, then %(f) is k-parallelizable.

Proof. Since o*o*=1, we see v(j)=(jo)*»(f), and »(f) is stably trivial on the
k-skeleton. Hence j is an immersion into a k-parallelizable manifold, with »(j)
stably trivial on the k-skeleton. Thus g(f) is k-parallelizable.

Finally we cite three results as lemmas, two are standard, and the third is trivial:

1.9. LEMMA. Let f: V" — M™ be any immersion between manifolds, and let
ot M—f(V)— M be inclusion. Then v,: m(M—f(V)) — m/(M) is an epimorphism
if k<m—n and an isomorphism if k<m—n—1.

Proof. Obviously, by general position, any smooth map of S* (if k <m—n) or
of D¥*! (if k<m—n—1) into M™ can be approximated by one whose image is
disjoint from any given countable union of embedded n-manifolds (without
changing that map on dD**! if necessary). Since f(¥) can be written as such a
union, this proves the theorem.

1.10. LeMMA (ENGULFING THEOREM). Let j: Xt — V™ be a generic immersion of
manifolds, where V is t —q connected, X is compact, and H'(X)=0 (for all coefficient
groups) for t>i>t—q, where n—t—1>q>0. Assume also that the single obstruction
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to deforming j to a point, in H(X; w(V')), is zero. Then there is an n-disc D" in V'™
with j(X)< D"

Proof. Let i:j(X)— V™ be inclusion. We shall show that i is null homotopic.
If this is granted momentarily, it follows immediately from the main result of [8]
that there is an n-disc D" in V with j(X)< D" (Note: According to [8], this disc
will be a piecewise linear disc, but its interior is then a smooth copy of R" in which
we can choose a smooth ball of large enough radius to give the desired result.)

So we must show i is null homotopic. First note that the double point set of j,
denoted Y< X, is an immersed manifold of dimension 2t—n<t—q, and j: X—Y
2 j(X)—j(Y). So by excision, if i>t—g=dim (Y), we have

H'(j(X)) = H'(j(X),j(Y)) = H(X, Y) & H(X),

and this last group is 0 for ¢>i>t—gq. Hence the sole obstruction to a null homo-
topy of i is in HY(X; m(V)) and it coincides with the obstruction to the null
homotopy of j, which is zero. This completes the proof.

1.11. LeMMA. If f: V™ — M™ is generic and N is any manifold, then
fx1L:V*XN—>M"xN
is generic, R(fx D)=%(f)x N, and j(fx D)=j(f) x 1.

The proof is obvious.

We remark that these results can be just as easily formulated and proved for
generic immersions of manifolds with boundary. By a generic immersion of these
we mean an immersion f: (V, 0V) — (M, M) such that f(Int V)<Int M, f|Int V
is generic, f|0V: 0V — 0M is generic, and in a collar neighborhood of &V and oM,
say OV x I and @M x I, f can be given by (f|oV) x 1.

II. The double point set as a generalized homology class. In this section we
introduce an invariant which, in favorable circumstances, will be the sole obstruc-
tion to changing an immersion into an embedding, through a homotopy. We refer
the reader to [18] and [4] for information of generalized homology theories.

Throughout this chapter, A, will denote a generalized homology theory defined
by a ring spectrum, with A* its dual cohomology theory. Thus h, and A* are
multiplicative theories. Also, 4 and A* are defined initially only for CW complexes
with base point, (X, x,). As usual, they are extended to the category of CW pairs
by the rule A(X, A)=h(X/A, *) where * is the obvious base point. Recall X/ &
means (X U *, *). We gather here, for the reader’s convenience, some of the basic
facts about A-orientable manifolds and bundles (see [18] or [4] for definitions).

2.1. Let z be a fundamental class in 4,(M, OM) for a compact h-oriented mani-
fold with boundary. Let N;, N,< M be manifolds with N; " Ny=0N; N dN, and
N; U Ny=0M. Then N z: h*(M, N,) - ho (M, N,) is an isomorphism. (See [18]
for the case where 0N, =0N,= @. When N, =0M, N,= &, this then follows using




258 F. X. CONNOLLY [November

the Mayer-Vietoris sequence for the double of M. The general case is then a
consequence of the exact sequence of the triple (M, oM, N;).)

2.2. We can usually introduce Poincaré duality in noncompact manifolds as
follows. For any space X, we define its cohomology with compact supports as
h¥(X)=inj Lim A*(X, X— K) as K ranges over the system of compact subsets of X.
A manifold M™ is called h-oriented if there is given, for each compact m-submani-
fold N, a fundamental class in A4(N, dN) such that j([N'])=[N], if N=N’, and
Jxihe(N', ON'Y = ho(N', N'=Int N)xh (N, ON). Now assume h, satisfies the
property h.(X)=inj Lim h,(K) as K ranges over the compact sets of X. It follows
that the system of isomorphisms (1) [N] combine to define an isomorphism
P: h*(M) — hy(M) which has all the expected properties.

2.3. The natural fundamental classes for S¥~* and D¥, say ¢,_, and d, induce a
Hurewicz homomorphism ¢: 7(X, 4) = h(X, A), and thence a natural trans-
formation of homology theories ¢: I, — h,, where II, denotes stable homotopy
theory.

2.4. Let & be a vector bundle over X, and 4 a subcomplex of X. Let U in
h"(D(€), S(€)) be an orientation class for ¢, over A, (as in [3]). Then

U U: kX, 4) — h**™(D(8), S(§) V D(¢]4))

is an isomorphism, and so is (N U: h, . (D(), S(€) U D(£|A4)) — h(X, A). (See
Dold [3].) Furthermore if ¢ is a bundle over a compact manifold with boundary
M, then D(§) is a compact manifold with boundary, and an h-orientation (or
fundamental class) for any two of these three objects M, &, D(§), say z, U, Z,
uniquely determines an h-orientation for the third by the equation U N\ Z=z. (The
existence and uniqueness of such a U, Z or z, given the other two, is clear from the
Thom isomorphism or Poincaré duality on D(£); that the class so determined is
actually an orientation class is then a trivial verification.)

As a consequence of this, if M and N are h-oriented compact manifolds with
boundary, and (M, dM)<(N, dN), we see that D(v)<= N has an induced A-orienta-
tion from that of N, and this determines a unique orientation U of v by

Un [DG)] = [M].

2.5. Now suppose i: (M, 9M) — (N, éN) is an immersion of compact manifolds,
and N is h-oriented. Let j: (N, oN) — (N, dN) x D¥ be inclusion, j(x)=(x, 0), and
let iy =ji. If [N] denotes the fundamental class for N, then [N] X d, in

hy((N, dN) x (D¥, S¥-1))

is a fundamental class for N x D¥. If k is sufficiently big, the map i, is regularly
homotopic to an embedding i, (and any two such regular homotopies are themselves
regularly homotopic). Hence this gives a uniquely determined bundle equivalence
x: V(i) = v(i)=v(i)+¢*. Hence if Z’ is a fundamental class for D(v(i,)), then
x+(Z)=2Z" is a class of the form Zxd, by suspension—here (X, 4)x (Y, B)
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=(XxY, XxBU AxY). Z is clearly a fundamental class for Dv(i) (e.g. use 2.4
where ¢ is trivial). Thus for any immersion i: (M, 9M) — (N, 0N) an h-orientation
of N uniquely determines an A-orientation Z for the manifold Dv(i). It is an easy
exercise to show that this orientation does not depend on k, and in fact, if i is an
embedding, this reduces to the usual orientation if we set k=0.

Hence if i: (M, 0M) — (M, 9M) is an immersion of s-oriented manifolds, by the
preceding paragraph and 2.4, there is a uniquely determined orientation U; of »(i)
satisfying U; N Z=[M], Z being the orientation of the manifold Dv(i) induced by
the orientation of N.

2.6. Now let V4, V,, M be h-oriented manifolds, ¥; compact, and let

Ji: (Vi, 0V)) > (M, 0M)

be generic immersions intersecting generically, i=1, 2. Let x(f3, f2), k, k' be as in
1.5 with X: k"*»(f3) = v(k) as in 1.7(B). Then if U, is the orientation of »(f;) given by
2.5, A*k'*U, is an orientation U, for v(k). If [D,] is the fundamental class of Dy(k)
given by 2.5 from k: x — V4, then U, N [D,] gives a fundamental class [x] for
x(f1, f2)- This class depends only on the orientations of V;, M and V.

Now let £ be the Poincaré dual of f5,[V,] in A*(M), and ¢’ the Poincaré dual of
kx[x]in h*(V,).

V1, 07) —L(M, oM)

(X(f;lafZ), aX) —_— (V2’ aV2)
2.7. LeMMA. I'=f¥(0).

Proof. (A) Assume first that f, is an imbedding. Then k is as well, so Dv(k)< V7,
Dv(f;)= M, U, is the Poincaré dual of [V,] on Dvw(f;), U, is the Poincaré dual of
[x] on Dv(k) and A*k’*U,= U, by naturality. Taking collapsing maps,

¢: M — Dv(f,)JoDv(f,) and c': Vy — Dv(k)/oDv(k),

we see [Dy,]=cy[M], [D]=c%[Vi] by definition, and A*k'*c*=f¥c'*, and so
U'=c"*U,=c"**k"*Uy=fF¥c*U,=f3*{ as claimed.

(B) Next assume f; extends to a generic immersion f,: (V,, Vo) x I — (M, 0M)
intersecting f; generically, with fy(x)=/u(x, 0) and f;| ¥, x 1 an embedding. Then
as in 2.6, x(f1, f2) has an h-orientation induced by those of V;, M, and V,x L
Clearly when included into h,(V,, 0V;) it shows that k,[x] is homologous to
k4[x] where [¢] is the fundamental class of x(f;, f2| V2 x 1) and & is the restriction of
k: x(fi,f2) = Vi. But by (A) the dual of k[%] is f#({,) where {, is the dual of
Soxirs[V2), iy: Vo — Vox I being iy(x)=(x, 1). But fi, is homotopic to f; so
fz*il*[Vz] =f,«[V2] and {; =C. Hence f¥{={in this case.

(C) Now suppose we cross the above diagram with D*. We get U, ;= U, x &,
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[Vax DF]=[V;]xdy, etc. (see 1.11) and finally we get (j.pr=0;x 8% Ly, .pe
={y, x 8%. So if the lemma is true here it is true in the general case. But if k is big,
f2x 1 satisfies condition (B), and so the lemma is proved.

2.8. DeFINITION. Let V™ and M™ be h-oriented manifolds with boundary, V'
compact, and let f: (V, oV)— (M, M) be a continuous map. Define a class

y(f) in h(V, 8V) by
Y(f) = Puf*Piif«[V], r=2n—m,

where P denotes Poincaré duality.

In the case where V is given a base point #, we write 7(f) for the image of y(f) in
h(V, 0V U x). If f~1f(x) ==, and we also write x for f(x), we see easily that 7(f) is
given by the composition

-1

V1€ h(V, 8V U %) i)h,,(M, OM U %) ——> hm="(M — %)

f* P
——> A"V —%) —— h(V, 0V U ).

2.9. Now let f: (V, 8V) — (M, &M) be a generic immersion between A-oriented
manifolds. Let j: 5(f) — V be as in 1.5. It is a generic immersion. Let v denote the
normal bundle of j. By 1.7(A) there is an equivalence of bundles A: v (jo)*v(f).
Here o: %(f) — %(f) is the covering transformation of 1.5. Since ¥ and M are
oriented, this defines an orientation class U for »(f) by 2.5. Hence A*(jo)*U is an
orientation Uj for v. By 2.4 and 2.5, U; induces an orientation on (/) and we write
the fundamental class as [¢(f)]. It is thus determined by f, [V'] and [M] alone. Note
that j.[%(f)] is a class in A (¥, oV).

2.10. THEOREM. Let f: (V'™, 0V) — (M™, M) be a generic immersion of h-oriented
manifolds, V compact, and assume v(f) has a nowhere zero cross section. Then

Y(f)=j+[#(]. (Compare Smale-Lashof [12].)

Proof. We continue the notation of 2.9. Also for any bundle ¢ with metric, we
write £, >0, for its open e-ball bundle, and £° for its zero section. Pick a Rieman-
nian metric on M satisfying 1.6 for f: V' — M, thus inducing a metric on »(f), V,
%(f) and v. Pick >0 so small that exp,, fy: v*(f) — M is an immersion, and pick a
nowhere zero cross section s: ¥ — v¥(f) so close to the zero section (in the C? sense)
that f; =expy o fx o s: V— M is a generic immersion (cf. 1.2). Let s,: %(f) — v* be
induced by the equivalence of 1.7(A) so that, for z € %(f),

@) Suixsi(0z) = f45i(2).
Since f(V) is totally geodesic,
2 expuf« = fexpy: Vo—>M forxeV.

By (1), (2), and 1.7(A), if z € %(f),
expu f*(f)ir = €Xpu (f))svs. = fexpy juvte.




1970] IMMERSIONS TO EMBEDDINGS OF SMOOTH MANIFOLDS 261

"~ Also if xe V—X(f), expufe (N N f(V)=f(x) if ¢ is small. So considering
expu fu: v(f) — M we get

3 (expu fa)“(V) = v°(f) U ¥ () X(f).

So ffY(V)=s7 W ()| X(f)=X(f). Also f; intersects generically with f since s
intersects generically with (expy f+) ™ Yf(V)—i.e. with v*(f)| X(f) (as does any cross
section). So j(x())=k(x(f1,f)=/TY (V). By 1.3 there is a unique smooth map
h: () = x(f1,f) with kh=j, and h is a diffecomorphism. By (1) and (2) we see that
one such map is h(z)=(j(z), expy jx5192) € x(f1, f)-

Asin2.9, U;=(jod)*U, A: (jo)*»(f)=+(j) as in 1.7(A). Also (k) over x(f1, f) has
orientation class U,=(k'X)*U, (X': v(k)=<k'*v(f) as in 1.7(B)). Now # lifts to a
bundle map 4: v(j) — v(k), and one easily checks that hA=Xh: (jo)*v(f) — v(k).
Also, since k'(x, )=y, k'h(z)=expy j+s1(0z), and so the homotopy,

kyz) = expyjx(t-s5102)
is a regular homotopy between k'A and jo: %(f) — V. Thus we have
h*U, = h*(A*k'*U) = Mh*k'*U = M*(jo)*U = U,.

So passing to homology, h«[x(f)]=[x(/1,/)]. By 2.7, then, Py ki[x(f1,/)]=
SEPfilV]. Since [ =f*, ju[%(/)]=kxIx(f1, NI=Pvf*Pi'fo[V]=¥(f) as claimed.

Our interest in 2.10 will be when A* is some cobordism theory. We now wish to
describe these cobordism theories.

2.11. Let k>0 be a fixed integer, X an object in the category of pointed spaces
having the homotopy type of a CW complex and homotopy classes of maps of these
(preserving base points). Let the map #(k): ., X — X denote the k-connective fiber
space over X. Thus , X is k-connected, #(k) is a fiber map and 7(k): 7,(,, X) — 7 (X)
is an isomorphism for all ¢ > k. It is easily seen that the correspondence X — . Xis a
functor on the above mentioned category into itself, and we write , f: , X — . Y for
the map induced by f: X — Y. It can be chosen as a map of fiber spaces.

Let " be the universal oriented n-plane bundle, with base space BSO(n). We set
kym =a(k)*(y"), where =(k): . BSO(n) — BSO(n), and we denote the Thom space of
the bundle ¥y by *MSO(n). Let j,: BSO(n) — BSO(n+1) be induced by SO(n)
<=S0(n+1). Since w(k) o 1 j,=j,m(k), we see that for ,j,: .BSO(n) — BSO(n+1),
we have ; j¥(*y"*1)=Fy"* @ &!. Thus the diagram below commutes up to homotopy,
where S is the suspension functor and M(f) denotes the map of Thom spaces
induced by a bundle map f.

SM(n(k))l lM (n(k))

Jn

M(jn)

S(MSO(n)) ——— MSO(n+1)
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The maps M(,j,) will be denoted %j,; these combine to define a spectrum,
denoted ¥M SO, and the maps M (w(k)) define a map of spectra,

Mn(k): *MSO — MSO.

If u: BSO(m)x BSO(n) — BSO(m+n) is induced by SO(m) x SO(n) — SO(m+n),
this lifts to a map p: *MSO(m) x *MSO(n) — *MSO(n+n). This gives a pairing
n: (*MSO, *MSO) — ¥*M SO, clearly making *M SO into a ring spectrum. It is also
clear that M=(k): *MSO — M SO is a map of ring spectra, as is the map i: S —*MSO
(S is the sphere spectrum) obtained by considering the image of the fiber of ¥y* over
* as an oriented n-sphere in ¥MSO(n). Finally the natural map, for each X, of
x+1X into , X lifts to a map of ring spectra =: ***MSO — *MSO.

Each of these spectra *MSO define homology and cohomology theories on the
category of CW complexes, as in [18]. We now sketch briefly an explicit cobordism
interpretation of these theories.

2.12. For any smooth manifold M with stable normal bundle v¥, we say that a
k-framing is a trivialization of v over the k — 1-skeleton of M, which can be extended
in some way to a trivialization on the k-skeleton. Two such k-framings are equiva-
lent if the framings they give on M x0and M x 1 in M x I extend to a k-framing on
all of M xI. 1t is easily seen that a k-framing of M relative to one CW decom-
position induces a k-framing relative to any other decomposition by taking a
cellular approximation to the identity map, and this k-framing is unique up to
equivalence.

Now for any CW complex X, with k-skeleton X%, and for any space Y, we write
[X, Y], for the image of [(X, X*), (Y, #)] in [(X, X*~1), (Y, x)]. Thus an equiva-
lence class of k-framings for M is clearly an element of [M, BSO], which maps to »
under the natural map [M, BSO], — [M, BSO].

2.13. LeMMA. For X, Y, X*, .Y, as before, there is a natural bijection of sets
[X, + Y] — [X, Y], induced by =(k): Y — Y.

Proof. It is clear that [X, Y], — [X, . Y] is a bijection, , Y being k-connected.
So (k)4 does indeed map [X, Y] into [X, Y], in the obvious way. Now let f
represent an element of [X, Y],. Since f(X*~')=«, and f|X* is null homotopic
rel X*~1, thereis a map g: X* — .Y, with n(k)g=Ff, and g(X*~1)=x. Also g is null
homotopic rel X*~?* (since , Y is k-connected), so any two such liftings are certainly
homotopic rel X*~1. Now g extends to a lifting of f over all of X, and two such
liftings are homotopic rel X¥~1, the obstructions lying in the groups =, (F) and
mq+1(F) respectively, g = k, which are zero (F is the fiber of .Y — Y). Hence the
correspondence [X, , Y], — [X, Y], is a bijection and we are done.

Thus, by the lemma, an equivalence class of k-framings of M corresponds to an
element of [M, ; BSO] which maps to v under .BSO — BSO.

Let us say that a k-framed manifold is a manifold M™ with an equivalence class
of k-framings. We say M bounds if M is closed, and there is a compact k-framed
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manifold W=*?! such that M=0W, and the k-framing of W restricts to that of M
(i.e. by adding the interior normal vector along the boundary as the last vector of
the k-framing of M). The negative of a given k-framed manifold is understood to
be the same manifold and framing, except that the last vector of the framing is
reversed. Two framed manifolds are cobordant if their difference bounds; this is an
equivalence relation, and the equivalence class yield a group, *Q,. A k-framing of
M gives a bundle map E(»") — E(*y") and thus, as usual (see Thom [14]) we get a
map S**¥ — ¥MSO(N) which defines the usual isomorphism, *Q,~ I1,(*MSO).
More generally, for any CW pair (X, 4), we can define *Q, (X, 4) by taking
cobordism classes of pairs (M, f) where M is a compact k-framed manifold, and
f: (M, oM) — (X, A). By standard arguments we see that

kQu(X, A) = T(*MSO A (X/A), *),

the homology theory determined by the spectrum *M.SO. Henceforward, we write
kQ, and ¥Q* for the homology and cohomology theory given by ¥MSO.

We need one more observation to complete this geometrical interpretation of
k¥Q,. Let M™ be a compact k-framed manifold. Thus (M, id) determines an element
of ¥Q, (M), which we denote [M].

2.14. LeMMA. [M] is a fundamental class for M.
Proof. We must show that if  in *Q*(M) is the class given by the map

i
M L) S* — ¥ MSO(n),

where f: M™ — S™ has degree one, then {/[M] in ¥Qy(point)=II,(*MSO) is the
generator. But {/[M] is the composition

S”*"—)M(v")id—AZM(v") A (M|z)——>*MSO(N) A M|z

dAf
—>*MSO(N) A S* —— ¥ MSO(N +n).
It is an easy exercise in (ordinary) cohomology theory and Poincaré duality to
compute that this map, say «, induces an isomorphism
o¥: H¥**"(* MSO(N + n)) — HN*(SV+m),
From Hurewicz’s theorem, and the universal coefficient theorem, it then follows
that {/[M] is the generator in I1 . ,(*MSO(N +n)) as claimed.
To close this section, we prove a simple lemma about *Q, which will however
be of great importance to us later.

2.15. LeMMA. Let X be a k-connected space with base point, k20. Then for all
q <2k, the Hurewicz map @: m(X, xo) — *Qu (X, x,) is an isomorphism.

Proof. The map i: S¥ —*MSO(N) is an embedding, and it is an immediate
consequence of the Thom isomorphism that the pair (*MSO(N), S¥) is N+k
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connected. Since (X, x,) is k-connected, the product of these, (X A *MSO(N), X A S7)
is N+2k connected by the Kunneth formula. Therefore the homomorphism
T (XA SY) — 7 (X A*MSO(N)) is an isomorphism for g<N+2k. This simply
means that the Hurewicz map ¢: I1,(X, x,) = *Q,(X, x,) is an isomorphism for
q <2k. By stability [1], IT1,(X, xo) =m,(X, xo) which proves the lemma.

A proof of 2.15 along the lines of Kervaire-Milnor [11] would also be possible.

ITI. Surgery of self intersections and the main results.

A. Surgery. In this section we exhibit the last tool necessary to establish our
results: that of surgery on the self intersection set X (f) of an immersion. The main
idea here is that in favorable cases, we can modify X(f) by surgery simply by
changing f by a regular homotopy (Proposition 3.3). This is, in fact, a simple mod-
ification of a special case of a construction of Haefliger (see [5, §3]). This method
also appears, in essence, in [17] but the dimensional and connectivity restrictions
imposed there are about twice as strict there as we want them here.

3.1. We quickly recall a construction due, in more general form, to Haefliger [5]
whose notation we preserve. The reader should consult [5, §3] for a fuller account of
these ideas.

For a fixed p>0, let D= Dj U D} (disjoint) where each D} is a copy of the open
p-disc of radius 4/2. Let J be the involution which interchanges the two discs. Also
I=[—1,1] has an involution J(t)=—¢. Let D'=D x;I. Let A be the Morse
function on D such that AJ=A and Md)=1-—|d|2. Note —1=<A=1. The map
¢: D — D', given by p(d)=[d, A(d)], is a generic immersion whose double point set
is Do={de D: M(d)=0} [5, §3]. Denote the total space of the trivial bundle of
dimension m—n—1 on D by L, and write L @; L for L @ J*L. ThenJ: D — D is
covered by a bundle map, J,: L @; L — L ®, L, given by J.(ly, L;J)=(— 1,4, —1,),
and so we can for a bundle L'=(L @®; L) x ;I over D'. Then ¢: D — D’ extends to
a generic immersion ®: L — L’ (which is also a bundle monomorphism over ¢)
given by ®(,)=[l;, 0, M(d)]. Its double point set is still Dy, and we write Dg for
D(D,) [5, §3]. Note D, is just the two copies of the unit p—1 sphere, and Dy is a
single p—1 sphere.

There is a regular homotopy ®;: L — L' with ®,=®, such that @, is an embed-
ding. Specifically,

D(ly) = [ls, 0, Md)— (| la])- tru(d)]  (ef. [5, §3.2])

where u(d)=8(|d|)(M(d)+1), and «, B are C* functions such that «(¢)=1 if =0,
a(t)=0if t=21, '(1)<0if O<t<1,B(t)=1if t <1, B(t)=0if 1= (3/2)"'2, B'(¢) <O if
1 <t<(3/2)'2. Note that then u(d) > A(d) and X(d)/u(d) is a monotone function of
|d| for d<(3/2)2.

Now suppose for 3.2 through 3.4 that f: V*— M™ is a generic immersion
without triple points. Hence x(f)= X (f).

3.2. DEFINITION. An H-construction for an embedded p—1 sphere ¢: SP~1 — X ( )
shall mean:
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(a) Two embeddings 4: D — V,4': D' — M such that fi=y'g, and 4~ (X(f))
= Do; ' "'(f(V))=o(D) with the intersection of D with X(f), and D’ with f(V)
both transverse, and y'(Dg)=«(S?1).

(b) Two bundle monomorphisms ¥,.: L — v(( D)), ¥i: L' — v()'(D’)) covering
¢ and ¢’ such that £, ¥, =¥, O; ¥ W X(f)=L|p,; ¥y '(f57V)=D(L). (v and =
denote normal and tangent bundles.)

3.3. PROPOSITION. If ¢: SP~* — X(f) has an H-construction, there is a regular
homotopy fi: V — M with fo=f such that f, is generic and X(f,) is the manifold
obtained from X(f) by performing surgery on «(S?~?*) using some framing.

Proof. Using the metric of 1.3, the exponential map gives extensions of i and '
to embeddings ¥: L, — V, ¥': L; — M with f¥'=¥"0, ¥ ~'(f(V))=D(L,) (com-
pare [5, §4.3]). Note that ¢'(Dg) in X(f), ¥'(L’) in M, and ¥(L) in V all have
codimension r—p+1 (r=2n—m, as always). Since L’ is contractible there is a
framing of L’ in M which induces a framing of L in ¥ and a framing of '(Dg)
= S?71) in X(f) (this framing will give the surgery). These framings, together
with the exponential map of the metric of 1.3, give embeddings T: L, x R"~P*1 -},
T Lyx R~?*1 — M with fo T(l,v)=T'(®(l), v) and the images are open in V
and M. Define a regular homotopy F;:Lx R ~?*! > L'x R-?*1 by F(l, v)
=(Dyoqup(l), v) where « is as in 3.1. So Fo=® x identity. Hence its self intersection
set is Do x R"~?*1, which is diffeomorphic to S?~1 x R"~?*1! by the correspondence
([d, Jd, 0], v) i~ (d, v). The self intersection set of F; is easily computed to be all
([d, Jd, 0], v) such that Md)—e«(|v|)u(d)=0. The correspondence ([d,Jd, 0], v)
— (|v|d, v/|v]) thus gives a diffcomorphism of this self intersection set onto
RP x 877, showing that this set is obtained from the self intersection set of F, by
surgery on the p—1 sphere Dyq. It is trivial to check that F, is generic. Also note that
F; and F, agree outside a compact set.

So to complete the proof, define f;: ¥V — M by f,;=¥"F,¥ ! on Image ¥, f,=f
elsewhere.

3.4. PROPOSITION. Let v: S?~* — X(f) be an embedding representing a class in
7y 1(X(f)) which is in the image of m,_(X(f)). Suppose n,(M)=m,_,(V)=0, and
O<p<m—n—1, p=(r+1)/2. Then . has an H-construction.

Proof. By covering space theory, : lifts to two disjoint embeddings of S?~! in
X(f) and these bound disjoint discs in ¥, each intersecting X(f) transversely and
only on their boundaries. This is by general position, p <m—n, 2p <n. Hence these
give an embedding 4: D — V with = (X(f))= D,. We can define ': D' — M at
least on ¢(D) by requiring fib =4'p. Now since ¢(D) is a p-sphere in homotopy type,
the only obstruction to extending ¥’ continuously over all of D’ is in m,(M)=0.
So ¢’ can be extended to a smooth embedding and by general position (p+1<m/2,
p+1<m—n) we can assume ¢’ '(f(V))=¢(D) with ¢'(D’) meeting f(V) trans-
versely.
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Now vX(f)|uwy is trivial by 1.7(A), since v(f)|ywy<=+(f)|vwy must be trivial.
This bundle has a section, consisting of vectors tangent to (D) but normal to Dy,
and the orthogonal complement of this section is still trivial since it is stably trivial
with dimension m—n—1>p—1. So this sub-bundle admits an m—n—1 frame
which gives us an m—n—1 frame on v( D)|y(p,,- This extends to an m—n—1 frame
on all of v(y(D)) since the obstruction is in m, _;(Vy_pm-n-1)=0 since 2p=<r+1.
This m—n—1 frame gives a bundle map covering ¢, ¥'y: L — v(y(D)) and clearly
¥z (X ())=L|p,

Now we define ¥y: L' — w)’(D"). On ®(L) we can define Vi by f, V=¥ D.
Thus on L’|p; ¥y is defined on two complementary sub-bundles which are mapped
monomorphically by ¥ to two mutually orthogonal sub-bundles of vX(f)|.s?-1)-
By linearity ¥ extends monomorphically over all of L’|,;. Now ¥} has been
defined on a sub-bundle of L’| 42, having codimension m —n— 1 for each g. In order
to extend ¥ monomorphically over each L’|,z, consistent with its values on
L’| 54, we must extend an m—n—1 frame from each of the spheres of D, to the
discs D?. This frame must stay normal to the image of the above mentioned sub-
bundle of L’|pz (with dimension m—n—1), and must lie in v(3'(D")) (which has
dimension m—p+1). So the obstruction is in m,_3(Vu_pm-n-1)=0 as before.
Thus ¥ is defined on L'|,py, and only ®(L) maps into f.(vV). To extend ¥ over
all of D' now amounts to extending a 2(m—n—1) frame in »('(D’)) from a
p-sphere—i.e. ¥'(p(D))—to a p+1 disc—namely '(D’). The obstruction, in
To(Vn—p.20n—n-1) 18 zero since 2p=<r+1. So ¥, is defined on all of L', with
[ ¥ =V,0, Vi ((f47V)=D(L). So the H-construction is complete.

The following corollary is what makes this method useful to us.

3.4.1. CorROLLARY. Let f: V*—> M™ be any immersion, with V compact and
[r/21—1 connected, and M [r/2)-connected. Assume m=(4/3)(n+1). Then f is
regularly homotopic to a generic immersion f, such that ¥(f;) is ([r/2] — 1)-connected.

Proof. We may assume f is generic by 1.2. We will try to perform surgeries on
X(f) to get the result.

We may as well assume f has no triple points. Otherwise, if ¥(f)is its triple point
set,consider V' =V — Y(f),M'=M—f(Y(f)),f =f|V'.Thenf"has no triple points,
x(f)=x(f)—x(J) (by 1.7(A)) and since j: %(f) — V is generic (by 1.7(A)), x(j) has
codimension m—n in %(f). Thus =,(%(f")) — 7,(%(f)) is an isomorphism for
p=[r/2]—1. (The inequality m = (4/3)(n+1) implies [r/2] <m—n—1.) Similarly, V"’
and M’ are just as connected as ¥ and M by 1.9, so if we modify X(f’) by a regular
homotopy which is fixed off a compact set and makes X(f*) ([r/2]— 1)-connected,
then we extend the homotopy over all of V and this makes g(f) just as connected.

Next we show that we may as well assume that %(f) is connected: Since f is
generic and has no triple points, we can, using 3.3 and 3.4, make y(f) connected
by surgery on O-spheres, and hence we can at least assume that x(f) is connected.
Since 7: %(f) — x(f) is a double covering, if %(f) is not connected, it is just two
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copies of x(f). In this case let «: S° — x(f) be any embedding. Let ¢, :; be two
liftings of ¢« to S° — %(f) such that ,(S°) and ¢,(S°) both meet both the com-
ponents of %(f). As seen in the proof of 3.4 we can use these to give an H-construc-
tion for «(S°). In this H-construction, (D) consists of two intervals, each touching
both components of X{(f), and each is the core disc of one of the two surgeries of
X(f) involved in the construction. Hence after applying 3.3 to this case X(f)
becomes connected as required.

Now, since %(f) is connected, we begin performing surgery on x(f) by killing all
classes of m,(x(f)) which are in the monomorphic image of =,(%(f)) for 1<p
=[r/2]—1. Since these are finitely generated, only a finite number of surgeries are
required and the resulting homotopy is fixed off a compact set (as required in the
second paragraph). In the end %(f) is ([r/2] — 1)-connected as required.

B. Proof of the main results. We can now proceed to the main theorem. In the
sequel we will write s for [(r+1)/2]. Note that if a manifold V is s-connected it
admits an s-framing and so it is orientable over the theory *Q of Chapter II. (Note
there are exactly two such orientations in this case.)

3.5. THEOREM. Let f: V™ — M™ be an immersion whose normal bundle admits a
cross section. Suppose V is closed and s-connected, and M is (r+ 1)-connected.
Suppose 7(f)=0 over Q. Then:

@) If m=3/2)(n+1), f is homotopic to a smooth embedding.

(b) If m=(4/3)(n+1), n#2, f is homotopic to a p.l. embedding which is a smooth
embedding outside an n-disc of V.

Proof. By 3.4.1 we can assume f is generic and %(f) is ([r/2] — 1)-connected. Let
D7 be a closed r-disc in %(f), disjoint from the double point set of j. We wish to
apply 1.10 to the map j: %(f) — V. Note V is s-connected and by Poincaré duality,
Hi(%(f))=0 for s<i<r. So, by obstruction theory, j is homotopic to a map
J': %(f) — V such that j'(x(f)— D") is a point v, in V. The obstruction to making a
null homotopy of j, which lies in H'(%(f); #=/(V, vo))x 7V, v,) is now easily
described. It is the class given by j’: (D", D7) — (V, v,), in w(V, v,). But by 2.15,
the Hurewicz map ¢: 7 (V, v,) — Q. (¥, vy) is injective, and it is clear that the
image of this class is just ji[%(/)] in *Q.(V, vo) which is just j.[%(f)1=7(f) by 2.10.
Since 7(f)=0 by assumption, we can apply 1.10 and conclude that there is an
embedded n-disc D" in V" with X(f)<Int (D).

Now let Vo=f(V— D"), and let T be a tubular neighborhood of ¥V, disjoint from
f(D™ and chosen so that M —T= M, is a manifold with boundary. M, is then a
deformation retract of M—V, and f(éD") is contained in its boundary. Let
$=f|D": (D", 9D™) — (M,, dM,). Note ¢ is an embedding in a neighborhood of
oD" and ¢~ Y(0M,)=0D".

I claim M, is (r+ 1)-connected. Assuming this for a moment, then our result (a)
follows at once from the main result of Haefliger [6], since this implies that ¢ is
homotopic to an embedding, the homotopy being fixed near 6D Extend this




268 F. X. CONNOLLY [November

homotopy to a homotopy of f by letting it be fixed on ¥V, and the result is an
embedding. As for our result (b), this follows in exactly the same manner from the
main result of Hudson [10], which shows that ¢ is homotopic to a piecewise linear
embedding, the homotopy fixed near ¢ D".

Hence we must only show that M, is (r+ 1)-connected. M is 1-connected and
m=n+3 (unless n=1, m=3, which is trivial) so M — V, and thus M is 1-connected.
So we show H(My)=H,(M—V,)=0 for 0<g=r+1, or by duality, we show
H?~ %M —V,;)=0 (compact supports), for 0<g=r+1.

Now we have the exact sequence:

HZ (M) < H =M —V,) < HZ =17 4(Vy).

Now since H®%(M)=0 for 0<g=r+1 (M being (r+ 1)-connected) and since -
H?~%(V,)=0 for g = [(r+ 1)/2], which implies H™ =9~ }(¥,)=0 for 0<g=<r+1, the
result follows. This completes the proof of 3.5.

We might point out that in 3.5(b) the condition m = (4/3)(n+ 1) can be removed
and a more complicated connectivity assumption made on V. A perusal of [10]
will readily enable the reader to construct this. We now intend to show just how
close the invariant y(f) comes to being an actual obstruction to getting an em-
bedding.

3.6. PROPOSITION. Let f: V™ — M™ be a continuous map of h-oriented manifolds
(h a multiplicative theory as in Chapter 11) with V closed. If y(f)#0 then f is not
homotopic to any embedding whose normal bundle has a cross section.

Proof. If fis an embedding with cross section then ¥(f) = @, so y(f) =J[%(f)]=0
by 2.10.

1V. Applications. In this section we apply the above methods to various special
cases, most of which lay beyond the reach of previous methods. We would first
like to present, however, without proof, the relative version of the main theorem.
Its proof is completely analogous to 3.5 and we only give the stable range version
of it.

4.1. THEOREM. Let f: (V™ 0V)— (M™ 0M) be an immersion whose normal
bundle admits a cross section. Suppose V' is compact, and that V, 0V, M and oM are
[(r+1)/2), [r/2), (r+1) and r-connected respectively, and that the map *Q(3V)
—3Q(V) is zero, s=[(r+1)/2). Finally assume y(f)=0 over *Q, and m = (3/2)(n+1).
Then f is homotopic to an embedding, and the homotopy will be constant on oV if
flaV is an embedding.

We remind the reader that in the sequel, as before, s denotes [(r+1)/2] and
r=2n—m.

4.2. THEOREM. Let f: V™ — M™ be a smooth immersion whose normal bundle has
a cross section, where V is compact and s-connected, and M is (r+ 1)-connected.
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Suppose f|V—pt is null homotopic. Then f is homotopic to a smooth embedding if
m2(3/2)(n+1) and a p.l. embedding if m=(4/3)(n+1).

Proof. We show 7(f)=0. Indeed, (/) is the image of [V'] under the composition

S+ P f* P
ho(V) —> hy(M —pt) —> k" ~™(M, pt) —> h"~"(V—pt) —> h(V, pt).

Since f| ¥ —pt is null homotopic, f* above is zero, and so is 7(f).

4.3. CoROLLARY. For m=(3/2)(n+1), and V as in 4.2, V™ embeds in R™ provided
g.d. (V)<m—n. (Here g.d. is the geometric dimension of the stable normal bundle.
A converse to this theorem has been proved. See Handel [13].)

4.4, THEOREM. If f: V" — M™"1 is a smooth immersion with V compact and
s-connected, and M (r+ 1)-connected, then f is homotopic to a smooth embedding in
MxR.

Proof. If i: M x0— M x R is inclusion, »(if) clearly has a cross section. So we
show y(if)=0. Let S=(— o0, —1] U [1, ), then y(if) is the image of [}/'] under

(V) = ho(M x (R— S)) — h™ (M x R, M x S) — h™~*(V) — h(V).

Since (if) is homotopic to a map with image in M x S, (if)*=0 above.

We close with a few more specific examples.

(A) Suppose V"=S?xS""? s<p<n—p, and M is (r+ 1)-connected. We study
the embedding problem in this case. If frepresents an element in [V, M], and m>n,
we can assume f(S?x S®~?)< M —pt. The Hopf construction [9] on this yields a
map F: S™*! — S(M —pt), giving an element of II,(M—pt), and thence, via the
Hurewicz map, an element { in h,(M —pt), where h is any theory relative to which
M is oriented. Let v in A" ~™(M, pt) be the dual of {. Let i;: S? — S?x S"? and
ip: S"~? — S?x S™~? be the inclusions.

4.5. PROPOSITION. Suppose g.d.f*(+M)<m—n, and also (fi)*v=0=(fi)*v.
Then f is homotopic to a smooth embedding if m=(3/2)(n+1) and a p.l. embedding
if mz(4/3)(n+1).

Proof. The geometric dimension condition insures fis homotopic to an immer-
sion with a cross section by [7]. So we show 7(f)=0. Now {=f,[V], and
SPx S P—pt~SPv S*?, Also 7(f) is given by

ho(V) —> hy(M — pt) —> k™ ~"(M) ——: ="V —pt) — h(V, pt).

Since f* factors through A*(S?x §"~?—pt)=h*(S?v S"~?)=h*(S?) ® h*(S"~?),
we see that f*P ~Yf,[V]=1*(v) =0 provided (fi,)*v=(fiz)*v=0.

ExampLES. (1) Consider [S°x S2 HP2x S*]. Here r=2, s=1, m—n=5. For
any f'in this set one easily computes that g.d. f*(+M) < 5. To apply 4.5 note fi,~0,
so (fig)*v=0. Also (fi,)* factors through 'Q5(HP?v $*)=1Q5(HP?) @ 1Q%(S%)
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=1Q05(HP?)=1Q4(HP?)=1Q4(pt) since HP? is 3-connected. Now !Q, is just
oriented cobordism, and hence 1Q,(pt)=0 by [16]. Thus (fi;)*v=0 and $(f)=0.

(2) Consider [S®x S3, S x Vy,,2] where Vi, means all 2-frames in 10 space.
(fiy)*v=0 since 2Q%(S%)=0. Consider (fiy)*v. Since m13(V10,2)=0, fiz factors
through S x %, but 2Q!%(S*)=0, so (fi,)*v and 7(f) are 0, and every element in
this set of maps is homotopic to an embedding.

(B) Now let V'™ be s-connected and compact; this time we will restrict M™ to
be a sphere bundle over S9, =: M — S, with a cross section, o: S — M, where
r+1<gq,r+1<m—q. We write S7v S™~?for o(S%) U i(S™~9), where i: S™~¢ > M
is the fiber inclusion over the base point. Thus M —S?Vv .S™~ 7 is an open m-cell.

If frepresentsaclassin [V, M]and m>n, we can thus assume that f(}V)<=S?v S™~¢,
and projection on each factor thus gives us two maps, f*: ¥— S%and f2: V' — S™ 4.
Let p, in Q9(S9) and p, in SQ™~4(S™~9) be the standard generators. Note that V
and M are SQ-orientable, as is the disc bundle associated with the bundle M. Let
v, i=1, 2, be the dual of fL([V]). For any connected space X we write «-x (resp.
x - o) for the left (resp. right) action of *Q*(pt) on *Q*(X), and we write

1 1Q*(X) > *Q*(p0)
for the map induced by pt — X. The following proposition is a simple exercise in

the Thom isomorphism, the Gysin sequence and Poincaré duality. It is much like
previous calculations and we leave its proof to the reader.

4.6. PROPOSITION. With the notation as above (and m>n), the dual of #(f) in
$Qr=n(V) is given by p(vs) - f* (1) + (= 1)*" = Pp(v1) -f ¥ (o).

ExaMPLES. (1) Let M=S7x S™~¢, and suppose g.d. (V) <m—n with connectivity
assumptions as above. Then f=f* x 2 If either f* or f2 is stably null homotopic,
then 4.6 shows that f is homotopic to an embedding, provided m=(3/2)(n+1).
Similarly, if g=m—q, q odd, and f?, f2 represent elements in II*(}) which agree
up to sign at least, then again $(f)=0 and f is homotopic to an embedding for
m=(3/2)(n+1). Similarly for p.l. embeddings if m = (4/3)(n+1).

(2) Consider the embedding problem when V=S8?xS""? and M=S§?xS""9,
where n—pzp>s, m—q2q>r+1, m=(@4/3)(n+1). If p=q—1, then V is r-con-
nected, 7(f)=0 and every map embeds; so we take the case where p <g— 1. In this
case, [V, S9) is in one-to-one correspondence with 7, _,(S%) X 7,(S?), and similarly
for [V, S™~9]. Thus a map from S?x S"~? into S?x S™~? yields, in the stable
groups, an element in I, _, X I, _ X I,y yo X Iy o X628, f2, 0y, dg, 0, U, 0
are as above in 4.5 and 4.6, then this element is given by

S—= [ftia] x vy x [f2i5] X v,
Since fi, is null homotopic we see from 4.5 that #(f)=0 iff (fiz)*v=0. Working
over stable cohomotopy theory (which is permissible by 2.15) we see from 4.6 that
(fig)*v, in IIm~*(S"~?, pt)=1I,_,, is none other than

vy 0 [f1i2]+(— l)qon-q)v1 ° [fzizl-
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In the dimensions where Toda’s calculations are available, this quantity is easily
-calculated from [15, pp. 186-190]. Thus we can enumerate those maps which are
homotopic to embeddings. For example:

(i) [S*x S8 S®x S is in 1-1 correspondence with Z x Z. Those maps f such
that f2 or fi, is null homotopic are homotopic to embeddings. The others are not
homotopic to embeddings with cross sections.

(i) [S*°x S17, $16x §26]is in 1-1 correspondence with Zso, X Z, X Z,. Of these,
504 are not homotopic to embeddings with cross sections, and the other 1512 are
homotopic to embeddings.
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