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JACOBI'S BOUND FOR THE ORDER OF SYSTEMS
OF FIRST ORDER DIFFERENTIAL EQUATIONS(?)

BY
BARBARA A. LANDO(?)

Abstract. Let A4,, ..., A, be a system of differential polynomials in the differential
indeterminates yV, . . ., y™, and let # be an irreducible component of the differential
variety .#(A,, ..., A,). If dim .# =0, there arises the question of securing an upper
bound for the order of .# in terms of the orders r;; of the polynomials A4; in y. It
has been conjectured that the Jacobi number

n
J = J(ry) = max { Z Fiy  J1s ..., Jn is @ permutation of 1,. .., n}
i=1

provides such a bound. In this paper J is obtained as a bound for systems consisting of
first order polynomials. Differential kernels are employed in securing the bound, with
the theory of kernels obtained in a manner analogous to that of difference kernels as
given by R. M. Cohn.

1. Introduction. Jacobi investigated the possibility of using J(r;;) as a bound
for the number of arbitrary constants in a solution of a differential system 4, ...,
A,. (See Ritt, [5].) The notion of arbitrary constant has since been made more
precise with the concept of order of a component [6, Chapter II, §35 and §10].
Jacobi’s bound has been verified for linear systems and for the cases n=1and n=2
[5], [6, p. 136], and in this paper is secured for first order systems. For an arbitrary
system Ritt [6, p. 135] has obtained a weaker bound R=>7%_, max{r;; : i=1,...,n}.

It is also shown here that when J is a bound, it is the best bound in the sense
that for any set of integers r;;=0, i, j=1,.. ., n, there exists a system with orders
ry; such that one of the components has order equal to J(r;;). It may be noted that,
in the usual definition of order, ry, is taken to be zero if no derivatives of y* of
order =1 are effectively present in A;; hence r;;=0 does not indicate whether or
not y¥ itself appears in A4;. If the definition of order is altered by setting the order
equal to —oo when the indeterminate is not effectively present in the polynomial,
a new, possibly lower, Jacobi number J’ is obtained. J' might then be conjectured
as a bound.

Received by the editors October 17, 1969.

AMS 1967 subject classifications. Primary 1280; Secondary 1440, 1538, 1615.

Key words and phrases. Differential polynomial, Jacobi bound, differential kernel,
specialization, dimension, order of an irreducible differential variety.

(*) This paper is based on a portion of the author’s doctoral dissertation written at Rutgers
University under the direction of Professor Richard M. Cohn.

(3) This research was supported in part by National Science Foundation Grant No.
GP 8548.

Copyright © 1970, American Mathematical Society

119
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The theory of differential kernels given here differs from that of difference
kernels [2] in the number of distinct generic prolongations and the number of
principal realizations. In the difference case these numbers are finite, while in the
differential case the generic prolongation and principal realization are unique. The
propositions given below for differential kernels hold for difference kernels if
statements concerning uniqueness are eliminated: a difference kernel R has a
generic prolongation R’; ordy R'=ordy R; R has a principal realization « with
the transformal transcendence degree, t.t.d., of K{a)|x=deg R and t.d. K{a}|g(vs
=ordy R; and for a regular realization 8, t.t.d. K{8>|,<deg R.

The main results of this paper have also been obtained for the difference case
(paper in preparation).

2. Notation. The fields considered will be of characteristic zero. The definitions
of differential rings, ideals, and varieties are assumed [6]. Let P be a differential
ring with a derivation 0. For a € P, ¢"a is denoted by a,, r =0, with a,=a. If there is
also an indexing, it will be denoted in superscripts. If K is a differential field and S
is a set of elements, K[S] is the ring; K(S), the field; K{S}, the differential ring;
and K{S), the differential field obtained by adjoining S to K.

If K and L are fields, with K<L, t.d. L|, will denote the degree of transcendence
of L over K. If K and L are differential fields with K< L and a € L, then a is differen-
tially algebraic over K if there is a nonzero differential polynomial over K with the
solution a. a is differentially transcendental over K if no such polynomial exists.
With the notion of differential algebraic dependence, it can be shown that L has a
differential transcendence basis over K [3, pp. 151-156]. The differential trans-
cendence degree of L over K, d.t.d. L|, is the number of elements in such a basis.

Varieties in the algebraic sense will be denoted by M, while differential varieties
(also called manifolds) will be denoted by .. (See [6, Chapter II].) If .# is an
irreducible variety over the differential field K with a generic zero a=(a®, . . ., «™),
then dim # =d.t.d. K{a}|g, and ord A =t.d. K{a)|x < c0.

Let P be a subring of the field K, and let D be a derivation of P into K. Let
a®, ..., a™; bV, ..., b™ be elements of K. Let II be the ideal of polynomials
S =Y, ..., y™) in Py, ..., y™] such that f(aV, ..., a™)=0, and let S be
a set of generators for Il. Let f°(y) denote the polynomial of P[y®, ..., y™]
obtained from f(y) by replacing the coefficients of f(y) by their derivatives under
D. 1t is well known [3, p. 172] that D can be extended to a derivation D of
Pla?, ..., a™] into K such that Da?=5b", =1, ..., n, if and only if

£P(a) +i§; % (a)- b =0 forall f(y)eS.

Furthermore, if the extension exists, it is unique.
Note 1. This result implies the following. Let K and L be fields with K<L, and
let D be a derivation of K into L. If D is extended to a derivation of K(a', ..., a™)
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into L(bY, . . ., b™) with a® e L and Da®=b®, i=1,.. ., n, then

t.d. K@, ...,a™)|x 2 t.d. LY, ..., b™))|,.

3. Differential kernels. Let K be a differential field with a derivation o, and
let a; denote the n-tuple (af?, . . ., a), i=0, 1, ..., and a,=a. A differential kernel
R over K consists of an overfield K(a, . . ., a,) of K and an extension D of @ to a
derivation of K(a, . . ., a,_,) into K(a, . . ., a,) such that Da;=a; , ,, i.e. Da®=a{’},,
j=1,...,n. ris called the length of the kernel. When r=0, D is taken to be 0.

The degree of transcendence, deg R, of R is defined to be

td. K@, ..., a)|kq.,....0._p-

Let S denote a subindexing of a. S is a special set for R if S, is a transcendence
basis of a, over K(a, ..., a,_;). Then Ui, S; is an algebraically independent set
over K (by Note 1 and the derivations of K(a, . .., a;_1; S;) into K(a, . . ., a;; S;+1)
for i=0,...,r—1).

Akernel R'is a prolongation of kernel Rif R’ consists of an overfield K(q, . . ., a,, )
of K(a,...,a,) and an extension D’ of D to a derivation of K(a, ..., a,) into
K(a,..., a,,,) such that D'a,=a,,,. It follows from Note 1 that if S is a special
set for R, then S contains a special set for R’, and that t.d. K(a, . . ., @)|xq,....a,_»
2td. K(a, ..., 8 41)|kq,....op- Thus deg R=deg R'. R’ is called a generic pro-
longation if deg R=deg R’. In this case a special set for R is a special set for R'.

A kernel R consisting of K(a, . . ., a@,) and D is a specialization of R if (a, . . ., a,)
is a specialization of (a, ..., a,) over K in the algebraic sense. We note that if ¢
is the homomorphism of K]a, ..., a,] onto K]a, ..., a,], then

$(Da”) = ¢a}, = af}, = D@) = D(¢a),
and ¢ is necessarily a specialization in the differential sense.

PROPOSITION 1. Let R be a kernel. There is a generic prolongation R’ of R.
Furthermore, if R is any other prolongation of R, R is a specialization of R'.

Proof. Let R consist of K(a, . . ., a,) and D, and let s=deg R. Let S be a special
set. Let S,,; be a set of s elements which are algebraically independent over
K(a, ..., a,). There is a derivation D of K(a,...,a,_,; S,) into K(a, ..., a,; S, 1)
extending D, with Da{’=a{},, where a¥}, is a distinct element of S, ,, for each j.
Since K(a, . . ., a,) is a separable algebraic extension of K(a, ..., a,_;; S,), D can
be extended in a unique way to a derivation D of K(a, . . ., a,) into K(a, . . ., a,; S, 1)
[3, p. 175]. Forj=1,..., n,let a¥), = Da®. Then K(a, . . ., a, ;) with D is a kernel
R’, and deg R'=deg R.

Let K(a, . . ., a,, @, 1), D, be a prolongation R of R. Since S, ., is an algebraically
independent set over K(a, . . ., a,), there is a homomorphism ¢ of K(a, . . ., a,)[S; +1]
onto K(a, . .., a)[S,..], where S,,,=DS,. We note that if ce K(a, ..., a,_.; S,),
DceKla,...,a)S; 1] Now if a” ¢ S,, it is separably algebraic over

K(a’ cees@rog; Sr)
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with minimal polynomial f(y), and

Da = afly = —(f2@?)|f' @) € K(a, . . ., a,)[S,+1]-
By a similar argument,

Daf = a, = —(fXaP)f (@) e K(a, . . ., a)[S; +1]-

Hence ¢ is already defined on a!’), with a¥), =a"),, and thus provides the required
specialization.

COROLLARY. The generic prolongation of a differential kernel is unique in the
sense of isomorphism.

Let U be a subindexing of a such that U contains a special set and
t.d. K(U, ceey Uf)lK(U,....Uy_!) = deg R.
Then the order of R with respect to U, ordy R, is defined to be

t'd° K(a’ ] a')IK(U,....U,)'
If U is itself a special set, then ordy R is defined, and
ordy R = td. K(a, . . ., ar)lx(u....,t/,) =td. K(a,...,a,_,; Ur)|x(v,...,u.)
= td. K(a, . . ., ar—l)'K(U,...,U'-l)'

If deg R=0, U may be the empty set, and we define the order of R, ord R, to be
td. K(a,..., a)|x.

PROPOSITION 2. Let R be a kernel with a generic prolongation R'. Let U be a
subindexing of a such that ordy R is defined. Then ordy R’ is defined, and

ordy R = ordy R'.

Proof. Analogous to that of Lemma III, Chapter 6, of [2].

If R:K(a, .. ., a,), D, is a kernel, and a=('?, . . ., «™) is contained in a differen-
tial overfield of K, then « is a realization of R if (, «, . . ., ) is a specialization of
(a, a,,...,a) over K. If the specialization is generic, the realization is called
regular. Finally, o is called a principal realization of R if there is a sequence of
kernels R=R®, R®, ..., each a generic prolongation of the preceding, such that
o is a regular realization of each R®, k=0, 1,....

PROPOSITION 3. Every kernel R has a principal realization « which is unique in the
sense of isomorphism. d.t.d. K{«)|x=deg R; and if U is a subindexing of a such that
ordy R is defined and V is the corresponding subindexing of «, then t.d. K{e)|x (v
=ordy R. If U is a special set, V is a differential transcendence basis for « over K.

Proof. Proof of existence is analogous to that of Lemma V, Chapter 6, of [2].
The uniqueness of « follows from the uniqueness of generic prolongations in the
differential case.
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PROPOSITION 4. If « is a regular realization of R, then d.t.d. K{(o)|x <deg R with
equality holding if and only if o is a principal realization.

Proof. Analogous to that of Lemma VI, Chapter 6, of [2].

COROLLARY. A realization B of a kernel R which specializes to a principal realiza-
tion « is a principal realization, and the specialization is generic.

Proof. Clearly B is a regular realization, and d.t.d. K{8)|x=d.t.d. K(e)|x=
deg R. By the proposition, 8 is a principal realization. By the uniqueness of principal
realizations, K{B)~ K{c).

In general, however, if « is any realization of R, it is not necessarily true that
d.t.d. K{(a)|g=deg R.

ExAMPLE 1. Let a=(u, v, w) where u, v, and w are algebraically independent
over K. Let a; =(u, v, w,) where w;, is a zero of the polynomial vy —u. Then K(a, a;)
defines a kernel R of degree 0. Let a’'=(0, 0, w) and a;=(0, 0, w;) where wj is
transcendental over K(w). K(a@', a;) defines a kernel R’ of degree 1. R specializes
to R’, but deg R<deg R'. If & is a principal realization of R/, it is a realization, but
not a regular one, of R. Thus deg R=0, but R has a realization «’ with

dtd. K> = 1.

Note 2. If Ris a kernel of length r>0, R is equivalent to a kernel R’ of length 1
in the sense that their realizations generate the same differential field extensions
of K. If R consists of K(a, . . ., a,) and D, with r> 1, let b be the vector (a, . . ., a,_;)
having rn components and let b, =(a;, . . ., a,). Then Db=b,, and R’ consisting of
K(b, b,) and D is a kernel of length 1 which is equivalent to R.

4. Specialization problem. Let R and R be kernels with fields K(a, . . ., a,) and
K@,...,a,), respectively, r=0, such that K(a,...,a._))~¢K(@,...,a,_,).
(When r=0, the isomorphism is the identity automorphism of K.) Let & be a
principal realization of R. It will be shown that if R is a specialization of R over
K, then a is the specialization of a principal realization « of R.

In general, a specialization of kernels does not imply a specialization of principal
realizations. In Example 1 R specializes to R’, but deg R<deg R’, and hence there
is no specialization of principal realizations. Furthermore, while deg R=>deg R’ is
a necessary condition for the existence of a specialization of principal realizations,
it is not sufficient.

EXAMPLE 2. Let R consist of K(a, a;), D, where a is a single element algebraically
independent over K, and a, is a zero of f(y)=y2—4a. Let R’ consist of K(0, 0)
and D'. Then R specializes to R’, and deg R=deg R'=0. Da,= —f"(a,)/f"(a,)
=4a,[2a, =2. Since (a, a,, 2) does not specialize to (0, 0, 0), the principal realization
of R does not specialize to the principal realization (0) of R’.

The lemmas below are concerned with arbitrary fields, not necessarily differential
fields.
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LEMMA 1. Let K and L be fields; let K[a]=K[a®, ..., a™] be an integral domain
and M a field containing K. Let o: K[a] — L and v: M — L be homomorphisms over
K with restrictions o|x=1|x#0. Then there exists a free join M'[a’] of M and K[a]
over K with ,: Kla'l= xK[a] and 5: M'~ ¢ M, and there exists a homomorphism
é: M'[a'] — L such that ¢|ga1=0 o, and ¢|y. =7 o s

Proof. Since K is a field and 0#0, we may assume without loss of generality
that K<L and that o|,=7|g=idg. By the universal mapping property of tensor
products, there exists a homomorphism ® of M ® K[a] into L such that ®|g,;=0
and ®|,=r.

Let II be the kernel of ®. Since 0 € IT and II is prime, there exists a prime divisor
A of the ideal (0) such that AcIl. M ® K[a] is noetherian; thus, by Corollary 3
to Theorem 10, Chapter 1V, of [7], A consists of zero divisors. Hence M ® K[a]/A
is a free join of M and K[a] over K [7, p. 189], and M ® K[a]/Ax~x M'[a’] with
Y1: K[a'lz2xK[a] and ¢,: M~ M. Since AcII, there is a homomorphism
¢: M'[a’] — L determined by @ such that ¢|x, =00, and |y =7 o 3.

It may be assumed in the above lemma that either ¢, =id or ¥, =id.

LEMMA 2. Let L be an algebraically closed field and L(b)=L(b®, ..., b™) with
t.d. L(b)|,=1. Let b=(b", ..., b™) consist of elements of L. If b specializes to b
over L, then there exists a parameter t € L(b), transcendental over L, such that L[b]
has a representation in the power series ring L[[t]] with

o
b — 5<t)+z cet!, i=1,...,n
i=1

Proof. L(b) is an algebraic function field of one variable over L. Using the
notation and results of Chevalley [1], we may obtain a place p and a valuation
ring o of L(b) over L with L[b]<o and b?—bP ey, i=1,...,n, [1, Chapter I,
Corollary 1 to Theorem 1]. By Theorem 2, Chapter I, of [1], o/p is algebraic over
L; hence o/p=L since L is algebraically closed.

Since o/p=L is separable over L, it follows that every element ¢ in the p-adic
completion of L(b) has a representation c=2>;%, c¢;#’ with r an integer and ¢, e L
for all j [1, p. 46]. Moreover, if ¢ € 0, then r=0; and if c € p, then r=1. Then,
since L[b]<o, L[b]J<L[[t]], and since bP—bPeyp, bP—bP=32 ¢ t? with
b®, ¢,; € L. This completes the proof.

Let K[[t, t1, ..., tn]] be the formal power series ring in m+1 indeterminates
to=t, ty,...,tn. For peK]l[t,..., t,]], p may be written po+p,+ -+ +pe+---,
where p, =0 or is a homogeneous polynomial of degree k in K[, .. ., t,].

LEMMA 3. Let D be a derivation of K into K[[t]]. Then D can be extended to a
unique derivation D of K[[t, ..., t,_,]] into K][t, ..., t,]] such that Dt,=t,,, and
Sfor p=pot+pi+---+p+--- inK[[t,..., tn_1]], Dp=37_0 Dps.

Proof. D can be uniquely extended to a derivation D of K[t,..., t,_,] into
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K[, ..., t,]] with Dt;=t,,,, j=0,...,m—1. If p=at*-..tkn51 is a monomial
of degree k=273 k,,

m-—1 m-1
D = 0a)- | [apr+a 3, (k[ Tok)

i=0 i=0 i#7
where Da € K[[t]]. Thus Dp is a power series of K[[¢,..., t,]] of order =k. If
p=po+pi+---€K][t,..., tn_1]], then ord Dp,=k, and hence the sum >, Dp,
converges to a series in K[[¢,..., t,]]. Thus we may define Dp to be the series
>v_0 Dpy. It is easily shown that D is a derivation on K[[¢,..., t,_,]] and it is
clear that D is unique. ‘ '

Now let K be a differential field with derivation 0. Let a represent (@, .. ., a™).

THEOREM 1. Let R and R be differential kernels consisting of K(a, . . ., a,), D, and
K@, ..., a,), D, respectively, r=0, with K(a, . . ., a,_,)~ K@, . . ., @,_,). Let « and
& be principal realizations of R and R, respectively. If R is a specialization of R, then
& is a differential specialization of «.

Proof. Since principal realizations are unique up to isomorphism, it suffices to
prove the result for any principal realizations of R and R. Also, we may assume
that the kernels are of length 0 or 1 (Note 2). The proof is given first for the case of
length 1.

R and R have fields K(a, a,) and K(@, a,), respectively. Since K(a)=~ K(a), we may
assume that a=a. Since (a,) specializes to (a,) over K(a), deg R=deg R. If deg R
=deg R, then K(a, a;)~ K(a, a;), and by the uniqueness of principal realizations,
K{o}~ K{a}. It remains to consider the case deg R>deg R.

It will be shown that we may assume that deg R=deg R+1. Let

t = td. K(a, a;)|k@, and s = td. K(a, a,)|xw» t>s.
There exists a sequence of specializations over K(a):
a, = by —>bg-1y—> by = a,

with t.d. K(a, by)|x@y=1i, i=S,...,t [8, p. 194]. Since there is a derivation
D: K(a) — K(a, a,) and since a, x> by, there is a derivation D?: K(a) — K(a, by,),
i=s,...,t Thus each K(a, by), D, is a kernel of degree i, and it suffices to prove
the theorem for the case deg R=deg R+1.

Next it is shown that we may assume that deg R=0. Suppose deg R=s5>0 and
deg R=s+1. Let K{&), 9, and K{«), 9, be the differential fields generated by the
principal realizations & and «. By Proposition 3, d.t.d. K{a)|x=s and d.t.d. K{«}|g
=s+ 1. We may assume (&, &,)=(a, @,) and (e, o;)=(a, a,). Since (a, a,) specializes
to (a, a,) over K, there is a subindexing S of a such that S is a special set for R
and is contained in a special set for R. For j> 1, let &S be denoted by S, and &'S
by S,. Since the realizations are principal, |2, S; and | J2, S; are both algebrai-
cally independent sets over K(a), and thus K(a; Sy, Ss, . ..)~K(a; S, Sa, . ..). By
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taking a principal realization isomorphic to ¢ we may assume that S;=.S; for all
i=0. K(S> is a differential field; K{S)(a, a;) is a kernel R’ over K{S) of degree 1
with a principal realization o; and K{S)(a, a,) is a kernel R’ over K{S of degree 0
with a principal realization & The specialization K[a, a;] — K[a, @,] may be
extended to the homomorphism K(S, S;)[a, a;] — K(S, S))[a, a,], and then to
K{(S>[a, a,] x> K{S)[a, a;] since | U2, S; is an algebraically independent set
over both K(a, a,) and K(a, ;). Thus R’ specializes to R’ over K{S). If « %> &,
then clearly o > & Thus it suffices to consider the case deg R=0.

Let L be the algebraic closure of K(a, a,) (and hence of K(a)). Since there exist
homomorphisms K(a)[a,] z@> K(@)[a;]<L and L%, L, by Lemma 1 there exists
a free join L[a;] of L and K(a)[a,] over K(a) with K(a)[a;]=~ K(a)[a,], and there
exists a homomorphism ¢: L{a}] > L with ¢a; =a,. We may assume that a; =a, (by
taking a kernel isomorphic to R over K(a)). Thus ¢ gives a specialization of a, onto
a, over L. t.d. L(a,)|,=1since t.d. K(a, a;)| g =1, and L(a,) is a free join over K(a).
By Lemma 2 there exists ¢ € L(a,), transcendental over L, such that L[a;] has a
representation in L[[¢]] with

L
1) ap = ap+ Z et fori=1,...,n.
i=1

Since L is algebraic over K(a), the derivations D: K(a) — K(a)[a,]=L[[t]] and
D: K(a) - K(a)[a,]J=L have unique extensions to D:L — L[[t]] and D:L — L
[3, pp. 172-175]. By Lemma 3, D can be extended successively to derivations

D, : L[[t]] — L[[t, t,]],
D2: L[[t, tl]] _>L[[ta tl: t2]]9 RS
DLt ...ty LIty 1), - ..

For each j, ¢; is transcendental over L[[t, ..., t;_1]]; D;t;_1=t;; and if g=q,+q;
+ - +qe+--- €L[[t,..., t;-1]] with ¢, homogeneous of degree k, then D,g=
>w-0 Dig. Then (U L[[t, . .., t,]] is a differential ring P with a derivation D
obtained by taking the union of the derivations D;, j=0,1,....

a,=Da e L[[t]]. For h>1, let a,= D"a. Then K][a, a,, ...] is a differential sub-
ring of P, and K(a, a,, ...) is a differential field. (a, ay, ..., a,...) is a regular
realization of R, and d.t.d. K(a, a,,...)|x<deg R=1. Since t€L(a,), t,_1=
Dr-tel(a,,...,a,) forany h>0. t,_, is transcendental over L[z, ..., #,_,]] and
therefore over L[a, ..., a,_,]. Hence for all 41>0,

t.d. K(a, ..., ah)lK(a.....a;._l) 2 td. L(ay,. .., ‘In)lz,(a1 ..... an-p = 1,

and thus d.t.d. K(a, ay, ...)|g= 1. Therefore d.t.d. K(a, a,, . . .)|x=1=deg R, and
(a, a1, a,, . . .) is a principal realization of R (by Proposition 4).

L is a differential field with the derivation D. Da=a,. For h>1 let a,= D"a.
Then (a, @, @, ...) is a regular realization of R. Since 0=d.t.d. K(a, @, ...)|x
<deg R=0, (a, @, @y, . . .) is a principal realization of R.
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Let ®: P— L be defined by ®#,=0, j=0, 1,.... Then ® is a homomorphism
over L and from (1) it is clear that ®a, =a, =¢a,. Thus ® is an extension of the
specialization ¢: L[a;] — L[a;]=L (and of the specialization K[a, a,] — K]a, a,]),
and for c € K[a], ®(Dc)=¢(Dc)=Dc. We will show that ® o D=Do ® on P.
First for peL, let f(y) be the minimal polynomial of p over K(a). Then Dp=
—f2(p)/f'(p), and Dp= —fP(p)/f'(p). We may assume that f(») has coefficients
in K[a]; then ®(f2(p))=fP(®p). Using this and the fact that ®p=p, we obtain

®(Dp) = ©(—f2(p)/f'(P)) = —fPp)/f'(Pp)
= —f(p)/f'(p) = Dp = D(®p).

Forqgell[t,..., t;]]l, q=q90+q', where g, € L, and ¢’ =0 or each term of ¢’ involves
t’s. Dg= Dqy+ Dq', where Dq’'=0 or each term of Dq’ involves some ¢’s from
among t, t;,..., ty4+1. Then

)] ®(Dq) = ®(Dgo+ Dq') = ®(Dgo) = D(q0) = D(Pq)
for any g€ P.

The restriction of ® to K]a, a,, . ..] is a homomorphism into L with ®a=a and
®a, =a,. Assume that it has been shown that ®a;=a,, j=0, ..., h—1. Then using
(2) we obtain ®ay,=(Day,_,)= D(®Pa,_,)= Da,_,=a,. Therefore, by induction,
® provides a specialization of the principal realization (a, @y, ..., @, ...) of R
to the principal realization (a, @, . ..) of R.

The preceding proof can be modified easily for the case of kernels of length 0.
The same assumptions can be made: that deg R=1 and deg R=0, and that a
specializes to.a@ over the algebraic closure M of K(a). Then M[a] has a representa-
tion in M[[¢t]] with a®=a®+3>2 , d,#/; and U=, M[lt, . . ., t:]], D, and @ can be
defined in a similar manner. However, in this case, since M is the algebraic closure
of K, D=D on M. Thus for h=1,2,...,

Daf., = a;:>+1)h( > d,,tf),
=1
and it is clear that ®a,=a,, h=0.

COROLLARY. Every regular realization of a kernel R is the specialization of a
principal realization.

Proof. Let R be a kernel of length r=0, and let B be a regular realization of R.
By Proposition 4, d.t.d. K{8)|x <deg R. We use induction on

m = deg R—d.t.d. K{B)|x.

Basis. m=0. Then d.t.d. K{8)|x=deg R, and B is a principal realization.
- Inductive step. Assume the result holds for any kernel R with a regular realization
B such that 0<deg R—d.t.d. K{B)|x <M.
Let deg R—d.t.d. K{B>|x=M>0. Let R, be the kernel K(B,..., Br+s), £20.
Then deg R=deg R, = --- 2deg R,20. Let k be the minimal k=0 such that
deg R.=deg R, for all h=0. B is a principal realization of R;. Since M >0,
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k>0, and by the minimality of k, deg R;_,>deg R;. Thus R is not a generic
prolongation of R;_;. Let R’ be the generic prolongation K(B, ..., Br+r—1, Br+k)
which specializes to K(B, ..., B;+%-1, Br+z)- By the theorem there is a principal
realization B’ of R’ which specializes to B. B’ is a regular realization of R. Further-
more, since the specialization 8 x> B is not generic, deg R—d.t.d. K{B'>|x <
deg R—d.t.d. K{B)|x=M. By induction there is a principal realization « of R
which specializes to 8. Hence « > 8’ ¥ B.

5. Jacobi’s bound. Let 4 be an nx n matrix |r,| where r;, is an integer or —oo.
A diagonal sum of A is any sum ry; +ro;,+ - - - +ry;,, With ji, . . ., j, a permutation
of 1,...,n. If A is an m x n matrix with M =min {m, n}, then a diagonal sum of 4
is a diagonal sum of any M x M submatrix of 4. The Jacobi number J(A) of a
matrix A is the maximal diagonal sum of A.

Two mxn matrices A and A* are called I-equivalent if A* can be obtained
from A by interchanges of rows and interchanges of columns. For k <min {m, n},
A will be called I,-equivalent to A* if A* can be obtained from A4 by interchanges
within the first k rows and columns. If 4 and 4* are [.-equivalent, J(4)=J(A4*).

PROPOSITION 5. Let A be an mxn matrix |ry| with m>n, ry=1 for i=j, and
ri;=0 or 1 for i#j. Then A is I,-equivalent to a matrix of the form:

1

t n

where 0=t <n and for all j > t there is an i;> j such that r ;= 1. (Each column of B has
a 1 somewhere below the diagonal.)

Proof. We use induction on n.

Basis. n=1. A is a column |r;;| with r;;=1. Then A4 has the required form: if
rpn=0fori>1, t=1;if r;;=1 for some i>1, t=0.

Inductive step. Assume the result holds for any  x 77 matrix 4 with 7> 7 and
1sn<N.

Let A be an mx N matrix, m>N>1. Let C=|r;;~y be the submatrix of 4
consisting of the last m— N rows of 4. If C=|0], let t=N. If C#|0|, then r,,=1
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for some p > N. We may assume thatg= N (by interchanges of rows and of columns).
Let D be the m x (N—1) submatrix of A4 consisting of the first N—1 columns of A4.
By induction D is Iy_;-equivalent to a matrix D* of the required form with
0<t=<N-1. Since ryy and r,y are unaffected by interchanges within the first
N—1 rows or N—1 columns, A4 is Iy_,-equivalent to a matrix 4* of the required
form with 0<t=N-1.

PROPOSITION 6. Let A be an mxn matrix |r;| with r;=0 or 1. Let J(A)=J.
Then A is I-equivalent to a matrix of the form:

1 : ;
1 ; :
_____________ L
1 i
0 : )
3 i H
@ 1 i ___________ 1 --E ------ J
0 | i 0
' : m
t J n

where 0=t =<J and for each j, t<j<J, there is an i;>j such that r,;=1.

Proof. The case A=|0| is trivial with 0=¢=J; so we assume A#0|. Since
J(A)=J we may assume that ry=1,i=1,...,J. f m=J, let t=J. If m>J, Proposi-
tion 5 may be applied to the submatrix of 4 consisting of the first J columns of A4.
Hence A is I-equivalent to
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where 0=t <J and each column of B has a 1 in some row below the diagonal. Then
it can be shown that 4* has form (3). Let D be the submatrix of 4* with entries
sy, t<isJ,J<jsn. D= g if t=J or J=n. In either of these cases 4* has form (3).
If D# @, it remains to show that D=|0|. If D+|0|, by using the fact that each
column of B has a 1 below the diagonal, one can obtain a diagonal sum greater
than J, a contradiction. Thus D=0|.

THEOREM 2. Let K[y]=K[yY, ..., y™] be a polynomial ring over a field K. Let
Ay, ..., A, be polynomials of K[y]; let A be the m x n matrix |ry| with ri;=1 if y?
appears in A; and r;;=0 if not. If the algebraic variety M(A4,, ..., Ay) is not empty,
then every irreducible component has dimension =n—J(A).

Proof. Since interchanging of rows of A4 corresponds to reordering 4, .. ., Ap,
and interchanging of columns corresponds to reindexing y®, .. ., y, by Proposi-
tion 6, we may assume that A is of the form (3), withJ=J(4) and 0=t <J. t+(n—J)
of the indeterminates do not appear in A4,.;,..., An, and thus the irreducible
components of M(A4;.1, ..., An) have dim 2¢+n—J. By the Dimension Theorem
[4, p. 36], the components of M(A4,, . .., A;) have dimension Zn—t. M(A4,, ..., Ay)
=M(A4y,...,A) N M(4,,1,..., Ay). Thus the irreducible components of
M(A,, ..., A,) have dimension =(n—t)+(t+n—J)—n=n—J(A).

Let K[x, y]=K[x©,...,x™;y® . ., y™] be a polynomial ring in m+n
indeterminates over a field K. If T is an ideal of K[x, y], let £° denote the ideal
2 N K[x] in K[x].

LEMMA 4. Let (a, b) ¥ (a, b) where a=(a®, ..., a™) and b=(b",..., b™). If
t.d. K@)|x=t.d. K(@)|x—s, s20, there exists c=(c"V, ..., c™) such that (a, b) x>
(@, ¢) ¥ (@, b) and t.d. K(@, c)|x=t.d. K(a, b)|x—s.

Proof. Let IT and 1T be the associated ideals of (a, b) and (@, b), respectively, in
K[x, y]. dim TI°=dim I1°—s. It suffices to obtain a prime ideal A of K[x, y] such
that Ic A< TI, A°=TI°, and dim A =dim IT—s. We use induction on s.

Basis. s=0. Then II°=TI°. Let A=1I.

Inductive step. Assume that the statement is true for all prime ideals £ and
with 0<dim Z°—dimZ° < S.

Let dim I1°—dim II°=S>0. Then I°<TI°, and there is an f(x) € II° such that
f(x) ¢ TI°. Hence I <(I1I, /)< 11, and there is a prime divisor A, of (I, f) such that
<A, <1l By the Dimension Theorem, dim A, =dim IT—1. Since fe A3, II°= A}
c1I°; thus dim AS—dim [1°=s,£S—1. By induction there is a A such that
A, AcTI, A°=TI°, and dim A=dim A, —s,. Then T AcTl, and

dim A 2 dim A, —s; 2 dim A; —(S—1) = dim I-1—-(S—1) = dim [I-S.

Now let K be a differential field and K{y}=K{y"?, ..., y™} a differential poly-
nomial ring with a derivation 9. Then K[y, y,] is a subring of K{y}, and d is a
derivation of K[y]into K[y, y,] with @y=y,. If f(¥) € K[y], then &(f(»)) € K[y, y:1]
and will be denoted by 9f(y, y,)-
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Let IT be a prime ideal of K[y, y,] with a generic zero (a, b). II°=11 N K[y] is
the ideal associated with a over K. Let G be a finite set of generators for II°.
K(a, b) is a kernel if and only if 0G< I1 [3, p. 172]. Let the elements of G be indexed
g1(»¥), - .., g(y) so that {og,(a, y1), ..., 0gla, y1)}, r<h, is a maximal linearly
independent subset of {dg.(a, y1), ..., 0gn(a, y1)} over K(a). Then dg(a, y,)=
>t 1 oy 0gila, y1), o € K(a), i=1, ..., h; and dg(a, b)=0 if and only if og,(a, b)
=0,k=1,...,r. Thus K(a, b) is a kernel if and only if og,(y, y,) e II, k=1,...,r.
When K(a, b) is a kernel,

L) .
{ag,(a, 2 = @+ B @i =1, h}
i=1

is a consistent system of polynomials in K(a)[y,] since b is a zero. Since r is the
number of linearly independent polynomials, r equals the rank of the matrix

|0gi(a)/oy?|, i=1,...,h j=1,...,n

But rank |0g,(a)/0y”| =n—t.d. K(a)| [3, pp. 177-179]. Therefore, r=n—t.d. K(a)|x
and r is independent of the choice of generators.

Let 4,,..., A, be a system of differential polynomials in K{y}. Let r;; be the
order of 4;in y?, with r;;=0 if y” does not appear effectively in 4,. Then the matrix
A=|ry| of orders may be associated with the system, and the Jacobi number of
the system is J(A).

THEOREM 3. Let A,,..., A, be first order differential polynomials in K{y}. Let
A=|ry| be the matrix of orders ry; of A in yP. If M is an irreducible component of
the differential variety #M(A,, . .., A,) with dim 4 =0, then ord .# <J(A).

Proof. Let a=(a?, ..., &) be a generic zero of 4. Then K(&, &,) is a kernel R.
Since & is a regular realization of R, it is the specialization of a principal realization
o' of R (Corollary to Theorem 1). But « is a zero of A4, ..., A,; thus & is itself a
principal realization. Hence O0=d.t.d. K{&)|x=deg R, and ord #=ord R=
t.d. K((i, &1)|K=t.d. K(&)llf'

(&, @) is a zero of the ideal (A4,, ..., 4,) in K[y, y,]. Let (a, a,) be the generic
zero of an irreducible component of the algebraic variety M(A4,, . .., A,) such that
(a, a,) ¥ (&, &;). For some 520,

t.d. K(a)|x = t.d. K(a)|x—s.
By Lemma 4, there exists ¢ such that (a, a;) ¥ (&, ¢) ¥ (4, &;), and
) t.d. K(g, ¢)|x 2 t.d. K(a, a,)|x—s.

Let A and IT be the associated prime ideals of (&, ¢) and (a, &,), respectively, in
K[y, yi]. A°=TI°. Let {gi(¥),...,gu(¥)} be a set of generators of A° with
{0g:1(&, y1), . . ., 0g(&, y,)} a maximal linearly independent subset of

{agl(&3 yl)’ i= 19 ceey h}

over K(a). Since K(¢&, &) is a kernel, dg((y, y;) € IT, i=1, . . ., r. There exists a prime
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divisor IT of the ideal (A;dg,(y, 1), ..., gy, 1)) such that I<TI. dim IT
=dim A—r. The relation A°cTI°cTI°= A° implies that II°=TI°. Thus II has a
generic zero (&, «,) for some «,, and

(5) t.d. K(&, al)lx g t.d. K(li, C)IK—r.

Since dgi(y, y1) eI, i=1,..., r, K(&, ;) is kernel R.

Since (&, ;) > (&, &,), there is a specialization of the principal realization « of
R onto & (Theorem 1). But « is a zero of A4,, ..., A, and & is a generic zero of /;
therefore, the specialization is generic, and K(«, )~ x K(<, &,).

Using this isomorphism, (4), and (5), we obtain

t.d. K(a—, &I)IK = t.d. K(&, al)lK g t-d. K(&, c)lK'—r
2 t.d. K(a, a,)|g—s—r.

Then, since s=t.d. K(a)|x—t.d. K(&)|x and t.d. K(a)|x=t.d. K(&, &,)|x, the in-
equality becomes 0>t.d. K(a, a;)|x@—r. However, by the remark preceding the
theorem, r=n—t.d. K(a@)|x=n—ord .#. Substitution for r in the above inequality
yields

6) : ord # = n—t.d. K(a, a))| g

Let A%, ..., A} be the polynomials of K(a)[y,] obtained by substituting
a®d, ..., a™ for yV,...,y™ in Ay,..., An. Let A* be the m x n matrix |r}| with
r=11if y{ appears in A¥, and r=0 if not. J(4*) <J(A) since r=1 only-if r;;=1.
By Theorem 2 every component of the algebraic variety M(A45, . .., A%) over K(a)
has dimension 2n—J(A*)=n—J(A). a, is a zero of A¥,..., A¥; thus there is a
generic zero b of a component of M(A¥, ..., A¥) such that b 7> a,. But (q, b)
is a zero of A, ..., An, and (a, a,) is a generic zero; therefore the specialization is
generic, and t.d. K(a, a;)|x@ = n—J(A4). Using this inequality and (6), one obtains
ord A £J(A).

The following slight generalization can be made in the above theorem. Let .#
be an irreducible variety with generic zero «. Let y’ be a subset of the coordinates
of y. Let «' be the coordinates of « corresponding to y'. Then the order of A
relative to y', ord (y').#, is defined to be t.d. K{e)|gss-

Let By, ..., B, be a system of differential polynomials in K{y}. Let y' be a subset
of y such that if y® ¢ y', the order r,; of B, in y? is O or 1. Let |r;;s| be the submatrix
of the order matrix |ry| consisting of those ri; such that y? ¢ y'. If # is a component
of M(By, ..., B,) for which y' contains a complete set of parameters, then

ord (V) < J(riy).

This theorem can be reduced to Theorem 3 by a method similar to that of
Theorem IX, Chapter 8, of [2].

Note 3. Any finite system & of differential polynomials may be reduced to an
equivalent first order system 7. However the Jacobi number of ~ may be greater
than that of . Thus the extension of Theorem 3 to arbitrary systems is not
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immediate. This situation suggests that the strong Jacobi number might be a more
natural bound. Let & consist of 4,, ..., 4, with an order matrix |r,|. We may
define the strong order s;; of A; in y? to be ry; if y is effectively present in A4;, and
to be —oo, if not. Then J'=J(sy) is the strong Jacobi number of the system <.
J' £J(ryy). It can be shown that the strong Jacobi number of  is equal to that of &

6. Examples. Let A be an n x n matrix of nonnegative integers. It will be shown
that there exists a system of n differential polynomials in »n indeterminates with a
matrix of order equal to 4 such that some zero-dimensional component of the
variety of the system has order equal to J(A4). Thus, if the Jacobi number is a
bound (as it is for first order systems), then it is a bound achieved by some system.
A more general result is easily obtained by taking A4 to be a matrix with entries
that are nonnegative integers or —oo, and such that J(4)=0. A system can then be
found with order equal to the strong Jacobi number.

Let X be a differential field with L the subfield of constants under the derivation
0. Let L#K. Let L[0] be the ring of linear differential operators. Let A denote an
nxn matrix | f;49)| of such operators, y the vector

y(l)

y(n)
and Ay=0 the system of linear differential equations
{4 = fu@yP+ - +fa@Y™® = 0,i = 1,...,n}.

Let s;; denote the strong order of 4; in y?. Then s;;=deg f;/(9), the degree of
fi1(9) as a polynomial in 8. deg (det A) <J(deg f,(9)) =J(s,).

Let 4 be an nx n matrix with entries that are nonnegative integers or —oo, and
let J(4)=0. Let A=|sy|. If s;;=5# —o00, let Fi(x, 0)=Xij0+Xij10+ - + - +X;50°,
where the x;;, are indeterminates. If s;;= —oo, let Fi(x, 8)=0. Then det | F;,(x, 9)|
is a polynomial py(x)+ - - - +pn(x)o™, with m=J(s;,)20 and with each p,(x) a
polynomial over the integers in the indeterminates x;,,. There exists a point (a;;)
of integers such that p,(a)#0. Let f;(9)=F(a, 0) € L[?], and let A=]|f,(9)|.
|deg i/0)|=4 and deg(det A)=m=J(A4). The system Ay has strong Jacobi
number J’ =J(A). It will be shown that this system has a component of dimension
zero and order J(A).

There exists a matrix A of linear differential operators such that det A € L and
AA has a triangular form:

h11(3)  h12(9)
0 hax(9) has(d)
0 0 h3(9)
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with h,(0)#0 for all i. The method of obtaining A may be indicated as follows.
Since det A#0, f;,(9)#0 for some i. We may assume that f;,(8)#0 and f,(9) #0.
Let g(9)=g.c.d.(fi1,/f21). Then f1,(9)=g(9)-d(9) and f;,(0)=g(0)-e(9), and
ef11—df»;=0. Since d and e are relatively prime, there exist p(d) and ¢(¢) in L[0]
such that dp+eq=1. Let

p©@) q@ O 0
e(®) —d@ O 0
A=|0 0 1
1
.0
0 0 1

Then det A;=—1 and

£11(9)  £12(9)
0 822(9) £23(9)
MA = (f6:0) f32(0) faa(@) - Sfaa(9)]-

Su@ - Jun(9)

Since det (A;A)= —det A#0, some entry in the first column is nonzero. This
procedure may be repeated to obtain matrices A;. Eventually the product A of
such A; will satisfy the requirements. Since det A € L, A has an inverse A~1! in
L[?¢]. Thus the systems Ay and A Ay are equivalent. det AA=cdetA, celL.
Hence deg (det AA)=deg (det A)=J(4). A zero («, ..., «™) of AAy (and in
fact the generic zero of a component) may be obtained by successively solving one
equation in one indeterminate, beginning with the last.

t.d. Ka®, . .., a™| g +nr, .. qmy = deg hy(d).

Thus d.t.d. K{a)|x=0, and t.d. K{o)|x=27_, deg h,(0)=deg (det AA)=J(A).
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