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Abstract. In this paper we show how the Jordan structure can be derived from
the squaring and cubing operations in a quadratic Jordan algebra, and give an
alternate axiomatization of unital quadratic Jordan algebras in terms of operator
identities involving only a single variable. Using this we define nonunital quadratic
Jordan algebras and show they can be imbedded in unital algebras. We show that a
noncommutative Jordan algebra % (over an arbitrary ring of scalars) determines a
quadratic Jordan algebra %*.

In this paper we investigate several connections between quadratic Jordan
algebras and cubing operations. We show how the Jordan structure can be
derived from the squaring and cubing operations, and that linear maps preserving
these operations necessarily preserve the Jordan structure. We show that quadratic
maps preserving squares and cubes preserve the Jordan structure too, though this
requires some effort. We give three applications of this result. First, we give an
alternate axiomatization of a unital quadratic Jordan algebra in terms of operator
identities involving only a single variable. Second, using this simpler axiomatization
we define quadratic Jordan algebras without units and prove that any such algebra
can be imbedded in a unital one. Third, we again use the alternate axiomatization
to show that any noncommutative Jordan algebra % (over an arbitrary ring of
scalars) induces in a natural way a quadratic Jordan algebra 2 +.

1. Quadratic algebras. Throughout we adopt the notation of [3]. We fix once
and for all a ring of scalars ®, which can be any commutative associative ring with
unit, and consider various algebra structures on a unital ®-module X. A quadratic
algebra is a triple A=(X, U, 2) where x — x2 and x — U(x)=U, are quadratic
mappings of X into X and Hom, (X, X) respectively. From these we obtain a
commutative bilinear product

xoy = (x+y)?—x2—p?
and a trilinear product

{xyz} = Ux,zy = {Ux+2_Ux—Uz}y—
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We define auxiliary operators V,, V, , by
Vey=x0y, Viyz={xyz}

A homomorphism of quadratic algebras is a linear map ¢: % — 9% preserving the
two compositions

P(x?) = p(x)%,  @(Usy) = Toup(p).

If Q is an extension of ® the quadratic ®-algebra has a natural extension to a
quadratic Q-algebra

%IQ = Q@QQI.

Any homomorphism ¢: % — 9 has a natural extension =1 ® ¢ to a homo-
morphism ¢q: A, — Ay, In this way we obtain an extension functor from the
category of quadratic ®-algebras to the category of quadratic Q-algebras.

A quadratic algebra has a unit ¢ (necessarily unique) if

(1.1) U.=1,

(1.2) V,=2],

(1.3) U,c=x2
Equivalently, we could define a unital quadratic algebra to be a triple A =(X, U, ¢)
where c is an element satisfying

1.1y U.=1,

1.2) vV, .=2L
Then we introduce a square by x2= U,c, obtaining a quadratic algebra with unit
in the sense of (1.1)-(1.3). Conversely, a quadratic algebra with unit satisfies
(1.1)’—(1.2) since V., x={ccx}=U, .c=xoc (by (1.3))=V.x. A homomorphism
of unital algebras preserves the two structures

(1) = i’ ‘P(ny) = Uo(x)‘P(y)'

Necessarily such a map preserves squares e(x2) = (U, 1) = Tpyp(1) = Tpry ] = p(x)2.
Thus we have a natural correspondence between unital quadratic algebras and
quadratic algebras with unit.

In any quadratic algebra 2 we can introduce a cubing operation

(1.4) x*=U,x
and this has a natural extension to any 2. Conversely, given squaring and cubing
operations (the latter a homogeneous map of degree 3) in % and all its extensions
(or, equivalently, given the linearizations of the cubing operation), we can introduce
a U-operator

(1.5) U,y=0,x%|,—x oy
where (x+Ay)®=x3+A 9,x3| .+ A% 0, ¥%|, + A%y® in U, Q=D[A].

If we start with a cubing operation given by (1.4) our new U-operator 0,
defined by (1.5) may differ from the original; they coincide if and only if

(1.6) {xxy} = x%oy
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since U,y=0,x3|,—x%20y=U,y+ U, ,x—x%0y. Conversely, if we start with a
U-operator given by (1.5) the cube defined by (1.4) coincides with the original if
and only if

(1.7) x2ox=2x3
since x3=U,x=0,x%|,—x% o x=3x3—x2 0 x by Euler’s differential equation for
homogeneous functions. One can also easily find conditions that an element ¢
satisfies (1.1)—(1.3).

THEOREM 1. If A and N are quadratic algebras satisfying {x x y}=x2oy and
@: A — A a linear map such that

() #(x") =99’

(i) p(x*)=g¢(x)°
hold for all scalar extensions, then ¢ is a homomorphism of quadratic algebras.

Proof. Our hypothesis on % and % guarantees that the U-operators are built up
from the cubes (1.4) and the squares by the formula (1.5). Since (i) implies p(x2 o y)
=(x)? o p(y) and (ii) and its linearization imply @(2,x3|,) = 0,9(x®)| » = 8,p(x)?| . =
3w(u)£§|w(x)’ we see (U, y)= Uw(x)?’(y )-

Under certain conditions the requirement that (ii) hold in all extensions can be
dropped (e.g. [1]). As usual, relations (i)—(ii) will hold for all extensions if @ is a
field with three or more elements. It is not true in general: if ®=Z, and A, A are
Boolean (associative) algebras with x?=x, U,y=xyx=x2y=xy=yx then any
linear map satisfies (i) and (ii) since @(x®)=(x2)=¢(x) and @(x)%=g(x)?=g(x),
but not all linear maps need be homomorphisms.

A unital quadratic Jordan algebra is a quadratic algebra & with an element 1
satisfying

uQ v, =1,

UQI2) Uyun=U,U,U,,

(UQJ 3) U, Vy.x= Vx,yUxa
and such that these hold for all scalar extensions (equivalently, such that the axioms
can be linearized). Such an algebra satisfies (1.1)", (1.2)’, so deserves the adjective
“unital . It also satisfies (1.5)—(1.7), so & is defined either by the U-structure or by
the cubing structure.

An important kind of unital quadratic Jordan algebra is the algebra %* obtained
from a unital associative algebra 2 by taking 1=1 and U,y=xyx. Any unital
(Jordan) subalgebra of such an algebra is called a special Jordan algebra.

If & is a subspace of a unital associative algebra which contains 1 and is closed
under squares and cubes, and such that it remains closed under all scalar exten-
sions, then $ is a special Jordan subalgebra: the fact that  is closed under cubes
in all extensions guarantees J is closed under the linearizations of the cubing
operation, so (1.5) shows that & is closed under the product U, y. (Note that any
algebra A+ satisfies (1.6).)
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Again, the closure under scalar extensions is not automatic: if ®=2Z, and % is
Boolean then x®=x2=x, so any subspace is closed under squares and cubes.

2. The main calculations. In this section we prove a quadratic analogue of
Theorem 1.

THEOREM 2. If U is a unital quadratic algebra satisfying {x x y}=x2 oy, and ¥ is
a unital associative algebra, then any quadratic map ¢: W — N such that

® o) =1,
@1 (11) P(x?) = @(x)?
(iii) P(x°) = (x)?,
(iv) (Usy, X) = ey, X) = $(x, y)p(x)

holds for all scalar extensions, where ¢(x, y)=@(x+y)—o(x)—@(p), ¥(x)=g¢(x, 1),
P(x, y)=9(x)p(y) — ¢(x, y), necessarily satisfies

22) P(Usy) = e(X)p(»)p(x).

For the proof we need a lemma, which we will prove in a generality suitable for
later applications (including representation theory).

LEMMA 1. If W is a quadratic algebra satisfying {x x y}=x2 o y, A an associative
algebra, and ¢,  quadratic and linear maps respectively from % to N which satisfy
(2.3) p(x?)=e(x)?,
(2.4) $(x*)=4y(x, x),
(2.5) P(x¥)=9(x%, x)=(x, x?),
(2.6) @(x?, x)=p(x)h(x) = h(x)e(x),
(2.7) @(x o y, x)=@(x)p(y) + P(y)p(x),
(2.8) Uy, x)=p(x)p(y, x)=4(x, y)p(x),
Sfor all scalar extensions, where J(x, y)=(x)p(y)—o(x, y), then ¢ and  also satisfy
(2.9) 24(x)=1(x)> —(x?),
(2.10) @(x?, y)=¢(x)p(x, y) — p(x)p(y) = p(x, y)(x) — $(y)p(x),
(2.11) P(Uy) =9y, %) —p(y)ep(x) =(x, y)h(x) — () »),
(2.12) p(x®, x)=p(x)h(x) = h(x*)p(x),
(2.13) @(x®, y)=g(x, Y)(x*) —P(y, X)p(x)=(x*)p(y, x)—(x)(x, y)
=@(x?, YI(x) — p(x, P)p(x) =P(x)p(x?, y) — e(X)p(x, »),
(2.14) @(U,z, y)=o(x, y)(z, x) —(, 2)p(x)=(x, 2)p(x, y) — p(x)(z, y),
(2.15) @(x®, x*)=¢(x)p(x?) = p(x?)h(x),
(2.16) P(x*)=y(x, x3)=¢(x3, x) for x*=(x2)2.

Proof. (2.9) is just (2.4) since ¢(x, x)=2¢(x). Linearizing (2.6), which is possible
by our hypothesis that (2.3)-(2.8) hold for all extensions, gives ¢(x2, y)+@(x o y, x)
=¢(y)p(x) + Pp(X)p(x, y) =p(x)(y) + @(x, ¥y)(x), so (2.10) results by subtracting
@.7.
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Linearizing (2.5) gives 0=y(U,y+x? o y)— [p(x?)p(y) — p(x?, y)]— [(x o y}(x)
—@(x 0y, X)|=(x o (x 0 y) = U y) = (x o y)p(x) + p(x o , x) — [(x)? — 2(x) Wp(») +
[(x)e(x, ) —o(x)(»)] (by (2.9), (2.10), and the fact that by linearizing our
hypothesis on A we get 2U,=Vi—V,2) =d(x)p(x o y)—e(x oy, x)— (U, y)—
PP y) — @(x, ¥)]1+@(x)(y) (using linearized (2.9)) =¢(x)(y, x)—¢(y)P(x)
—y(U,y) (by linearized (2.4), and (2.7)). Similarly we obtain the dual, so (2.11)
holds.

(2.12) results from (2.8) by setting y=x and using (2.4).

To obtain (2.13), linearize (2.12): @(x3, y)=@(U.y, x)—¢@(x o (x o y), X)
+o(X)h(x o y)+o(x, y)p(x?) (by our hypothesis on A again) =i(x, y)p(x)
—(x o y)p(x) + @(x, y)(x?) (by (2.8), (2.7)) =@(x, y)(x*) - ¢(y, x)¢(x) (linearized
(2.4)), and dually. For the other part of (2.13), note @(x2, y)(x)—e(x, y)e(x)
=[p(x, p)P(x) —P(¥)p(x)(x) — p(x, y)p(x) (by (2.10)) =g¢(x, y)[(x)*—p(x)] -
P()p(x)p(x) (by (2.6)) = (x, Y)[$(x?) + @(x)] — P(¥)(x)p(x) (by (2.9)) =@(x, y)h(x?)
—¥(y, X)p(x).

Linearizing (2.13) gives ¢(U,z, y)—o(x, y)¥(z, x)+¥(y, 2)p(x)= —p(x? o z, y)
+o(x, y)(x, z2)+¢(z, y)P(x2)—(y, X)e(x, z) (using linearized (2.4))
= — [p(x*, )P(2) + ¢z, Y(x?) —p(P)p(x>, 2)]+@(x, Y)(x, 2)+¢(z, y)P(x?)
= [()(x) —p(x, Y)]p(x,z) (by linearized (2.10)) =g(x, y)[P(x, z)+o(x, 2)]
+ $(P)p(x?, 2) — P(x)p(x, 2)] — e(x%, Y)(2) = [p(x, y)(x) — p(x?, y)}(z)
—(y)[p(x)g(2)] (by (2.10)) =0 by (2.10) again. Similarly for the other half of
(2.14)

Setting y=x2in (2.13) gives p(x3, x2) = p(x, x2)(x2) — P(x2, x)p(x) = p(x)Pp(x)p(x?)
—(x2, x)p(x) (by (2.6)) =I[h(x2)p(x)—(x2, x)]p(x) (commutativity follows from
(2.6), (2.9)) =¢(x?%, x)p(x)=p(x)P(x)p(x) (by (2.6)), so from (2.3) we get (2.15).

Finally, for (2.16) $(x*)=¢(x?)?>—2¢(x?) (by (2.9)) =¥(x?)[$(x)*—2¢(x)]
= [(x)* = p(xH)]p(x) (by (2.9), (2.3)) =4(x®)h(x)* = h(x*)p(x) — ¢(x%, x}p(x) (by
(2.6)) =(x?, x)p(x) — P(x)p(x) = P(x*)h(x) — p(x%, x) (by (2.5), (2.12)) =4(x®, x).

Proof of Theorem 2. Linearizing (2.1.iii) gives us a relation
P(x%, Uyx+y2 o x)+@(Usy+x% 0 y)
= ¢(x)’p(y) + p(x)P(y)e(x) + @()p(x)* + p(x, y)*ep(x)
+o(x, N)e(x)e(x, y) + p(x)e(x, y)?
since our assumption on % guarantees 9,x%|,= U,y +x2 o y. Similarly, linearizing
(ii) gives
P(x o p)+o(x%, ¥?) = p(x)(y) +@(¥)p(x) +p(x, y)*.
Putting this (with x replaced by x?) into the previous relation and using (ii) yields
P(Usy)— p(X)p(y)p(x)
= —(x% Ux)—p(x%, ¥ o X)—p(Uyp, X © )+ 9(x*, y%) — p(x?, y)?
+(x, Y (x) + @(x, p)p(x)e(x, y)+¢(x, y)p(x).
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Thus the identity (2.2) will follow if we can prove

(2.17) @(x®, x o z)=(x)p(x?, z) + p(x?, 2)p(x),

(2.18) ¢(x%, U,y)=e(x*, y?)—p(x?, y)*+ @(x, y)p(x)p(x, ),

(2.19) ¢(U.y, x* o p)=p(X)[gp(x, y)* — p(x*, yH)] + [p(x, ¥)* — p(x?, y*)]p(x)

(we actually only need (2.17) for z=y2).

To prove these we will want the formulas (2.3)-(2.16), so we first check that the
hypotheses of Lemma 1 are met. (2.3) and (2.8) are just our assumptions (ii) and
(iv). (2.6) follows by setting y=1 in (iv) since ¢(x, 1)=¢(1, x)=y(x) because
B(1)=g¢(1, 1)=2¢(1)=2 from (i). For (2.4), linearize (2.6) to get p(x2, 1)+ 2¢(x, x)
=p(X)P(1)+e(x, Di(x), hence P(x2)+dp(x)=2¢(x)+(x)%. To obtain (2.5), put
y=x in (iv) to get gp(x?, x)=g(x)¥(x2) by (2.4), then linearize to get (x>, 1)+
3p(x?, x) =2(x)(x) + p(x, 1)(x?) or (x°) =P(x)h(x*) — p(x, x) (by (2.6)) =4(x, x*)
=y(x2, x) (since PH(x) commutes with $(x?)).

The most difficult is (2.7): we linearize (iv) to obtain (U, .x, 1)+ (U, 1X, 2)
+ @(U.1x, x)=g(x, D(x, z) + o(x, 2)P(x, 1)+ @(z, DY(x, x) or ¢z o x, x)
= — P(x® 0 2) — 29(x?, z) + PW(x, z) + @(x, 2)P(x) + YY) = — [(x)(2)
+ PP+ P(x)*(2) — Px)p(x, 2)+ @(x, 2)(x) +P(z)h(x?) (by linearized (2.4))
=[(x)* = () p(2) + [p(x, 2)h(x) —hp(x)p(x, 2)]=29(x)h(z) — [p(x)ih(z) — }(2)p(x)]
(by linearized (2.6), (2.4)) =@(x)¥(z)+(z)p(x) as desired.

To verify (2.17), ¢(x%, x o 2)=p(x2, x o Z)(x) —p(x, x o Z)p(x) (by (2.13))
= [p(x)p(x, 2) +@(x, 2)p(x)(x) — [p(x)(2) +P(2)p(x)]p(x) (by linearized (2.3),
27)  =ex)elx, 2)(x)—P(2)e(x)]+ [p(x, 2)(x)—$(2)p()]p(x)  (by (2.6))
=p(x)p(x%, z)+ p(x2, z)p(x) (by (2.10)).

For (2.18), p(x®, Uyx) =4(y, X)e(, x°) — p(»)(x, x°) (by (2.14)) =(y)h(x)e(y, x°)
—o(x, V)%, p)—(¥)p(x*) (by (2.16)) =d(P)H(X)e(p, x°)—p(x*, )]
—@(x, )P, ) —p(x)p(x, Y]+ (x4, ¥?) (by (2.10), (2.13))
=PV P)P(3, ) — p()p(x, ¥} — {P(x?)p(x?, y) — p(x2)(y)}]
+ @(x, P)p()p(x, y)+o(xt, y?)—lp(x? ) +P(y)e(x)lp(x? y) (by (2.13), (2.10))
=@(x*, %) — p(x%,y)? + ¢(x, p)p(X)p(x, ) + $(¥)p(x) 29(x?, y) — h(x)p(x, ) + @(xX)h(»)
—(x%, )] (by (2.9))=9(x*, y*) — @(x%, y)*+ @(x, y)p(x)p(x, y) as desired.

Before establishing (2.19) we show

(2'20) l/’(x’ y)‘/‘(y’ X) = (P(x9 y)2 - <P(x2, yz) + ‘l’(nyz)‘

We have 4(x, p)¥(y, x)=@(x, ¥)* +$()W(y)*h(x) — pH)e(x, ¥) — @(x, YIP(¥)h(x)
=¢(x, ) +$(x)[2p(y) + $(y*)(x) —$(X)e(x, %) + (¥ (x)]

= [p(x, ) +$(x)p(y)}(x) (by (2.9), (2.10)) =g(x, )+ ()H(y2)h(x) — $(x)e(x, y*)
= lp(x?, ) +(y)p(x)] (by (2.10)) =@(x, y)* — (x?, y*) +$(U,y?) (by (2.11)). Next,

PX)(x, 2)— P(xX)h(2) = P(x*, 2),
Pz, X)(x) — H(De(x) = (2, x7),

since, for example,  Y(X)(x, 2)— P(X)(2) = [$(x)* — () }(2) — Y(X)P(x, 2)
= [$(x%) + @(x) [(2) — p(x?, z) — p(x)$(2) (by (2.9), (2.10)) =(x?, 2).

@.21)
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Now by (2.14)

P(Uyy, x* 0 y) = @(x, x% o y)(z, x)—(x? © y, p)p(x)
where

P(x? 0 y, y) = Y(U,x?) +¢(x?, y?)

since (x? o y, y)=[(x?, y)+¥(y, X W(¥)—p(x? o y, y) (by (2.4)) =[4(y, x*)(y)
—e(P)P(x)] + [p(x?, y)p(y)—P(x*)¢(y)] and we can apply (2.11), (2.21), where

P(x, x% 0 ) = (xXW(x, ) +¢(y, X)p(x)

since  @(x, x% o y)= —p(x2, x o y)+ p(x, x2(y)+¥(»)p(x, x2) (linearizing (2.7))
= —@(X)p(x, ) — @(x, ¥)p(x) + e(X)P(x)p(y) + (¥ )(x)e(x) (linearizing (2.3), (2.6))
= 'P(x)‘/'(xs y) + ¢(y, X)(p(X), so that

@(x, X2 0 Y}y, x) = P(x)p(x, YYP(p, x) +P(p, X)(x, y)p(x)
by (2.8); and where
POI(U,y?) = $(x%, y?)p(x)

since (XU, p?) =(x)[(x)h(y% x)—h(y?e(x)] (by (2.11)) =[p(x)(x, y*)
—p(xX)(¥?)]ep(x) (by (2.6), (2.8)) and we can apply (2.21). Putting these all together
by means of (2.20) we arrive at (2.19). This completes the proof of Theorem 2.

3. Alternate axiomatization. In this section we give an alternate axiomatization
of unital quadratic Jordan algebras in terms of identities which involve only a
single variable x. This will prove useful in the next two sections when we verify
that certain algebras satisfy our axioms; when we attempt to prove something
about an operator such as U,U,U, the x’s and y’s get all tangled up in each other,
whereas in an expression like U,U,U, involving x alone the terms all commute
smoothly.

THEOREM 3. A unital quadratic algebra is a unital quadratic Jordan algebra if and
only if the identities

ua) uv,=1I,

(UCI2) Vix=V.3,

ua 3) vV,.=v,U,,

(UCJ 4) U,2=U3,

(UCJ 5) U,s=Ug
hold for all scalar extensions.

Proof. The conditions are certainly necessary: UCJ 1 is just UQJ 1, UCJ 3 is
UQJ 3 with y=1, UCJ 4is UQJ 2 with y=1, UCJ 5 is UQJ 2 with y=x, while we
have noted before that UCJ 2 holds. The same goes for any extension.
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Conversely, we must prove UCJ 1-5 imply UQJ 1-3. Clearly UQJ 1 holds. To
prove UQJ 3 we need a lemma.

LEMMA 2. If a quadratic algebra (not necessarily unital) satisfies
(3 ]) Vx,x = sz,
(32) Ux Vx = VxUm
(3.3) U.(x?)=(x%),
(34) Ux2= Ug,
Sor all scalar extensions, then it also satisfies
(3'5) sz,x = Ux Vx = Vxea
(3.6) xo Uyx=yo U,y,
BT Upy,x=UVy+V,U,,
(3-8) an_—— Vx{ sz"" Ux} = Vx.xz-—' sz,m
(39) UU(x)y.x = Ux Vu.x = Vx.yUx-

Proof. For (3.5), U, ,y={x*yx}=(x?cy)ox—{yx%x} (linearizing 3.1)
=x20(yox)—U,,,x? (since V, commutes with V,2=V, .=VZ-U, , by (3.1),
its linearization, and (3.2)) = U,(x o y) (by linearized (3.3)) = U, V,».

For (3.6), xo Ux=V, Ux={—V,U,,+U,,V,+ UV, }x (linearized (3.2))
=—po{x X P+ Uey(x 0 p)+2Ux>=—yo(yo x?)+2U,x?+ Uy, (x o y) (by (3.1))
= —y20 x2+4 U, ,(x o y), which is symmetric in x and y.

For (3.7), {V,U,+UVy}z=yoUcz4+U(yoz)=x0U, x—2z0 Uy+U,V,y
(linearizing (3.6)) =xo{yxz}+{U,V,—V,Uy=xc{(yox)oz}—xo{xyz}+
{ViUy.— U, .V,}y (linearizing (3.1),(3.2)) =x o {zo(xoy)}—{xxcyz}={xzXx o0y}
(linearized (3.1)) = U, 2.

We can reinterpret this to get (3.8): Visy=y o x3=V, U x={U,.,,»— UV }x
={x oy x x}—Uyx o y)={Vy,.»Vx— U,V.}yand therest follows from (3.1) and (3.5).

Finally, for (3.9) we need only establish the second equality, since then
Uveow,x2={Uxy 2 x}=V, U, y=U.V, ,y=U,V, «Z gives the other equality. But
Ux Ux,y + Ux,y Ux= sz.xoy (linearizing (3~4)) == Uxo(xoy),x'l' Ux ony + Uxey,xVx
(linearizing (3.5)) = — VU +{UVy+ V, UV, (by B.7) = —{Vyy+ Vi Us+
UdVyxt Ue o} + VoV, U, (by (3.2) and linearized (3.1)) =U,V, — ViUt
UeyUet+ UcUy y 50 UpVy o — ViUl =0.

To return to the proof of the theorem, in our case (3.1), (3.2), (3.4) are just the
axioms UCJ 2, UCJ 3, UCJ 4, and (3.3) is just UCJ 4 applied to the element 1.
Thus the lemma applies, and we conclude by (3.9) that UQJ 3 holds.

To prove UQJ 2 it suffices to meet the conditions of Theorem 2 for ¢(x)="U,,
Y(x)=V, (note ¥(x,y)=V,Vy—U, =V, by linearized UCJ 2). Parts (i), (ii),
(iii) of (2.1) are just UCJ 1, UCJ 4, UCJ 5, and (iv) is the axiom UQJ 3 we have
just finished establishing. Thus Theorem 2 is applicable, and by (2.2) we conclude
Uyoy=U.U,U,, which is UQJ 2.

Some results characterizing Jordan algebras in terms of UCJ 4 and UCJ 5 (as
well as in terms of UQJ 2) were first obtained by M. Koecher (see [2]).
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4. Quadratic Jordan algebras without unit. Whatever else general quadratic
Jordan algebras should be, they should be precisely those subspaces & of unital
quadratic Jordan algebras 3’ which are closed under x* and U,y (see [3, p. 1072]).
We hope to capture this property in the following axiomatic description. A quadra-
tic Jordan algebra is a quadratic algebra §=(X, U, ?) where the compositions x?2
and U,y are related by

Q 1) Vx,x=Vx29

(QJ 2) UoVie=V, U,

QI 3) U.x?)=(x%3,

QJ4) U Uy(x*)=(Ury)?

QI5) U2=U3,

QI 6) Uyeyy=U,U,U,,
and such that these remain valid under all scalar extensions (equivalently, their
linearizations hold in ). For example, if ¥ is a subspace of an associative algebra
closed under x2 and U, y=xyx the relations QJ 1-6 hold by inspection of

xXxz+zxx xxzx+ Xzxx xt

xyx%yx  XXZXX = XYXZXyX.

If the quadratic algebra & is imbedded as a subalgebra of a unital Jordan algebra
then QJ 1-6 hold in  since they hold in &', and the same holds for any extension.
Indeed, QJ 6 is the axiom UQJ 2, QJ 5 results by setting y=1 in QJ 6, QJ 4 and
QJ 3 result by applying QJ 6 and QJ 5 to the element 1, QJ 2 results by setting
y=1 in the axiom UQJ 2 since V,=V, ;=V;, and we have seen QJ 1 holds in
any unital Jordan algebra.

It will be convenient to have a simpler axiomatization where conditions QJ 4
and 6 on the composition U,y are replaced by the analogous conditions on the
cube x8.

THEOREM 4. A quadratic algebra is a Jordan algebra if and only if the identities
(CJ 1) Vx.x=Vx2,
2 uv.v.=v.U,
(CI3) Uux?)=(x?)2,
(CJ4) (x®)*=(x?,
(CIS5) U2=U3,
(CJ6) Ups=U3
hold for all scalar extensions.

Clearly CJ 1-6 hold in any quadratic Jordan algebra; CJ 6 results from QJ 6 by
setting y=x, as does CJ 4 from QJ 4 using QJ 5 ((x®)?=U,U,x?= U,2(x?)=(x?)3).

The justification for our axiomatization lies in

THEOREM 5. Any quadratic Jordan algebra I can be imbedded as a subalgebra of
the unital quadratic Jordan algebra ' = ®1 @  with unit 1'=1 @ 0 and U-operator

@1 U1+ (Bl +y) = &®Bl+e?y+2aBx+ax o y+Px* £ Uy y.
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COROLLARY. & is a quadratic Jordan algebra if and only if it is a subspace of some
unital quadratic Jordan algebra &' closed under the compositions x% and U, y.

Note that & is indeed imbedded as a subalgebra of the &’ constructed above:
x¥=U,1=x2% and ULy=U,y.

We prove Theorems 4 and 5 by showing the following conditions on an algebra
J are equivalent:

(I) & satisfies QJ 1-6 for all extensions,
(II)  satisfies CJ 1-6 for all extensions,

(II1) &' defined by (4.1) is Jordan.

We have already remarked that III implies I and I implies II, so we need only
show II implies III.

Thus we assume § satisfies CJ 1-6 and must show &' satisfies UCJ 1-5. The first
step is to show that the hypotheses of Lemma 1 are met, so that we may use
(2.3)-(2.16). Here o(x)=U,, $(x)=V,, so ¥(x,y)=V,V,—U,,=V,, by CJ 1.
The relations (2.3) and (2.4) are just CJ 5 and CJ 1, and the relations (2.5)-(2.8)
follow from Lemma 2 (which is applicable by CJ 1-5).

Now we use (2.3)-(2.16) and our axioms to establish UCJ 1-5. From (4.1) we see
the following formulas for the operators U, and V,.=V,.,in §:

@4.3) U=, Vi=2I,

@4) Vir=Vi=Ubr=Vs

4.5 U,=U,, Vi=V,onJfor xin g,

4.6) U,l=x2% V,1=2x for xin g,

@4.7) Uy x=c2I+aV + U,.

We use these to investigate UCJ 1-5. UCJ 1 follows from (4.3). For UCJ 2 we
have

Var +x,al+x = 2621+ 2eV, + V.;c,x,

V('al+.7c)2 = V¢;21+2ax+x2 = 2a21+2aV,'¢+ Vi,
and we have V, ,=V,20on 3 by CJ 1 and on ®1 by V, 1={xx1}=V,x=2x%=

V,al.
For UCJ 3 we have
a+xVarsx = 208143V +oa2U,+ V2 + UV,
ViiexUtisx = 2031+362V 4+ o{2U,+ V, 2} + V, Uy,
where U,V,=V, U, on & by CJ2 and on ®1 by U,V 1=2U,x=x0x2=V,U,1

from CJ 1. We will use this commutativity from now on.
For UCJ 4 we have

U('al + .7:)2 = U¢;21 +2ax+x* = °‘4I+ 2“3 VJ:’ + 0‘2{ V;Z + 4U;:} + 2“ Ua'cz,x + U:’cza
12 = {2l +aVi+ U = ot T+2eV+a2{V,2+2U} +2oV.UL+ U2,

where corresponding terms agree on & by (2.9), (2.6), CIJ5 and on ®1 by
2U1=2x2=2x o0 x—2x2={V2—V,2}l, Usz , 1 =x% o x=V, x2=V,U;1, and CJ 3.
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For UCJ 5 we have

Uli+x° = Usd1+80%x +8ax?+ 2°
= o®1+ 36V + 303U+ Vy2} +o3{9U,2 + V;3}
+3e2{(3U}2+ Ujs 3 +3aUs 2+ Ujs,
dex = {P[+aVi+ U
= of1+ 35V + 3¢ {Ur+ V, 2} + {6V, U+ V.3}
+ 32U 2+ V2U 3+ 3aV U2+ US.
In view of our previous relations we need only prove
Vs = V3=3VUs,  Ug,= VU
Ue,2 = VU2, Up = UZ2
and these hold on & by (2.4)—(2.6), (2.12), (2.15), CJ 6 and on @1 by
Visl =2x3 =4 xo0x2—3x0x2={V2-3V, U},
Usl =xPox =V, Ux = UV,x = UgVgel,
Uiz 2l = x3ox? = V2Uex = U,V,2x = UV, x? = UV, U,l,
and by CJ 4.

5. Noncommutative Jordan algebras. In this section we show that with any
noncommutative Jordan algebra % we can associate in a natural way a quadratic
Jordan algebra %*, which coincides with the usual commutative Jordan algebra
A+ in case 1 € D.

Recall [4] that a noncommutative Jordan algebra is a linear algebra % in which
for every x the multiplication operators L,, R,, L,2, R,2 commute and such that
the same holds for all scalar extensions. (This follows automatically if @ is a field
with more than two elements, in particular if the characteristic is #2.) Then all the
operators L,», R,» commute, and A is strictly power-associative.

In any strictly power-associative linear ‘algebra we have squaring and cubing
operations

x? = xx, x3 = xx? = x%x.

From these we derive a U-operator U,y=0,x3|,—x?o y=yx®+x(xy+yx)—
(x2y+ yx2) = x(xy + yx)— x2y and dually,

(51) Ueg=L,Vi—Ls2 =R, V,—R,2 (Vx = Lx+Rx)
(see [5, p. 90, [4, p. 1]). Note that 2U,=(L,+ R,)V,.—(L,2+ R,2), or
(52) 2U, = Vi-Va,

so if € ® we see U,=2L3;%2—L%,=U} is the usual operator in the commutative
algebra A+ (where L} y=x-y=3(xy+yx)=1%x o y). One checks

5.3) Ux = x3



276 KEVIN McCRIMMON [January

by direct computation or using (1.7) and x o x2=2x3. As we have seen (or as one
easily verifies directly)

(5.4 {xxy}=x%0y or V.=V
If A has a unit then
(5.5) U, =1 vV, = 2I, U,l = x2

If the algebra we begin with is a noncommutative Jordan algebra, we can say more
about the induced quadratic structure.

THEOREM 6. If A is a noncommutative Jordan algebra then the quadratic algebra
A+ with operations x?=xx and U, y={L,V,—L,2}y={R,V.— R,2}y is a quadratic
Jordan algebra.

Proof. Firstly, it suffices to assume 20 is unital. For any noncommutative Jordan
algebra % can be imbedded in a unital one A’, and if A'* is quadratic Jordan then
so is its subalgebra A*.

Secondly, it suffices to prove such a unital A* satisfies the axioms UCJ 1-5, for
the same holds for any extension (A*)o=(n)* since Aq is again a unital non-
commutative Jordan algebra.

We have already verified UCJ 1 and 2 in (5.5) and (5.4). In a noncommutative
Jordan algebra the formula (5.1) and the commutativity of the multiplication
operators L,, R,, L,2, R,z gives UCJ 3,

6.6) UV,=V,U,.

There remains only to verify UCJ 4 and 5

(5.7 U,2=U2

(5.8) U,s=U3.

These verifications will take some effort. We introduce an associator operator

(5.9) A, ,(2)=[x,y,z]or A, y=L,y—L,L,.

Note that since x" and x™ operator-commute we have

(5.10) Ayn ym=Aym on.

In terms of the A4 operator the linearized Jordan identity [x2, y, z]+[x o z, y, x]=0
becomes A,2 ,(2)+ Ay..,(x)=0. Now flexibility 4, ,(x)=0 implies A, ,(z)+
A, (x)=0, so we can interpret the previous identity as an operator identity

(5.11) A,2,y=A V.

From this we get an expression for Lys: Lya=L,2L,2+ A2 ,2=L2%+ A, 2V,=
L2:4+A,2,V,=L2:+ A, .VZ by (5.1), (5.11), (5.10), so

(5.12) L,a=L2%:+ A, V2

Now (5.7)iseasy: U,2=L,2V,2—L,s (by (5.1)) =L,2{Vi-2U,} —{LZ2+ A4, .V
(by (5'4)3 (5 . 12)) = Vg{sz - Ax,x}_sz{sz"' Ux} _Lx2 Ux= Va%{L?c} —sz{Lx Vx}
—U,L,2 (by (5.1), (5.9)) =U,L,V,—U,L,= (by (5.1)) =U,U,.

For (5.8) we need an expression for L,s. We have L,s=L,2L,+A,2,
={L,Vy— UL+ Ay V=V {LE+ Ay s} — UxLy =V L2+ V{L,V,— U, — L%}
-U,L, by (5.10), (5.1), (5.11),

(5.13) L,=L,Vi-UV,—U,L,.
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Adding the dual relation for R,z gives

(5.14) V,s=V2:-3V,U,.
From this we compute U,s=L,V,s—L,s (by (5.1)) =L,V,s—{L2V2:—
UsaV,2— ULy} (by (5.13)) ={L,.Vi—U,V,— U LH{VE-3V, U} —{L. V.- U}
AVE-2U, 2+ UHVZ-2U}+ UZL,V,.—U,} (by (5.13), (5.14), (5.1), (5.7)); when
this is expanded out, using the commutativity of all the operators involved, it
reduces to U2, so U,s=U2 and (5.8) is established.

COROLLARY. If U is a commutative Jordan algebra then N+ is a quadratic Jordan
algebra with operations x*=x-x, U,=2L2—L,».

This result was first proved by I. G. Macdonald for the case when 4 € ®. Both
Theorem 6 and the corollary were proven for finite-dimensional algebras over a
field (of arbitrary characteristic) in [5, p. 143].

If FCJz (X) denotes the free commutative Jordan algebra on a set X over the
ring Z of integers, FCJz (X)* is a quadratic Jordan algebra, so we have a homo-
morphism

FQJz (X) - FClz (X)*

from the free quadratic Jordan Z-algebra FQJz (X) on X sending x — x for x € X.
Professor N. Jacobson has raised the question as to whether this homomorphism
is injective (it is not surjective); if this were the case then to verify that some
identity holds in all quadratic Jordan algebras it would suffice to verify it in all
commutative Jordan algebras. (Note that the corresponding map FQJ, (X) —
FCJp (X)* is not injective if ® has characteristic 2, since in that case V,=2L,
would be zero in FCJ, (X)* but ¥V, is not zero in all special ®-algebras and so
certainly not in FQJ (X). Thus the bottom row of the diagram

FQIz (X)—Y > K— > FCI (X)
10 1@ 1® 0
Po ip
FQJ, (X) Ko FCJ, (X)

(K the image of FQJz (X)) is not injective, but the top row could still be injective
of course, if it were then p would be bijective, hence so would p,, but because K
is a proper subspace of FCJz (X) the mapping i, need not be an injection.)
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