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Abstract. In this paper, we consider two questions: one is to characterize the
structure of ordered inverse semigroups and the other is to give a condition in order
that an inverse semigroup is orderable.

The solution of the first question is carried out in terms of three types of mappings.
Two of these consist of mappings of an %Z-class onto an #-class, while one of these
consists of mappings of a principal ideal of the semilattice E constituted by idem-
potents onto a principal ideal of E.

As for the second question, we give a theorem which extends a well-known result
about groups that a group G with the identity e is orderable if and only if there exists
a subsemigroup P of G suchthat PLU P-*=G, P N P~*={e} and xPx~* < P for every
xeq.

Introduction. This paper is in the line of our systematic study of ordered semi-
groups. The purpose of this paper is to solve two questions about ordered inverse
semigroups.

In [5], we characterized some kind of ordered inverse semigroups which we
called proper. In the first place, this paper is concerned with

QUESTION 1. How can we characterize the structure of ordered inverse semigroups
in general ?

In connection with this question, in the second place, this paper is concerned with

QUESTION 2. What is a characteristic property in order that an inverse semigroup
is orderable ?

In order to solve Question 1, we make use of the following three mappings. Let S
be aninverse semigroup and let E be the set of allidempotents of S. Firstly, fore, f€ E
such that f<e in the semilattice E, a mapping (e, ) of R, into R; is defined by

xf(e,f) = fx for every x € R,.

Secondly, for x € S, a mapping ¢(x) of the principal ideal P(e) of the semilattice E
generated by e onto some principal ideal of E is defined by

fe(x) = x~Yx for every f € P(e),
where e is an element of E such that x € R,. Thirdly, for x € S, a mapping A(x) of
R; onto R, is defined by

yAMx) = xy for every ye R,
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where e is an element of F such that x € R, and f=egp(x).

§2 carries the purely algebraic character and we characterize inverse semigroups
in terms of these three mappings. In §3, we give a solution of the corresponding
question to Question 1 concerning left ordered inverse semigroups. In §5, we give
a solution of Question 1.

§6 is devoted to Question 2. In this section, a condition in order that an inverse
semigroup is left orderable and a condition in order that an inverse semigroup is
orderable are given.

1. Preliminaries. The terminologies and notations of Clifford and Preston
[1] are used throughout.

Let S be an inverse semigroup. By [1, Theorem 1.17], the set E of all idem-
potents of S forms a commutative idempotent subsemigroup of S.

In general, let E be a commutative idempotent semigroup. By [1, Theorem 1.12],
E is a semilattice with respect to the natural ordering of E. We denote the partial
order of the semilattice by <.

Let E be a semilattice with respect to a partial order <. For e € E, the set
{fe E; f=Ze}is called the principal ideal of E generated by e.

A semigroup S with a simple order = is called a left (right) ordered semigroup
if it satisfies the condition that

a < b implies ca < ¢b (ac £ bc) for every ce S.
S is called an ordered semigroup if it satisfies the condition that
a < b implies ca < cb and ac < bc for every c€ S.

Let S be a one-sided ordered semigroup. An element ¢ of S is said to lie between
two elements a and b of S if either aSc=<b or b<c=a. An element a of S is called
positive (negative) if a<a? (a?<a) and is called nonnegative (nonpositive) if a < a?
(@®=a).

Here we list some results from our previous paper.

LemMmA 1.1 [3, Lemma 2). Let a and b be elements of an ordered idempotent
semigroup S. Then both ab and ba lie between a and b.

LemMA 1.2 [3, Lemma 4). Let S be an ordered commutative idempotent semi-
group and let ¢ be an element of S which lies between two elements a and b of S. Then
ab=c in the semilattice S.

A semilattice E is called a tree semilattice if the set {fe E; f<e} is a simply
ordered set for every e € E. Let e be an element of a tree semilattice E. The set
U(e)={f<c E; e<f} is called the upper set of e. We define a binary relation ~ in
U(e) by

forf,geU(e),f~ gifand only if e < fg.
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Then, by [3, Lemma 5], ~ is an equivalence relation in U(e). Each ~-equivalence
class is called a branch at e. The cardinal number of branches at e is called the
branch number at e.

LemMa 1.3 [3, Theorem 3 and Corollary of Theorem 14]. Let S be an ordered
commutative idempotent semigroup. Then the semilattice S is a tree semilattice, in
which the branch number at every element is at most two.

2. A characterization of inverse semigroups. In this section, we give two
theorems of purely algebraic character which characterize inverse semigroups.

THEOREM 2.1. Let S be an inverse semigroup and let E be the set of all idempotents
of S. Then E is a commutative idempotent subsemigroup of S and so forms a semi-
lattice. For each e € E, let R, be the #-class of S which contains e. Then S=\_.cx R,
and

(1) ife,f€ E and e#f, then R, N R,=[].

For each pair of elements e, f € E such that f < e, we define a mapping (e, f) of
R, into R; by

xf(e,f) = fx for every x € R,.
Then

(2) for every e € E, (e, e) is the identity mapping of R.;

() ife, f, g€ E and g< f<X e, then Y(e, }(/, g)=i(e, g).

Moreover, for each x € S, we define a one-to-one mapping ¢(x) of the principal
ideal P(e) of E generated by e onto a principal ideal of E by

fo(x) = x~Yx for every fe P(e),

where e is the element of E such that x € R,. Then

(4) for each pair of elements f, g in the domain of ¢(x), f=g if and only if fo(x)
=ge(x);

(5) ifecE, xe R, g=X f=Xe and y=x{(e, f), then gp(x)=gp(y).

Furthermore, for each x € S, we define a one-to-one mapping X(x) of R, onto R, by

YMx) = xy for every y € R,,

where e is the element of E such that x € R, and f=ep(x). Then

(6) if ecE, x€R, f=ep(x), yeR, and g=e, then (yNXx))(e, g)=
(S, ge(x)))Axif(e, £));

(7) if ec E, xe R,, f=ep(x), y € R, and g= e, then gp(yA(x))=gp(x)e(»);

B) if ecE, xeR,, f=ep(x), yeR;, g=fp(y) and z€ R,, then zA(yX(x))=
(ZAONA);

(9) for each e € E, there is one and only one element in R, such that x\(x) is
definable and xX(x)=x.

Finally we have
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(10) xy=((f, (ep(x)) ) A(xih(e, ((ep(x))f)p(x) 1)), where e and f are the elements
of E such that x € R, and y € R,.

Proof. Since S is an inverse semigroup, E is a commutative idempotent sub-
semigroup of S and so forms a semilattice with respect to the natural ordering.
Since every #-class of S has one and only one idempotent by [1, Theorem 1.17],
we have S=.cx R. and also the condition (1). For each element x € S, we denote
by e(x) the uniquely determined idempotent e of S such that xZe. Thus, for e € E,
x € R, is equivalent to e(x)=e and also is equivalent to e=xx"1, since x%xx~*
and xx~! € E. Now we suppose that e, f€ E, f<e and x € R,. Then

e(xfle, /) = X)Ux)~" = fxx~Yf = fef = .

Hence (e, f) is really a mapping of R, into R;. Since xii(e, e)=ex=xx"1x=x, we
have the condition (2). We suppose that e, f, g € E and g=< f<e. Then, for x € R,,

we have xiy(e, f) € R, and so xy(e, /)f(f, g) is definable and xy(e, NP(f, g)=g(fx)
=(gf)x=gx=xy(e, g). Hence we have the condition (3). Next we suppose that

x € R, and fe P(e). Then f=<e=xx"! and so

X)) = (x7x)(x"x) = x7fx = fo(x).

Hence fe(x)< x~x. Therefore p(x) is a mapping of P(e)=P(xx 1) into P(x 1x).
Similarly ¢(x~!) is a mapping of P(x~'x) into P(xx~!). But, for fe P(xx~1),
Je(X)p(x ") =x(x"x)x"=(xx"1)f(xx"1)=f Hence p(x)p(x~!) is the identity
mapping of P(xx~1!). Similarly ¢(x~!)p(x) is the identity mapping of P(x~1x).
Hence ¢(x) is a one-to-one mapping of P(e)=P(xx~') onto P(x~'x) and ¢(x)*
=g@(x"1). We suppose that e € E, x € R, and f, g € P(e). If f<g, then f<g=<xx"1
and so

(fP(x)(gp(x)) = (x~fx)(x~1gx) = x~fxx"gx = x7fgx = x~Yx = fo(x).

Hence fp(x) < gp(x). Conversely, if fp(x) < gp(x), then f=fp(x)ep(x ) = gp(x)p(x 1)
=g. Thus we have the condition (4). We suppose that ec E, x € R, and g=< f<e.
Then y=xi(e, f) is definable and e(y)=f. Hence go(x) and gg(y) are definable and
ge(»)=y gy=(fx)"g(fx)=x"fgfx=x"1gx=gop(x). Thus we have the condition
(5). Next we suppose that e E, x€ R,, f=ep(x) and ye R,;. Then f=x"lex
=x"Y(xx"Hx=x"1x, and so

e(yAx)) = e(xy) = (xp)(xp)™" = xyy~'x~t = xfx7*

=x(x"x)xl=xx"1=e

Hence A(x) is a mapping of R, into R,. Since x~x=f, we have x~! € R, and also
Se(x Y =xfx"l=xx"'xx"'=xx"'=e. Hence, in a similar way, A(x~!) is a
mapping of R, into R,;. Moreover, for y € R;,

YAAMx™Y) = x"Hxy) = (x"x)y =fy = yy~ly = y.



1971] ORDERED INVERSE SEMIGROUPS 103

Hence A(x)A(x 1) is the identity mapping of R,. Similarly A(x ~1)A(x) is the identity
mapping of R.. Hence A(x) is a one-to-one mapping of R; onto R,. We suppose
that e€ E, x € R,, f=ep(x), y € R; and g=e. Then, since yA(x) € R,, (yA(x)))(e, g)
is definable and (yA(x))yf(e, g)=gxy. Since gp(x) <X ep(x)=fand y € R;, y¥(f, gp(x))

is definable and, since g=<e, xy(e, g) is definable. Moreover
e(xyle, g))p(xi(e, g)) = e(gx)p(gx) = (gx)~*(gx) = x~'gx,
y‘/’(f; gqo(x)) € Rgo(x) = Rx—lgm
Hence (y¥(f, gp(x)))M(xy(e, g)) is definable and

(S, gp(MA(x(e, 8)) = (xile, (S, go(x)))
= (gx)(x~'gxy) = gegxy = gxy.
Thus we have the condition (6). We suppose that e € E, x € R,, f=ep(x), y € R; and

g=e. Then, since g <e=e(yA(x)), gp(yA(x)) is definable. Also, since g <e=e(x)
and gop(x) L ep(x)=f=e(y), gp(x)p(y) is definable. Moreover

gp(yA(x)) = go(xy) = (xy)"'g(xy) = y~x"'gxy = go(x)p(y).

Thus we have the condition (7). We suppose that e€ E, x € R,, f=egp(x), y € R,
g=fp(y) and z € R,. Then yA(x) and zA(y) are definable and

e(PAX)e(YAx)) = e(xy)p(xy) = (xy)~*(xy) = y~'x~*xy
=y~ Yy = foy) = g = e(2),
ezA(y)) = e(y) = f = e(x)p(x).
Hence zA(yA(x)) and (zA(y))A(x) are definable and

ZAYAx)) = zAxy) = (xy)z = x(yz) = X(zA(»)) = AP)A(x).

Thus we have the condition (8). Let e € E. Then e(e)p(e)=e‘ee=e=e(e). Hence
eM(e) is definable and eX(e) =ee=e. Conversely let x be an element of R, such that
xA(x) is definable and xA(x)=x. Then x2=x and so x=e. Thus we have the con-
dition (9). Finally we suppose that e, f€ E, x € R, and y € R,. Then

(ep(X)Sf 2 f = e(»),
(ep(x))Ne(x)™* = ((ep(x))Ip(x ") = ep(x)p(x 1)
= ep(x)p(x) ! = e = e(x).
Hence yi(f, (ep(x))f) and xy(e, ((ep(x))f)p(x) ) are definable. Now
xi(e, (ep(x))N)p(x) 1) = ((ep(x)))p(x~))x
= ((x*xyy~Hx"Hx = xyy~H,

Y(f, (ep(x))f) = ((ep(x)))y = (x " xyy~Hy = x~'xy,
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and so

e(x(e, ((ep(x)))p(x) " Dp(xip(e, ((ep(x)))p(x) 1))
= (eyy™ ) Wxepy™Y) = yy~x"Ixypy~t = x"xyy ot
= x"xyy~ix7ix = (x7Ixp)(x " xp) Tt = e(h(f, (ep(x))f)).

Hence (34(f, (ep(x))/)Axi(e, ((ep(x))f)p(x) ™)) is definable and
(S, (e@(NNAx(e, (ep(x))Np(x) 1) = (xpy~)(x " xy) = xy.

Thus we have the condition (10). This completes the proof of Theorem 2.1.
Conversely we have

THEOREM 2.2. Let E be a commutative idempotent semigroup. Suppose that, for
each e € E, there corresponds a nonempty set R,, which satisfies the condition (1) in
Theorem 2.1. We put S=\.cx R.. Suppose that, for every pair of elements e, f € E
such that f<e, a mapping (e, ) of R, into R;, and, for every x € S, a one-to-one
mapping ¢(x) of the principal ideal P(e) of E onto a principal ideal of E, where e is
the element of E such that x € R,, and moreover, for every x € S, a one-to-one
mapping Xx) of R, onto R,, where e is the element of E such that x € R, and f= ep(x),
are given. Suppose that these mappings satisfy the conditions (2)—(9) in Theorem 2.1.
We define the product in S by (10) in Theorem 2.1. Then S is an inverse semigroup.

Moreover, if yX(x) is definable, then yA(x)=xy. Also there exists a semigroup and
semilattice isomorphism of E onto the commutative idempotent subsemigroup E* of
S constituted by all idempotents of S and when, for each g € E, we denote by g* the
element of E* corresponding to g by the isomorphism, R, is the #-class of S which
contains the element e*, xy(e, f)=f*x if xf(e, f) is definable, and (ep(x))* =x"‘e*x
if ep(x) is definable.

Proof. By (1) and the fact that S=|_..z R., for each x € S there exists one and
only one e € E such that x € R,, which we denote by e(x). We divide the proof into
several steps.

1°. Ifee E,xe€ R,, g=X f=X e and y=x(e, f), then gp(x) and ge(y) are definable.

In fact, g <e=e(x) and g=< f=e(y), and so ge(x) and ge(y) are definable.

2°. If ecE, xeR,, f=ep(x), yeR, and g=<e, then (yX(x))(e,g) and
(S, gp(x))(xiile, g)) are definable.

In fact, since yA(x) € R,, (yA(x))¢(e, g) is definable. We have e(xy(e, g))=g=<e
=e(x) and so, by 1° and (5), e(xy(e, g))p(xp(e, g))=gp(xy(e, g)) is definable and

e(xi(e, 8))p(xile, g)) = gp(x).

On the other hand, gp(x) < ep(x)=f=e(y) by (4). Hence yJ(f, gp(x)) is definable
and

e(f, gp(x))) = gp(x) = e(xi(e, g))p(xy(e, g)).
Therefore (y¢(f, gp(x)))Mxi(e, g)) is definable.
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3°. Ifec E, xe R, f=ep(x), y € R, and g < e, then gp(yA(x)) and gp(x)p(y) are
definable.

In fact, g <e=e(yA(x)) and so gp(yA(x)) is definable. Also, by (4), gp(x) < ep(x)
=f=e(y) and so ge(x)p(y) is definable.

4°. If ec E, x€ R,, f=ep(x), y€ R;, g=fp(y) and z € R,, then zNyX(x)) and
(zA(»))X(x) are definable.

In fact, by 3° and (7), both e(yA(x))p(yA(x))=ep(yA(x)) and ep(x)p(y) are defin-
able and

eYAX)P(YAx)) = ep(x)p(y) = f(y) = g = e(2).

Hence zA(yA(x)) is definable. Also e(x)p(x) =ep(x)=f=e(zA(y)) and so (zA(y))A(x)
is definable.

5°. If e, fe E, xe R, and y € R, then (y(f, (ep(x))/)A(xb(e, ((ep(x))/)p(x)™ 1)
is definable.

In fact, (ep(x))f= f=e(y) and so y¥(f, (ep(x))f) is definable. By (4),

((ep())f)e(x) ' = ep(x)p(x) ! = e = e(x)
and so xy(e, ((ep(x))f)p(x)~?) is definable. Moreover, by 1° and (5),
e(xip(e, ((ep(x))Iep(x) ~)e(xi(e, ((ep(x))fIp(x) 1)

= ((ep(x))N)e(x) " *e(xihe, ((ep(x))f)p(x) ™))
= ((ep(x))Ne(x) " p(x) = (ep(x))f = e(Yh(f, (ep(x))f))-

Hence (3¥(f, (ep(x))))A(xi(e, ((ep(x)))e(x) 1)) is definable.
6°. Ife,f,gc€ E, xR, y € R; and z € R,, then, putting

x1 = xg(e, (((ep(x))N)e()R)e() " e(x) 1),
y1 = W, (((ee())Ne(2)(¥) ),
zy = zi(g, ((ex(x))N)e(»))g),

2:A(y1M(x,)) is definable and (xy)z=z,X(y;A(x,)).
In fact, by 5° and (10),

xy = (W(f, (ep(x))/NA(x(e, (ep(x))fIep(x) 1)
and the right-hand side is definable. Hence
e(xy) = e(x(e, (ep(x))f)e(x) ™)) = ((ep(x))f)p(x)~*
and, by 3° and (7),

e(xy)p(xy) = (ep(x))f)e(x) " *p(((f, (epMNACxp(e, ((ep(x)))e(x) ™))
= ((ep(x))Ne(x) ~*(x(e, ((ep(x)))p(x) = NP, (ep(x))/)).
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But, in the proof of 5°, it was shown that
((ep(x))S)e(x) ™ p(xible, ((ep(x))Np(x) ™)) = (ep(x))S.
Moreover, since (ep(x))f= f=e(y), we have, by 1° and (5),
(NS, (ep(x))f)) = ((e(x))f )e(¥)-

Hence we obtain
e(xy)p(xy) = ((ep(x)) ().
Therefore, by 5° and (10),
(xp)z = z,2(y"Ax")(((ep(x))S (%) =2, ((e(x)))e())g)e(y M(x")) "))
and the right-hand side is definable, where
x' = xf(e, (ep()NNe(x)™), ¥ = ph(f; (ep(x))f).

Now (((e(x))/)p())g = ((ep(x)))p(y). Hence (((ep(x))f)ep(»))g)e(y) ~* is definable
and, by (4),

(N NPNRP(Y) ™ = (ep(x))f = eg(x).
Therefore ((((ep(x)))e(¥))g)e(y) " p(x)~1! is definable and, again by (4),
(e NP(NR)P() re(x) ™ = ((ep(x))N)p(x) ™! = e(x) X e = e(x).
Hence, by 3° and (7),
((((ceCNNENLIP(Y) ~ Hp(x) Dy’ Mx))
= (e )P())P(y) ~ (x) ~ Dep(x ) (y")
and both sides are definable. Also, by (5),
(((eeONNPN)P(Y) 1 p(x) " eplx")
= (((ee(NNP(NL)P(¥) ~ *ep(x) = epl(xib(e, ((ep(x))f (%)~ 1))
= (((epOGNNP()L)P(y) ~ (%) " *lx)
= ((((epGNNe()E)(y) ~*.
Since (((ep()))e(1))g)e(y) = (ep(x))f =X f, we have, again by (5),

(e e(NL)P() ()
= (X))~ (S, (eg(x))S))
= (e N)e(L)e(») 'e(r) = ((ep(x))f e(¥))g.
Hence
((epNNeNL)P() ~ (%)~ ey’ Mx)) = (((ep(x)) ) ())g
and so

(NN Mx)) ™ = ([((ep(3))N)P(NL)P(Y) ™ p(x) .
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Therefore, by 2° and (6),
YA W((ep())Ne(x) 72, ((ep(x))N)e(n)g)(y' M(x")) ~ )
= y'MxW(((ep(x))Np(x) =, ((epGNNe(DP(y) " e(x)~ 1)
= (V'd¥((ep(x))f, (((ep(x)))P(»))g)e(y) " p(x) ~*(x)))
A P(((ep(NP(x) =, (GNP P(P) ~*e(x) 7))

and all expressions are definable. But we have shown above that

(N NPNL)() ~*(x) " Dep(x") = (((ep(x))N)p(MNe(y)~*
and so, by (3),

Y'§((ep(x))f, (((ep(x))e(1)L)e(y) " (x) ~*o(x"))
= W(f; (ep(N(ee(x))f; (e )p())e() ™)
= W, (((ep(xDNNeONLP(P) ™) = 31,

x'P(((ep(x))N)p(x) 71, ((ep(x))Ne(¥)g)e(y) ™ *p(x)~1)
= xi(e, ((ep(x))Ne(MR)P(y) " *e(x) 1) = x;.
Thus z,;A(y;A(x,)) is definable and (xy)z =z, A(y;A(x,)).
7°. If e, f, g€ E, x€ R,, ye R; and z € R,, then (z,X(y1))N(x,) is definable and

x(yz)=(z:A(31))M(x,), where x,, y, and z, have the same meaning as in 6°.
In fact, by 5° and (10),

yz = (z(g, Fp(NNA(S, (fe())2)e(¥) ™)

and the right-hand side is definable. Moreover e(yz)=((fe(y))g)(y) . Again by
5° and (10), x(y2) =((y2){(e(y2), (ep(x))e(yz)))Mxih(e, ((ep(x))e(yz))p(x)~*)) and the
right-hand side is definable. Now ¢(y) is a one-to-one mapping of P(f) onto
P(fp(y)) and so, by (4), ¢(») is a semilattice isomorphism of P(f) onto P(fe(y)).

Moreover (ep(x))f, (fp(»)2)e(y)~* € P(f). Hence

(ep(CN((P)R)e() " Ne() = (e (fe()R)e() ™ Ne(y)
= (((epCNNN(PNR)P() ~ (1))
= ((epNNONSPE = ((ep(x))NP(¥))g;

since ((ep(x)))e(y) = fe(y). Therefore
(ep(x)e(yz) = (ep(N(fP(L)P() 1) = ((ep(x)))P())g)P(¥) 1.

Hence

xi(e, ((ep(x))e(y2))p(x) ) = x(e, ((ep()NP(V)Qe(») " p(x) ™) = x,.
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By 2°, (6) and (3),

(r2)(e(yz), (ep(x))e(yz))
= ((z(g, fpONNAY(S, (fe())e(») ™))
W((feg)e(») ~*, ((ep(x)))e(»)g)e(») ™)
= (z(g, (((ee(NN)e()R)P(Y) ~*e(f, (fe()g)e(») ™))
A0, (((ee(3)))e()R)e(¥) ™)
and all expressions are definable. But yy(f, ((ep(x))Ne(3))g)e(y) )=y, and, by
(&8
zP(g, ((ep(x))Ne()L)e() ~ e/, (fe())R)#(») ™)
z(g, ((ee(NN (1)) (1))
z(g, ((ep(x))fN)e(y))g) = z1.
Hence (z;A(y,))A(x,) is definable and x(yz)=(z;A(y1))A(x;).
8°. S is a semigroup.
In fact, we suppose that x, y and z are elements of S with e, f, g€ E, xe R,,
Y€ R, and z € R,. Then, by 6° and 7°, both z;A(y;A(x;)) and (z;A(y;))A(x,;) are
definable and (xy)z =z, A(y1A(xy)), X(¥z) =(z:A(¥1))A(x;). The definability implies

e(x1)p(x,) = e(y1), e(y)e(r) = e(z1).

Hence, by (8),
(x)z = 2:A(11A(x1)) = (2:AP))A(x) = x(yz).

9°. If yX(x) is definable, then yA(x)=xy.

In fact, by the definability of yA(x), we have e(y)=e(x)e(x). Hence, by 5°, (10)
and (2),

xy = (yMe(y), (e(x)(x))e(y))A(xd(e(x), ((e(x)p(x))e(»))p(x) 1))
= yi(e(y), e(n)A(x(e(x), e(x))) = pA(x).

10°. For each e € E, let e* be the element in R, such that e*Ne*) is definable and
e*Ne*)=e*. Then e* is uniquely determined by e. Moreover E*={e*; e € E} is the
set of all idempotents of S.

In fact, by (9), e* is uniquely determined by e. We take an arbitrary element e*
of E*. Then e*\(e*) is definable. Hence, by 9°, e*2=e*A(e*)=e*, and so e* is an
idempotent of S. Conversely let x be an idempotent of S. Then, by 5° and (10),

x? = (x(e(x), (e(x)(x))e()NAx(e(x), ((e(x)e(x))e(x))e(x) =)
and the right-hand side is definable. Thus ((e(x)@(x))e(x))p(x) " =e(x?)=e(x) and
50 e(x)p(x)=(e(x)p(x))e(x). Therefore e(x)p(x)=e(x). Hence, by (2),
x = x% = (x(e(x), e(x)p(x))A(x(e(x), e(x)))
= (x(e(x), e(x)p(x)))A(x).
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Hence, by 3°, (7), 1° and (5),

e(x)p(x) = e(x)p((xh(e(x), e(x)p(x)))A(x))
= e(x)p(x)p(xi(e(x), e(x)p(x))) = e(x)p(x)e(x).
Therefore e(x) = e(x)p(x). Hence, by (2),
xi(e(x), e(x)p(x)) = xi(e(x), e(x)) = x
and so xA(x) is definable and x=x2=xA(x). Therefore x=e(x)* € E*.

11°. @(e*) is the identity mapping of P(e).
In fact, e*A(e*) is definable and e* =e*A(e*). Hence, by 3° and (7), for fe P(e),

So(e*) = fole*Me*)) = fo(e*)p(e*)
and so f=fp(e*).
12°. If e, g€ E and g < e, then e*{f(e, g)=g*.
In fact, since g < e=e(e*), e* (e, g) is definable. Moreover, by 2°, (6) and 11°,

e*fle, g) = (e*Me*))(e, 8)
= (e*(e, gp(e*))Me*d(e, 8)) = (e*(e, 2))Ae*(e, 8))

and all expressions are definable. Hence e*f(e, g) € E*. On the other hand,
e*(e, g) € R, and so e*y(e, g)=g*.

13°. The mapping which maps e into e* is a semigroup and semilattice isomorphism
of E onto E*.

In fact, evidently this mapping is a one-to-one mapping of E onto E*. Moreover,
by 5°, (10), 11° and 12°, for e, f€ E,

ef* = (f*(/, (ep(e*)NAe*(e, ((ep(e*)))p(e*) ™))
= (f*4(f, efNAe*(e, ef)) = (¢f)*M(ef)*) = (&N)*.

Hence the mapping is a semigroup isomorphism and so also a semilattice iso-
morphism of E onto E*.

14°. Let e, fe E, x€ R, and f=ep(x). We denote the element y € R, such that
yX(x)=e* by x~1. Then x~! is uniquely determined by x.

Evident from the definition of A(x).

15°. For every x€ S, p(x~Y)=¢(x)"1.

In fact, by (4), ¢(x) is a one-to-one mapping of P(e(x)) onto P(e(x)e(x)). Hence
both ¢(x~1) and ¢(x)~! have the same domain P(e(x)e(x)). Let g € P(e(x)e(x)).
Then

S = gp(x)~* € P(e(x)).
Now, by 11°, 14°, 3° and (7),
ge(x) ™! = f = fop(e(x)*) = fp(x~*Ax)) = fe(x)p(x~1) = gp(x~?).
Hence ¢(x) " 1=g¢(x1).
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16°. For every x€ S, x xx~l=x"1

In fact, by 14° and 15°, e(x~1)p(x 1) =e(x)p(x)p(x) ! =e(x)=e(e(x)*). Hence
e(x)*A(x~1)is definable and, by 9°, 14°and 8°, e(x)*A(x ~}) =x ~le(x)* =x~1(x ~*A(x))
=x"1xx~1. Therefore e(x~1xx~')=e(e(x)*A(x 1)) =e(x~*)=e(x)p(x). Hence both
(x~xx~YA(x) and x~*A(x) are definable and, by 9°, 8° and 14°,

(" Ixx"HAx) = xx~xx"1 = (x"IA(x)(x~1A(x))

= e(x)*e(x)* = e(x)* = x~1A(x).

Since A(x) is one-to-one, we have x~1xx~l=x"1,

17°. For every x € S, x~x=(e(x)p(x))* and (x )~"1=x.

In fact, we have shown in the proof of 16° that e(x 1)p(x ~!)=e(x). Hence
xA(x~?') is definable and xA(x~Y)=x"1x. Therefore e(x ~1x)=e(xA(x~1))=e(x"?)
=e(x)p(x). Now, by 8° and 16°, (x ~1x)(x~1x)=(x"1xx~1)x=x"1x. Hence, by 10°,
x~x e E* and so x~1x=xA(x"1)=(e(x)p(x))*. Therefore, by 14°, we have also
(x~H)t=x.

18°. For every x € S, xx~x=x.

In fact, by 17° and 16°, xx~x=(x"Y)"x"}(x" ) l=(x"1Y) l=x.

19°. S is an inverse semigroup and, for each x € S, x~1 is the inverse of x.

In fact, by 18°, S is a regular semigroup and, by 10° and 13°, two idempotents of
S commute with each other. Hence, by [1, Theorem 1.17], S is an inverse semi-
group. Moreover, by 16° and 18°, x~1! is the inverse of x.

20°. For each e € E, R, is the #-class of S which contains the element e*.

In fact, by 18°, x%xx~* and xx~* € E*. By [1, Theorem 1.17], each Z%-class has
one and only one idempotent. Hence x is an element in the #-class which contains
e* if and only if xx~!=e*, if and only if e(x)=e by 14° and 9°, and so if and only if
X €R,.

21°. If x€ S, e, f€ E and x(e, f) is definable, then xy(e, f)=f*x.

In fact, since xiyi(e, f) is definable, x € R, and f<e. By 5°, (10), 11°, (2), 9°, 14°
and 18°,

f*x = (fle, (Fo(S*NNAS*(S, (fe(f*)e)e(f*) 1)
= (xidle, DA *I(f, fe)) = (xile, NNS*U(S, 1))
= (xif(e, NA*) = f*(xdle, f))
= (x(e, /))(xible, )~ (xile, 1)) = xi(e, f).
22°. If x€ S, e € E and ep(x) is definable, then (ep(x))* =x~le*x.
In fact, since ep(x) is definable, e <e(x). By 19°, 17°, 21° and (5),
x~le*x = (x~le*)(e*x) = (e*x) ~Y(e*x) = (e(e*x)p(e*x))*
= (e(x(e(x), e))p(xi(e(x), €)))*
= (ep(x(e(x), €)))* = (ep(x))*.
This completes the proof of Theorem 2.2.
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3. A characterization of left ordered inverse semigroups. In this section, we
characterize the structure of left ordered inverse semigroups. Theorems 3.4 and
3.6 give a characterization of left ordered inverse semigroups in terms of the
ordered commutative idempotent subsemigroup constituted by all idempotents
of the inverse semigroup S and the simply ordered #-classes of S. Corollaries 3.5
and 3.7 give a characterization in terms of the three mappings ¢, ¢ and A.

LeMMA 3.1. A left ordered inverse semigroup S contains no elements of finite order
except idempotents.

Proof. By way of contradiction, we assume that x is a nonidempotent element of
finite order in S. Then we have either x <x2? or x> x2. If x<x?, then x<x%< ...

<x"<x"*l=x"*2=... for some natural number n. If x>x2 then x>x%2>...
>x">x"*1=x"*2=... for some natural number n. In both cases, y=x" is an
element of order 2, i.e. y#y?=y3=-... We put y2=a. Since y% and yy~* are idem-

potents, we have
ap~t =yl =yt =Yy ) =0y =y =a

Moreover, since a=y? is an idempotent, we have a=a~?. First we consider the case
when yy~1<y~1y. Then

a=ay~t =yl =y0y ) Y07 =
But a=y2?#y and so a<y. Now we have

Oy Ho ) =yaly=yay=y*=y =a<y=0y
yw=a<y=yy').

From the first inequality we obtain y~'y<y and from the second we obtain
y<y~ly, which is a contradiction. In the case when y~'y<yy~!, we obtain a
contradiction in a similar way.

LeEMMA 3.2. Let S be an inverse semigroup which contains no elements of finite
order except idempotents and let x, y € S. Then the following conditions are equiv-
alent to each other:

(@ yy ix=xx"ly;

(b) y~'x is an idempotent;

(¢) x~1yisan idempotent;

(d) x~tyy~lx=x"1y;

(&) y ixx~ly=y~lx;

) yrx=x"txy~ly;

(8) x"ly=x"lxy~ly;

(h) xy~ly=yx~'x;

(i) xy~lis an idempotent;

(G) yx~1is an idempotent;

(k) xy~tyx~t=yx~1;
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O yx~ixy~t=xy7

(m) xy~t=xx"lyy~;

(n) yx~l=xx"lyy~i

Proof. (a) implies (b). In fact, y~x=y~'(py~x)=y xx"ly=(p " x)(y x)?!
is an idempotent.

(b) implies (c). In fact, since y~x is an idempotent, x“'y=(y~x)"'=y~lxis an
idempotent.

(c) implies (d). In fact, x "1yy~tx=(x"1y)(x"1y) " *=(x"ty)2=x"1y.

(d) implies (e). In fact, since x~y=x"lyy - lx=(x"'y)(x~'y)~! is an idem-
potent, y~txx~ly=(x"1p) U x"y)=(x"1y)’=x"ty=(x"1y) 1=y~ x.

(e) implies (m). In fact, y~'x=y~lxx~'y is an idempotent and so (xy~?')3
=x(y~x)¥ '=x(y " x)y~*=(xy~!)% By assumption, xy~! is an idempotent.
Moreover, since y~!x is an idempotent, we have y~'x=(y~!x)"'=x"1y. Hence
xy~t=(xy )P=x(y x)y t=x(x"ty)y t=xx"lyy~"

(m) implies (n). In fact, yx " 1=(xy Y " '=(xx"tyy ) l=xx"lyy~L

(n) implies (h). In fact, yx~!=xx"1yy~'is an idempotent and so yx~1=(yx~!)~?!
=xy~!. Hence yx '=(x )2=@x"YH(xy YH=yx~ixy~!. Therefore xy ly=
ey y=x"Yy=(x"xy~Hy=yx"'x.

By a dual argument, we can prove that (h) implies (i), (i) implies (j), (j) implies
(k), (k) implies (1), (1) implies (f), (f) implies (g) and (g) implies (a).

LEMMA 3.3. Let S be an inverse semigroup and let x, y € S such that xy~ly
=yx~1x and x"x=y~y. Then x=y.

Proof. By assumption, we have x=xx"1x=xy ly=yx~Ix=yy~ly=y.

THEOREM 3.4. Let S be a left ordered inverse semigroup and let E be the set of all
idempotents of S. Then E is an ordered commutative idempotent semigroup and, for
each e € E, R, is a simply ordered set with respect to the induced orders of S on E
and on R,, respectively. Moreover, S satisfies the following conditions:

(11') S contains no elements of finite order except idempotents;

(12") ife,feE, x,ye R,, x<y in R, and f=< e, then fx<fy in R;;

(13")ife,feE, xe R, x *x=f,y,ze R, and y<z in R;, then xy<xz in R,;

(14") x=<y if and only if either

@) yy~x<xx~'yin R,, or
(b) yy~x=xx"yand x " 'x<y~lyinE,
where e and f are elements of E such that x € R, and y € R;.

Proof. It is evident that E is an ordered commutative idempotent semigroup and
R, is a simply ordered set with respect to the respective induced orders. The con-
dition (11’) is satisfied by Lemma 3.1. If ¢, f€ E, x, ye R,, x<y in R, and f=<e,
then

(X)) = fox=Yf = fef = f,
WU =Sy~ =fef = f.
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Hence fx, fy € R; and evidently fx=<fy. Thus we have the condition (12"). If
e,feE, xeR,, x x=f,y,ze R, and y=<z in R;, then

CP)xy)r = xpy~ixTl = xfxt = xx"lxx"l = xx"1 = ¢,
(x2)(xz)™* = xzz7'x"' = xfx"l =e.

Hence xy, xz € R, and evidently xy <xz. Thus we have the condition (13’). Now
we suppose that x<y with x € R, and y € R,. Then

Oy 1)y %)~ = xx"lyy ! = ef,
(x™1Y)xx~ty) "t = xx"lyyT = ef.
Hence yy~'x, xx 'y € R,;. Moreover
ywlx = xx"lyy~ix < xx"lyy~ly = xx"y.

If yy~ix<xx~1y, then the condition (a) in (14') holds. Next we suppose that
yy~ix=xx"1'y. Then, by Lemma 3.2, x "ly=x"*xy~ly=yp~'x. Hence x "x<x~1y
=y~Ix<y~ly and evidently x~'x, y~'y € E. Therefore the condition (b) in (14")
holds. Conversely, if (a) holds, then xx~1yy~Ix=yy-x<xx~ly=xx"1yy~ly and
so x <y. Next we suppose that (b) holds. By way of contradiction, we assume that
x>y is true. Then, by the fact shown above, x~x=y~!y and so x~1x =y~'y.
By Lemma 3.2, we have xy~'y=yx~!x and so, by Lemma 3.3, we have x=y,
which is a contradiction. Thus we have x<y.

COROLLARY 3.5. Let S be a left ordered inverse semigroup and let E be the set of
all idempotents of S. Then, in addition to the fact that S satisfies the conclusion of
Theorem 2.1, E is an ordered commutative idempotent semigroup and, for each e € E,
R, is a simply ordered set with respect to the induced orders of S on E and on R,,
respectively. Moreover, S satisfies the following conditions:

(11) S contains no elements of finite order except idempotents;,

(12) ife, fe E, x,ye R,, xSy in R, and f=Xe, then xy(e, f) S y(e, f) in R;;

(13) ife,fe E,x € R,, ep(x)=f, y,z€ Ry and y <z in R;, then yX(x) < zA(x) in R, ;

(14) x=y if and only if either

(@) xile, ef) <y(f; ef) in Rey, or
(b) xile, ef)=y¢(f, ef ) and ep(x) < fp(y) in E,

where e and f are elements of E such that x € R, and y € R;.

THEOREM 3.6. Let S be an inverse semigroup. Suppose that the set E of all idem-
potents of S is an ordered commutative idempotent semigroup and, for each e € E, R,
is a simply ordered set. Moreover suppose that the conditions (11’), (12') and (13")
in Theorem 3.4 are satisfied. Then there exists one and only one left ordered inverse
semigroup S such that on the set E the order of S coincides with the original order of
E and, for each e € E, on the set R, the order of S coincides with the original order of
R.. This left ordered inverse semigroup S is obtained by defining the order in S by
(14') in Theorem 3.4.



114 TORU SAITO [January

Proof. First we prove that, when we define the order =< in S by (14'), Sis a left
ordered inverse semigroup with the property mentioned in the theorem. We divide
the proof into several steps.

1°. Let x, y be elements of S such that yy~*x=xx"1y.

(@) If x *x<x~'yy~x in E, then x yy~x<y~ly in E,
(b)) if x tyy~'x<x"'xinE, then y-*y<x~'yy~xin E.

In fact, we suppose that x " x<x~lyy~x in E. By way of contradiction, we
assume that y~'y<x~'yy~1x were true in E. By (11"), S contains no elements of
finite order except idempotents. Moreover, by assumption, we have yy ~'x=xx"1y.
Hence, by Lemma 3.2, x~yy~'x=x"ly=x"1xy~ly. Therefore x 'x<x~1xy~ly
and y~ly<x~!xy~'y. But, by Lemma 1.1, x "1xy~!y lies between x ~'x and y~'y
in E, which is a contradiction. Hence x~'yy~'x<y~!y in E and so we obtain (a).
We can prove (b) in a similar way.

2°. The relation < defined in S is really a simple order.

In fact, it is trivial that the relation < in S is reflexive. Now we suppose that
x=<yand y<x in S. Then, by (14'), yy~'x=xx"1y and x~'x=y~1y. Hence, by
Lemmas 3.2 and 3.3, we have x=y and so the relation < in S is antisymmetric.
Now we suppose that x<yand y<zin Swithe,f, g€ E,x€ R,,y€ R;and z€ R,.
Then, by (14'), yy~*x<xx~'yin R,; and zz"ly<yy~1zin R,,. Hence, by (12'),

Yy lzz7lx = efgyy ix £ efgxx~'y = xx7'zz7ly in R,
xx~1zz7ly = efgzz™ly = efgyy iz = xx"lyy~1z in R,

In the case when either yy~'zz"x<xx~1zz 1y in R, or xx~1zz " ly<xx~lyy~1z
in R,;,, we have efgzz " x=yy~lzz " x<xx~lyy~lz=efgxx~1z in R,; and so, by
(12'), zz"*x<xx~'z in R,,. Hence, by (14’), we have x <z. Thus, in what follows,
we suppose that yy~lzz - lx=xx"lzz ly=xx"1lyy~lz

(i) The case when yy~1x <xx~'y in R,;. We have

xx“lyyTix = yyTix # xx~ly = xx"lyy~ly,
xx~tyy~lzz7lx = yy~lzz7lx = xx"'zz7ty = xx"lyy~lzz71y.

Hence efg=xx"'yy lzz '#xx lyy~l=ef. Now, in the semilattice (E, <),
ef<fand fg= fand so, by Lemma 1.3, ef and fg are comparable in (E, <). But,
if ef < fg were true, then we would have efg=ef, which is a contradiction. Hence
feg<Zef and so efg=/fg. Similarly we have efg=eg. By assumption, y<z in S and
2z ty=fgy=efgy=xx"'zz ly=xx"lyy~lz=efgz=fgz=yy~'z. Hence, by (14'),
y~ly<z~'zin E. Now, by way of contradiction, we assume that x <z were false in
S. Then, since zz 'x=egx=efgx=yy lzz x=xx"Yyy lz=efgz=egz=xx"1z,
we have, by (14'), x"*x>z"'z in E. We put h=y~'yz~'ze E. We have zz~ 'y
=yy~'z and so, by Lemma 3.2, A=y~ 1yz-1z=z"1y. Moreover

h=z"y=2zYgy =z"lefgy = z7Y(xx"1zz"1y)
=z Y yy~lzz71x) = z7lefgx = z7'egx = z7x.
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Since zz~x=xx"'z, we have, by Lemma 3.2, h=z " 'x=x"1xz"'z=x"'z. Hence
h=h =@ Yyz z)(x xz71z) = x " xy~lyz~1z
Since y~'y<z~'z<x~x in E, we have, by Lemma 1,2, x~1xy~'y <z~z and so
h=x"1xy *yz~lz=x"1xy~'y. Hence x 'zz ly=(x"'z)(z"ly)=h2=h=x"1xy " y.
Therefore
xy~t = x(x"xy ly)y ! = x(x"1zz"ly)y~! = xx~zz"lyy~leE.

Hence, by Lemma 3.2, yy~x=xx"1y, which contradicts the assumption that
yy~Ix<xx~1y. Thus we have x<zin S.

(ii) The case when zz~y<yy~'z in R;,. In a similar way to (i), we obtain x <z.

(iii) The case when yy~'x2xx~'y in R, and zz"*y2yy~'z in R;,. Since x<y
and y<zin S, we have, by (14), yy~lx=xx"1y, zz"ly=yy~1z and x"x<y~ly
=<z~ !zin E. By way of contradiction, we assume that xx~'z<zz~x in R,, Then,
in a similar way to (i), we obtain z<y in S, since x<y in S. On the other hand, by
assumption, y<zin S and so y=z, since we have proved that the relation < in §
is antisymmetric. Hence

xx~lz = xx"ly = yy~lx = zz71x,

which is a contradiction. Thus we have zz"'x<xx~!z in R,,. If zz"'x<xx~1z in
R, then x<zin S by (14'). Also if zz"'x=xx"'z,then x<zin S, since x " 'x <z~ !z
in E. This completes the proof of the transitivity of the relation <.

Now we take arbitrary elements x, y € S. By (14), if yy~x<xx~'yin R, then
we have x<y in S, while, if yy~'x>xx~1yin R, then x=y in S. Next we suppose
that yy~ix=xx"'y. Again by (14'), if x "'x<y~'y in E, then we have x<y in S,
while, if x~1x=y~'y in E, then x2y in S. This completes the proof of 2°.

3°. With respect to the order < in S, x<y implies zx <zy, where e, f, g€ E,
x€R,,ye R;and z € R,.

In fact, we put x'=zx, y'=zy, ¢ =zez™1, f'=2zfz7}, x*=zef, y*=2z"'zefx,
z*=z"1zefy, e*=zefz~! and f*=z"'zef. Then ¢, f’, e*, f* € E and

ef' = zez71zfz7! = zefz! = e*,
xX'x' "t =(zx)(zx) ' =zez ' = ¢,
Yy Tt=(@)ey) Tt =zt =f"
Also we have x’' € R,. and y’ € R,.. Moreover

Y'Y TIxX = zfz7lzx = (zef )(z " ‘zefx) = x*y*,
x'x'"ly" = zez71zy = (zef )z~ 'zefy) = x*z*.
Furthermore
x*x*~1 = (zef )(zef) ™' = zefz™ ' = e*,
y¥y* 1 = (z7zefx)(z " zefx) "t = z7'zef = f*,
z*2* 71 = (z7'zefy)z " 'zefy) T = z7'zef = f*,
x*~1x* = (zef)~Yzef) = z ‘zef = f*.

Also we have x* € R,. and y*, z* € R;..
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(i) The case when yy~1x <xx~'y in R,;. Since f* =z"1zef X ef, we have, by (12",
y* = (z7'zef)(yy'x) £ (z7'zef)(xx"1y) = z*

in Ry.. Therefore, since x* € R,. and x*~*x*=f* we have, by (13"), y'y’~x'
=x*y*<x*z*=x'x""1y" in R,.. If y’y'~*x' <x’x’ "'y’ in R,.=R,;., then, by (14"),
zx=x'Sy’=zy in S. Next we suppose that y'y’~ix'=x'x""1y’. Then x*y*
=y'y ~lx'=x'x'"1y'=x*z* Hence

(z71zef)x = y* = pry*-lpk = frp* = xR-lykpk  yk—lykok
= f*z* = z¥z*~1z* = z* = (z71zef )y.

But, by assumption, efx=yy lx#xx"ly=efy. Hence z 'zef+ef. Now z 'ze Ze
and ef < e and so, by Lemma 1.3, z~ze and ef are comparable in the semilattice
(E, X). If ef X z7'ze were true, then we would have z~'zef=ef, which is a contra-
diction. Hence z~!ze < ef and so z~'zef=z"'ze. Similarly we have z~'zef=2z"1zf.
Hence

zx

z(z"1ze)x = z((z~zef)x)
= z((z"1zef)y) = z(z"'zf)y = zy.
(ii) The case when yy~'x=xx"'y in R, Since x<y in S, we have, by (14'),
yy~ix=xx"'y and x " *x<y~yin E. Hence
Yy Tx' = x*p* = x*z72zefx = (x*z72)(yy~x)
= (x*z712)(xx~ty) = x*z71zefy = x*z* = x'x' "1y,
Therefore, by Lemma 3.2,
x7ly = x"Ixy~ly = y7ix,
xr_lyl = xl—lxlyl—]_yl = yl—lxl.
By way of contradiction, we assume that x~'yy~ix<x~!x is true in E. Then,
by 1°(b), y~ly=x~lyy~lx<x~x in E, which is a contradiction. Hence x~x
<x~'yy~lxin E. Similarly we have y~'xx~'y<y~'yin E. Hence, in E,
X7 = (2x) " U(zx) = (zx) " Hzx)(x " x) = (2x) 7 (zx)(x " yy T x)
= (zx)7'zyy~ix = (2x) "M zp)(r'x) = (' ")y~ 'x)
= 0N x"ly) = (@)W zx)(x"Yy) = (zp)"'zxx"ty
= (@) M)~ xx"1y) £ @) @)Y = (29) " Hzp)
=y
Therefore, by (14’), we have zx=x'<y’=zy in S. This completes the proof of 3°.
4°. On the set E the order of S coincides with the original order of E.
In fact, for e, f€ E, ff te=ef=ee 'f and e ‘e=e, f~*f=f. Hence, by (14'),
e < fwith respect to the order in .S if and only if e < f with respect to the order in E.

5°. For each e € E, on the set R, the order of S coincides with the original order
of R..
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In fact, for x, y € R,, yy~'x=xx"1x=x and xx~'y=yy~ly=y. Hence, by (14'),
x <y with respect to the order of S if and only if x <y with respect to the order
of R,.

This completes the proof of the fact that, when we define the order in S by (14'),
S is a left ordered inverse semigroup with the property mentioned in the theorem.
The uniqueness of such left ordered inverse semigroups is almost trivial by Theorem
34.

COROLLARY 3.7. In addition to the assumption of Theorem 2.2, we suppose that
E is an ordered commutative idempotent semigroup, that, for each ec E, R, is a
simply ordered set and that the conditions (11), (12) and (13) in Corollary 3.5 are
satisfied. We define the product in S by (10) in Theorem 2.1 and the order in S by (14)
in Corollary 3.5. Then S is a left ordered inverse semigroup such that the semigroup
and semilattice isomorphism of E onto E* in Theorem 2.2 which maps e into e* is an
order isomorphism of the ordered semigroup E onto the ordered semigroup E*
induced by the order of S and moreover, for each e € E, the order induced in R, by
the order of S coincides with the original order in R,.

4. Some properties of left ordered inverse semigroups. In this section, we give
some properties of left ordered inverse semigroups which we need in the following
sections.

LEMMA 4.1. Let x, y be elements of a left ordered inverse semigroup S. Then
(@) yy~x<xx~y if and only if xy~*y<yx~x;
(®) yy~x>xx"'y if and only if xy~‘y>yx~1x;
(©) yy~*x=xx"yif and only if xy~y=yx~1x.

Proof. We put x'=xy~'y and y'=yx~'x. Then
Yy I = yx~ixyTixy~ly = yx~ix(y " txx "y ix)(y~ly)
= yxhxyTix(x Ty T T) = yx Ty T i) (x T yy i)
= (px~Ixy~Hxy~lyx~H(yy~1x)

and similarly x'x"~1y'=(xy~lyx~)(yx~ixy~Y)(xx~'y). First we suppose that
yy~x<xx~y. Then
Yy i = (pxtxy™ ) xy T tyx T (yy i)
= (xp~yx~H(x"xy )y~ x)
= ey~ lyxTHx T Ixy T H(xxTy) = x'x' 7y
By way of contradiction, we assume that y'y’~1x'=x'x'"1y’ is true. Then, by
Lemma 3.2, x"1xy~ixy~ly=y'~Ix'=x""x'y' "1y’ =x'"1y' =y~ lyx~lyx~1x. Hence
xy~lxy~t = x(x7xyTixyTly)y Tt = x(ytyx T lyx i)y
= (xy~tyx~H(x~txy~h).
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Therefore (xy~1)2 is an idempotent and so xy~! is an element of finite order. By
Lemma 3.1, xy~! is an idempotent and so, by Lemma 3.2, yy~1x=xx"1y, which is
a contradiction. Therefore x'x'~1y'y’ ~1x'=y'y’ ~x' <x'x' ~y'=x'x""1y’y’ -1y’ and
$0 xy~ly=x"<y'=yx~1x. Thus we have proved that yy~1x < xx~1y implies xy 1y
<yx~1x. In a similar way we can prove that yy~1x > xx~1y implies xy~1y > yx~1x.
The assertion (c) is contained in Lemma 3.2. Hence, conversely, xy 'y <yx~x
implies yy~!x<xx~'y and xy~ly>yx~1x implies yy~'x>xx~1y. This completes
the proof of Lemma 4.1.

LEMMA 4.2. Let x, y be elements of a left ordered inverse semigroup S which are
R-equivalent or L-equivalent to one another. Then

(@) yy~x<xx"'yif and only if x<y;

(b) yy~x>xx"1y if and only if x> y;

(©) yy~*x=xx"1y if and only if x=y.

Proof. If xZy, then we have xx~'=yy~!. Hence x=xx"x=yy~x, y=yy~ly
=xx"1y. Therefore we obtain the conclusion trivially. If x%y, then x~1x=y~1y
and so x=xx"'x=xy~'y, y=yy~ly=yx~'x. Hence we obtain the conclusion by
Lemma 4.1.

LeEMMA 4.3. The following conditions for an element x of a left ordered inverse
semigroup S are equivalent:

(a) x is positive;

(b) x~x<x;

(c) xx~t<x.

Proof. (a) implies (b). In fact, xx~'x=x<x? and so x " 'x<x.

(b) implies (c). In fact, (x " Ix)x " x=x" x<x=xx"lxx " x=x(x"1x)"*(x"1x).
Hence, by Lemma 4.1, (x 'x)xx '=xx"'(x"*x)<(x"x)(x~1x) " x=(x"1x)x.
Therefore xx~1<x.

(c) implies (a). In fact, xx~}(x~1x)=(x"1x)xx S (x~ x)x=(x"1x)(x " 1x)"1x.
Hence, by Lemma 4.1, x 'x=(x"1x)x"Ix<x(x " 1x)"{(x x)=xx"lxx"ix=ux.
Therefore x =xx~1x < x2. But, if x=x2, then x is an idempotent and so xx~!=x2
=Xx, contradicting the assumption. Hence x is positive.

LEMMA 4.3'. The following conditions for an element x of a left ordered inverse
semigroup S are equivalent:

(a) x is nonpositive;

(b) x=<x"'x;

(¢) xSxx~ 1.

As the order dual of Lemma 4.3, we have

LEMMA 4.4. The following conditions for an element x of a left ordered inverse
semigroup S are equivalent:
(a) x is negative;
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(b) x<x1x;
(©) x<xx~1.

LEMMA 4.4'. The following conditions for an element x of a left ordered inverse
semigroup S are equivalent:

(a) x is nonnegative;

(b) x"x=x;

(©) xx *=x.

LEMMA 4.5. Let x be an element of a left ordered inverse semigroup S. Then x is
positive if and only if x~! is negative.

Proof. By Lemma 4.3, x is positive if and only if xx~*<x. If xx~*<x, then
xx~Y<xx~'x and so x~*<x~1x. Conversely, if x~*<x~'x, then x " 1xx~*<x~x
and so xx~!<x. Thus xx~*<x if and only if x"*<x~!x and so, by Lemma 4.4,
if and only if x~?! is negative.

LEMMA 4.6. Let x, y be nonnegative elements of a left ordered inverse semigroup
S. Then xy is nonnegative.

Proof. Since x is nonnegative, x~! is nonpositive by Lemma 4.5. Hence, by
Lemma 4.3’, x~*<x~x. Therefore (xy)(xy) *=xyy x " '=xyy - x"lx=xyy~l
Since y is nonnegative, we have yy~'<y by Lemma 4.4’. Hence (xy)(xy)~!
<xyy~!=<xy. Hence, by Lemma 4.4, xy is nonnegative.

As the order dual of Lemma 4.6, we have

LEMMA 4.7. Let x, y be nonpositive elements of a left ordered inverse semigroup
S. Then xy is nonpositive.

By Lemma 4.6, the set P of all nonnegative elements of a left ordered inverse
semigroup S forms a subsemigroup of S, which is called the nonnegative part of S.
Also, by Lemma 4.7, the set Q of all nonpositive elements of S forms a subsemi-
group of S, which is called the nonpositive part of S.

LEMMA 4.8. Let x, y be elements of a left ordered inverse semigroup S. Then the
following conditions are equivalent:

(@) yy~tx<xx~ly;

(b) y~lyx~lyx~1x is positive;

(c) x~1y is positive.

Proof. (a) implies (b). In fact, we put x'=xy~*y and y’=yx~x. Then, by
Lemma 4.1, x'=xy *y<yx~!'x=)' and also x'~x'=x"1xy~ly=)'"'y’. Hence
X' "ly'=x'"1'y' "ly'=x""1y'x "Ix'Sx'"1y'x' ~ly'=(x'"1y’)%. By way of contra-
diction, we assume that x'~!y’=(x'"1y’)? is true. Then x'~1y’ is an idempotent
and so, by Lemma 3.2, y'y' “x'=x'x""1y’. Now x'Zx' " x'=y'~1y'#y" and so x’
and y' are Z-equivalent. Hence, by Lemma 4.2, x"=y’, which contradicts the fact
that x’<y’. Hence x'~1y’<(x'~y")? and so y~lyx~lyx~lx=x'"1y’ is positive.
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(b) implies (c). In fact, by way of contradiction, we assume that x~'y is non-
positive. Then, by Lemma 4.7, y~'yx~'yx~1x is also nonpositive, which contra-
dicts the assumption. Thus x~ 1y is positive.

(c) implies (a). In fact, by Lemma 4.3, (x " lyy~H(yy - x)=(x"1y)(x"y)?
<x ly=(x"tyy~H(xx~1y) and so yy~x<xx~1y.

LEMMA 4.9. Let x, y be elements of a left ordered inverse semigroup S which are
R-equivalent or L -equivalent to one another. Then x <y if and only if x 1y is positive.

Proof. This lemma follows immediately from Lemmas 4.2 and 4.8.

LemMMA 4.10. Let x, y, z be elements of a left ordered inverse semigroup S. If
xy~ly#yx~1x and xy~lyz=yx~xz, then xz=yz.

Proof. By assumption,

x(x7Ixy~ly) = xp~ly # yxT'x = p(x~ixy7ly),
x(x"Ixy~lyzz=Y) = (xy~iyz)z7t = (ypx"xz)z7! = y(x"lxy~lyzz~?).

Hence x~xy~ly#x~1xy - lyzz=! Now (x X)) =Zx"1x, (x " x)(zz ) Zx"x
and so, by Lemma 1.3, (x"*x)(y~'y) and (x~'x)(zz~!) are comparable in the
semilattice (E, <X). Since x~'xy~ly#x~xy~lyzz-!, we have (x"x)(zz7?)
S(x"x)(y~'y) and so x~*xzz~l=x"'xy~'yzz~!. Similarly we have y~lyzz~?!
=x"1xy~lyzz~, Hence

xz = x(x"xzz"Y)z = x(x " xy~lyzz"Y)z = xy~lyz = yx~Ixz
= y(x~xy~lyzz )z = y(y " tyzz" Yz = yz.
5. A characterization of ordered inverse semigroups. In this section, we
characterize the structure of ordered inverse semigroups. Theorem 5.4 gives a
condition in order that a left ordered inverse semigroup is an ordered inverse

semigroup. Corollary 5.5 gives a characterization of ordered inverse semigroups
in terms of the three mappings ¢, ¢ and A.

LEMMA 5.1. Let S be a left ordered inverse semigroup and let E be the set of all
idempotents of S. Then S satisfies the condition
(12R) ife,feE, x,ye L, x<yin L, and f<e, then xf<yfin L,.

Proof. We put x'=xfand y’=yf. Since x¥y and x =<y, we have, by Lemma 4.2,
yy~x=<xx~'y. Hence

Yy T = NN M) =y ixf =y x(x "y x)f
Yy xfxTlyyTix S yfyTixfx T ixx "y = (xfx )OSy Hxx "ty
= xfx"y(y~Ixx ") f = xfx~yf = <)) 70f)

— xlxl - 1y/.
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Since x.%y, we have x' =xfLyf=y’'. Hence, by Lemma 4.2, xf=x"<y"'=yf.

LEMMA 5.2. Let (S, <) be a left ordered inverse semigroup and let E be the set of
all idempotents of S. Suppose that (S, <) satisfies the condition

(13R) ife,feE, x€L,, xx~*=f,y,z€L; and y<z in L,, then yx<zx in L,.
Then there exists one and only one right ordered inverse semigroup (S, <,) such that
the order <, coincides with the order < on the set E and also on the set L, for each
eeE.

Proof. This lemma follows immediately from Theorem 3.4, Lemma 5.1 and the
left-right dual of Theorem 3.6.

The right ordered inverse semigroup (S, <,) in Lemma 5.2 is called the asso-
ciated right ordered semigroup of the left ordered inverse semigroup (S, <).

LEMMA 5.3. Let S be a left ordered inverse semigroup and let E be the set of all
idempotents of S. Then the condition
(14R) x=y if and only if either
(@) xy~y<yx~xin L,, or
(b) xy~y=yx~*x and xx"*<yy~'in E,
where e and f are elements of E such that x€ L, and y € L,, is equivalent to the
condition
(16") ife, f, g€ E, xR, f=<e,g=eand f<g, then x~fx<x"'gx.

Proof. (14R) implies (16"). In fact, we suppose that e, f, g€ E, xe R,, f=e,
g=e and f=g. Then x"f=x"!g. Now x Y)x"1g) x"g)=x"g
=(x"1g)(x ")~ *(x~'f).Hence,by (14R),x ~Yfx=(x"f)(x ") 1= (x~'g)(x"g)~*
=x"1gx.

(16’) implies (14R). In fact, by Theorem 3.4, x <y if and only if either

(a*) yy~x<xx~yor
®*) yy~Ix=xx"'yand x"x=y~1y.

By Lemma 4.1, (a) is equivalent to (a*) and also the first condition of (b) is
equivalent to the first condition of (b*). Hence, in what follows, we consider the
case when xy~ly=yx~1x and yy~lx=xx"1y. First we suppose that xx~1<yy~1.
By Lemma 1.1, xx~'<xx~lyy~!<yy~1. Hence, by (16"),

xlx = x"Mxx"Hx £ x W xx"lyy Hx = x"yy~lx,

Yy Ixx~ly = y i xx"lyy Ny S yT oy Hy =y~

Since xy~ly=yx~'x, we have, by Lemma 3.2, x~lyy - lx=x"ly=x"1lxy-ly
=y lx=y xx~ly, and so x x=x"lyy~lx=y~lxx~"ly<y-ly. But, if x"ix
=y~1y, then, by Lemma 3.3, we have x=y, which contradicts the fact that xx~*
<yy~1. Thus we have proved that xx~!<yy~?! implies x~'x <y ~!y. Similarly we
can prove that yy~!<xx~?! implies y !y <x~x. Finally, if xx~!=yy~1, then, by
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Lemma 4.2, we have x=y and so x~'x=y~1y. Hence
xx~! < yy~! ifand onlyif x7ix < y~ly;
xx~t > yy~! ifand only if x~'x > y~ly;
xx~1 = yy~! ifand onlyif x~1x = y-1y.
Therefore (b) is equivalent to (b*). Hence (14R) holds.

THEOREM 5.4. Let S be a left ordered inverse semigroup and let E be the set of all
idempotents of S. In order that S is an ordered inverse semigroup, it is necessary and
sufficient that it satisfies the following conditions:

(15") if xx t=y~ly=z"'z and y<z, then yx<zx;

(16") ife,f,g€E, xeR,, f=e,g=<eand f<g, then x *fx<x"'gx.

Proof. The necessity of these conditions are trivial. We prove the sufficiency and
suppose that S satisfies the conditions (15’) and (16"). The condition (15) is nothing
but the condition (13R) and so, by Lemma 5.2, there exists the associated right
ordered semigroup (S, =<,) of the original left ordered inverse semigroup (S, =).
By the left-right dual of Theorem 3.6 and Lemma 5.3, the condition (16’) means
that the order <, coincides with the original order <. Thus S is an ordered inverse
semigroup.

COROLLARY 5.5. Let S be an ordered inverse semigroup and let E be the set of all
idempotents of S. Then, in addition to the fact that S satisfies the conclusion of Corol-
lary 3.5, S satisfies the following conditions:

(15) ife,f,g€E, xeR,, yE R, ZER,, e=fp(y)=gp(z) and (S, fo) = z4(g, f2)
in Ryg, then yxi(f, fg) < zx(g, fg) in Ryq;

(16) ife,f,g€eE,x€R,, fXe,g<eand f<g in E, then fo(x) < gp(x) in E.
Conversely, in addition to the assumption of Corollary 3.7, we suppose that the
conditions (15) and (16) are satisfied. We define the product in S by (10) in Theorem
2.1 and the order in S by (14) in Corollary 3.5. Then S is an ordered inverse semigroup.

THEOREM 5.6. Let S be a left ordered inverse semigroup. Then each one of the
following conditions is equivalent to the condition (15’) in Theorem 5.4:

(15a) if xy~*y<yx~'x, then yx~? is positive;

(15b) if x%y and x <y, then yx~1 is positive,

(15¢) if xZy and x <y, then yx~! is positive;

(15d) if x¥%y and yx~1 is positive, then x<y;

(15e) if xZy and yx~1 is positive, then x<y;

(15f) if yy~*x<xx~1y, then x 1xy~l<y~lyx~1,

(15g) if x¥y and x<y, then y~1<x~1;

(15h) if xZy and x<y, then y~*<x~1;

(15i) if xy is positive, then yx is positive;

(15)) if xy~1y is positive, then yxy~1 is positive;

(15Kk) if yy~'x is positive, then y~xy is positive;
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(151) if y is positive, then x~1yx is nonnegative for every x€ S
(15m) if x~1y is not idempotent and x <y, then xz < yz for every z€ S.

Proof. (15’) implies (15a). In fact, we suppose that xy~!y<yx~'x. We have
O~ yx= D)y~ tyx ) T t=x"txy "y =(xy~1y) " (xy~'y)=(yx~'x)}(yx~'x). Hence,
by (15,

x~ D) Myx™ ) = xy~lyx~ = (xy~ )y~ lyxY)
S xR0 tyxY) = yxh

But, if (ypx~ 1)~ }(yx~)=yx~! were true, then yx~?! is an idempotent and so, by
Lemma 3.2, we have xy ~'y=yx~'x, which is a contradiction. Hence (yx 1) ~*(yx 1)
<yx~! and so, by Lemma 4.3, yx~1! is positive.

(15a) implies (15c). In fact, we suppose that xZy and x < y. Then, by Lemma 4.2,
we have yy~'x <xx~'y. Hence, by Lemma 4.1, xy~*y<yx~'x and so, by (15a),
yx~1is positive.

(15¢) implies (15¢). In fact, we suppose that x#y and yx~1 is positive. By way of
contradiction, we assume that y < x. If y < x, then, by (15c), xy~! is positive and so,
by Lemma 4.5, yx~—*=(xy~!)~! is negative, which is a contradiction. If y=x, then
yx~1=xx"'1is an idempotent, which is also a contradiction. Thus we have x < y.

(15e) implies (15f). In fact, we suppose that yy ~*x < xx~y. Then, by Lemma 4.8,
y~lyx~lyx~1x is positive. Now x~ixy~#x~lxy-lyZy-lyx-! and moreover
O yx Y(x~xy Y l=y-lyx~lyx~1x is positive. Hence, by (15¢), x~1xy~!
<y~ lyx-1.

(15f) implies (15h). In fact, we suppose that x#y and x<y. Then, by Lemma
4.2, yy~x<xx~'y and so, by (15f), x"Y(x"}) "y l=x"lxy-l<ylyx-!
=y~Y}(y~1)~1x~1 Since xZy, we have xx~*=yy~! and so x~ 1%y~ 1. Hence, by
Lemma 4.2, we have y~*<x~1.

(15h) implies (15i). In fact, we suppose that xy is positive. Then, by Lemma 4.8,
yy~ix"t<x"1xy. Now yy x~1%x-xyy~'Z%x~'xy and so, by (15h), y~Ix~1x
=(x"1xy)"t<(py~x~1)"l=xyy~1. Therefore, by Lemma 4.1, xx~ 'y~ <y~ lyx
and so, by Lemma 4.8, yx=(y~!)~x is positive.

(15i) implies (15j). In fact, we suppose that xy~'y is positive. Then, by (15i),
yxy~l=y(xy~1) is positive.

(15j) implies (151). In fact, we suppose that y is positive. Then, by Lemma 4.6,
yxx~! is nonnegative. If yxx~1! is positive, then, by (15j), x~'yx is positive. If
yxx ! is idempotent, then

(x~yx)? = x " yxx~lyxx~1x = x " (yxx~1)2x = x " Y(yxx"x = x"yx

and so x~'yx is idempotent.

(151) implies (15m). In fact, we suppose that x~y is not idempotent and x < y.
Then, by Lemma 3.2, yy~1x#xx~1y. By way of contradiction, we assume that
xx~ty<yy~ix were true. Then xx~lyy~ly=xx"ly<yy~ix=xx"1yy~x, and so
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y<x, which is a contradiction. Thus we have yy~*x<xx~'y. Hence, by Lemma
4.8, x~ 'y is positive. Therefore, by (151), (xz)~}(yz)=z~1x~1yz is nonnegative. If
(xz)~(yz) is positive, then, by Lemma 4.8,

(x2)(x2)~H(y2)(yz) " }(x2) = (¥2)(r2)~}(x2) < (x2)(x2)~*(y2)
= (x2)(x2)"*(rz)(y2) "' (y2)

and so xz < yz. If (xz)~*(yz) is idempotent, then, by Lemma 3.2,

xy~lyz = xzz7 'y~ yz = (xz)(yz) " (y2)
= (yz2)(xz)"Y(xz) = yzz~ix"1xz = yx~ixz

and also, by Lemma 4.1, xy~1y <yx~x. Hence, by Lemma 4.10, xz=yz.

(15m) implies (15k). In fact, we suppose that yy~1x is positive. Then, by Lemma
4.3, x tyy~tx=(py~'x)"Wyy~*x)<yy~'x and also (yy x)(x"lyy~ix)"t=yy~ix
is not idempotent. Hence, by Lemma 3.2, (x ~1yy~1x)~!(yy~1x) is not idempotent.
Therefore by (15m), (y " *xp) ~*(y~*xp) =y~ H(x~yy x)y) Sy~ Oy~ *x)y) =y~ xy.
Hence, by Lemma 4.4, y~1xy is nonnegative. By way of contradiction, we assume
that y~!xy is idempotent. Then

Oy~ = y(y~"xy)?y~x = y(y~xy)y~x = (yy~x)?

and so, by Lemma 3.1, yy~x is an idempotent, which is a contradiction. Hence
y~1xy is positive.

(15k) implies (15g). In fact, we suppose that x.#y and x < y. Then, by Lemma 4.9,
(x~Yyy H(x"yy )~ Yx~y)=x"1y is positive. Therefore, by (15k),

Gy DM y)(x "y = xx T lyx Tyt

is positive. Hence, by Lemma 4.8, (y~1)~1x~1=yx~! is positive. Since xLy, we
have x~*#y~!. Hence, by Lemma 4.9, y~1<x~1.

(15g) implies (15d). In fact, we suppose that x.Zy and yx~? is positive. By way of
contradiction, we assume that x<y is false. If y<x, then, by (15g), x~*<y~1.
Moreover, since x£y, we have x "%y . Hence, by Lemma 4.9, xy ~*=(x"1)"*y~?
is positive and so, by Lemma 4.5, yx~*=(xy~)~?! is negative, which is a contra-
diction. If y=x, then yx~*=xx"1 is an idempotent, which is also a contradiction.
Thus we have x <.

(15d) implies (15b). In fact. we suppose that x.#y and x <y. By way of contra-
diction, we assume that yx ! is not positive. If yx~?! is negative, then, by Lemma
4.5, xy~t=(yx~*) ! is positive, and so, by (15d), y<x, which is a contradiction.
If yx~1 is an idempotent, then, by Lemma 3.2, yy~x=xx"1y. Hence, by Lemma
4.2, x=y, which is a contradiction. Thus yx~1! is positive.

(15b) implies (15). In fact, we suppose that xx~'=y~ly=2z"!z and y<z. First
we suppose y <z. Now yLy-ly=2z"12%7z and so, by (15b), (zx)(yx) " 1=zxx"1y~1
=zy~lyy~r=zy~!is positive. Hence, by Lemma 4.5, (yx)(zx) " 1=((zx)(yx)~ 1)~
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is negative. Moreover, since y.#z, we have yx#zx. Hence, by (15b), zx < yx does
not hold and so yx <zx. In the case when y=z, we have yx=zx.
This completes the proof of Theorem 5.6.

THEOREM 5.7. Let S be a left ordered inverse semigroup in which, for every pair
of positive elements x, y of S, there exists a natural number n such that x < y". Then
S satisfies the condition (15").

Proof. We prove S satisfies the condition (151). To do this, suppose that v is
positive. Then, by Lemma 4.6, vuu~! is nonnegative.

(i) The case when both u and vuu~! are positive. By assumption, there exists a
natural number »n such that u < (vuu~1)". Without loss of generality, we assume that
n is the least natural number such that u < (vuu~')". By way of contradiction, we
assume that u~'vu is negative. Then, by Lemma 4.5, u~*v~"'u=(u"tou)~! is
positive. Hence, by Lemma 4.3, 4~ 0~ uu~‘ou=@u "o " 'u)(u v *u)"*<u v u
=u"*v " 'uu"'u. Therefore (vuuYu=vu<u=(@uu=*)". If n>1, then we have
u<(vuu~1)"~1, which contradicts the minimality of n. Next we suppose that n=1.
Then vu<vuu~* and so u <uu~*. Hence, by Lemma 4.4, u is negative, which contra-
dicts the assumption. Thus u#~'vu is nonnegative.

(ii) The case when vuu~' is idempotent. We have (u~lvu)®*=u"*(vuu=')%vu
=u"Y(vuu~ )ou=(u"*vu)?. Hence, by Lemma 3.1, u~'vu is idempotent.

(iii) The case when u is idempotent. By Lemma 4.6, u~*vu=uvu is nonnegative.

(iv) The case when u is negative. By way of contradiction, we assume that u~lvu
were negative. Then, by Lemma 4.5, 4~ v~ 'u=(u~'vu) " is positive. By assumption,
u is negative and so, by Lemma 4.5, ¥~ is positive. Hence, by (i) and (ii) proved
above, (uu~Y)o~ *uu~*)=w"*)"*(u v~ 'u)u~?! is nonnegative. On the other hand,
by Lemma 4.5, =1 is negative and so, by Lemma 4.7, (uu~')o~*(uu~?*) is non-
positive. Hence uu~'v~'uu~?! is an idempotent. Therefore

ulou = u Y o uu ) " = w uw o tuu Yu

is an idempotent, which contradicts the assumption. Hence u~!vy is nonnegative.
Thus we have proved that S satisfies (151). Hence, by Theorem 5.6, S satisfies

(15').

THEOREM 5.8. Let S be a left ordered inverse semigroup and let E be the set of all
idempotents of S. Then each one of the following conditions is equivalent to the
condition (16") in Theorem 5.4:

(16a) if x~ye E and x=<y, then xx " *<yy~?;

(16b) if x~*ye Eand x<y, then x~*<y~1;

(16¢c) iff, g€ E and f<g, then fz< gz for every z€ S,

(16d) if x~'y € E and x <y, then xz < yz for every z € S.

Proof. (16') implies (16a). In fact, we suppose that x"'y € E and x=<y. Then,
by Lemma 3.2, yy~Ix=xx"'y and so, by the condition (14’) in Theorem 3.4, we
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have x'x<y~'y. Hence, by Lemma 1.1, x " 'x=(x~'x)(y "1y) = y~1y. Therefore,
by (16"),
xx~t = x(x"x)x"! S x(x"xy~)x"! = xy~lyx~,
1

yx~ixy~t = y(x"xy )yt S y(yly)yt=yyh

By assumption, x"'y € E and so, by Lemma 3.2, xy lyx l=yx l=xx"1yy~!
=xy t=yx~xy ! Hence xx 'Sxy lyx l=yx~ixy lZyy-l.

(16a) implies (16b). In fact, we suppose that x~!y € E and x<y. Then, by (16a),
x l=x"ixx"1=x"tyy Y y~lxx~ 1<y lyy~l=y~1l Since x~!y € E, we have, by
Lemma 3.2, x yy '=(Qy x) '=(xx"ty)"t=y~*xx~. Hence x !=x~1lyy~?!
=y—1xx—1§y—1.

(16b) implies (16d). In fact, we suppose that x='y € E and x <y. Then, by (16b),
we have x *<y~! and so z7'x~"1=<z" !y~ Now, by assumption, x~'y € E and
so, by Lemma 3.2, xy~! € E. Hence

X Y Yz ™Y = xzz7y "t = (xzz"Ix ") (xy Y e E.

Therefore, by (16b), xz=(z"'x"1)"'<(z "y ) 1=yz

(16d) implies (16¢). In fact, replacing x and y in (16d) by f and g respectively,
we obtain (16c).

(16c) implies (16). In fact we suppose that e, f, g€ E, xe R,, f<e, g=<e and
f=g. Then, by (16¢), fx<gx and so x"Yfx=<x"1gx.

ReMARK. The equivalences of (15°) and (15m) in Theorem 5.6 and of (16”) and
(16d) in Theorem 5.8 give an alternative proof of Theorem 5.4.

6. The left orderability and the orderability of inverse semigroups. A semigroup
S is called left orderable if S admits an order to make S a left ordered semigroup.
S is called orderable if S admits an order to make S an ordered semigroup. In
Theorem 6.3 we give a condition in order that an inverse semigroup S is left
orderable and in Theorem 6.8 we give a condition in order that S is orderable.

THEOREM 6.1. A commutative idempotent semigroup S is orderable if and only
if the semilattice S induced by the natural partial ordering is a tree semilattice, in
which the branch number at every element is at most two.

Proof. The ‘only if” part is given by Lemma 1.3.

We prove the ‘if” part. Suppose that S is a commutative idempotent semigroup
such that the semilattice (S, <) is a tree semilattice in which the branch number at
every element is at most two. When a is a branching element, then, by assumption,
there are exactly two branches at a. In this case, we denominate an arbitrary one
of the branches as the former branch and the other as the latter branch. When a is
an intermediate element, then there is exactly one branch at a. In this case, we
denominate the branch as either one of the former branch or the latter branch.
When a is a maximal element, there is no branch at a to denominate it. Now we
define an order < in S by: e<f'if and only if either
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(a) ef<e, ef <f, e lies in the former branch at ef and f lies in the latter branch
at ef, or

(b) ef=e < fand flies in the latter branch at ef, or

(c) ef=f<e and e lies in the former branch at ef, or

(@) e=f.

First we show that the relation < is really an order in S. It is almost trivial that
the relation is reflexive and antisymmetric. Now we suppose that e<fand f<g.
We have ef < fand fg < f'and, since (S, <) is a tree semilattice, ef and fg are com-
parable in (S, X).

(i) The case when ef < fg. We have ef=efg < fg. Since eg <X g and fg < g, eg and
Jfg are comparable in (S, =<). But, since efg#/fg, we have eg < fg and so eg=efg
=ef <fg < f By assumption, e </ and so f lies in the latter branch at ef=eg and
also either e=ef=eg or e lies in the former branch at ef=eg. Moreover, since
eg < fg, fand g lie in the same branch at eg and so g lies in the latter branch at eg.
Hence we have e<g.

(ii) The case when fg <ef. We can prove e <g in a similar way to (i).

(ili) The case when ef=fg. We have ef=fg=efg. By way of contradiction, we
assume that efg#eg. Then, since e<f and ef=efg <eg=e, e lies in the former
branch at efg. Since f<g and fg=efg <eg < g, g lies in the latter branch at efg.
But, since efg <eg, e and g lie in the same branch at efg, which is a contradiction.
Hence we have ef=fg=efg=eg. Since e <f, either e=ef=eg or e lies in the former
branch at ef=eg. Also, since f<g, either g=fg=eg or g lies in the latter branch at
fg=eg. Hence, in all cases, we have e<g.

This proves the relation =< is transitive. Now we take arbitrary elements e, f of S.
If ef < e and ef <, e and flie in different branches at ef. When e lies in the former
and f'lies in the latter branch at ef, then e < f, while when e lies in the latter and f lies
in the former branch at ef, then f<e. Next we suppose that at least one of e and f,
say e, is equal to ef. When flies in the former branch at ef, then f<e, while when
flies in the latter branch at ef, then e<f, and finally when f=e¢f, then e=f. Hence
the relation < is a simple order.

Finally we prove that the order < is compatible with the semigroup operation.
Suppose that e<f. Since eg <g and fg <g, eg and fg are comparable in (S, X).
First we consider the case when eg < fg. We have eg=efg < fg. Also, since ef < f,
fg2 =/, ef and fg are comparable in (S, <). But, since efg#/fg, we have ef < fg and
so ef=efg < fg. Since ef < fg <X fand e=f, f lies in the latter branch at ef. Since
ef <fg=f(fg),fg and flie in the same branch at ef and so fg lies in the latter branch
at ef=efg=(eg)(fg). Also we have eg=efg=(eg)(fg) and so eg=<fg. In the case
when fg < eg, we can prove eg < fg in a similar way. Finally in the case when eg=/g,
there is nothing to prove.

This completes the proof of Theorem 6.1.

For a subset X of an inverse semigroup S we denote the set {x~!; xe X}
by X1
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THEOREM 6.2. Let S be an inverse semigroup which contains no elements of finite
order except idempotents. If the set E of all idempotents of S is an ordered com-
mutative idempotent semigroup and if S contains a subsemigroup P such that P N P~
=Eand P U P~1=S, then we can define such an order in S in one and only one way
that S is a left ordered inverse semigroup, P is the nonnegative part of the left ordered
inverse semigroup S and, on the set E, the order in S coincides with the given order in E.

Proof. First we prove the ‘in one way’ part. For each e € E, we define an order
< in R, by for x, ye R,, x<yif and only if x"1yeP.

First we prove that the relation < in R, isreally asimple order. Since x"*xe EC P,
the relation = is reflexive. Next we suppose that x<y and y<x. Then x~lye P
and (x"'y)~l=y-xeP. Hence x"'ye P N P~1=E. By assumption, S contains
no elements of finite order except idempotents and so, by Lemma 3.2, yy~1x
=xx"1y. Moreover x, y € R, and so, by Lemma 4.2, we have x=y. Hence the
relation = is antisymmetric. Now we suppose that x<y and y<z. Then x~ye P

and y~'ze P and so
x7lz=x"lxx"z=x"tez = x"yy~lz = (x" )y z)eP.

Hence the relation = is transitive. Finally we take x, y € R, arbitrarily. Since
P U P-1=S, we have either x *yeP or x"'ye P~ If x"lye P, then x=<y. If
x~'ye P~ then y~'x=(x"'y) ! e Pandso y < x. Hence the relation < is a simple
order.

Next we prove that S satisfies the conditions (11"), (12’) and (13’) in Theorem
3.4. By assumption, (11°) is satisfied. Now we suppose that e, fe E, x, ye R,, x<y
in R, and f=<e. Then fx, fy € R; and (fx) " (fy)=x"Yy=x"Yxx"1y. But x"fx e E
cP and, since x,ye R, and x=<y, we have x~lyeP. Hence (fx) *(fy)
=x"fxx"1ye P and so fx<fy in R,. Thus (12') is satisfied. Finally we suppose
that e, fe E, x€ R,, x " 'x=f, y, ze R; and y<zin R,. Then xy, xz € R, and

xp) Uxz) =y Ix Iz =y Yz =y lyy iz =y 1zeP.

Hence xy < xz in R, and so (13') is satisfied.

Therefore, by Theorem 3.6, when we define an order in .S by (14’) in Theorem
3.4, S'is a left ordered inverse semigroup and, on the set E, the order of .S coincides
with the given order in E and also, for each e € E, on the set R,, the order of S
coincides with the order in R, constructed above. Now we prove that P is the
nonnegative part of the left ordered inverse semigroup S. Evidently x € P if and
only if (xx~)~*x € P. Since x#xx~*, x € P if and only if xx~* < x with respect to
the order in R, -1, and so, if and only if xx~! < x with respect to the order in S.
Hence, by Lemma 4.4', x € P if and only if x is nonnegative. Therefore P is the
nonnegative part of the left ordered inverse semigroup S. This completes the proof
of the ‘in one way’ part.
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Next we prove the ‘in only one way’ part. We denote by (S, <) the left ordered
inverse semigroup constructed above. Moreover we suppose that (S, <,) is an
arbitrary left ordered inverse semigroup such that P is the nonnegative part of
(S, £,) and, on the set E, the order <, coincides with the given order in E. Then,
on the set E, the orders < and =<, coincide with each other. Let e € E and let
x, y €R,. Then,by Lemma 4.9, x <, y if and only if x~!y is positive in (S, =<,).
Also, by Lemma 4.2, x=y if and only if yy~lx=xx"1y and so, by Lemma 3.2,
if and only if x~ 'y is idempotent. Hence x <, y if and only if x~y is nonnegative
in (S, <,) and so if and only if x 'y € P. Thus the orders < and £, coincide with
each other on R, for each e € E. By Theorem 3.4, (S, <,) satisfies the conditions
(11", (12’) and (13’). Hence, by Theorem 3.6, the orders < and =<, coincide with
each other on the set S. This completes the proof of the ‘in only one way’ part.

THEOREM 6.3. Let S be an inverse semigroup and let E be the set of all idempotents
of S. Then S is left orderable if and only if it satisfies the following three conditions:

(A) S contains no elements of finite order except idempotents,

(B) S contains a subsemigroup P such that PN P '=Eand PU P~ '=S§,;

(C) the semilattice E is a tree semilattice, in which the branch number at every
element is at most two.

Proof. First we prove the ‘only if” part and suppose that S is a left ordered
inverse semigroup. By Lemma 3.1, S satisfies (A). By Lemma 4.6, the nonnegative
part P of S'is a subsemigroup. By Lemma 4.5, P~ is the nonpositive part of S and
so S satisfies (B). By Theorem 6.1, S satisfies (C).

Next we prove the ‘if” part and suppose that .S is an inverse semigroup satisfying
the conditions (A), (B) and (C). By Theorem 6.1, E can be considered as an ordered
commutative idempotent semigroup and so, by Theorem 6.2, S can be considered
as a left ordered inverse semigroup.

Let S be an inverse semigroup in which there is no element of finite order except
idempotents and let the semilattice E constituted by all idempotents of S form a
tree semilattice. We denote the set of all branches in E by 8. Let B, B’ € 8 and we
suppose that B is a branch at e and B’ is a branch at f. Then B is said to be trans-
ferred to B’ by a translation, if there exist x, y € S such that xx~'=e, x~1x=f,
yy'eB, y lyeB,xyeE.

LEMMA 6.4. The relation that a branch B is transferred to a branch B’ by a trans-
lation is an equivalence relation on B.

Proof. (i) Reflexivity. We suppose that Be®B is a branch at e. We take g€ B
arbitrarily. Then ee l=e=e~le, gg-l=g=g 'ge B, e g=ege E. Hence, by
definition, B is transferred to B by a translation.

(ii) Symmetry. We suppose that a branch B at e is transferred to a branch B’ at
/by a translation. Then there exist x, y € S such that xx~1=e, x " Ix=f, yy~t € B,
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y~ye B, x“'ye E. By Lemma 3.2, (x !)"1y~l=xy~!'e E and so B’ is trans-
ferred to B by a translation.

(iii) Transitivity. We suppose that a branch B at e is transferred to a branch B’
at by a translation and B’ is transferred to a branch B” at g by a translation. Then
there exist x, y, 4, v € S such that

xx'=e x7'x=f yy leB, yl'yeB, x"'yeE;

wl=f uwlu=g w'eB, vvweB’, uvekE.
Now we have

Ca)xu) ™t = xuu~x "t = xfx"t = xx"xx"l = xx"t =¢,

() ow) = u™x 7w = wMu = utuuTlu = uTlu = g.

Since xx~'=e<yy~? and yov~y~'=Zyy~1, xx~! and yov~ly-! are comparable
in the semilattice (E, <). By way of contradiction, we assume that yov =y~ 1< xx "1
is true. Then yw ly xx !'=yov~ly~! and so wwTlylxx"ly=
y i yov~ty " xx"YHy=y - (ww-ty YHy=y~yww~l. Now x !'yeE and so, by
Lemma 3.2, xx ly=yy lx=py - lxx " x=xx"'x=x. Hence y lyow~?!
=vov~ly " Ixx"ly=vv Y (xx"ly)"Yxx"y)=vw x"Ix=vv~"Yf=f. On the other
hand, y~'y and vv~? lie in the same branch B’ at fand so f<y~lyvv~!, which is a
contradiction. Hence

= xx~!<yow~ly~t = (y~ Yoy Y).

Therefore yy~! and yvv~'y~! lie in the same branch at e and so (yv)(yv)~?
=yov~'y~! e B. Similarly we can prove that (yv)~(yv) € B”. Moreover, since
x~1y, u~tv € E, we have

(xu)~Y(yv) = u=x"yo = (W (x"y)u)(u-v) e E.

Hence, by definition, B is transferred to B” by a translation.

Let B, B’ € B and we suppose that B is a branch at e and B’ is a branch at f.
Then B is said to be transferred to B’ by a conversion if e=fand B and B’ are differ-
ent branches at e. A branch B is said to be connected with a branch B’ if there exist
a finite number of branches B=B,, B,, ..., B,=B’' (n=2) such that B, is trans-
ferred to B, ., by either a translation or a conversion for every 1<i<n—1.

LEMMA 6.5. The relation that a branch B is connected with a branch B’ is an
equivalence relation on B.

Proof. (i) Reflexivity. By Lemma 6.4, a branch B is transferred to B by a
translation and so B is connected with B.

(ii) Symmetry. We suppose that a branch B is connected with a branch B’. Then
there exist a finite number of branches B=B,, B,, ..., B,=B’ such that B, is
transferred to B;,, by either a translation or a conversion for every 1 Si<n—1.
If B, is transferred to B, , by a translation, then, by Lemma 6.4, B, , , is transferred
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to B, by a translation. If B; is transferred to B, ., by a conversion, it is evident from
the definition, that B, , is transferred to B; by a conversion. Hence, in both cases,
B’ is connected with B.

(iii) The transitivity of the relation of connectedness is almost trivial.

THEOREM 6.6. Let S be an inverse semigroup which contains no elements of finite
order except idempotents and let E be the set of all idempotents of S. Then we can
define an order in E to make E an ordered commutative idempotent semigroup
satisfying the condition (16') in Theorem 5.4 if and only if S satisfies the condition:

(C*) The semilattice E is a tree semilattice and, when a branch B is connected with
a branch B’ and we choose branches B=B,, B, ..., B,= B’ such that B, is transferred
to B;,, by either a translation or a conversion for every 1 <i<n—1, whether the
number of conversions included in the transfers is even or odd is determined by B and
B', irrespective of the choice of branches B; (1<i<n).

Proof. First we prove the ‘only if” part and suppose that E is an ordered com-
mutative idempotent semigroup satisfying the condition (16”). By Theorem 6.1,
E is a tree semilattice.

1°. Let B be a branch at e and let g € B.

(a) If g<e, then f<e for every f € B;
(b) if g>e, then f> e for every f € B.

In fact, we suppose that g <e. By way of contradiction, we assume that f= e for
some f'€ B. Then, by Lemma 1.2, gf < e. On the other hand, fand g lie in the same
branch B at e. Hence e < gf, which is a contradiction. Thus we have (a). (b) can be
proved in a similar way.

2°. Let B and B’ be different branches at e and let fe Band g € B'.

(@) If f<e, then g>e;
(b) if f>e, then g<e.

In fact, by way of contradiction, we assume that f<e and g <e. Since g lies in a
branch B’ at e, we have g#e. Hence f<e and g<e, and so, by Lemma 1.1, fg<e.
On the other hand, f and g lie in different branches at e and so fg=e, which is a
contradiction. Thus we have (a). (b) can be proved in a similar way.

Let B be a branch at e such that f<e for some fe B. By 2°, B is the only
branch at e carrying this property, which is called the former branch at e. Let B’
be a branch at e such that f>e for some fe B’. Then B’ is the only branch at e
carrying this property, which is called the latter branch at e. By 1°, a branch at e
cannot be the former branch and the latter branch at e at the same time.

3°. Suppose that a branch B at e is transferred to a branch B’ at f by a translation.

(a) If B is the former branch at e, then B’ is the former branch at f;
(b) if B is the latter branch at e, then B’ is the latter branch at f.
In fact, by assumption, there exist x, y € S such that

xx"1=e x"x=f yy'eB, yyeB, x'yeE.
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First we suppose that B is the former branch at e. Then yy~! <e=xx~1. Moreover,
since yy~! € B and B is a branch at e, we have xx~1=e <yy~!. Hence, by (16'),
y ly=y Y yy Hysy ixx~'y. But, if y~ly=y~lxx~!y were true, then yy~!
=y(y~ Wy t=y( xx"ty)y =y Hxx")(yy~!)=xx"*, which is a contra-
diction. Hence y~ly<y~lxx~!y. Since x~'yeE, we have, by Lemma 3.2,
y ly<y ixx~ly=y~lx=x"1xy~'y. By way of contradiction, we assume that
x~x=<y~ly. Then, by Lemma 1.1, x~'x=<x~"'xy~ly=<y~ly, which is a contra-
diction. Hence y~ 'y <x~1x=fand so B’ is the former branch at f. This proves (a).
The assertion (b) can be proved in a similar way.
4°. Suppose that a branch B at e is transferred to a branch B’ at e by a conversion.
(a) If B is the former branch at e, then B’ is the latter branch at e;
(b) if B is the latter branch at e, then B’ is the former branch at e.

In fact, both (a) and (b) are immediate consequences of 2°.

5°. S satisfies the condition (C¥).

In fact, we suppose that B; (1<i<m) and B; (1 £j<n) are branches such that
B=B,=B;, B'=B,=B,, B, is transferred to B;,, by either a translation or a con-
version for every 1 £i<m—1 and B;j is transferred to Bj,; by either a translation
or a conversion for every 1 <j<n—1. By way of contradiction, we assume that the
transfers of Bto B’ by B; (1 £i<m) contain an even number of conversions and the
transfers of B to B’ by Bj (1 <j=<n) contain an odd number of conversions. Then, by
3° and 4°, B’ is the former branch and the latter branch at the same time, which is
a contradiction. Hence S satisfies the condition (C*).

Next we prove the ‘if” part and suppose that S satisfies (C*). Then, by Lemma
6.5, the relation of connectedness is an equivalence relation on the set 8 of all
branches in the semilattice E. We denote the set of all equivalence classes by
{8,; A € A}. From each equivalence class 8,, we choose one representative element
B, € B, and we denominate B, arbitrarily as either one of the former branch or the
latter branch. Now we take an arbitrary branch B e 8 and we suppose that the
equivalence class which contains B is 8B,. Then the representative element B, of
B, is connected with B and so there exist branches B,=B,, B,, ..., B,=B such
that B; is transferred to B, by either a translation or a conversion. If the number
of conversions contained in the transfers is even, we denominate B as the former or
the latter branch according as B, is the former or the latter branch. If the number
of conversions contained in the transfers is odd, we denominate B as the latter or
the former branch according as B, is the former or the latter branch. By the con-
dition (C*), whether B is the former or the latter branch is determined by B,
irrespective of the choice of branches B; (1 £i<n). Let Band B’ be different branches
at the same element. Then B and B’ belong to the same equivalence class, say B,.
We suppose that the representative element B, of B, is transferred to B by B,
=By, B, ..., B,=B. Then B, is transferred to B’ by B,=B,, B,, ..., B,=B, B, .,
= B’ and the number of conversions contained in the transfers of B, to B’is even or
odd, according as the number of conversions contained in the transfers of B, to B



1971] ORDERED INVERSE SEMIGROUPS 133

is odd or even. Hence B’ is the former branch or the latter branch according as B
is the latter branch or the former branch. Now we define an order in E by: e fif
and only if either

(a) ef<e, ef </, e lies in the former branch at ef and f'lies in the latter branch
at ef, or

(b) ef=e < fand flies in the latter branch at ef, or

(c) ef=f<e and e lies in the former branch at ef, or

(d) e=f.

In the same way as in the proof of Theorem 6.1, we can prove that the relation
< is really a simple order in E and with respect to this order E is an ordered com-
mutative idempotent semigroup.

6°. Ife,f,g€E, f<g=<eand x € R,, then x~fx <x~gx.

In fact, since f<g, we have fg=f and so x~lfx=x"1fgx=(x"1fx)(x"gx).
Hence x~*fx=<x~1gx. But, if x~fx=x"1gx were true, then f=efe=xx"‘fxx !
=xx"lgxx~l=ege=g, which is a contradiction. Hence x~fx < x~'gx.

Now we prove that the ordered semigroup E satisfies the condition (16’) and
suppose thate, f, ge E, xe R,, f<e, g=Zeand f<g.

(i) The case when f=g. Clearly x~‘fx=x"1gx.

(ii) The case when fg=f<g. Since f<g and fg+#g, g lies in the latter branch B
at fg=f. By 6°, we have x~fx <x~gx and so x~gx lies in some branch B’ at
x~Yx. Now we have

(X))t = fxx~Yf = fef = £, (fx)"(fx) = x~Yx,
(gx)(gx)~' = gxx~'g = geg = ge B, (gx)"'(gx) = x"'gxe B,
(fx)"Y(gx) = x"YgxeE.

Hence the branch B is transferred to the branch B’ by a translation. Therefore B
and B’ lie in the same equivalence class and, since B is the latter branch at f, B’ is
the latter branch at x~!fx. Moreover (x~fx)(x 'gx)=x"Yfgx=x"1fx <x gx.
Hence x~Yfx<x"1gx.

(iii) The case when fg=g <f. In a similar way to (ii), we can prove that x~fx
<x"1gx.

(iv) The case when fg <f and fg <g. We have fg <f=<e and, by Lemma 1.1,
f=fg=g. Since f(fg)=fg <f, we have, by (iii), x~Yfx<x~fgx. Also since (fg)g
=fg <g, we have, by (ii), x " fgx<x~'gx. Hence x~*fx < x~'gx. This completes
the proof of Theorem 6.6.

THEOREM 6.7. Let S be an inverse semigroup which contains no elements of finite
order except idempotents. If the set E of all idempotents of S is an ordered com-
mutative idempotent semigroup satisfying the condition (16') in Theorem 5.4 and if
S contains a subsemigroup P such that PN\ P~*=E,PU P~ '=S and x~Px< P for
every x € S, then we can define such an order in S in one and only one way that S is
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an ordered inverse semigroup, P is the nonnegative part of the ordered inverse semi-
group S and, on the set E, the order in S coincides with the given order in E.

Proof. First we prove the ‘in one way’ part. By Theorem 6.2, we can define
an order in S such that S is a left ordered inverse semigroup, P is the nonnegative
part of the left ordered inverse semigroup S and, on the set E, the order in S co-
incides with the given order in E. It remains to prove that S is an ordered inverse
semigroup. Let y be a positive element and let x be an arbitrary element of S.
Then ye P and so x 'yx e x !PxcP. Hence S satisfies the condition (151) in
Theorem 5.6 and so, by Theorem 5.6, S satisfies the condition (15’) in Theorem 5.4.
Moreover, by assumption, S satisfies the condition (16’) in Theorem 5.4. Hence, by
Theorem 5.4, S is an ordered inverse semigroup. The ‘in only one way’ part of
this theorem is included in the assertion of Theorem 6.2.

THEOREM 6.8. Let S be an inverse semigroup and let E be the set of all idem-
potents of S. Then S is orderable if and only if S satisfies the following three con-
ditions:

(A) S contains no elements of finite order except idempotents;

(B*) S contains a subsemigroup P such that PN P *=E, PUP '=S and
x~Pxc P for every x€ S;

(C*) the semilattice E is a tree semilattice and, when a branch B is connected with
a branch B’ and we choose branches B=B,, B,, ..., B,=B' such that B, is trans-
ferred to B, by either a translation or a conversion for every 1 Si<n—1, whether
the number of conversions included in the transfers is even or odd is determined by
B and B', irrespective of the choice of branches B; (1 <i<n).

Proof. First we prove the ‘only if” part. We suppose that S is an ordered in-
verse semigroup. Then, by Theorem 6.3, S satisfies the condition (A). We denote
the nonnegative part of S by P. As is shown in the proof of Theorem 6.3, P is a
subsemigroup of S, PN P '=F and PU P~1=S. Now we take xe S and ye P
arbitrarily. If y is idempotent, then x~!yx is idempotent and so x~*yx € P. By
Theorem 5.4, S satisfies the condition (15’) and so, by Theorem 5.6, S satisfies the
condition (151). Hence, if y is positive, then x~yx is nonnegative and so x ~'yx € P.
Therefore x~'Px< P and so S satisfies the condition (B*). We showed that S con-
tains no elements of finite order except idempotents and, by Theorem 5.4, S satis-
fies the condition (16’). Hence, by Theorem 6.6, S satisfies the condition (C*).

Next we prove the ‘if’ part. Suppose that S is an inverse semigroup satisfying
the conditions (A), (B*) and (C*). Then, by Theorem 6.6, E can be considered as
an ordered commutative idempotent semigroup satisfying the condition (16’) and
so, by Theorem 6.7, S can be considered as an ordered inverse semigroup.

THEOREM 6.9. Let S be an inverse semigroup and let E be the set of all idempotents
of S. If S satisfies the condition (C*) in Theorem 6.8, then S satisfies the condition (C)
in Theorem 6.3.
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Proof. Let S be an inverse semigroup satisfying the condition (C*). By way of
contradiction, we assume that, in the tree semilattice E, there exist at least three
different branches B, B’ and B” at the same element e € E. Then the transfers of B
to B’ by B=B,, B’= B, contain one conversion, while the transfers of B to B’ by
B=B;, B"=B;, B'= B; contain two conversions, contradicting the condition (C*).

7. Examples. The condition (B*) in Theorem 6.8 clearly implies the condition
(B) in Theorem 6.3. Also, by Theorem 6.9, the condition (C*) in Theorem 6.8
implies the condition (C) in Theorem 6.3. Examples in this section show that there
are no other relations of implication among conditions (A), (B), (C), (B*) and (C*).

ExaMPLE 7.1. Let S be a cyclic group of order three generated by an element a.
We put P={1, a}, where 1 is the identity of the group S. Then P~*={l, a2} and so
PN P-1={1} and PU P~!'=S. Since S is a commutative group, we have x~'Px
=P. Hence S satisfies the condition (B*) and also the condition (B). Moreover,
since S is a group, S satisfies the conditions (C) and (C*) trivially. But clearly S
does not satisfy the condition (A).

ExaMmpLE 7.2 ([6] and [7]). Let S be the group generated by {b, u, v} subject to
the generating relations

[[u’ l)], u] = [[u9 U], U] =1, b~ub = u—la
b=vhb = v71, [u,v] = b1,
where, for x, y€ S, [x, y]=x"1y~1xy and 1 is the identity of the group S. It was
shown in [6] and [7] that S satisfies the condition (A) but does not satisfy the
condition (B). Since S is a group, S satisfies the conditions (C) and (C¥*) trivially.
ExaMPLE 7.3. Let S be the semigroup consisting of four elements {0, a, b, ¢}
with the operation defined by

forx,yeS, xy=x ifx=y,
xy =0 ifx#y.
Then S is a commutative idempotent semigroup and, in particular, is an inverse
semigroup. Trivially S satisfies the conditions (A), (B) and (B*). But the set of all
idempotents of S coincides with S and, in the semilattice .S, the branch number at 0
is three. Hence S does not satisfy the condition (C).

ExAMPLE 7.4 [2]. Let S be a system consisting of all pairs of integers with the
operation

(a, b)(c, d) = (a+c, b+(—1)%).
It was shown in [2] that S is a group, (0, 0) is the identity of S and the group
inverse of (a, b) is (—a, —(—1)?b). It is easily checked that S satisfies the condition
(A). Also S satisfies (C) and (C*) trivially. Moreover S satisfies the condition (B).
In fact, it is easily shown that the set

{(a, b); either a>0 or a=0, b= 0}

satisfies the requirements for P in the condition (B). But S does not satisfy the
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condition (B*). In fact, by way of contradiction, we assume that there is a
subsemigroup P of S such that PN P~*={(0,0)}, P U P~*=S and (a, b)~1P(a, b)
c P for every (a,b)e S. Since (0,1)e S=P U P~1, either (0,1)eP or (0, —1)
=(0,1)"* e P. But
1, =¥, (1, 1) = (-1, 1)(©O, 1)1, 1) = (0, —1),
(1, D70, =D, 1) = (=1, 1)(0, —1)(1, 1) = (0, 1),
and so, in both cases, we have (0, 1), (0, —1) € P. Hence (0, 1) e P N P~1={(0, 0)},
which is a contradiction.
ExampLE 7.5. Let M={a, b, c,d, e,fi, g4;i=1,2,3, ...}. We put

"(f)___(~°-fzn+1-~f%fsf1fzﬂ~°f2n~~ )
o fanere s SafuSafeSo  Sansa
Clearly #(f) generates an infinite cyclic group with respect to the operation of
composition of transformations on the set {f}; i=1, 2, 3,...}. We denote (=(f))"
by #™(f) for every integer m. Simliarly

mg) = ( *8an+1 "8583818284 * "8an” )

©'8on-1""8381828486" - *gan+2" "

generates an infinite cyclic group and it consists of elements #™(g)=(m(g))™ (m, an
integer). Let S be the set consisting of the following partial one-to-one transforma-
tions on the set M:

5= (] 4 ©©) - (” 4 w(g)):

" \ad ce

w=(pg w0 2@)  w= (5 P0n @)
0= (0% 70 7)) m= (5 0 E)
0= (0 0 @) w= (5 #0% 2@)
5= (pq "0 P@)

d
ym = (d; 7(f); ‘n'""(g)) (m, an integer),
d .
yEm = (e; ™(f); w“'"“(g)) (m, an integer),
pm = (;; 7(f); n‘"“l(g)) (m, an integer),

e
ym = (e; =™(f); ﬂ'm(g)) (m, an integer),

z™m = (z7(f); =%g)) (m, n, integers).
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It can be shown that S forms an inverse semigroup with respect to the operation of
composition of partial transformations. Also we can show that x7'=x;, x5 *=x,,
X3l=Xq, Xy'=Xs, X5'=Xs5, Xgl=Xs X7'=X5 Xg'=Xe X5'=X5 (¥{™)7?
=y=™, (PIP) "L =p5 ™, (W)~ L=y§~m, (y) " 1=y, (zmm) =1 = z(-m ~m_The set
E of idempotents of S consists of x;, X5, X, ¥, ¥, 2@ ? and the semilattice E has
the following scheme:

X X5 Xg
N S
" "

N/

20,0

Thus S satisfies the condition (C). Since »™(f) and =™(g) have infinite order for
m#0, it can be seen that S satisfies the condition (A). Now we show that S satisfies
the condition (B*) and so also the condition (B). In fact, when we denote by P the
set consisting of all elements of S, which have the #=™(f)-component and the =*(g)-
component with either m>0 or m=0, n=0, it is easily verified that P satisfies all
the requirements for P in the condition (B*). Finally we show that S does not
satisfy the condition (C*). In fact, we put x=y, y=x3, u=y§’, v=xs Then we
have

xx7t = yPy =y, x7x = PP =y,

Yyl = XaXq = Xy, Y7y = XqX3 = Xo,

x~ly = yPx3 = yO € E,

uu~t = yOysY = y©,  utlu = yy Uy = PO,

Wl = XgXg = X5, v = xgxg = X,

u v =y Vxs = yPekE.

Hence the branch B, at y{¥ which contains x, is transferred to the branch B; at y
which contains x, by a translation. Moreover the branch B, at y{® which contains
X5 is transferred to the branch B; by a translation. Thus, in one way, B; is trans-
ferred to B; directly by one translation and, in another way, by one conversion and
one translation. This contradicts the condition (C*).
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