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Abstract. Topological entropy h4(T) is defined for a uniformly continuous map on
a metric space. General statements are proved about this entropy, and it is calculated
for affine maps of Lie groups and certain homogeneous spaces. We compare hq(T)
with measure theoretic entropy A(T); in particular A(T)=h4(T) for Haar measure and
affine maps T on compact metrizable groups. A particular case of this yields the well-
known formula for A(T) when T is a toral automorphism.

Introduction. We shall study topological entropy, concentrating on its relation
to measure theoretic entropy and algebraic examples. Our topological entropy
h4(T) is defined (in §2) for a uniformly continuous map T on a metric space (X, d).
In [1] a topological entropy A(T") was defined for a continuous map on a compact
topological space; if the space is compact metric then A(T)=h,(T). An essential
part of this paper is the computation of A4(T) for certain maps on noncompact
spaces.

Suppose p is a Borel measure on u(X)=1, and p is T-invariant (i.e. uw(7 ~1(A4))
=u(A) for every Borel set 4). One can then define a measure theoretic entropy
h,(T) as follows: Call a={A4,, ..., 4,} a (finite) measurable partition of X if the A,
are disjoint measurable subsets of X covering X. Now set

m—1 m-1
Hu@)= > —p«( n T"‘A;k) log "(,Qo T-kA,k).

1=40,...oim -1 =7
Then the limit 4,(T, ¢)=lim,,_, ,, (1/m)H,(«) exists and one defines
h(T) = sup {h,(T, o) : «is a finite measurable partition of X}.

(See [6] for details about measure theoretic entropy.)

Two points in X are separated by « = {A4,,. .., A,} provided they lie in different
Ay’s. We shall use the following fact to compute entropy:

Fact (see [6]). Let {«;}i>- o be a sequence of measurable partitions of X satisfying
the following property: If x, y € X are distinct there is an n(x, y) such that o
separates x and y whenever k = n(x, y). Then h,(f)=sup, A(T, o).

As is generally known, if T: G — G is a surjective endomorphism of a compact
metrizable group, then T preserves Haar measure p. For such a T we show that the
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two entropies we have are equal (Theorem 9): h,(T)=hy(T). For the case where G
is a Lie group we show that T and its derivative at the identity have the same
topological entropy (Corollary 11). We then calculate the topological entropy of a
linear map in terms of its eigenvalues (Theorem 15). This series of results yields the
formula for the entropy of an endomorphism (in fact of any affine map) of a Lie
group, a formula already well known for tori (see [7], [8], [9], [10] and [12]). Finally
we prove the formula for an affine map of a homogeneous space G/T" where I" is a
uniform discrete subgroup of G (Theorem 20 and the remark following it).

Other results of some interest are noted along the way. This paper benefited
considerably from conversations with C. Bones, W. Parry and P. Walters.

1. Topological entropy. Let (X, d) be a metric space and T: X — X be uni-
formly continuous (abbreviated T € UC (X, d)). A set E< X is (n, e)-separated if
for any distinct x, y € E there is a j such that 0<j<n and d(T*(x), T'(y)) > e. A set
F (n, £)-spans another set K (with respect to T') provided that for each x € K there
is a y € F for which d(T?(x), T'(y))<e for all 0<j<n.

For a compact set K< X let r,(e, K) be the smallest cardinality of any set F
which (n, ¢)-spans K (with respect to T) and let s,(e, K) denote the largest car-
dinality of any (n, ¢)-separated set E contained in K. We write r,(e, K, T) or
sq(e, K, T) if we wish to stress the dependence on T. Finally define

Fr(e, K) = lim sup % log r.(e, K)
and
Sr(¢, K) = lim sup % log s,(e, K).

LeMMA 1. (i) r,(e, K) Zs,(e, K) Sra(3e, K) <o0.
(ii) For e, <e, Fr(e1, K) 2 Fr(eq, K) and 31(e1, K) 2 5r(eq, K).

Proof. A maximal(n, ¢)-separated subset of K(n, ¢)-spans K; so r,(e, K) < s,(¢, K).
Suppose Ec K is (n, ¢)-separated and F (n, 3¢)-spans K; by the definition of span-
ning, for each x € K we can pick a g(x) € F such that d(T7(x), T'(g(x))) <3 for all
0=j<n. If g(x)=g(y), then d(T/(x), T’(y))<e for all 0<j<n; since E is (n, ¢)-
separated, it follows that g is injective on E. Hence card F=card E and r,(3¢, K)
2 sq(e, K). As Te UC (X, d) there is a 8> 0 such that d(T7(x), T/(y)) < 4e for all
0=j<n whenever d(x,y)<3; then r,(3¢, K) is at most the number of $&-balls
needed to cover K (finite as K is compact).

(ii) is trivial.

By the lemma the following definition makes sense:

DEFINITION 2. For T € UC (X, d) and K< X compact, set

ha(T, K) = lim Fr,(e, K) = lim 5r,4(e, K)
8-> 8~

and
hiT) = sup hy(T, K).
K compact
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REeMARK. In the above definition we stress the dependence on the metric d used.
Notice that hy(T, K) Smax,; hy(T, K;) if K€K, U---U K,. If X is compact, then
hy(T)=hy(T, X). Also, in computing 44(T), one need only consider K with small
diameter.

Metrics d and d’ on X are uniformly equivalent if idx: (X, d) - (X, d’) and
idy: (X, d’) — (X, d) are uniformly continuous maps of metric spaces. In this case
T<UC (X, d) if and only if Te UC (X, d’).

PROPOSITION 3. Ifdandd’ are uniformly equivalent metrics on X and T € UC (X, d),
then hy(T)=hy(T).

Proof. Given &, >0, choose e, = &3>0 such that d(x, y) < e; whenever d’'(x, y) S e,,
and d'(x, y)<e, whenever d(x, y)<e;. Let K< X be compact. Then an (n, &;)-
spanning set for K with respect to d’ is an (n, ¢;)-spanning set for K with respect to d.
Hence

rn(el, K, d) = rn(em K, d’)'

Similarly
ry(es, K, d") < ry(es, K, d).
Letting n — oo,
Fra(e1, K) S Fra (22, K) = 7r,q4(es, K).
Letting ¢, — 0,
hy(T, K) = hy(T, K).

REMARK. When X is compact, all equivalent metrics on X are uniformly
equivalent; also any continuous 7: X — X is uniformly continuous. The common
value in this case of all the h,(T)’s is just the topological entropy defined in [1] (for
a proof, see [2]). For T: R* — R" a linear map, we shall always take the metric d to
be one arising from a norm; h4(T) is then independent of the norm used.

PROPOSITION 4. (i) hg(T™)=mhy(T) for any T € UC (X, d) and any m>0.
(if) Suppose T, € UC (X,, d,) and T, € UC (X,, dp). Define d on X, x X, by
d((x1, x2), (¥1, y2))=max {di(x1, y1), do(X2, y2)}. Then ho(Ty x T) =hg,(T1) + hay(T2).

ReMARK. For X compact, [1] has a proof of (i) and [4] of (ii).

Proof. (i) Clearly r,(e, K, T™) S Fpa(e, K, T); it follows that hy(T™) < mhy(T).
Given >0, choose 8>0 (since T € UC (X, d)) such that d(T7(x), T'(y)) < e for all
0=<j<m whenever d(x,y)<8. One sees that an (n, 8)-spanning set for K with
respect to T™ is automatically an (mn, ¢)-spanning set for K with respect to T.
Hence ry.(e, K, T) =1,(8, K, T™); we get mhy(T) < hy(T™).

(i) If E, (i=1, 2) is an (n, ¢)-spanning set for K; (compact subset of X;), then
E,xE, is an (n, ¢)-spanning set for K, x K, with respect to T;xT,. Thus
ra(e, Ky x Koy Ty x Tp) Sry(e, Ky, T1) +14(e, Ko, To) and so hy(Ty x Ty, Ky X Kp) <
ha (T, K1)+ ha(Ts, K).



404 RUFUS BOWEN [January

If F,<K, is an (n, ¢)-separated set with respect to T;, then F; x F,< K; x K, is
(n, e)-separated with respect to T, x T,. Hence s,(e, K; X Ky, Ty X T3) = 8,(¢, Ky, T1)
+5a(e, Ko, T2) and hy(Ty x Ty, Ky X K3) 2 hg (T, K1) +ha)(To, Ko).

Let m;: X; x X; — X, be the projection map. If K< X; x X, is compact, then
K,=m(K) and K,=m,(K) are compact and K< K, x K,. It follows that

ho(TyxT,) = Slllfp ho(Ty x Ty, K) = Ksug hy(T1 x Ty, Ky x K3)
1,82
= sup ha (T, K1)+ sup ha(Ta, Ko) = ha,(T1) +hay(T2).
1 2

2. Measures and groups. Standing hypothesis. For the rest of the paper (X, d)
will always be a locally compact metric space.

We shall now let measures enter the scene. The major result is due to L.
Goodwyn [3].

THEOREM (GOODWYN). Let (X, d) be a compact metric space, T: X — X con-
tinuous and p a T-invariant Borel measure on X with w(X)=1. Then h,(T) £ hy(T).

We shall give a proof which only works for X finite dimensional; our paper will
then be self-contained for such X. X has covering dimension at most m if every open
cover &/ of X has a refinement # such that each point of X is in at most m+1
members of #. An m-manifold satisfies this condition [5].

PROPOSITION 5. Goodwyn’s theorem is true for X having covering dimension at
most m.

Proof. Let #,={B,, ..., B,} be an open cover of M with diam B; less than ¢ and
each point of Xin at most m + 1 members of %,. Let a,={4,, . . ., 4,} be a measurable
partition of X with 4;,< B,. For each x € X choose an open neighborhood C, of x
intersecting at most m+ 1 4;’s (we can avoid 4; when x ¢ B)). Let €={C.,, ..., Cy}
cover X. Let §>0 be a Lebesgue number for %, i.e. for each y € X there is a
C(») € € such that By(y)={x € X : d(x, y) < 8}< C(y).

Let S, be an (n, 8)-spanning set for X with respect to T. Let T, ={(io, - . ., in—1):
y € S, such that 4, N C(T/(y))# @ for all0 < j<n}. Now suppose x € A(io, - - -5 in-1)
=(j=4 T4, Pick ye S, so that d(T’(x), T'(y))<8 for all 0=j<n. Then
T'(x)e A, C(T(y)) and so (..., in-1) €T, Let U,={@o, . -»8n-1) :
A(ig, . . ., in-1)# 3}; Upy=T,. As C(T’(y)) can intersect at most m+1 4,’s,

card T, £ (m+1)" card S,.

Hence
card U, < card T, £ r (8, X, T)(m+1)".

Now it is a basic fact that (see [6, p. 12] for example) that H,(«.)<log card U,.
Hence

(T, o) = lim * Hy(e,) < lim sup % log (m-+ 1)r,(8, X)

n—-w N

log (m+1)+7(8, X) < log (m+1)+hy(T).

IIA
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Letting ¢ — 0, we get
h,(T) = sup h(T, «;) < log (m+1)+hy(T).
&

Applying this inequality to 7" and using Proposition 4(i):
h(T) = }lh“(T") < Liog(m+ ”*% hy(T") = ’11 log (m -+ 1)+ ha(T).

Letting n — oo, h,(T) < hy(T).

DEFINITION 6. Suppose Te UC (X, d). Set D,(x,e, T)=\pz5 T *B,(T*(x))
where B,(y)={ze€ X : d(z, y)<e}. A Borel measure n on X is T-homogeneous
provided that

(i) p(K)< oo for K< X compact.
(ii) p(K)>0 for some compact K.
(iii) For each >0 there exist §>0 and ¢>0 such that

W(Dn(y, 8, T)) = cp(Da(x, 6, T))

for all n=0 and all x, y € X.
For such a p we define

ks, T) = lim lim sup—~10g 6(Dy(, &, T).

By (iii) this does not depend on the y used.
REMARK. One easily sees that u being 7-homogeneous and k(x, T) depend only
on the uniform equivalence class of d.

ProposITION 7. Suppose Te€ UC (K, d) and p is T-homogeneous. Then hy(T)
=k(u, T). If X is compact, p(X)=1 and p is T-invariant as well as T-homogeneous,
then h(T)=k(u, T).

Proof. Consider K< X compact. Using (i) and local compactness find a neighbor-
hood U of K with p(U)<oo. Consider >0 so small that B,(K)<U. If EcK is
(n, ¢)-separated, then one checks from the definitions that ,cg D.(x, %, T)<= U is
a disjoint union. Choose 8, ¢ so that u(D,(y, 8, T)) < cu(D,(x, ¢, T)) for all x, y.
Then u(D,(p, 8, T))s.(e, K) < cu(U) and so

S2(e, K) 5 lim sup— log w(Dy(, 5, T))

Letting ¢ — 0, hy(T, K) <k(u, T). Hence hy(T) < k(u, T).

Now consider K with u(K)>0. If F (n, 8)-spans K, then \J,er Da(x, 28, T)> K.
Given >0, choose >0 and ¢>0 so that u(D,(x, 28, T)) < cu(D,(y, &, T)) for all
x, y and all n=0. Then

c(Dn(y, &, T)ra(3, K) 2 (K) > 0
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and we get
(5, K) 2 lim sup—1 log u(Dy(y, &, T).

Letting ¢ — 0, hy(T, K) 2 k(u, T). Hence hy(T)=k(p, T).
Now suppose X is compact and the additional assumptions on p of the second
statement hold. By Goodwyn’s theorem

hu(T) = ho(T) = k(p, T).

Let e>0; choose 8 and ¢ with u(D,(x, 8, T)) < cu(D,(», ¢, T)) for all x, y and all
nz0. Let «={A4,, ..., A,} be a measurable partition of X with diam 4, < é for all i.
If xeA(o,...,in-1)=Nk26T %4, then A(i,...,in-1)=Dy(x,3,T) and so
w(AQy, - . .5 in-1)) S cu(D,(p, & T)). It follows that (see the introduction)

h(T) 2 h(T, @) 2 lim sup— log w(Dy(y, &, T)).

Letting e > 0, h,(T) = k(y, T).

ExAMPLE 8. Our prime example is X=G, a locally compact metrizable group. G
has a right invariant metric d (see [14, p. 34]) and a right Haar measure p. For
g € G define R,: G — G by R,(x)=xg. We shall consider T of the form T=R, - 4
where g € G and A4 is a continuous endomorphism of G. Such T include endo-
morphisms (g=e) and left translations (4(x)=gxg~1). One easily sees that such a
T is uniformly continuous.

p is T-homogeneous and k(u, T)=k(u, A).

Proof. It is enough to show that D,(x, e, T)= D,(e, &, A)x since p is a right
Haar measure. We prove T ~*By(T*(x))=(A4~*B,(e))x by induction. For k=0 this
is obvious.

T-**DB(T**(x)) = T T *B(T*(T(x))) = T~*[(4™*B(e))T(x)]
= A7" o Ry-1[(47*B,(€))A(x)g] = A7[(47"By(e))A(x)]
o (A -(k+ l)Be(e))x

where we use in the last step the fact that, since 4 is an endomorphism, 4 ~(CA(x))
=AY C)x for any C<G. Intersecting over 0 <k <n we have what we desired.

THEOREM 9. Suppose G is a compact metrizable group, A a surjective endo-
morphism, and u normalized right Haar measure. Then

hy(Ry o A) = hy(A4) = k(p, T) = ha(A).

Proof. In the above circumstance p is R, A- and A-invariant. Apply
Proposition 7 to Example 8.

REMARK. h,(A)=h(4) was proved for tori by K. Berg [12] and suspected in
general [1].
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ProrosITION 10. Suppose T: N— N, S: M —-> M and =w: N— M==n(N) are
differentiable maps of manifolds with wo T=S o w. Let d and d’ be metrics on N and
M respectively. Suppose that p is a (positive) smooth measure on N which is T
homogeneous (with respect to d) and u' is a (positive) smooth measure which is S-
homogeneous (with respect to d’). Finally assume x € N with T(x)=x and «|U is a
diffeomorphism of some neighborhood U of x onto a neighborhood V of w(x). Then
ho(T)=k(p, T)=k(', S)=ha(S).

Proof. By Proposition 7 we need to show k(u,T)=k(p’, S) only. Choose
U,< U a neighborhood of x such that T(U,)< U and U, < U. Consider >0 with
B,(x)< U,. There are a(e) >0 and b(¢) >0 such that

Bae(m(x)) = mBy(x) < Byey(m(x)).
Dn("(x)’ ae), S) < "Dn(x, e,T) < D,,(‘IT(X), b(e)’ S)°

Since #|U is a diffeomorphism, x and u' (positive) smooth measures, and U, a
compact subset of U, there are C,, C;>0 such that for any Ec U, we have
Cip'(w(E)) £ p(E) = Cop’(m(E)). 1t follows that

Then

v

lim sup—1 log 4'(Dy(r(x), a(e), 8)) 2 lim sup—1 log w(Du(x, &, T))
n—+>o n-» oo

v

lim sup—7 log s/ (Dy((x), b(e), 5)).

Now we can take a(e) = 0 and b(¢) — 0 as e — 0; thus

k(p', S) = k(u, T) 2 k(p', S).
COROLLARY 11. If A is an endomorphism of a Lie group G and d is a right in-
variant metric, then

ha(Rg o A) = ha(A) = hy(dA|T.G).

Proof. T.G —dA—> T.G

lexp lexp
A

G——G

commutes and satisfies the hypotheses, where p and p' are right Haar measures (by
Example 8). See [16] for definitions.

3. Linear maps.

PROPOSITION 12. Let T: M™ — M™ be a differentiable map of an m-dimensional
Riemannian manifold. Then

h(T) < max {0, mlog sup |dT|T. M|}



408 RUFUS BOWEN [January

Proof. d of course is the metric determined by the Riemannian metric. Let
a=SUp,ey |dT|T.M |. If a=o0, there is nothing to prove. Suppose a <o and K& M
is compact. Let fi,. .., f;: B3(0)=R™ —> M be differentiable maps such that the
fi(B1(0)) cover K and choose 4 >0 such that

d(fix), fi(y)) < Ad(x, y)

for all x, y € By(0) and all 1<i<r. If a<1, then T never expands distances; in this
case an (1, e)-spanning set is an (n, ¢)-spanning set and we get A4(7T)=0. Thus we
may assume a> 1.

For each 0<8=<1 let

E(S) = {(rls,- . -srms) : I';GZ, |758| < 2}.

Then card E(8) =(5/8)™ and there is a constant B>0 (depending on the metric d
used for R™) such that for each y € B;(0) there is an x € E(8) with d(x, y) < BS.
(For better constructions than this see [11].) Now F(8)=J; i<, /iE() is clearly
an (n, a*AB8)-spanning set for K (with respect to 7) and card F(8) <(5/8)™r.
Hence, considering 6 =¢/a"4B,

ra(e, K) < (5a"ABle)™r = [(SAB/e)"r]a™™

and so 7r(e, K) Smlog a. Varying ¢ and K, hy(T) <mlog a.
We recover a result due to Kouchnirenko [17]:

COROLLARY 13. If T: M™ — M™ is a differentiable map of a compact manifold

and p is a T-invariant Borel measure with u(M)=1, then
h(T) £ max {0, m log sup |dT|T.M [[}.
xeM
Proof. Use Goodwyn’s theorem.
COROLLARY 14. If T: R™ — R™ is a linear map, then
hy(T) < max {0, nlog |Al}

where A is an eigenvalue of T with maximum absolute value.

Proof. By Propositions 12 and 4(i)
1 1
ho(T) = > h(T") < 5 max {0, m log | "]}
< max {0, mlog |T™|*"}.
But |7 *» — |A| and n — oo is a well-known theorem in analysis (see [18]).

THEOREM 15. If T: R™ — R™ is a linear map, then

h(T) = D log |\

1Al>1

where Ay, . . ., A, are the eigenvalues of T.
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Proof. By linear algebra we can decompose T=T;x---xT, and R"=
E, x - - - x E;where the E, are linear subspaces of R™ with T(E;)<E,, T,=T|E,, and
all the eigenvalues of T; have the same absolute value «;. Then

z log |A] = z dim E, log «.
1

Inl>1 a;>
By Proposition 4(ii) and Corollary 14 we need only to show that, for «;> 1,
hy(T;) = dim E, log «; = log |det Tj|.
Letting 1 be a Haar measure on E,,
#(Dn(0, &, T))) < u(Tj"By(0)) = u(Bs(0))/|det T}|™.
Hence
k(u, T;) 2 log |det T}

By Proposition 7 and Example 8, u is T;-homogeneous and hy(Ty) =k(u, T;). We
are done.

COROLLARY 16. If A is an endomorphism of a Lie group G and d is a right in-
variant metric, then

hi(d) = D log )

1A >1
where Xy, . . ., A, are the eigenvalues of dA|T,G.

Proof. Corollary 11 and Theorem 15.

REMARK. With Theorem 9 the above result gives the formula for A,(R, o 4)
when A is a surjective endomorphism of a compact Lie group G. For G a torus
this formula has a long history (see the introduction).

4. Quotients.

THEOREM 17. Let (X,d), (Y, e) be compact metric spaces and T: X — X,
S: Y— Y, m: X — Y (surjective) be continuous maps with wo T=S o . Then

ha(T) S h(S)+sup h(T, 7}()).

Proof. Clearly we may assume that a=sup,ey h4(T, 7~1(y)) <co. Consider
e>0. Let >0 and for each y € Y choose m(y) with

ata 2 h(T, n-3() +a 2 @ 10€ Fag(es 7= (7).

Let E, be an (m(y), ¢)-spanning set with the minimum number of members. Then
U, =U:eg, Dna(2, 2¢, T) is an open neighborhood of =~*(y).
Now

X\U,) N N = {(B,0) = 2.

>0
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By the finite intersection property for compact sets, there is a W, = B,(y) for which
U,>a"Y(W,). Let W,,,..., W, cover Y and 8 be a Lebesgue number for Y for
this open cover. Let E, be an (n, §)-spanning set for Y (with respect to S) with the
minimum number of elements. For x € E, and 0<j<n pick ¢/x) from among
Y1 - - -» ¥y such that

By(S%(x)) = {w : e(w, S(x)) = 8} = Weyn

Define recursively #5(x)=0 and ¢,,,(x)=1(x)+m(ce,x(x)) until one gets a
tg+1(x)2n; set g(x)=q. For xe E, and z, € E;, /sy, - - -5 24 € Eey ey define

V(x; 21, ...,2) = {ue X: dTt**(u), T(z,)) < 2¢
for all 0 = ¢t < m(c,(x)) and 1 < s = q(x)}.
Then Uy, .,,....200 V(X5 215- . s 2)=X and FN V(x; zy,.. ., z,) can have at most

one element when F is an (n, 4¢)-separated set with respect to T.
For x € E, the number of permissible (zy, . . ., Zy.) is

q
Ny = [ ] rmcorgenrcon® 7~ Heyen(X)))-
8=0

Let M=max {m(y,), ..., m(y,)}. Then

x)

1og Nx £ D 108 Fuepayiun(®s 7 HCtyian(%)))

< (a+0) Z (o) < (@+a)n+ M)

and N, Ze@*+®®+M By an observation we made above
s,(4e, X, T) < card E e@*®n+M

and so §p(4e, X)<7s(8, Y)+a+a=h,(S)+a+a. But «>0 was arbitrary; let
e—>0.

CoROLLARY 18. Let (X, d), (Y, e) be compact metric spaces and T: X — X and
n: X — Y be continuous with w o T==. Then

ha(T) = sup hy(T|m~(3))

Proof. Theorem 17 gives an inequality in one direction since A,(idy)=0. The
reverse inequality is obvious.

ReMARK. The above corollary answers a conjecture of [1]. R. Ellis and H.
Keynes helped to formulate the statement of Theorem 17. H. Keynes [15] contains
Theorem 17 for the case of an isometric extension.

Let (X, d), (G, d), and (Y, d) be compact metric spaces. Assume there are
continuous maps =: X — Y and P: Xx G — X (we write P(x, g)=xg) such that:

(1) = is surjective,
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(2) 7~ Y(=(x))=xG, and

(3) xg=xg’ only when g=g'.

Suppose T: X - X, S: Y— Y, and 7: G— G are continuous maps so that
Som=moT and T(xg)=T(x)7(g). Then we say T is a (right) (G, 7)-extension of S.
(Usually G would be a group and = an automorphism.)

THEOREM 19. In the above situation hy(T)=h(S)+ hy(7).

Proof. We first show that h (T, 7~*(»)) £ hy(7). Choose z € #~(y) and £>0. As
(x, 8) = xg is uniformly continuous choose 8 >0 such that d(xg, xg') <e whenever
d(g, g')= 8. If E, (n, 8)-spans G with respect to =, then zE, (n, e)-spans =~ 1(y) with
respect to T. For if d(7*(g), 7(g')) <, then

d(T*(z8), T(z¢")) = d(T“(2)7™(8), T(2)7™(g) < =.

Thus ry(e, 7=X(y), T) < r.(8, G, 7) and we get hy(T, w~1()) S hy(7). By Theorem 17,
ha(T) S he(S) + ha(7).

Let e>0. Choose >0 so that

(i) d(@(x), m(z))<e when d(x, z) <8 and

(ii) d(xg, xg')>8 when x € X and d(g, g’)>e.

By uniform continuity (i) holds for sufficiently small 8. If (ii) did not hold for
some small 8, then we would have x, € X and g,, g, € G with d(g,, g.)>¢ but
d(xn8n, X48n) — 0. Choosing subsequences we may suppose g, — g, g — g and
x, —> x. Then d(xg, xg')=0 but d(g, g’) = ¢>0; this contradicts condition (3) above.

Suppose G,=G is (n, ¢)-separated (w.r.t. 7) and Y,= Y is (n, ¢)-separated
(w.r.t. S). Choose X, <X with = a bijection from X, to Y,. We claim X,G, is
(n, 8)-separated (w.r.t. T). Consider xg# x'g’ from X,G,. If x# x’, then m(x) #=(x")
are elements of Y, and so there is a k for which 0 <k <n and e(#T*(xg), #T*(x'g"))
=e(S*n(x), S*¥n(x'))>e. By (i) we have d(T*(xg), T*(x'g")) > 8. We need to con-
sider now x=x’, g#g’. There is then a 0 < k <n with d(%(g), (g")) > e. By (ii) we
have

d(T*(xg), T¥(xg")) = A(T*(x)7™(g), T*(x)7™(g")) > 8.
Since X, G, is (n, 8)-separated,
5208, X, T) = s,(e, Y, S)s,(e, G, 7).

It follows that hy(T) = h.(S)+ hy(7) and the theorem is proved.

Let G be a locally compact metrizable group with right invariant metric d and
right Haar measure u. Suppose I' is a uniform discrete subgroup of G, i.e. I' is
discrete and G/T" is compact. Assume A is an endomorphism of G with A(I)<T
and g € G; then T(x)=gA(x) induces a map S on G/T" by S(xI')=gA(x)I". We have
S om=m o T where m(x)=xI". One can define a measure u* on G/T' by requiring
u*(@@(E))=u(E) whenever E<G is a measurable set and = is one-to-one on E (this
definition works because of the right invariance of x and the discreteness of I').



412 RUFUS BOWEN [Yanuary
THEOREM 20. u* is S-homogeneous and k(pn*, S)=k(u, T).
Proof. We define the metric on G/I" by

d(xT, yI') = inf d(x, ph).

(This is indeed a metric [14, p. 36].)

As TI' is discrete, N N I'={e} for some neighborhood N of e. Consider x € G.
There is a 8>0 such that x " 'B(e)x N I' = {e}. We claim that if y, z € By(x)
= By(e)x, then d(yT', xI')=d(x, y). Clearly d(yT', xI')=d(y, z); suppose d(y, zh)
=d(y, z) <26 for some heI', h#e. Then

d(x, xh) < d(x, y)+d(y, zh)+d(zh, xh)
< 8426+8 = 48.

Hence xh € Bys(e)x and h € x~1B,4(e)x, a contradiction.
If d(xT", yT") < 8, then d(x, yh)<é for some A e I' and yI'=yhI' € 7#B,(x). Hence
| Bs(x) is an isometry of B,(x) onto B,;(xI"). The same & works for xh; for if

h € (xh)~1By(e)(xh) N T
and 4’ #e, then
hh'h=*ex~1By(e)x N T

and Ah'h~'+#e. Thus, for each xI'" € G/T, there is a §=38(xI") >0 such that = maps
B;(xh) isometrically onto B;(xT") for each heI'.

As G/T' is compact, let Byi,ry(x1D), . . ., Bsx,ry(x,I) cover G/T" and let & be a
Lebesgue number for this cover. Then, for every y € G, = maps B,(y) isometrically
onto B,(yI).

Consider «>0 so small that «<e and TB,(y)< B.(T(y)) for all y € G (uniform
continuity). We claim that

'”Dn(y3 «, T) = D,,(yP, «, S)
This is clearly true for n=0. Suppose it is true for n—1=0. If z € D,(y, «, T), then
d(T*(2), T¥(y)) < e <efor0 <k <n,and so d(S*(zl), S¥(yI")=d(T* ()T, T*(y)I) < ;
hence zI' € D,(yT, «, S) and #D,(y, o, T)<= D,(yT, «, S). Consider

zI' € D,(yT', @, S)= Dy -1 ()T, @, S).

By inductive hypothesis, zh€ D,_,(y, «, T) for some heI. We claim that
zhe D,(y, o, T); otherwise d(T™~%(zh), T"~%(y)) <« but d(T"~(zh), T"~ () 2 .
In this case, T"~(zh) € B,(T"~*(p)) (by the choice of «) and, since = is an isometry
on B,(T"~*(»)),

d(S"=eT), S*7X(T)) = d(T™zh), T*'() 2 «.

This contradicts zI' € D,(3T, «, S). Thus zI' e wD,(y, «, T) and we have shown
that D,(yI', o, S)=nD,(y, «, T).
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We have p*(D,(yT', e, S))=p(Dn(y, o, T)). Now
T(x) = gA(x) = (gA(x)g~1)g = R, > (Ad g > A)(x)

falls under Example 8 in §2. Hence p is 7-homogeneous. It follows that u* is S-
homogeneous and k(u*, S)=k(u, T).

ReMARK. For the above case it of course follows that 4,(S)=h4(T); this can be
generalized to (uniform) isometric coverings without using any measures. The
statement of Theorem 20 comes from a suggestion of W. Parry. In [19] Parry has a
formula for A,.(S) in the nilmanifold case. This is obtained here for G any Lie
group by Theorems 9 and 20 and Corollary 16.

5. Flows. In this section we verify a conjecture of [1].

DEFINITION. A uniformly continuous flow on (X,d) is a family of maps
{p: : X — X/[t=0} with ¢,,,=@, o ¢, and such that for any #,>0 and >0 there is
a 8>0 for which d(gi(x), ¢i(¥)) <& whenever 0=¢=1¢, and d(x, y) <38.

PROPOSITION 21. In the above situation hy(p,)=thy(p,) for all t>0.

Proof. We show that h,(¢,) < (¢/s)h4(s) for any s, >0. Given ¢>0 choose §>0
such that d(e,(x), ¢.(»))<e for all 0=r=<s whenever d(x, y) <3. Consider K com-
pact. If E is an (n, 8)-spanning set for K with respect to ¢, then E (m, ¢)-spans K
with respect to ¢, whenever mt < ns (this is analogous to the proof of 4(i)). Hence

(e, K, @) S Fimysi 418, K, @),

7o, K) < 7, (5, K) lim sup~ ([™]+1) = L7, k)
¢ s R K} s v

IA

IIA

t
E h(?’ss K )'
Letting & and K vary, hy(e,) < (¢/5)ha(%,).
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