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o-FINITE INVARIANT MEASURES
ON INFINITE PRODUCT SPACES()

BY
DAVID G. B. HILL

Abstract. A necessary and sufficient condition in terms of Hellinger integrals is
established for the existence of a o-finite invariant measure on an infinite product
space. Using this it is possible to construct a wide class of transformations on the unit
interval which have no o-finite invariant measure equivalent to Lebesgue measure.
This class includes most of the previously known examples of such transformations.

1.1. Introduction. This paper deals with a special case of the following well-
known problem from ergodic theory. Suppose that G is a group of measurable,
invertible, nonsingular transformations of the o-finite measure space (X, %, u).
Under what conditions does there exist a o-finite, G-invariant measure v on
(X, %, u) such that v is equivalent to p?

For our purposes we take (X, &, p) to be the infinite product space (X, %, u)
=TTr-1 (Xi, B i), and G=37_; @ G, where for each positive integer k, G,
is an ergodic group of measurable, invertible, nonsingular transformations on
(X, Py, pi)- In Theorem 3.20 we solve this problem in terms of the convergence of
an infinite series of Hellinger integrals. In fact this result is derived from a more
general theorem on the equivalence of certain types of o-finite product measures
with a finite product measure.

In §4 we apply this to the case when all the factor spaces are countable. In par-
ticular we are able to improve an existing theorem of C. C. Moore [9] by removing
an unnecessary side condition from the hypotheses. Next, using our criterion, we
construct a class of ergodic, measurable, invertible, nonsingular transformations
on the unit interval which do not have any o-finite invariant measures equivalent
to Lebesgue measure. This class includes the examples of D. S. Ornstein [10], A.
Brunel [2], R. V. Chacon [3], and L. K. Arnold [1]. Furthermore our method
reveals the essential features these transformations have in common.

1.2. DErINITIONS. Let (X, %, 1) be a measure space. A measurable transforma-
tion of the space is a map 7: X — X such that T-'#<4. It is necessary only that
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T be defined p-almost everywhere. When the inverse function is also defined
p-a.e. and furthermore T# <4, T is said to be invertible. A measurable, invertible,
transformation T on the space with the property that u7~!=p is called non-
singular. Following the notation used by A. Ionescu Tulcea in [7], measurable,
invertible, nonsingular transformations are called automorphisms of (X, %, p).

An automorphism T is called measure preserving iff u7'~=p. In this case p is
said to be T-invariant. A T-invariant set B € # has the property T ~'B= B (p-a.e.).
An automorphism T is said to be ergodic iff for any B € #, B T-invariant implies
that u(B)=0 or x(X\B)=0. Similarly if G is a group of automorphisms of (X, &, u)
we say that u is G-invariant when for all g € G, p is g-invariant. And G is ergodic
iff for all B € #, B G-invariant implies u(B)=0 or x(X\B)=0.

2. In this section we state without proof a few well-known results needed as a
preliminary to the main results in §3.

2.1. PrROPOSITION. Let G be a group of automorphisms of the finite measure space
(X, 2, ).

(a) G is ergodic iff the only G-invariant measurable functions are the constants.

(b) Suppose that G is ergodic. Then if there exists a o-finite G-invariant measure
v which is equivalent to p, v is unique to within a scalar multiple. In particular we
cannot have both a finite and an infinite solution to the invariant measure problem
when G is ergodic.

2.2. Hellinger integrals. Suppose that p, and u, are a pair of finite measures
on the measurable space (X, %) such that p,(X)=1 and py(X)=1. By a countable
measurable partition of X we shall mean a family of subsets, {B, : n€ N}<=%,
such that the B, are mutually disjoint and | J?-; B,=X. Let £ be the family of
countable, measurable partitions of X and direct 2 by refinement. Given A € 2,
define

S@A) = > [u(B)ua(B)2.

BeA

Then {S(A) : A € D} is a decreasing net and has a limit. This limit is called the
Hellinger integral of g, and p, and we write

j [duy dua]™2 = lim S(A).
AeD

The next theorem collects some of the useful properties of the Hellinger integral.

2.3. THEOREM. (a) If p is a o-finite measure on (X, B) such that p,<p and
pakp (.8 p=py+ps), then

f[dm dug]''? = f[dm/d/t dpo/dp]'* dp,

where du,/du and dp,/dp are Radon-Nikodym derivatives.
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(b) In particular when p, < u,, then
[ s dual= = [ sl

(©) 0= [duy dpo]'?<1.
(d) [ [dp dpo]"?=1 iff p1=pa.
(e) f [dey dps]?=0 iff py | po.

As long as p, and p, are finite measures we can still define the Hellinger integral
as above and in place of (c) we will have 0= [ [du; duo]'2 < [y (X)pa(X)H2. A
similar equation will hold when one of the measures is infinite provided we replace
X by some set of finite measure. Also, note that Theorem 2.3(e) gives a criterion
for the singularity of a pair of finite measures. As long as we knew that the
measures had to be either equivalent or singular, this would be also a criterion for
equivalence. There are two important cases of this situation, one of which occurs
in Kakutani’s theorem (2.6 below) and the other in Proposition 2.4.

2.4. PROPOSITION. Let p, and p, be o-finite measures on (X, #) and let G be an
ergodic group of automorphisms with respect to both p; and p,. Then either p; | pg

or pey~ fa.

2.5. The Zero One Law. This well-known result from probability theory is the
principle upon which are based all the theorems on infinite product spaces in this
paper. The version given below is taken from Halmos’ book on Measure Theory
[5, p. 201].

Let (X, %, p)=T1¢-1 (X, B, n) wWhere for each index k, w(X,)=1. Then if
A € # has the property that for any finite F< N there is a measurable subset 4%
of [ Txer Xy such that A=([Tyer Xy) x A¥, either u(4)=0 or u(4)=1.

The following theorem due to S. Kakutani [8, pp. 214-224] is an interesting
consequence of the Zero One Law.

2.6. THEOREM. For each k € N let w, and p; be a pair of finite measures on the
measurable space (X, %) with p( X)) =1=pu(X,). Let (X, B)=T12-1 (Xs, B,) and
p=T1F-1 s ' =[17=1 px. Then the following statements are equivalent:

@) p~p.

(b) For each index k, e~ py, and T12-y [ [dw du]*'2>0.

(c) For each index k, p,.~ w;. and

2 [1 - f [diss dy;]lfz] < oo.

(d) For each index k, w,~ pi, and

D =/ £l < oo,
k=1
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where f, is the Radon-Nikodym du,[du, in Lo(X,, %y, ). On the other hand, if any
one of the conditions in (b), (c), or (d) fails to hold, then p. | p’.

Both 2.4 and 2.6 are proved by looking at the largest subset of X upon which
the two measures are equivalent. In the first case this is a G-invariant set and in
the second, a set of the sort to which the Zero One Law can be applied.

3. Throughout this section, for each positive integer 'k, (X, %y, w) Will be a
finite measure space with p,(X,)=1 and v, will be a o-finite measure on (X, %).
We denote the product measure space [ 21 (X, P, pi) by (X, %, ). It follows
that w(X)=1. By & we mean the collection of finite subsets of the positive integers
directed by inclusion. F is used as a subscript in the following way:

XF:‘I—[Xka I-‘«F=H.ka, .93,,:1_[.93,”

keF keF keF
Xt =T1% w=[Im #H=[]%
k¢F k¢F k¢F

and so on.

The usual definition of infinite product measure requires that at most a finite
number of the factor measures be infinite. However, by adopting a slightly dif-
ferent procedure it is possible to construct a sort of product of o-finite measures.
This procedure is taken from C. C. Moore’s paper [9].

3.1. Restricted product measures. For each index k, let Y, be chosen in %, such
that O<v(Y,)<oo. Put Y=T12.1 Yy, Ye=[lker Yx and YF=]Txer Yy Also,
for each Fe % define mixed product sets S¥P=X,x Y} and put S®=
Ures S¥P. This is measurable since & is countable. Next, define normalized
measures 7,=v,/v(Y,) and let A, be the restriction of 7, to Y, (i.e. A(By)=
v(B, N Y,)/vi(Yy) for any B, € #,). Note that 7, is a o-finite measure on (Xj, %)
and A, a finite measure with 7,(Y;) = A(X}).

Now let Fe % and define the infinite product measure v¥P =([Tier %) X
(T Teer Ae) =7 X X%, This is well defined since all but a finite number of the factors
are unit measures. Notice that v¥-P is supported by S¥* and v*""(Y)=1. Finally,
let & be the subfamily of # consisting of finite unions of sets of the form R=
I[T2-: R, where for each k, R, € %,.

3.2. THEOREM. (a) For each Be &, {y'Y"P(B) : F e &} defines an increasing net
so limg vY>P(B) exists (though possibly infinite). This limit is called v*(B).

(b) v is a countably additive, o-finite measure on (X, &) supported by S and
v¥(Y)=1. This measure is called the restricted product of {v, : k € N} with respect
toY.

(c) For any F € &, vV =1, x vE where vx=] licr ¥, and v¥ is the restricted product
of {vi. : k & F} with respect to Y§.

(d) & is dense in B with respect to v¥, i.e. if vV (B)<co and £>0, there is an
E € & such that vO(EAB)<e.
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Proof. (a) and (b) follow from standard calculations.

(c) Let Ke Z. Then,

W = lim y¥P
F

= g X (lim Vp\g X A¥
F>K
= Vg X v§,

where v} is the restricted product of {v, : k ¢ K} with respect to Y%.

(d) Let B € # such that v¥(B) <o and let e >0. From the definition of restricted
product measure it follows that there exists K€% such that if F>K then
v(B\S¥ ) <e. Now v =5, x A¥ and A%(X¥)= 1. Therefore there is an elemen-
tary set E € # such that v¥*®)(EAB) <e. But clearly, EN SY© e &. And,

(ENn SY)AB < [(EAB) N S¥B) U [B\S¥P,
So
vO((E N STEYAB) < v B(EAB) +vY(B\SYF) < e+ 1e.

3.3. ReMARK. In the particular case that each v, is actually a finite measure we
may construct v'®. But clearly v*®=[T,.n 7, where in this instance 7, =v,/v,(X})
for each index k. So the restricted product concept is an extension of the normal
product.

We now investigate equivalence of restricted products of the same measures
{vr : k € N} with respect to different subsets.

3.4. THEOREM. Let Y=]Ten Yy and Z=T1xen Z; where for each ke N, Y,,
Z, € B, and 0<v(Y,), vi(Z,) <o0. Then the following conditions are equivalent:

(a) 0<v(Z)<o0.

(b) 0<v®(Y)<oo0.

©) 2R-1 vi(YAZ) v Y,) <co.

@) 2@-1 vi(YiAZY)vi(Z,) < 0.

And furthermore, if one of these conditions holds, then not only do we have
v~ @ but also v =v¥(Z WP and

v(Z) = [ [ vdZ(Ye) = 1¥2(Y).

keN

On the other hand, if any one of the conditions fails, the measures are singular
and either v*(Z)=0 or v?(Y)=0.

Proof. First we will show that (a) and (c) are equivalent. As
#Z) = tim [[ [dZad B[] oY 0 Zol 1],
keF k¢F
the L.h.s. is positive and finite iff both

0< ]_—i[vvk(zk)/vk( Yy) < ©
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and
0< I_Ivk(yknzk)/vk(yk) < 0,

k¢K
for some K € Z.
From the second relation,

3 l-n(Fen Zo(r)] < e,

and exchanging Y, for Z, in the denominators by means of the first product,
k=1 [1=vi( Y N Z)vi(Z,)] <o also, ie.

i vl(Yi\Z)vi(Yi) < o0
and k=1

PRNCANATNCARED

Finally, v(Y,)/v«(Z,) — 1, so we can replace the denominators in the latter series
with the terms v,(Y;,). A similar reverse calculation yields the converse implication.

In the same way, (b) and (d) are equivalent. The remaining equivalence comes
from the fact that both (a) and (b) imply that »,(Y,)/vi(Z,) — 1.

Notice that if one of the four conditions holds then limg [ Ti¢r vi(Zx N Yi)/vi(Y)
=1 as this is the tail of a convergent infinite product. Thus,

vW(Z) = [ [wdZvdYe) = 1p2(Y).
keN

We want to show that in these circumstances »¥=v®(Z)?. From 3.2(d) it is
sufficient to show that if R=[T..x R, where each R, € %, and 0 <v*¥(R) <o, then
v(R)=v(ZWZ(R). But this follows immediately from the infinite product
formula for v¥(Z) above and the similar product for v*(R) obtained by replacing
Z with R. :

Finally, if any one of the four conditions does not hold, then either +(Z)=0
or v¥®(Y)=0. If v¥(Z)=0, then v¥(Z})=0, for any Fe Z so

v(S®) = lim v(XpvE(ZF) = 0.
. F
As v® is supported by S@, vV | v®,

3.5. COROLLARY. With the same hypotheses as Theorem 3.4 the following state-
ments are equivalent:

(a) v is a finite measure.

(b) For each index k, v, is finite and v*(Y)>0.

(c) For each index k, v, is finite and

kil [1=v(Y)/vi(X)] < o0.

(d) For each index k, v, is finite and v'¥ ~v®,
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Proof. Note that if »® is finite then 1 =v"(¥) v (X) < o0.

Now recalling Kakutani’s criterion for the equivalence of a pair of unit product
measures (Theorem 2.6) it seems likely that there should be a similar result
for restricted product measures. Indeed there is as the next theorem
demonstrates.

3.6. THEOREM. If v'¥ is a restricted product measure and p the unit product
measure p=] [ en 1x, then the following conditions are equivalent:

(@) v ~pu.

(b) For each index k, . ~v, and the restrictions of n and v'¥’ to Y are equivalent.

(c) For each index k, p~v, and

> [1= ] o i Y r012| < o
k=1 Yy
(d) For each index k, p,~v, and

1§:1 [1 —fyk [dyer. dvi /(Y k)]m] < 0.

Conversely, if w,~v, for each k, but one of the conditions above fails to hold, then
p v,

Proof. First we shall show that (b), (c) and (d) are equivalent. Notice that the
restrictions of »¥ and u/u(Y) to Y are both unit measures. Moreover, when
w(Y)>0 we can express each of them in product form. v¥| Y=TT,en (vi| Yie)/vi( Yi)
and (u| Y)/u(Y) =T Trerv (| Yie)/ 1 Y)-

Now suppose that for each index k, u,~v,. Then their restrictions to Y; are also
equivalent and since v,(Y;) >0 each p,(Y,)>0 too and the product on the right
above is well defined even if u( Y)=0. We now apply Theorem 2.6 to these products
and conclude that (b) and (c) are equivalent statements.

To obtain (d) look at the equation

1- f [dise 12 [ Yo V)2
- [1 - f [dis, do ]2/ Yk)lm] / [ TP 72+ [1 = 1 [ T)T2).

Given (b) we know that u(Y) > 0 since v¥(Y)=1. Therefore, >_; [1 —u( Yi)] <0,
and p(Y,) — 1. So, >y [1—1/[p(Yi)]23] < 00. It follows that

kil [1 "'J;k [dws. dvi ]2/ [vi( Yk)]nz] < .
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Conversely, if this series does converge we consider the equation

1- f [dise v, 12 [ Y12
= [1 - fy [dl‘-k de]”z/ [l"k( Y, k)”k( Y, k)]1/2] [l"’k( ch)]ll2 + [l - [l‘-k( Yk)]llzl-

It follows that >, [1 —p(Y,)]<oo, and

’;::1 [1 - J.Yk [dh dvie ]2/ [ Yivi Y, k)]1/2] < 0.

Finally we show that (a) and (b) are equivalent. Suppose that u~»®, Then for
each index k, p=p, x pf¥ and v =5, X v¥ 50 pp~P~v,. Also, V| Y~ p| Y trivially.
Conversely, let v¥|Y~u|Y and v,~p, for each index k. Take Fe & Then,
p=ppxpF and VP =5, x X}, But pp~v, and Af~p¥| Y¥* so it follows that
VWP~ e x pk| Y Now if Be 4,
v¥(B) = 0 iff v¥*P(B) = 0 for all Fe &
iff (up X u¥| Y¥)(B) = O for all Fe &,
iff w(B) = 0.

The very last statement of Theorem 3.6 is a consequence of the Zero One Law,
which says that either u(S®)=0 or u(S®)=1. The latter can not hold if p~v¥.

So far we have constructed restricted product measures directly. However, there
is another way to show that certain o-finite measures on (X, #) are actually
restricted products.

3.7. DeFINITION. Let v, be a o-finite measure on (X, %) for each index k.
Then a o-finite measure v on (X, %) is said to be a product of {v, : k € N} iff for
each Fe %, there exists a measure v¥, o-finite on (X%, #¥) such that v=vp xv¥
where vy =] [ier vi as usual.

Clearly the ordinary product of a finite number of o-finite measures with an
infinite number of unit measures fits in with this definition, as does the restricted
product. Notice as well that if v is a product in the sense of Definition 3.7 then the
measures v} above are themselves products of {v, : k ¢ F} on X¥.

3.8. PROPOSITION. Let v, be a o-finite measure on (X, %) and Y, € B, such that
0<v(Yy) <oo, foreachk € N. Put Y=T1yen Yi. Then, ifvis a product of {v; : k € N},
v~V iff there is an a>0 such that av=v®,

Proof. Obviously if av=»", then v~1»™. To get the converse we first construct
a finite measure a=][n o such that a~v~v™,

For each index k, choose a sequence of disjoint sets {Y, ; : j € N} such that
0 < (Yy,;) <o for every j and ey Yy, ;= Xi\ Y. Define o, by

a(By) = [(2*—1)/2][wi(Yie 0 Bi)fvi( Yk)]+j§1 Vi(Yie,s O B/ Ye, 2" *],
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for each B, € #,. Clearly, o, ~v, and «(X;)=1. Then,

2 [1- [ s darnror] = 3 -z < .

So from Theorem 3.6, a~ v ~y,

To complete the proof let A(x) be the Radon-Nikodym derivative dv¥’/dv, and
hp=dvg|dvy, h¥=dX}¥/dvE where for any Fe % we can factorize the measures
thus:

v=vpxvE and v® = iy x A}

Then, given x € X, h(x)=hg(xp)h¥(x¥), where x=(xp; x¥). But, hz(xp)=1/vs(YF)
and is independent of x;. So for any F € &, h(x) depends only on x¥. In this situa-
tion it follows from the Zero One Law that A(x) is constant a-almost everywhere.
But a~v~»" and so there exists an a>0 such that v’ =av.

However, it can also be demonstrated that any product measure equivalent to
a finite product must be a multiple of a restricted product measure. This is the
main result of this paper.

3.9. THEOREM. Suppose that v is a product of the o-finite measures {v, : k € N}.
Then there exists a finite product measure p=] [ en ;. Such that v~ iff v is a mul-
tiple of a restricted product v® of {v, : k € N} with respect to some Y=[]xen Y.

Proof. Going one way is easy. If v is a multiple of some »* then using the con-
struction in Proposition 3.8 we produce an equivalent finite product measure.

The converse result is much more difficult and for convenience the proof has
been split up into four propositions. The method of proof is based on that used
by C. C. Moore in [9] though this proof does differ from his in many respects other
than just being in a more general setting. First we establish some notation.

The assumption is that » is a product of {v, : k € N} and there exists u~v such
that p=T[ien ux Where each p, is a unit measure on (X, %,). Define the Radon-
Nikodym derivatives, f=du/dv, f¥ =du}/dv¥, fe=dpg/dvy and so on. For any
Fe F we can factorize f=f; x f#. Without loss of generality we can regard all
functions as having domain X by making them constant in variables upon which
they do not depend. However, the functions above may not be integrable with
respect to p and it is necessary to deal with the related functions:

g'(x) = exp (—2ait log f(x)),
gr(x) = exp (—2mit log f¢(x)),
gh(x) = exp (—2mit log f¥(x)) where t€R.

These functions all have absolute value 1 and hence are all in Ly(X, &, ). Further-
more, the product formula is preserved, i.e. for each Fe & and for each te R,

8'(x) =gr(x)g# ().
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3.10. PROPOSITION A. (a) Let o(t)={, du. Then ¢ is continuous and ¢(0)=1.
(b) There exists t,>0 such that if |t| <t,

[ TIKek D = le@)] 2 1/e.

keN
(©) If |t| <to, then 3-, [1—|<gh, DIIS1.

Proof. (a) follows immediately from the definition of ¢.

(b) Using the continuity of ¢ at zero, there exists #,> 0 such that |t| <7, implies
l(2)| = 1/e.

Now p(t)=[ g* du={ ghgl du={gk, 1>{gk, 1> forany Fe &# Let Pp: Ly(X)—
L,(Xr) be the orthogonal projection. By the Mean Fubini-Jessen Theorem (see
[4, p. 207]) Px(g") converges to gt in Ly(X). Therefore |Py(g%)| 7> |gt|=1. But
Pr(gh)=gt{gh, 1> and |gt|=1, so |(gk, 1>| 7 1. Hence |[<gt, 1>| >0 for all but
a finite number of values of k and |(¢)| =] Tren |<g%, 1D|-

(c) From the inequality 1—u< —logu for 0<u <1, we deduce that if |¢| <1,
then

lIA

> 11-Keh DIV S 3, [~log Ket, D]

~log |(?)| = 1.

3.11. ReMARK. The next step is to define the sets Y, mentioned in the statement
of Theorem 3.9. We take ¢>0 and let Y,={x; € X, : |log (fx(x)/q:)| £ c}, where
the numbers {g, : k € N} are to be chosen. In my original proof of the theorem the
g, were defined in terms of the means of the distributions of the functions log f} on
suitable subsets. However, the proof contained an error and was not true in the
general case. I am indebted to Neil Rickert for noticing the mistake and suggesting
an alternate approach which is also much neater. The idea is to use the median
rather than the mean as a measure of the centre of the distribution of log f;.. First
we need the following lemma which estimates the spread of a probability measure
on the line in terms of its Fourier transform.

3.12. LEMMA. Let y be a probability measure on the line. Then there exists s, € R
such that for all ¢>0,

L=y, so+eD) 3 [0 [ =150l ] [0,

where t,>0 and A,=sup {(sin w)/u : |u| Z 2mct,y}.

Proof. ()= [ exp [—2mituly(du). Therefore,

PO = §EF0) = f exp [ 2mituly(d) f exp [2mits]y(ds).
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So,
t, 13
f ° 19(e)[2 dr = J' ° [ f f exp [—-21rit(u-—s)]y(du)y(ds)] dt
—to -to

= ff U“o:o exp [—2mit(u—s)] dt] Y(du)y(ds)

— 21, [[Wu—siamas),

where ¢ is defined by (s) =sin (27t,8)/(2mt,s) if s#0 and $(0)=1.
Now since y is a probability measure, there exists s, € R such that

2 [ ol de s [du-soan

< [ e+ fm AoAdu),

where I=[s,—c, so+c], and A, is defined as above, i.e.

17210 [ 19 di < AD+ AL DY

Therefore,
150 5 [1-0720) [* 1901 @] [1- 49
~[am [* a-pom ] fa-4.
But,
1= 5012 = (1= PO+ O
< 20~ ).
So,

1=t = [ [° @15 ] [a-a0.

3.13. PROPOSITION B. For each index k, there exists q, >0 such that if ¢>0 and
Yo={x € X, : |log (fi(x)/qi)| = c}, then 32, [1—u(Y,)] <co.

Proof. Given k € N, define a probability measure y, on the real line by setting
il E) = ({xx € X, : log fi(x;) € E}), for every Borel set E. Then,

9u0) = [, exp [~ 2nituby(c)
= [ exp [—2nit log fuCeleutdz) = gt 1.
k
Applying Lemma 3.12 to y,, there exists s, € R such that for all ¢>0,

L=pllse=c,ste) 3 [0 [ (1=Kets DD dr] f1 =40
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But if g, =exp (s),
villsk—¢, s +cl) = mlfxi € Xi : |log (filx)/g)| = )
= e Ys)-
And Y., [1—|Kgt, 1D|1=1, for |t| £1,, from Proposition A.
This is a positive term series so we can integrate from —¢, to ¢, and interchange
the order of integration and summation to obtain

(/t)) > f (1— (gt 1)) dr < 2.
k=14J-to

Therefore, >, [1 —m(Y)1=2/(1—A4;) < 0.

3.14. REMARK. Choosing the sets Y, as above, we can assume that u,(Y;)>0,
for all but a finite number of values of k. But, on Y, e~ g, < fi(x;) < €°q,. Inte-
grating this with respect to v,, we get, vi(Y;)e °qy = w( Yy) Svi Yi)eqy, for any k.
We change arbitrarily those Y, for which v, (Y,)=0 (i.e. u(Y,)=0) so that for all
k, 0<v,(Y,)<oo. There is no confusion in using the same notation for this modified
set of Y,. Later on in Proposition D we shall show that the g, can actually be
determined in terms of the medians of the functions log f;.

At this point we need a couple of elementary estimates to be used in the proof
of Proposition C.

3.15. LemMA. (a) w?=<12(1 —(sin w)/u) if |u| £=/3.

(b) If |log t| £ 2c, then

[(Wt=1e/(ec—1)I* = (log 1)%.
Proof. Using Taylor’s theorem, we get sin u=u—u3/(3!) cos § where |0]=

|ul £=/3. So,
u? = 6(1—(sin u)/u)/cos 6 < 12(1 —(sin u)/u).
(b) |logt|=2ciff e-2° st e?.
Now if e"2¢<t<1, |v/t—1|=1—+/t< —logt. So since ¢/(e°—1)<1, (log ¢)?=
[(vt—=1)c/(ec— D)2
On the other hand, if 1 <= e?, then putting
W(t) = log t—(v/t—1)c/(e°—1),
W'(t) = 1/t—[ic/(ec = D][1/v/1].
Now W’'(1)>0, W(1)=0 and W’(¢) has only one zero and is eventually negative.
But W(e*)=c, so clearly W(¢)>0, for 1 St=e%.
The next proposition essentially completes the proof of Theorem 3.9.

3.16. ProrosITION C. With the modified set of Y, chosen as in Remark 3.15, and
c=1/(6t0),

21 [1 - J;k [de dvi]12[[vi( Yk)]”z] < o0,

Hence, p~v® and v is a multiple of v .
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Proof. If >, [1 —fyk [di dvi ]2/ [0 Yi)]*?] < 0, then v¥~pu by Theorem 3.6
and v is a multiple of »* by Proposition 3.8. So we have to show this series
converges.

Choose ¢>0 and form the sets Y, as in 3.13. (Choose ¢, as in Proposition A,
but suppose furthermore that 0<#,<1/(6¢c), so that 2mcty <w/3.) Then if ¢(s)=
(sin (27t,5))/(27t,s), s#0 and $(0)=1, we can apply the calculation in Lemma 3.12
to the probability measures y, on the real line and obtain

[ 1-p—tog gobute) < o) [ =0 a.

Here, y, is defined by y,.(E)=p({x; € X) : log fi(xx) € E}). Now, repeating the
calculation in Proposition B,

5 [ u—stosilamdn s 3 o [* a-Kethdr s 2

k=1

Therefore, 37, [y, [1—¥(log (fi/g:))] e <2.
But if x; € Yy, |log (fi(xx)/q:)| < ¢, so by Lemma 3.15(a),

[27t, log (fi(x)/@))* = 12[1—(log (fi(*)/qx))]

for all k2 p, where u(Y;)>0 if k= p. Hence, 33, | v, (108 (fi/q:))? dpy < 0.
Now applying Lemma 3.15(b) and the fact that fi, =du,/dv,,

k}:; fy (Vae— V1) v = i fy (Ve fre—1)? du, < 0.

k=1
But

[ [vh |, Vhaninr] dn s [ vim v o

for any index k. Thus,

21 J;k [\/f kT J.Yk Ve @ie/vi Yk)]2 v, < 0,
ie.

© 2
> [mro=[[ vhdnbrare] ] <.
k=1 Yy

And since from Proposition B, >, [1 —u(Y,)] < oo, then

8 [-[f, vk saecrr]] <o

i.e.
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So,

S -t dncrore] < oo,

k=1 Yy

as required.

The next proposition shows how we can take the numbers logg, to be the
medians of the functions log f;, and hence gives a method by which the sets Y
could actually be computed, for any ¢>0.

3.17. PrOPOSITION D. For each index k, let m, be the median of logf,. with
respect to p,. Then Proposition C and hence Theorem 3.9 remain true if we take
log g, =m,, and any ¢>0.

Proof. m, is a number such that
ml{xy € Xy : log (filxi)) = my}) 2 %

m{xi € X 1 log (fillxi)) < my}) < 4.

Choose the g, as in Proposition B. If ¢>0, let
Yi(c) = {xx € X; : |log (fil(x)/g)| < ¢}

Zi(¢) = {x, € X, : |log (fi(xi))—my| < c}.

Then for all but a finite number of k, Y, (3¢c)=Z(c)< Y,(2c). For we know that
21 [1—p(Yi(3c))] < o and hence that p,(Y,(3¢)) >3, for every k=some k,. So
clearly |m,—log q,| S %c if k= k,. Now if x, € Yi(3¢),

[log (fil(xi)) —my| = |log (filxi)/gi)| + |log g —my|
< 3c+ic,

ie. Y (3c)=Z,(c). Also if x, € Z,(c),

and

and

[log (fi(xi)/qi)| = |log filxi) — my| + |log g, — my|
< c+ic < 2e.

Now if k2k,, let Y=Y, (3¢), Z,=Z,(c) and Y;= Y,(2c). Otherwise, choose
Y.<Z,< Y, arbitrarily so that they all have positive finite v, measure. Put
Y=TTien Yis Z=]Tien Zss Yl=l_IkeN Y.

By Theorem 3.9, if 2¢ = 1/(6¢,), v ~v~v¥?. And v*¥(Y") <00, by Theorem 3.4.
But Y=Z< Y, 50 v(Y)<v¥"(Z)<v®(Y’). Using 3.4 again, this means v ~p?,
Finally, since the numbers m, are independent of #,, and since we may choose ¢,
arbitrarily small, any ¢>0 will do.

3.18. This work was initiated by a study of invariant measures on infinite
product spaces. We are now in a position to show that certain invariant measures
have the product property and to use Theorem 3.9 to obtain a criterion for
invariance.
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Suppose that for each k, G, is an ergodic group of automorphisms on (X, &, w).
Form the direct sum, G=37-; @ Gy. Then G acts on (X, %) in the obvious way
and the groups G, may be regarded as subgroups of G. Furthermore, G is ergodic
with respect to x and acts freely in the sense that if g € G and g is not the identity,
then u({x e X : g-x=x})=0. This follows directly from the Zero One Law and
the ergodicity of the factor groups.

3.19. PROPOSITION. Let v be a o-finite measure on (X, 8, ) such that v~ p. Then
v is G-invariant iff v is a product of invariant measures. More precisely, v is G-invariant
iff for each index k there exists v,,~ w,, o-finite and G-invariant, and for each F € ¥
there exists vi~u¥, o-finite and G¥-invariant, such that v=vpxv¥. Here G}=
Sker P Gy and ve=T Txcr v« as before.

Proof. If v can be factorized as above then for any k, v=v, x v} which is G-
invariant. The converse is more tedious and depends on the ergodicity of the
factor groups. Suppose that v~ pu and v is G-invariant. As usual let f=du/dv.

Let Bo={x € X : f(x)=0 or co}. Then 0=p(Bo) =(p1 X pu})(Bo) = | p1[(Bo)x{] dpf,
where (By)x¥={x, € X1 : (x1; x¥) € By}. Therefore u,[(Bo)x¥]=0 for u¥-almost all
x¥ e XF, ie. for p¥-almost all x¥ € X¥ 0<f(x;; x¥) <o, for u,-almost all x; € X;.

But this means that we can define a measure on (X, %, p;) which is equivalent
to p, by

vi(xF; By) = f Sy x¥)~ duy  where B, € B,.
1

This measure is o-finite, G;-invariant and defined for p¥-almost all x¥ e Xj.
However G, is an ergodic group of automorphisms so as in Proposition 2.1 any
G,-invariant measure is unique to within a positive multiple. Therefore there
exists v;~pu,, a o-finite G,-invariant measure and a function f3* defined p¥-almost
everywhere on X, such that v,(x¥; )=v,/f*(x¥). Of course f;* is positive and
finite where defined. Now taking Radon-Nikodym derivatives with respect to u,
we see that f(xy; x¥) " =dv(x¥; )/du,=fF(x¥)"* dvi/dp, at x; € X,

Hence if f;=du,/dvy, f(x1; x¥)=£f1(x1)f*(x¥). This equation also implies that
fi is measurable. Now we can define v§ on (X3, #¥) by du¥/dv¥ =17, and v=v, xv¥}.
Clearly v¥ is o-finite and G¥-invariant. Applying the same argument to v§ we obtain
invariant measures v, and v on the appropriate spaces. An obvious induction
completes the proof.

The main theorem of this paper is an immediate consequence.

3.20. THEOREM. Suppose that for each positive integer k, we have a finite measure
space (X, By, ) with w(X,)=1 and an.ergodic group of automorphisms G, on
this space. Let G=J.N @D Gy and (X, B, 1) =1 lxen (Xis By, p)- Then the following
statements are equivalent:

(a) There exists a o-finite, G-invariant measure v on (X, &, ) such that v~ p.

(b) For each index k, there exists a o-finite, G -invariant measure v, ~ w, and there
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exists Y, € B, 0<v,(Y,) <o, such that if Y=Txen Y, then v'¥ is G-invariant and
Oup,

(c) For each index k, there exists a o-finite, G,-invariant measure v,~ p, and
there exists Y, € %, 0<v,(Y,)<o0, such that

There will exist a finite G-invariant measure v equivalent to w iff for each index k,
there exists a finite G, -invariant measure v~ w, such that

3 [1-[ s dnrctor?] <

Proof. All the work has been done already. The statement about a finite measure
comes from Corollary 3.5 and the rest from Theorem 3.9 and Proposition 3.19.

4. The discrete factor case, Moore’s theorem and the examples of Ornstein, Brunel,
Arnold and Chacon.

4.1. The space and the group. Now each factor space is assumed to be countable.
Without loss of generality, for each index k, either X, ={1,2,3,...,n,} where
n, € N or X;,,=N and then we say n,=o00. X, is given the usual measure structure
with every subset measurable and a unit measure p, is chosen for X}, so that each
point has positive measure. Thus for each k, there exists a sequence {p;; : 1Zi<n,}
such that w({i})=py,.>0 and 37%, p, ;=1.

For the groups G, we take G, = Z(n,), the cyclic group of order n,, if n, is finite.
Otherwise we take G as the integers. Once again G= v @ Gy, the direct sum.

To describe the action of G, on X, let g, be the generator. Then, if »n, <o,
g()=i+1 mod (n,). When n, =00, the situation is a little complicated since to
avoid double summations we have chosen to take X; as N not Z. The action of
gi is defined in this instance by ---7—+>5—->3—->1—>2-—>4—>6--- under g.
Now G acts on X in the obvious way, i.e. if g€ G, then g=]],cr g* for some
F e % so given x=(x,, X3,...) € X,

g-x has kth coordinate x, if k ¢ F and

g-x has kth coordinate gi*-x; if k € F.

This messy notation is not used in the sequel.
The following theorem was proved by C. C. Moore in [9].

4.2. THEOREM. Take (X, &, 1) and G as above.
(a) There exists a finite G-invariant measure equivalent to p iff for each index k,
n, <o, and

M

Zk [VPri—1/v/n 2 < oo,

k

1
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(b) Assume that for each k, p,.  is decreasing with respect to i and there exists a>0
such that all p, 1 2 a. Then there is a o-finite, G-invariant measure equivalent to u iff
for some c>0,

®  my

Z Z Prel PrealPrea—1[2 < oo,

k=1 i=1
where |t|, means min {|t|, ¢} for any t € R.

ReMARK. Notice that if we define s, <n, by, for each index k, 1=Zi<s, iff
Dr.a/Pri—1=c, then the convergence of the series in (b) is equivalent to the con-
vergence of the two series,

0

z Z Prei(Pr,a[Pes—1)?

k=11i=1
and

© Nk

z (Pr.p)-

k=1 i=sg+1

Also, in this theorem that the condition {p; ; : k € N} has a uniform, positive
lower bound is immediately suspect since it does not apply in the finite case. In
fact, if for each k, n,=k, and p,=1/k, 1<i<k, then we have an example in
which a finite invariant measure exists by 4.2(a) and yet p, ; — 0.

The original purpose of this paper was to free Moore’s theorem from this
condition. However, once this had been achieved it became clear that the improved
result also applied to the more general situation described in Theorem 3.20. So as
a corollary to 3.20 we have the following:

4.3. THEOREM. If (X, &, 1) and G are described as in 4.1 then the following con-
ditions are equivalent:

(a) There exists a o-finite, G-invariant measure v equivalent to p.

(b) For each index k, there exists Y, < X,, such that |Y,|=r,<oo and

1— r.| < oo.
2 [17(2, vpes) [vr]
(c) For each index k, there exists Y, < X, such that |Y,|=r,<oo and both

i Z (Prs) < ©

k=1 i¢Yy
and

kiu [(VPei—1/v1n]? < .

€Yy

There will exist a finite invariant measure equivalent to p iff for each k, n, <o

and
i [1—(§ \/pk,,)/\/nk] < ©0.

k=1 i=1
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Proof. This is just Theorem 3.20 restated in the discrete factor case. To note
the equivalence of the conditions in (b) and (c) look at the equality

2[1—(2 \/Pk,i)/\/’k] = [1“ z pk,i]+ Z [(VPri—1/v/1e)?

1eYy €Yy ieYy

4.4. REMARK. A long and tedious calculation shows that Moore’s theorem can
be derived directly from Theorem 4.3. Furthermore, the single condition ‘““there
exists ¢>0 such that >2_; S7, pri| Pr.1/Pri—1]2<0,” while a sufficient con-
dition for the existence of a o-finite, G-invariant measure, v equivalent to y, is not
a necessary condition except under the additional hypothesis “there exists a>0
such that p, ; = a for all kK € N.” These results are not used in what follows and for
further details the reader is referred to the author’s thesis. We turn now to an
interesting application of Theorem 4.3.

4.5. A class of transformations which lack an invariant measure. Theorem 4.3
can be used in a rather nice way to construct a class of ergodic automorphisms on
the unit interval which have no invariant o-finite measure equivalent to Lebesgue
measure. As special cases, this class includes the transformations constructed by
D. S. Ornstein [10], A. Brunel [2], L. K. Arnold [1] and R. V. Chacon [3]. More-
over, Theorem 4.3 shows directly why these transformations have the required
property and reveals their common features.

We commence by setting up a correspondence between the unit interval and a
product space of finite factors, which identifies the product structure with an easily
visualized family of subintervals. Let / be the unit interval [0, 1), %, the Borel sets,
and m Lebesgue measure. Let {n, : k € N}<N. Successively partition the unit
interval as follows:

Stage 1. We divide I into n; equal subintervals.

Put P, ;=[(j—1)/ny, jlm), 1 Sj<ny, and put A={P, ; : 1 Sj<ny}.

Stage 2. We divide each P, ; into n, equal subintervals.

Put P, ;=[(j— 1)/my, jims), 1 SjSmy=nyny, and put %={Py ; : | Sj<m,}.

By an induction argument we have an increasing (with respect to refinement)
sequence of partitions {%, : k € N} such that P, ,=[(j—1)/my,jimy), 1Sj<m,,
and #,={P,,: 1<j<m,}, where my=1 and m,=nn,- - -n,. % is obtained by
dividing each of the subintervals of &, _, into n, equal parts.

Clearly, for each ¢t € I, we have a unique sequence {Py () : kK € N} such that
{t}=ken P, ,(t) and the smallest o-algebra containing all the P, is just %,.

Action of G on (I, B,). Asin 4.1, G=37_1 D Gy, where Gy is the cyclic group of
order n, and g, is the generator.

Now, for all tel, g,(t)=t+1/n, mod (1), and g(¢)=¢+1/m; mod (1/my_,),
for k>1, i.e. g, translates mod (1/m, ) the elements of each % N P, _, ;.

Definition of the map T. A map T:I—> I is defined in terms of the generators
of G. T will have the property that elements of G can be expressed in terms of



1971] o-FINITE INVARIANT MEASURES 365

powers of T. Firstly, we construct the countable partition Z={R, : k€ N}, of I
where
Rk = [(mk_l—‘ l)/mk_l, (mk— l)/mk) for all k € N.

Then T(t)=g,(t)=t+1/n, if teR;. And T(t)=gi-18.0)=t+1/m,_,+1/m,
mod (1) if £ € R, and k> 1. What T does is to reverse the order of the subintervals
R,, while leaving their length and direction unchanged. A map T defined as above
is said to be of type {n, : k € N}.

Compatible measures for T. Take a set of positive numbers

{pes:1 =i n,keN},

with the property that for all k, >, p,;=1. Using these we define a measure pu’
on (I, %,) by giving the values of u’ on the sets P; ;.

Stage 1. p'(Py,;)=p;,;, 1 £j<ny, ie. we divide I into n; equal subintervals and
give them measures in the ratio p; 1:p1,2: -« P1,a,-

Stage k. If k> 1, divide each of the P, ; into n, equal subintervals and assign
them measures in the ratio p, i:pga:- - -Pi,n,. A measure p’ defined as above is
said to be compatible with respect to the map T.

The correspondence between (X, #, u) and (I, %,, p'). Let T and p' be defined as
above. Form the product space (X, %, ) in the usual way and let U: X — I be
defined by U(x)=>7_; (x,—1)/m, for all x e X.

4.6. PROPOSITION. (a) The map U is measurable, invertible and preserves the action
of G. Furthermore, p=p'U and G acts on (I, B,) as an ergodic group of auto-
morphisms.

(b) T is an ergodic automorphism of (I, B,, n’).

(c) If v is a o-finite measure on (I, %,), then v is G-invariant iff v is T-invariant.

Proof. (a) This is an easy generalization of the case when all the n, are equal
which is well known (e.g. decimals). The statement about G is an immediate con-
sequence of the properties of U.

(b) From the way T was defined it is clearly both measurable and invertible. To
show that T is nonsingular let Be %, and suppose that u'(B)=0. Then B=
Urken B N R, and these sets are disjoint. Let g, be the identity on I. Then

#'(TB) = F'(Tkgv BN Rk) = .‘"'(kLe%,gk-lgk(B N Rk))

= Z ©'(gk-18{(B N Ry)) = 0,
keN
since each g, is an automorphism.
To show that T is ergodic, suppose that B € %, is a T-invariant set. Then, U ~'B
is U ~'TU-invariant in (X, %, p). But invariant sets of the map U ~'TU are of the
type to which we can apply the Zero One Law, hence have measure zero or one.
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(c) This is the most interesting part of the previous proposition. Suppose that
v is a G-invariant measure on (I, %,, u'). Let B e %,. Then, B=|J,.n B N R, and
these sets are disjoint. So,

WTB) = > W(gi-18(BNRY)) = > v(BN R,) = wB).
keN keN

To get the converse we must express the generators of G in terms of powers of
T. Look at g;.

2:t) =T() ifte Ry,
=T"™(t) ift¢R,.

In the general case if we let, for each index k,

Or = U{Prin : 1 SjSm_y},
then
gi(t) = T™-1(t) ift¢ Oy,
=T"™() ifte,.

Now suppose that v is T-invariant. If Be %, and k € N,

W(gxB) = W(T™-1(B N Qi) +UT ~"(B\Qy))
=B N Q) +«B\Q:) = »(B).

It follows that v is G-invariant also.

The last step in this construction is to map I into itself in such a way that the
measure p is exchanged with Lebesgue measure. Suppose that T'is a transformation
of type {n, : k € N} and p is a compatible measure. Corresponding to {%, : k € N},
we define another sequence of increasing partitions {Z(x) : k € N} by the following
process.

Stage 1. Divide I into n, subintervals #(u)={P; () : 1=<j=<n,}. These sub-
intervals are half open on the right and have lengths in the ratio p;,1:p1,2: - - * P1,n,5
ie. P1,1(w)=10, p1,1), P1 ) =[2121 Prts 2l=1 P1) if 1 <jSny.

Stage k. We divide each of the P, _, (u) into n, subintervals half open on the
right and with lengths in the ratio py i:pga:-- - Pk,n,. This partition is called
Zw)={Py (i) : 12j=m}.

The map V,. We define a map V,: By — %o by Vu(Py,;) =Py (1), l £j<m, and
k € N. This clearly extends to a unique map on %, and a point to point transforma-
tion on 7 if p is nonatomic.

4.7. PROPOSITION. Suppose that p is nonatomic.

(a) V, is a measurable, invertible transformation on (I, %,, m) and the measures
are related by mV,=p.

) If T,=V, TV, then T, is an ergodic automorphism of (I, %#,, m).
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Proof. (a) Let el Then for each index k, there exists a unique Py (1)
containing ¢. If u is nonatomic, then

{t} = N {Prjep) : ke N}.

That V, is a measurable, invertible, point to point transformation follows
immediately. Also, for any Py ;, mV,(Py,;)=m(Py (p)) =p(Py,), so mV,=pu.

(b) is obvious.

4.8. REMARK. It is the transformations 7, in which we are mainly interested.
T, acts linearly with respect to the Py ;(u) in the same way that T translated the
Py ,.

It would of course have been possible to construct T directly on the product
space (i.e. U 'TU) and then proceeded straight to (I, %,, m). However, the map
is more easily pictured on the interval and the notation less messy.

The best that can be done in the atomic case is to take an atomic subalgebra
%, of B, such that B,(m) Vz“ #y(r). Then V, and T, will not be point to point
transformations, but they will still be invertible transformations of the algebras.
However, we might just as well use (I, B,, u, T) as the model for the system.

If w is atomic there will always be a o-finite, T-invariant measure equivalent to
w. This measure is finite only when all but a finite number of the n,=1 and the
infinite product collapses down to a finite product. This situation is still covered
by the criterion in the next theorem.

4.9. THEOREM. Let T be a transformation of type {n, : k € N}, and let p be the
compatible measure for T determined by {p,; : 1<i<n,, k € N}. Form T, as above.

(a) There exists v~m, o-finite and T,-invariant iff for each k € N, there exists
Y, <{1,2,...,m}, | Yy|=ry, such that

2 [ (3 v ] <=

feYy

(b) Assume that for each index k, p,; is decreasing in i and p, ,=a>0, for some
a>0. Then there exists v~m, o-finite and T,-invariant iff

© n

> > Peal Pualpei—1[2 < o for some ¢ > 0.

k=11i=1

(c) There exists v~m, finite and T -invariant, iff

5 (5 o] <

Proof. If v is a o-finite measure on (I, %,), so too is vV, and v~m iff vV,~mV,.
Now we apply 4.2 and 4.3.

4.10. The transformations of Ornstein, Brunel, Arnold and Chacon. The first
example of an automorphism with no o-finite invariant measure was constructed
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by D. S. Ornstein in 1960 [10]. Later examples have been found by A. Brunel [2],
R. V. Chacon [3] and L. K. Arnold [1]. In addition, Arnold demonstrated that both
Ornstein’s and Brunel’s transformations could be approached more simply using
his method. However, we do not want to go into the details of the original con-
structions of these transformations here. We wish only to indicate how they can
be regarded as special cases of the transformations T,.

D. Ornstein’s Transformation. For each index k, let n, =3, p,,1=4%, and p, ;=
1/(2n,—2), 1 <i<n,. We apply the criterion in Theorem 4.9(a) using the fact that
convergence of

2 [1=(Z vons) v

ieYy

is equivalent to the joint convergence of the series

5 3 p ad 35 ol

k=1 i¢Y, €Yy

Suppose that we can find sets Y, <{1,2,...,n,} such that 32 ; Sy, Pr,i <00.
Then clearly, there is a k, € N such that if k=k,, 1 € Y, and

0 0

D me—r)/@m—2)= > > ppi < co.
k=ko k'=ko 1¢Yy
In particular r,/n, — 1 and r, =3 for k=some k, € N. Hence

S S Wo—lVrrEz S (/v2-1/y/37 = .

k=k; {€Y¥y k=k;

v

So there does not exist any o-finite measure on I which is T -invariant and
equivalent to m.

A. Brunel’s Transformation. For each index k, let n,=3, and p,;=2%=p;s,
while p, o, =3.

Interchanging p,; and py ., and using exactly the same argument as above, we
arrive at the same conclusion.

L. K. Arnold’s Transformation. For each index k, let n,=2, p, ;=1/(a+1)>1%,
and py s =cf(e+1), where « € (0, 1). Clearly, 351 ey, Pri < iff Y;={1, 2}, for
all kK =Zsome k,. Then

[

0
> D Whea—1vrP 2z D (1/v/(e+1)—1/y/2)? = .
k'=ko i€¥) k=ko

Once again, there is no o-finite T,-invariant measure on / equivalent to m.

It is obvious from the form of the criterion in Theorem 4.9 that if the factor
spaces are taken to be identical as in the last two transformations above, there can
not exist any o-finite invariant measure unless p; ;=1/n,, 1 £i<n,, and then there
is a finite invariant measure.
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R. V. Chacon’s Transformation. Chacon proves a result (Lemma 2 in his paper)
repeated applications of which can be used to construct an automorphism with the
required properties. He does not go into details of the construction and there would
appear to be more than one way to achieve this. However, by what seems to be the
most simple interpretation we get the following transformation of the sort T,.
Details of his construction not essential to our purpose have been omitted.

Let £ € (0, 1) and let {b, : k € N} be a positive sequence such that b, — co. Take
n,>2 and an arbitrary set of positive numbers {p, ; : 1 £j<n;} summing to 1.
For k> 1, take p, ,=¢ and 0<p, ;< 1/by if 1 <j<n,. Here all the n;>2.

Now suppose that we can find sets Y, <{1,2,..., n} with | Y,|=r,, such that
Dk=1 2ievy Pr,i <. Then, except for a finite number of values of k, 1 € Y,. Also,
if

w©

> > (Wpka—1/Vr)? < w,

k=1 {e¥)

then p,;— ¢ uniformly (i e ¥,). But from our hypotheses, p;;— 0 uniformly
@i>1.
It follows that Y,,={1} for all but a finite number of values of k, and

S5 pu=w.

k=1 {éY)

From Chacon’s basic lemma, we can also construct a more complicated auto-
morphism which, though not itself of the T, type, induces a T, type transformation
on a subinterval of 1. This induced transformation is somewhat similar to the
above and can be reached by our criterion.

In general, this criterion can always be applied to a system (X, %, u, T') with the
following properties.

(a) T is an ergodic automorphism of the space.

(b) There exists a countable family of independent, finite, measurable partitions
of (X, %, n), {4 : k € N} which generate %.

(c) For each ne N, \/?.; S, is a T-invariant partition.

Under these conditions, T will be isomorphic to some T, on (I, %,, m).
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