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Abstract. Let & be a semisimple Jordan algebra over an algebraically closed field
® of characteristic zero. Let G be the automorphism group of & and I' the structure
groups of &. General results on G and I are given, the proofs of which do not involve
the use of the classification theory of simple Jordan algebras over @. Specifically, the
algebraic components of the linear algebraic groups G and I" are determined, and a
formula for the number of components in each case is given. In the course of this
investigation, certain Lie algebras and root spaces associated with & are studied.

For each component G; of G, the index of G is defined to be the minimum dimen-
sion of the 1-eigenspace of the automorphisms belonging to G;. It is shown that the
index of G is also the minimum dimension of the fixed-point spaces of automorphisms
in G;. An element of G is called regular if the dimension of its 1-eigenspace is equal to
the index of the component to which it belongs. It is proven that an automorphism
is regular if and only if its 1-eigenspace is an associative subalgebra of J. A formula
for the index of each component G; is given.

In the Appendix, a new proof is given of the fact that the set of primitive idem-
potents of a simple Jordan algebra over @ is an irreducible algebraic set.

Introduction. Let  be a semisimple Jordan algebra over an algebraically closed
field ® of characteristic zero, and let G be the automorphism group of I. Our
purpose in the following is to present general results on G which, are analogous to
certain well-known results on Lie algebras, the proofs of which do not involve
the use of the classification theory of simple Jordan algebras over ®. Specifically,
we wish to determine the algebraic components of the linear algebraic group G;
that is, if G, is the component of the identity of G, we wish to find the cosets G,, G,
Gy, ... of Gy For each component G; of G we will investigate the following
question: For 5 € G;, how small can the dimension of the fixed-point space of 5 be ?
Finally, we will apply the results of this investigation to each of the simple Jordan
algebras over ®.
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The corresponding questions for Lie algebras are answered in Chapter 9 of [8]
and in [9], the contents of which we summarize here. Let & be a semisimple Lie
algebra over an algebraically closed field of characteristic zero, and let G=Aut &,
the automorphism group of &. Then there is a natural isomorphism between the
group G/G, of algebraic components of G and the group of automorphisms of the
Dynkin diagram of &, which is described as follows: Let $ be a Cartan subalgebra
of €, and let 5 € G. Then there exists an automorphism 7 € G,, the component of
the identity of G, such that %z stabilizes . The dual transformation (y7)* of
n7|$ permutes the roots of £ and so is of the form w;w,, where w; is in the Weyl
group of & and w, stabilizes a simple system of roots of €. Thus w, induces an
automorphism = of the diagram of &; =~ ! is the automorphism corresponding to
the component 5G, of 7. If G; is a component of G we define the index of G; to be
the minimum dimension of the 1-eigenspaces of automorphisms belonging to G;; we
call an element 7 of G; regular if the dimension of its 1-eigenspace is the index of
G;. In [9] it is shown that the 1-eigenspace of any automorphism 5 of & is a reduc-
tive subalgebra of € which is abelian if and only if 7 is regular, and that the index
of a component G; is the number of orbits of the corresponding automorphism of
the Dynkin diagram of & (regarded as a permutation of the points of the diagram).
It is also shown that the index of G; is the minimum dimension of the fixed-point
spaces of automorphisms belonging to G;.

Our method in studying the Jordan algebra & and its automorphism group will
be to transfer the problems to certain Lie algebras associated with &. Three Lie
algebras will be of particular interest: the derivation algebra Der J, the structure
Lie algebra £(3), and the Koecher-Tits algebra £(3). The reader is referred to
Chapter 8 of [10] for the definitions and elementary properties of these algebras.
For the moment, we only remark that 8(g) is semisimple, while (&) and Der &
are completely reducible, so that their derived algebras 2(S)" and Der & are semi-
simple. We shall study in particular the root spaces and Weyl groups of Der &',
2(3)’, and K(J), so that we may make use of the results on automorphisms of Lie
algebras summarized above. Finally, we shall occasionally need to use facts about
linear algebraic groups, for which we offer [2] as a suitable reference.

1. Preliminaries. In the following, except when explicitly stated otherwise,
will be a finite-dimensional semisimple Jordan algebra over an algebraically closed
field @ of characteristic zero. The product of two elements x, y €  will be written
x.y. We will denote by R the regular representation of J, i.e. if a €  then R, is the
mapping x — x.a of & into itself. We will denote by U the quadratic representation
of §; that is, U,=2R%2— R, 2 for a € . The essential properties of R and U are
given in Chapter 1 of [10]; for the moment we mention only the so-called ““ Funda-
mental Formula” of Jordan algebras, namely

U anU a = Uwa
for all a, b €S, and the fact that a € & is invertible if and only if U, is invertible.
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Let G be the automorphism group and I' the structure group of & Here I is
defined to be the set of nonsingular linear transformations » of & into itself such
that there exists a nonsingular linear transformation »* of $ satisfying »*U,n=U,,
for every a € &. Here ## is uniquely determined, for if we take a=1, we find that
y#=Uym~1 It is clear that G < T, since if n € G then " *Un="U,, for all a e 3.
The Fundamental Formula implies that U, € I" for all invertible elements a of .
On page 59 of [10] it is shown that G={n e ' | Iy=1}. Both G and I" are linear
algebraic groups; this fact is well known for G, and follows for I" from the observa-
tion that the conditions U, p~*Un="U,, for all a e J are expressible as a set of
polynomial equations on Homg (5, I). We will denote by G, and I’y the algebraic
components of the identity of the groups G and T, respectively, and in general for
any linear group L, L, will denote the component of the identity of L.

We will be concerned with several Lie algebras associated with & ®=Der &
will be the derivation algebra of §. We recall that linear transformations of J of
the form [R,, R,], a, b € J, are derivations of §; sums of such derivations are called
inner derivations [10, p. 35]. Since & is semisimple and the characteristic of @ is
zero, every derivation of & is inner, i.e. ®=[Rg, Rg]. Also D is a completely re-
ducible Lie algebra of linear transformations of &, so that D= @ D', where €
is the center of D, and ¥, the derived algebra of D, is semisimple (for proofs of
these facts about ®, see [10, pp. 323-324]). If I=F; D JFo, Where I, and J, are
ideals of &, then D~ Der §; @ Der &, where the isomorphism identifies Der J,
with {D € ® | 3, D=0} and Der 3, with {D e D | §;D=0}.

By 2 =2(8) we will mean the structure Lie algebra Ry @ ® of J. This is a Lie
algebra since [Rg, R3]<D and since for aeJ, DeD, we have [R,,D]=R,p.
It is also a completely reducible algebra of linear transformations of J; in fact, the
simple ideals of & are the irreducible -submodules of J. Hence 8=C @ &/,
where € is the center of € and &', the derived algebra of &, is semisimple. For x, y,
z € & we define the associator of x, y, and z to be [x, y, z]=(x.y).z—x.(y.z); by ¥
we mean the subspace of § spanned by all associators. Then & = Ry @ D [10, proof
of Theorem 3, p. 314]. It is also clear that 2(F; @ J2)~ &(I1) @ L(J2) in a natural
way, since ;- Fo=0.

By &= R(3) we will mean the Koecher-Tits algebra of . This algebra has as the
underlying vector space I @ J @ &, the direct sum of £ and two copies of J.
The product in & is given by anticommutativity and the following:

g is a subalgebra of &,

[3: J1=[T 31=0,

[x, R, + D]=x(R,+ D) and [X, R,+ D]=(x(—R,+ D))" if x,ye ¥, DeD,

[x9 }_)] =2(Rx.y - [Rx’ Ry]) if x, Y€ R
(Typographical convenience has throughout this paper required the occasional use
of the awkward notations (4)~, (4)~, (4)" in place of 4, 4, A, respectively,
whenever A4 is a sequence of two or more symbols.) In this definition we follow
Koecher [11] rather than Jacobson [10], who defines [x, 7] to be R, ,—[R,, Ry].
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It is easy to check that the two definitions yield isomorphic algebras. That & is a Lie
algebra with this product is proven in [10, pp. 325-326], or in [11, p. 799]. & is
semisimple if and only if & is semisimple, and is simple if and only if & is simple
[10, pp. 332-333] (or [11, pp. 794 and 805]). As before, R($; D F2)= R(S1)
@ K(S,). By ¢ we will mean the automorphism of & which sends a+b+ R, + D
—>b+a—R,+ D for all a, b, ce S and D € D. We will also use the same letter &
to denote the restriction of this mapping to &, i.e. the automorphism of & given by
R,+D+> —R,+DforallaeQ3, DeD.

We will be interested in Cartan subalgebras of these Lie algebras. In this connec-
tion we have the following general

LEMMA. Let & be a Lie algebra and € an abelian Lie algebra. If $, is a Cartan sub-
algebra of R, then $=C @ 9, is a Cartan subalgebra of € @ . Conversely, if $ is
a Cartan subalgebra of € @ R, then $=C D 9,, where H,=9 N L is a Cartan sub-
algebra of 2.

Proof. Since $, is nilpotent and [9, D]<[C, C]+[C, $,]1+[D:, H:]1=0+0
+[91, $.1], O is also nilpotent. If ¢c € €, x € & are such that ads@g (¢ + x) normalizes
9, then ad x normalizes ,. l.e., x € $,. Hence € @ 9, is a Cartan subalgebra of
COP L.

Let $ be a Cartan subalgebra of € @ L. Since [€, 8]=0, ad € normalizes $ and
thus €< $. Hence if 9, is the projection of § on &, then $, < $. This means that
HD:1=9N Land H=C D 9H;. H; is a homomorphic image of $ and so is nilpotent.
If xe® is such that [9,, x]<9,, then [D, x]=][€, x]+[D1, X]=0D $H,. Thus
x €9, ie. x€H NL=9,. This shows that H, is a Cartan subalgebra of L.

PROPOSITION 1. Let 8 be a Cartan subalgebra of ®=Der S and let A
={xeJ | xBW=0}. Then D= Ru+ B is the unique Cartan subalgebra of & containing
.

Proof. We first show that adg W is a completely reducible algebra of linear
transformations of . Indeed, ®=E E D’ and so by the lemma B=C P BW,,
where B; =W N D’ is a Cartan subalgebra of D’. Now € is an abelian Lie algebra
of semisimple transformations [8, p. 47]; standard results of the representation
theory of semisimple Lie algebras [1, Exposé 17] show that the same is true of 28;.
Since [€, ;]=0, W is also a commutative Lie algebra of semisimple transforma-
tions of & (the sum of commuting semisimple transformations is semisimple).
Hence W is completely reducible [8, p. 100]. Now the adjoint action of 2 in
Homy, (S, ) is completely reducible [8, pp. 22 and 83]. The restriction of this action
to € is adg W, which is thus completely reducible.

W=D’ and L' is semisimple. Since adg W is completely reducible and stabil-
izes &', adg- W is also completely reducible. But W is abelian (since W; is); thus we
can apply [8, p. 105, exercise 21] to conclude that 2 is contained in some Cartan
subalgebra $; of &'. Using the lemma again, we conclude that  is contained in
some Cartan subalgebra of &, namely € @ 9,.
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Let  be any Cartan subalgebra of & containing . Then $=€ P ,, where
91, a Cartan subalgebra of &, is abelian. This means that $ is abelian. Let R,
+De 9 and Ec B. Then 0=[R,+ D, E]=R.z+[D, E]. Le., x®=0and [D, 28]
=0; in particular D normalizes . Hence x € A and D € W. This means that
DS Ry+W.

Ry + Wis asubalgebra of &. In fact [Ry, W]=Rur=0; andif x, ye Aand De W
then [[R,, R,], D]=[[Rx, D], R,]+[Rx«, [Ry, D]]=0+0 so that [R,, R,] normal-
izes W and hence is in W. Thus [Ry, Ry]< W.

Ry+W is nilpotent: [Ry+W, Ru+ W]<[Ru, Ru]+ [Ry, W]+ [W, W]=[Ra,
Ry] and [[Ry, Ru], Ru+BW]=[TW, Ru+ W]=0. Since a Cartan subalgebra is a
maximal nilpotent subalgebra [8, p. 103, exercise 1], we have $ = Ry+ 2.

PROPOSITION 2. Let § be any Jordan algebra with 1, & the structure Lie algebra of
& and R the Koecher-Tits algebra of &. If © is a Cartan subalgebra of &, then $ is
also a. Cartan subalgebra of R.

Proof. 9 is certainly a nilpotent subalgebra of &. [R,;, $]=0 since R, is the iden-
tity map of &; so R, normalizes $—i.e. R, € . Now suppose a+b+L € & nor-
malizes 9. Then a—b=a.1—(b.1)~ +0=aR; +(b(—R,))™ +[L, R,]=[a+b+L, R,]
e <= Q. Hence a=b=0, so that L normalizes . We conclude that a+b+L
=Le.

Henceforth ® will be a fixed, but arbitrary, Cartan subalgebra of ®. We let
B=WNDY, A={xeF| xW=0}, S=Ru+BW, H,=9 N &'. Propositions 1 and
2 show that $ is a Cartan subalgebra of & and is therefore abelian. Let ' =% N §’;
then $;=(Ru @ B) N (Ry @ D)=Ru @ B.

By ( , ) we will mean the Killing form of & and by { , ) the Killing form of £'.
The form ( , ) is nondegenerate on 9, the Cartan subalgebra of & constructed
above. Associated with ( , ) in a natural way is a symmetric bilinear form on £*,
the dual space of $. The same symbol will be used for this form, which is defined as
follows: If «, B € $*, we choose H,, Hy; € $ so that for all He 9, (H,, H)=o(H)
and (Hg, H)=B(H); then (o, B)=(H,, H;). Similarly, < , > is a nondegenerate
bilinear form on $, and gives rise to a nondegenerate form ¢ , > on $¥.

PROPOSITION 3. &' =Ry @ €D D', where the three spaces Ry, €, and D' are
mutually orthogonal with respect to < , >.

Proof. We first show that Ry and ® are orthogonal. If ae€ J and D € D then
Ry ad R, ad D=[[Ry, R,], D]=[D, D]=D and D ad R, ad D=[[D, R,], D]
<[R,9, DI=[Ry, D]= Ry ,<=Ry. Thus ad R, ad D interchanges the spaces Ry
and D. It follows that <R,, D>=tr ad R, ad D=0.

Since ®’ is spanned by all products [D, F], D, Fe D, to show that (€, D'>=0
we need only to show that (E, [D, F]>=0 for every E€ €, D, Fe®D. Now
0=®Dad Ead [D, F]. Also E[D,F]|=E(DF—FD)=EDF—FEFD=EDF—FED
=[ED, F]. Thus if aeQ’, R,ad Ead [D, Fl=[[R,, E], [D, Fl]=Ruzp.r- This
means that <E, [D, F]>=trn8, ad F ad [D, Fl=try [ED, F]=0.
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COROLLARY. $,=Ry @ € D BW,, where Ry, €, and B, are mutually orthogonal
with respect to { , >.

We define the linear transformation «+> & from $¥ to $* to be the dual of the
natural projection of $=€ @ 9, onto 9,. Thus if « € H¥, Ce € and H € H, then
&(C+ H)=o(H). Note that &(€)=0 and &|9,=«. Thus the mapping a+>&is
injective. The image ($¥)” consists of all p € $* such that p(€)=0. For if p has this
property then (p|9,)"=p.

In a similar way we define the linear transformation w+> & from ¥ to H¥
to be the dual of the natural projection of $, =Ry @ € @ B, onto W,. Thus if
weBWY¥, aeW', Ec€ and He W, then &(R ,+ E+ H)=w(H). The mapping w
> & is injective and the image (W¥)~ consists of all « € HF such that «(Ry’) =€)
=0. We let €*={u € $F | «(Ru’)=(W,)=0} and A*={a € H} | «(€)=(W,)=0}.
With these definitions $F=A* ® €* @ (W})~, as is easily verified (the inconsis-
tency in notation here is deliberate: although A* and €* can be naturally identified
with the dual spaces of Ry and €, respectively, we shall not need to use this fact;
we will, however, make explicit use of the identification of (¥¥)~ with the dual
space of ;). The Corollary above implies that the three spaces UA*, €*, and
(BWF)~ are mutually orthogonal with respect to { , >. Indeed, let « € A*, B € E*,
y € (W¥)~ and choose H,, H;, H, in 9, so that for all He ,, <H,, H)=«(H),
{Hy, Hy=B(H), and {H,, H>=y(H). Since {H,, €+ ,>=0 and since the spaces
€ and W, are nonisotropic with respect to < , ), it follows that H, € Ry. Similarly
H; €€ and H,e ,. But then {«, B)=<{H,, Hz>=0, {«, y>={(H,, H,>=0 and
{B, y>=<H;, H,>=0. For brevity we let 8*=E* @ (W)~ in the sequel.

The automorphism & of & has period two and stabilizes $ and $,. We denote by
* both the dual of ¢ (acting in $*) and the dual of ¢|9, (acting in H¥). These two
transformations agree in the following sense: if « € $F then («e*)™=ae*. Indeed,
if R,+De®, then (&e*)(R,+ D)=&(R,+ D)e)=&—R,+ D)=a(—R,+ D)=
ae*(R,+ D)= (ae*)"(R,+ D). Now if R,+ D is in the center of & then D=0, since
for all xeg, 0=[R,, R,+ D]=R,p+[R., R,], i.e. xD=0. This means that if
C e @ then Ce= — C so that &e*(C)=a&(— C)=0=(ae*)"(C).

If « e A* and w € W* then ae*= —a and we*=w. To see this, one merely ob-
serves that for all R,+ D€ 9, one has (ae*)(R,+ D)=o(—R,+ D)=o(—R,)=
—a(R,)=(—a)(R,+ D) and (we*)(R,+ D)=w(— R ;+ D)=w(D)=w(R,+ D). This
means that A* ={« € H¥ | xe* = —a} and W* ={« € HF | ae*=a}. As a consequence,
we see that for o € ¥, the projection of « on W* is «, =3(e+ae*), whereas the
projection of « on A* is «_ =4 ac—ae*). In fact, e* fixes $(¢+«e*) and sends
(a—ae*) to —3(x—ae*), so that $(a+ ae*) € W* and 3(«— xe*) € A*; and certainly
a=3(a+ ae*)+(a—ac*).

We now turn our attention to the relationship between the groups G and T' and
these algebras. If n € I, then the linear transformation 4: a+b+L — a+(by# ~1)~
+71 1Ly of & into itself is an automorphism of ®. If , { € T then 4{=(5)~ (see,
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for example, p. 33 of [12]). The mapping n+> 7 of I" into Aut & is clearly a rational
homomorphism, since n#~*=nUg;?. Since 7|§=n, the mapping n+> 4 is in fact a
birational isomorphism between I' and a subgroup I' of Aut ®. The fact that the
mapping is birational implies that it makes the algebraic components of I" and I’
correspond. In particular, (I")y=(I',)~. The same considerations apply to the
restriction of this automorphism to G; thus the components of G and G correspond
and (G),=(G,)". We can characterize the group [ as follows.

PROPOSITION 4. The following are equivalent:
() xel;
(ii) x is an automorphism of & fixing R;;
(iii) x is an automorphism of & stabilizing & and .

Proof. (i) implies (ii): If n € I is such that =y, then Ryx=7"'Rin=n"1In=I
=R,.

(i) implies (iii): Let a, b€ J. Then ay=[a, R,lx=I[ax, R.x]=[ax, R,] and by
=({(=b)(—R))"x=[-b, RIx=[—bx, R.]= —[bx, R,]. Now in general, if ¢, de &
and Le g then [c+d+L, R,]J=c—d+0 so that ¢c+d+L=[c+d+L, R,] means
d=L=0and c+d+L=—[c+d+L, R,] means c=L=0. Hence ay € § and by € §.

(i) implies (i): For any a € J, Rax=(R,.1—(Ra, Rix=3%[a, Ilx=3[ax, Ix] € &,
since ay € & and Ty € §. Since Rs generates € we have 8y< Q.

Let n=yx|3. Then if L € &, a € it follows that ap~*Ly=[ax~*, Llx=[ax~*x, Lx]
=l[a, Ly]=a(Ly). Thus n~1Ly=Ly.

Let 7, =exe|3. Then Jn=Jexe=3xe=Fe=3. And if beJ, by=bex=beyee
=bme=(bn)". Now 7 YR,,—[Rs, Roln=3%[a, blx=3%lan, (bn:1)~1=Ranon,—
[Rans Ryn,]- We let both sides of this equation operate on an, and use the fact [10, p.
325] that for a, b, c € & one has ¢(R,,—[R,, R,))={abc}=bU, . (here U, . means
3(Uyy.—U,—U,)). We conclude that {a, b, ajn={an, by,, an}, i.e. that bU,y
=bn,U,,. Therefore Un=%,U,, and it follows that ne€ ' and 5, =x#"1. This
proves that y=7: a+b+L — an+(by* %)~ 4+~ L.

COROLLARY. If x is an automorphism of &, then x € G if and only if R,x=R, and
Ix=1.

We note that G,< "< Aut, &, the component of the identity of Aut &. This fol-
lows from the fact that G, and T', are irreducible and contain 1, together with the
following general observation: If A4 is a linear group and S an irreducible subset of
A, then S is entirely contained in some algebraic component of 4. This observation
also shows that if G, is any component of G, then G, lies entirely in some component
T, of T, and T, lies entirely in some component of Aut .

If n € G, then 5~ *R,n=R,,. This implies that 7 stabilizes Ry and also that 7
stabilizes D =[Rs, R3]. Hence 7 must also stabilize € and ®’. We let 7=1|D’".
Then 7+ 7 is a rational homomorphism of G into Aut ®’.
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PROPOSITION 5. If m € G, then 4 fixes & pointwise. G, is the component of the
identity of Aut ®'.

Proof. Since the field has characteristic zero, ® is the Lie algebra of G, and the
subalgebras of Hom, (J, I) generated by D and by G, are the same [2, Vol. II,
Théoréme 16, p. 179 and Corollaire 2, p. 157]. Certainly € is in the center of this
subalgebra. Hence every element of G, commutes with every element of €. This
proves the first assertion.

Since the field is algebraically closed, G, is an algebraic group acting on ®’ [2,
Vol. II, Corollaire 1, p. 122]. Previous considerations have established that G,
< Aut, D'. So to show equality, we need only show that dime G, =dimg Aut, D'
This can be accomplished by showing that the Lie algebra of G, contains the Lie
algebra of Aut,®’, i.e. contains Der D' =adp' D’ (since D’ is semisimple). We do
this as follows:

We consider the adjoint representation of G,, under which each 5 € G, is mapped
to the linear transformation ad 5 of ® given by D> =Dy for all D e D. Now
ad @G, is an algebraic group whose Lie algebra contains ads D [2, Vol. II, Théoréme
6, p. 137; Définition 1, p. 138; Proposition 7, p. 142]. G, is the restriction of ad G,
to ®’. Let f be the mapping from Homg (D, D) to Homg (D', D’) which sends
{ € Hom (D, D) to the linear transformation {f such that for D € ®’, D({f) is the
projection of D{ onto ®’ (with respect to the decomposition ®=E @ D’). Then
f gives the rational representation of ad G, such that (ad G,)f=G,. So the Lie
algebra of G, contains the image of that of ad G, under the differential of f. Since
£ is linear, it is its own differential. In particular, the Lie algebra of G, contains
(adp D)f=adp D'.

2. Roots. We will be interested in several root systems: the root systems
associated with the semisimple Lie algebras &, &', and ®’, and one other abstract
root system which will be defined presently. The definition of root system we shall
use is that of Serre [13, p. V-3]. Thus by a root system we mean a finite subset =
of a rational vector space 8 equipped with a positive definite symmetric bilinear
form ( , ), such that the following conditions are satisfied:

(i) X spans B and does not contain 0;

(ii) for every o € X, the symmetry w, of % in the direction of « stabilizes =
(here w,: x = x—(2(x, a)/(a, &))e for all x € B);

(iii) for every «, B €Z, 2(«, B)/(e, ) is an integer.

The elements of X are called roots; X is reduced if for each «€X and Ae @,
Ao € X implies A= +1 or — 1. Itis proven in [13, Chapitre VI] that the reduced root
systems are exactly those corresponding to semisimple Lie algebras.

We first consider the relationship between the roots of €' (which are elements of

¥) and those of & (which belong to $*). Note that R, e €< §.

PROPOSITION 6. (a) If p is a root of & then the root space &, of p is contained
eitherin S, §, or &'.
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(b) If p is a root of R, then p(R))=+1, —1, or 0 according as &, is contained in
S, §, or &' respectively.

(¢) If a is a root of &' then & is a root of ® satisfying &(R,)=0. If p is a root of
R satisfying p(R,)=0, then a=p|9, is the unique root of &' such that &=p.

Proof. (a) Let 0#Ke &,, say K=a+b+L, where a, b€ J, L € & Then for any
He9, p(H)a+p(H)b+p(H)L=[K, Hl=[a, H]+[b, H1+[L, H]. Since ads 9
stabilizes 3, §, and € we have p(H)a=[a, H], p(H)b=[b, H], and p(H)L=[L, H].
But &, is 1-dimensional [8, p. 111], so at most one of a, b, L can be nonzero. Thus
R,=®a, ®b, or OL. If L#0, choose H so that p(H)#0. Then [p(H) L, H]=L,
ie. Le g’

(b) Let 0#£Ke &,. Then if K=ae$, [a, Ri]=a. If K=be, then [b, R]
=(b(—R))"=—b.If K=Le &, then [L, R,]=0.

(c) Let L e &, the root space of «. Then L is a root vector for & since [L, H]
=a(H)L whenever H € $,, and [L, C]=0=0-L whenever C € €. Certainly &(R,)
=0, since R, € €. Conversely, if p(R;)=0 then <&’ by (b). Let 0#L € &,. Then
for any H € 94, [L, Hl=p(H)L=(p|9,)(H)L. Thus L is a root vector for a=p|9;.
Moreover, for any Ce @€, 0=[L, C]=p(C)L, i.e. p(€)=0. This means that p=a

PROPOSITION 7. Let oy, ..., o, be a simple system of roots of &'. Then &,, ..., &
can be embedded in a simple system of roots of K.

Proof. Since «+> & is injective, &, ..., & are linearly independent in $*.
Choose roots py, ..., p, of & so that py, ..., p,, &, ..., & is a basis for $* and
hence also for $¥, the rational vector space spanned by the roots of ®. Let < be
the lexicographic ordering on ¥ associated with this basis of roots (in this order)
[8, p. 119]. Then with this ordering all &; are simple. To prove this we suppose that
for some k, &,=p+ o, where p>0, o >0 are roots of £ Now p and o must both be
linear combinations of &, ..., &. For otherwise there would exist a j such that
p=Xp;+ - - + Ap,+ > by, Where Ay, p; are rational numbers and A;>0. But this
would mean that o=&,—p= —A;p;+ - - - <0, a contradiction.

So suppose p=2 A& =(3 Noy)”. This means that p(R;)=0, i.e. (by Proposition
6(c)) that > Aoy =p| 9, is a root of £'. Similarly o=3 u;&; and > pey is a root of &'.
At least one A, and one p; are positive since p, >0. So p|9, and o|9, are positive
roots of & with respect to the simple system ey, ..., «. But op=p|9;+0|9;, a
contradition to the simplicity of o,.

PRrROPOSITION 8. Let o4, ..., o; be a simple system of roots of &'. Let p,, ..., p,,
&, ..., & be a simple system of roots of &. Then if p is any root of &, say
T
z npi+ Z m;b;,
i=1 i=1
it follows that at most one n; is nonzero, and that a nonzero n; is either +1 or —1.

Proof. Note that p;(R;)= + 1 for each i. Otherwise by Proposition 6(c) we would
have p;=a for some « € F, i.e. p; would be a linear combination of the &;’s. By
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replacing p by —p if necessary, we can assume all n;, m;=0. We apply [8, XVII,
p. 123] to this representation of p. Thus there is a sequence of roots, the last of
which is p, such that each root in the sequence is obtained by adding some simple
root to the preceding. If the proposition is false we consider the first root in this
sequence of partial sums which contains exactly two of the roots p;. Thus there
exist =2 ;& (¢;=0) and roots p;, p, so that p;+a, p;+ p;+ o are roots of K. Note
that o need not be a root.

Case 1. p(R,)=pj(R;)=1. Then (p;+p;+0)(R;)=2, in contradiction to Prop-
osition 6(b).

Case 2. p(R,)=pj(R;)=—1. Then (p;+ p,+0)(R,)= —2, again a contradiction.

Case 3. p(R;)=1, pj(R;)=—1. Then (p;+ p;+ 0)(R;)=0. But this would mean
that p;+ p;+o=& for some root « of & by Proposition 6(c). L.e., p;+p; is a linear
combination of &, ..., &, a contradiction.

Case 4. p(R,)=—1, p,(R;)=1. Then again (p;+ p;+ 0)(R;)=0, a contradiction.

PROPOSITION 9. Let o, ..., oy be a simple system of roots of R'. Then there is a
unique set {p,, ..., p:} of roots of & such that p;(R))="---=p/(R)=1and {p,, ...,
Prs 81, - .., &} is a simple system of roots of K.

Preof. By Proposition 7, we can choose roots pj, ..., p; so that p3, ..., p;,
&, ..., & is a simple system. In any event, p{(R,)=+1 for i=1, ..., r. Thus
p1(R)PL, - - -y p(RL)pr, &, ..., & is a basis for ¥ consisting of roots. Let < be
the lexicographic ordering on $¥ associated with this basis of roots (in this order).
As in the proof of Proposition 7, &;, ..., & are simple roots with respect to this
ordering. We show that if p is any other simple root, then p(R;)=1. Now by Prop-
osition 8, p=ep;+>; m&; for some jand e= + 1, i.e. p=ep(Ry)p;(Ry)p;+>: m;&,.
Now since p>0 in this ordering we must have epj(R;)=1, i.e. e=pj(R;). So
p(Ry)=ep(Ry) +0=pj(Ry)pi(Ry) = 1.

Let {0y, ..., 0y, &, ..., &} be a second simple system of roots such that ¢,(R,)
=1, i=1, ..., r. Then by Proposition 8, for each i, o;=¢p;, + >, m;;&;, where in
is1,2,...,orrand &= +1. Since {0y, ..., 0, &, ..., &} is linearly independent,
all the ir are distinct—i.e. 7 is a permutation of {1, ..., r}. Now &=¢;p;,(R;)
=o0y(R;)=1 for all i. Thus also all m;; are nonnegative integers. Furthermore,
piz=0;— 2>; my&;. And since {oy, ..., 6y, &, ..., &} is a simple system, all m,; are
nonpositive integers. Hence all m;; are zero and o;=p;;.

COROLLARY. Let py, ..., p;, 0, ..., o4 be as in Proposition 9. Let n be a linear
transformation of $* (or $¥) which permutes the roots of K, permutes the roots p of
R such that p(R,)=1, and permutes &,, . .., &. Then n also permutes p,, ..., p,.

Proof. {py, ..., prs &1, ..., &} is also a simple system of roots of &. It is equal
to {p1m, .- .» P, &1, ..., &}, Where (pm)(R;)=1 for all i. Thus by the uniqueness
assertion of Propostion 9, {p.7, ..., p}={p1> - - -» pr}.

PROPOSITION 10. Let «, B be roots of &'. Then 2{«, B)/{e, «>=2(&, B)/(&, &).
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Proof. Let B—ra, ..., B+qé be the a-string of roots through B. Now if ma+nB
is a root, so is m&+nf. Conversely, if ma+nB=(ma+nB)" is a root then since it
annihilates R;, ma+nB=(ma+nB)"|9H, is a root of & by Proposition 6(c). So the
a-string of roots through B is B—re, ..., B+ge. And it is well known [8, p. 116]
that 2(&, B)/(&, &) =r—q=2(e, B/{a, ).

We remark that Proposition 10 means that the Cartan matrix of &', which has
the integer 2{;, «,;>/<ey, o;> in the ij-position, is contained in the Cartan matrix
of & in a natural way. It also means that the Dynkin diagram of &’ is embedded in
the diagram of ®. Indeed, the diagram of & has vertices py, ..., p;, &1, ..., &; if
one deletes the points py, ..., p, and the lines to these points, one is left with the
diagram of &'. As an example, we consider J=9(D;3), the exceptional simple
Jordan algebra over ®. Now if & is any simple algebra, dim €=1. For by [10, proof
of Theorem 3, p. 314], €={R, | a is in the center of J}; and the fact that  is simple
over an algebraically closed field implies that the center of & is 1-dimensional. For
I=9(Ds), &' is of type Eg [8, p. 145] (or [7, p. 37]). Thus & is a simple Lie algebra
of rank 7 (rank ® =dim €+dim $, =1+ 6) whose diagram contains the diagram of
E. The only possibility is that R~ E..

We introduce a further piece of notation. If w € Homg, (9¥, $¥), define w to be
the unique linear transformation of ($¥)” such that for any « € H¥, (aw)™=aw.
Clearly w,w,=(wyw;)” and W, +Wo=(w; +wy)™.

ProposITION 11. If v is in the Weyl group of &', then © can be extended to a unique
element w of the Weyl group of & having the property that w permutes the roots p of
R such that p(R,)=1. Conversely, if w is in the Weyl group of & and permutes the
roots p of & such that p(R,)=1, then w stabilizes (D¥)" and w|(D¥) =0 for some
element v of the Weyl group of &'.

Proof. If o is a root of & and w, is the symmetry of $F in «, we show that w,
=wg|($¥)" and that w,; permutes the roots p of & such that p(R,)=1. This will
prove the existence of the element w asserted in the first sentence of the proposition;
for v is a product of such symmetries. Now for every B € HF,

~ 2{B, 2B,y
By = (b 505 o) =By @
= 3—2(3 P _3 Wa,

using Proposition 10. This shows that ws|(DF)"=Ww,)". And if p(R,)=1, then
(pwa)(Ry) =p(R1) — (2(p, &)/(&, &))&(Ry)=p(R;)—0=1.

Let oy, ..., ¢y be a simple system of roots of &" and let py, ..., p,, &, ..., & be
the simple system of roots of & whose existence was shown in Proposition 9. We
note that if w is an element of the Weyl group of & which permutes the roots p
such that p(R;)=1 and also permutes &,, ..., &, then w=1. For by the Corollary
to Proposition 9, w stabilizes the simple system of roots {py, ..., p;, &y, ..., &}.
Now if w; and w, are two extensions of ¢ permuting the roots p such that p(R;)=1,
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then wyw; ! fixes each of the roots &, ..., &, is in the Weyl group of ®, and per-
mutes the roots p such that p(R;)=1. Hence wywz *=1. This proves the unique-
ness of the extension of .

The same device can be used to prove the converse. First we note that if w is in
the Weyl group of & and permutes the roots p such that p(R;)=1, then w permutes
the roots p such that p(R,)= —1; indeed, p(R;)= —1 implies that (—p)(Ry)=+1,
so that (pw)(R;)= —((— p)w)(R;)= — 1. But then by Proposition 6(b) w must also
permute the roots p such that p(R;)=0. These roots span (£¥)", so that w stabilizes
(9F)". To prove the converse, we may then for each i let B; be the root of £’ such
that B, =&w; this is possible since &w is a root of & and (&w)(R,) =0—see Proposi-
tion 6(c). Then {B,, ..., B;} is a simple system of roots of &': it is certainly linearly
independent; also if B is any root of &', if « is the root of €’ such that &=Aw~1, and
if «=3 nmey (all n; having the same sign), then =2 n,8,. Choose v in the Weyl
group of &' so that {«,, ..., «;Jv={B;, ..., B}, and let w; be the unique extension
of ¥ to an element of the Weyl group of & permuting the roots p such that p(R;)=1.
Then wwyi ! is an element of the Weyl group of & permuting the roots p such that
p(R)=1 and stabilizing the set {&,...,&}. Hence wwil=1 and w|($})"
=w|(9F)"=0.

Since « stabilizes both £, and 9, ¢* permutes the roots of &’ (in its action on $¥)
and also permutes the roots of & (in its action on $*). In fact, if « is a root of &'
then (8 )e=28,.-1=28,. and similarly if p is a root of & then ®,:=8,.. If
p(R)=1, then (pe*)(R,)=p(R;1e)=p(—Ry)=—1. Similarly, if p(R;)=—1 then
(pe*)(Ry) =1 and if p(R,)=0 then (pe*)(R,)=0.

PROPOSITION 12. Suppose v is in the Weyl group of &' and w extends ¥ as in
Proposition 11. If v commutes with *, so does w.

Proof. ¢*we* is also in the Weyl group of &. In fact, if p is a root of & then
e*w,e* =w,.. If pisaroot of & such that p(R;)=1, then —pis aroot and (—p)(R;)
=—1. So (—pe*)(R)=1, (—pe*w)(R)=1 and (—pe*we*)(R;)=—1. Thus
e*we* permutes the roots p such that p(R;)=1. Finally, ¢*we* extends & (since
e*|(HDF)"=(e*)", and thus e*we*|(DF)" =(c*)"0(e*)" =(e*ve*)" =0). The unique-
ness assertion of Proposition 11 therefore says that e*we*=w.

We now investigate the structure of A={x e F | xW=0}. Let P be the set of
roots p of & which satisfy p(R;)=1, p()=0. The first condition means that the
root space &, is contained in . If x € &,, D € W the second condition means that
xD=[x, D]=p(D)x=0. Thus &,=%. In fact, we claim that A= P > ,p &,. First
we note that % is a subalgebra of J: indeed, if a, b€ ¥ and D € B then (a.b)D=
aD.5+a.bD=0+0=0. This means that A adg H=UAH=A)(Ru+ W) =AA+0=A.
Since A N =0 (recall that A is a subspace of F, which is embedded in &), we con-
clude that % is a sum of root spaces. If p is a root such that &,<= %, then & ,B< AW
=0, which shows that p(28)=0 and hence that p € P. This together with the above

means that A= P J,cp &,.
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Another characterization of P is that p € P if and only if p(R;)=1, pe*=—p.
Certainly if p(®)=0 then for all R,+De9, pe*(R .+ D)=p(—R,+ D)=
p(—R)=p(—R,— D)= —p(R,+ D). Conversely, if pe*=—p then for De B,
p(D)= — pe*(D)= — p(De)= — p(D), so p(D)=0.

Suppose that p, p’ € P are distinct roots. We show that &,.8,.=0, using the fact
that [Ra, Ry]=0. Let R, + D €  be such that p(R,+ D)+ p'(R,.+ D). Since p(D)
=p'(D)=0, we have for any ae &,, be &,

p(R.+ D)a.b = p(R,)a.b = (aR,).b = xR,R, = xR,R,
= a.(bR,) = p'(Ry)a.b = p'(R,+ D)a.b,

from which we conclude that a.b=0.

PropPoOSITION 13. (a) 1=3,.p e,, where 1 is the identity of &, each e, is a (nonzero)
root vector for the root p, and in addition the e,’s are orthogonal idempotents.

(b) Let {p1, ..., pry &1, - . ., &4} be a simple system of roots of & as in Proposition
9. Then for each i there exists an element o of $F and a p € P such that p=p;+é.

Proof. (a) 1 is certainly a sum >, e, of root vectors, where all the roots p
appearing in the summation satisfy p(R;)=1. If D e 2 then 0=1D=3, p(D)e,,
i.e. p(D)=0 for all p in the summation. This means that p(¥)=0 and hence that
each p in the summation belongs to P. The above remarks then show that e,.e,. =0
if p# p’. Multiplying both sides of 1 =3, e, by e, we find that e, =e,.e,, so that the
e,’s are orthogonal idempotents. Moreover, suppose p € P is such that no root
vector for p appears in the summation. Let x be a root vector for p; then x=1.x
=>,e,.x=0, a contradiction.

(b) If 1<i<r, then —p(R;)=—1, so that ®_, =§. Choose y € J so that yis a
root vector for — p;. If x is a root vector for a root p,+ &, i#J, « € HF, then [x, y]=0;
this is clear, since p,— p;+& is not a root, by Proposition 8. But every root p of &
such that ®,= is of the form p;+ & for some j and some «. Thus if no p € P has
the form p;+ &, we must have

0= [Z e y"] = [1, 7] = 2(Riy—[Ry, R))) = 2R,,

peP
i.e. y=0, a contradiction.

ProrosiTiON 14. Let {p,, ..., p;, &1, . .., &} be as in Proposition 9. Then for each
i there exists « € ¥ so that pie*= —p;,—é.

Proof. Choose p € P to have the form p,+f for some B € $¥; this is possible by
Proposition 13(b). Then

pie* = (p—B)e* = pe*—Pe* = —p—Pe* = —p,—f—Pe.

Thus we have «=p8+fe*.
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We next study the connection between roots of & and roots of ®’. As usual, we
define $¥, to be the rational span in $¥ of the roots of &'. Then dimg $F =dimg H¥
and on 9%,  , ) is a positive definite (rational) bilinear form. Let A¥ =A* N HF,
and WE=* N H¥,. We claim that HI, =A¥ + W¥. Suppose, then, that « is a root
of {'. The projection of « on A* is 4(c—ae*) and the projection of « on W* is
4(a+ ae*). Since ac* is also a root, both projections are in $¥,. Thus, taking rational
linear combinations of roots, we see that every element of $¥, is the sum of an
element of A¥ and one of W¥.

Note that the projection «_ of an element « of $¥ on UA* is the linear functional
which annihilates 8 and agrees with « on Ry, whereas the projection «, of « on
W* is the linear functional which annihilates Ry and agrees with « on 2. For these
two linear functionals are in A* and BW* respectively, and their sum is «.

PROPOSITION 15. If « is a root of &', then o, #0. There exists a simple system of
roots of &' which is stabilized by *.

Proof. Suppose « is a root of &’ such that «()=0. Let x€ &', D € D be chosen
so that R, + Dis a root vector for «. By hypothesis, [R,+ D, E]=0 for every E € 28.
But [R,+ D, E]=R,;+[D, E], so that xE=0 and [D, E]=0. This implies that
x €W and D e W, and hence that R, + D € H,, a contradiction.

Thus the projections of all the roots of & onto W* form a finite collection of
nonzero elements of W¥. We can choose an element w € WF which is not orthog-
onal to any of these projections. Note that for any « € ¥, (a, 0d>=<a, t+a_, w)
={a,, w) since <UA¥, W*>=0. Following [13, p. V-11], we can define a positive
system of roots by writing «>0 if and only if <w, «)>0. Now if «>0, then
{w, ay>0, hence {we*, ac*)> >0 (since ¢ is an automorphism of &', £* is an or-
thogonal transformation). But we*=w and so {w, ae*)> >0, i.e. ae*>0. Thus &*
maps the positive roots among themselves, and so maps the corresponding simple
system into itself.

Proposition 15 is a key result; it allows us to apply a theorem of Steinberg given
in [15, Theorem 32, p. 172]. We conclude that ¥ is a (not necessarily reduced)
root space whose roots are the projections of the roots of £ onto *. We call the
set of such projections Z,. The Weyl group of Z, is the set of restrictions to Z8¥
of elements of the Weyl group of & which commute with &*. If w is in the Weyl
group of &', commutes with ¢*, and satisfies w|®¥=1, then w=1. Finally, if
a3, ..., o is a simple system of roots of @’ stabilized by ¢*, then the set of projec-
tions a4, ..., oy, (with duplicates deleted) is a simple system of roots of Z,.

This is a convenient place to give some well-known facts about three-dimensional
simple Jordan algebras.

LemMA. If  is a three-dimensional simple Jordan algebra, then & is isomorphic to
®1 @D B, the Jordan algebra of a two-dimensional vector space with a nondegenerate
bilinear form ( , ). If vy, v, is a basis of B with respect to which the form has matrix
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(9 %), then Der ¥ consists of all linear transformations of & which annihilate 1 and on
B have matrix (§ _), e O.

Proof. The degree of & (the number of idempotents in a complete set of or-
thogonal idempotents) must be 2. If it were 1 then we would have § = @1. If there
were three mutually orthogonal idempotents in & we would have dim &= 5, since
the Pierce spaces J11, S22, Jssr F12, Jes Would all be nonzero by the simplicity of
3. Thus  is indeed of the form ®1 @ B, as claimed [10, p. 202].

It is not hard to see that ' = [10, Exercise 5, p. 14]. Thus if D is a derivation of
S, D stabilizes 8. If v; D= Av; + uv, and v, D= X'v, +p'v,, then applying D to both
sides of the equations v,.v,=1 and v;2=0 (i=1, 2), we find that v, D.v,+v,D.v,
=0=v,.v D=v,.0,D, and hence that A+u’'=0=p=2X". This shows that v, D
= Av;, v D= — Av, as desired. Conversely, such a linear transformation is indeed a
derivation, since it satisfies v, D.vy+ v, D.0, =(v,.0,) D and 2v,.0;D=v;2D (i=1, 2).

PROPOSITION 16. Let o be a root of &' such that o(€)#0. Then a root vector of «
has the form R, where a belongs to a three-dimensional simple ideal of &, and where
a®'=0. The only roots B of & such that {B, «»#0 are + a.

Proof. Let 3= P >, 3, where J; are simple ideals of &. Then 2= @ 3, ()
and hence &' = @ 3, £(3y)'. Each root space of ' is contained in some £(J;)'—say
2,S2(%)’. Two roots whose root spaces are contained in different summands
2(Q,)" are orthogonal. Now €= @ 3; €(3;), where &(3,) is the center of Der J;.
Since [, €]#0, €($,)#0. Now the derivation algebra of any simple Jordan al-
gebra is semisimple unless the Jordan algebra is three-dimensional (see Helwig [4]
for a proof which does not use the classification theory of simple Jordan algebras;
in general, with a few low-dimensional exceptions, the derivation algebra of a
simple Jordan algebra over @ is in fact simple [6]). Thus &, is three-dimensional.
Let R,+ B be a root vector for « and let E € € be chosen so that «(E)#0. Then
A E)R,+(E)B=c(E)(R,+ B)=[R,+ B, E]=R,z+ [B, E]=R,z, which means that
B=0. Thus R, € &(%;)" and so a € ;.

W N Der J, is a Cartan subalgebra of Der ,, which is one-dimensional abelian.
Hence B N Der §; =Der &;. The lemma on three-dimensional algebras shows that
AN F={xeI | x Der F, =0}=De,, where e, is the identity of J,. Now dim 2($,)
=dim §; +dim Der §; =3+ 1=4. Also £(J,) is the direct sum of the root spaces
of roots B8 such that 2;S2(J,)" and $ N L(J1)=Rung, @ (W N Der JF,)=PR,,
+ Der &,, which is two-dimensional. Hence there are exactly two such roots S,
which must be + «. Finally, since Der & is abelian, ®'=@ ;. Der (3;). Hence
a € &, implies that a®’=0.

COROLLARY. For any root o of &', either «(€)=0 or o(LB,)=0.

Proof. If «(€)#0, then let R, be a root vector for « as above. [R,, T;]=R,g,
SR, p=0.
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This corollary shows that if « is a root of &', then the projection «, of « onto
W* belongs either to E* or to (W) ~. Let € = WE N €* and (W¥)g =W N (WF)~.
Since W¥ is the rational span of the projections onto W* of the roots of &, it
follows that ¥ =€} +(W¥)g .

PROPOSITION 17. Let « be a root of &' and let R,+ B be a root vector for «. If
B+#0, then «|2B; is a root of D’ with root vector B.

Proof. If De B, then «(D)R,+«(D)B=[R,+ B, D]=R,p,+[B, D]. Equating
terms we see that [B, D]=o(D)B. We need to show that «(%,)#0, for this will
show that Be D’ and that « is a root of ®'. Now if «(%,) were zero, then since
«(W)+#0 (by Proposition 15) we would have «(€)#0. Choose E € € so that «(F)
#0. Then 0=[B, E]=o(E)B and hence B=0, a contradiction.

PROPOSITION 18. (a) If « and w are roots of & with «, =w, then a=w.
(b) If « and B are roots of & with «, =B, then either «=p or a=e*.

Proof. (2) If a#w then «_ 0. We show that this is impossible. Now

X, w) _ Aa_+w, w _ AU w, w) _ 2
(o, w) Ko tw,a_twy (e_,a_d+{w,0) (a_,a_ (o, w))+1

Since O0#c_ € ¥, we have <a_, «_>>0. This implies that 2{e, w)>/{w, w)> is
bigger than zero and less than two. But 2{e, w)/{w, w) is an integer, and so must
be equal to one. Now if w, is the symmetry of $F in «, then ww, is a root of &'.
And ow,=w—(2{«, o)/{w, w))e=w—0a=—ca_. But —a«_ € A¥, contradicting
Proposition 15.

(b) If « € W*, then a=c«, and «=p by part (a). Similarly if B € L* then «=p.
So suppose «(Ry) # 0+ B(Ry). Choose R, € Ry to be a common nonzero of « and
B. Let R, + B be a root vector for « and R,+ D a root vector for 8. B is not zero:
otherwise «(R,)R,=[R,, R,] and hence «(R,)=0. Similarly D#0. So by Proposition
17, B and D are root vectors for the root «|; =« |TW; =B, |TW,; =B|BW,. Since
root spaces of D’ are one-dimensional, we can multiply by a scalar and assume
B=D. Then «(R,)(R,+B)=[R,+ B, R,]=—R,z+[R,, R,], i.e. AR )R, = —R,5.
We conclude that a= —«(R,)~*xB and similarly that c= —B(R,)"*xB. If xB=0
then a=c¢=0 and «=pB. If xB#0 then c is a scalar multiple of a. So the root
space & is contained in ®R,+ PB=P(R,+ B)+P(—R,+ B)=2,+L,... Hence
B=c or B=ac*.

PROPOSITION 19. (a) Let w be a root of ®'. Then there exists a root B of &' with
root vector R,+ B, B#0, such that B|B; =w.

(b) Let w be a root of &' such that |, is a root of D'. Then a root vector for w
has the form R,+ B, B#0.

Proof. (a) Let B be a root vector for w. Since &' is the direct sum of its root
spaces and ©;, we have B=H+3, (R, + B,), where H is some element of $,,
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where the sum is over certain roots « of £', and where R, + B, is some (nonzero)
root vector of a«. If DeW,, we have w(D)B=[B, D]=0+3, «(D)(R,, + B,).
Choosing D so that w(D)#0, we see that B=w(D)"* 3, «(D)(R,, + B,) and hence
that H=0. Also we see that «(D)/w(D)=1 for every « appearing in the summation.
This means that « and o agree on the Zariski open subset of 28; consisting of the
nonzeroes of w, i.e. «|W, =w. And certainly by the Corollary to Proposition 16,
o(€)=0. So if « and B are any two roots which occur in the summation, o| 8 =g|2;
by Proposition 18(b), «=8 or a=pBe*. Thus there are at most two roots in the
summation. If there is only one, say B=R, +B,, then R, =0 and B,#0. If
there are two, say B=R, + B,+ X —R,, +B,), A€ ®, then we must have A=1,
B=2B,+#0.

(b) Suppose the contrary. Then w has a root vector R,. If x € A’ then [R,, R,]=
w(R,)R, and hence w(R,)=0. So w(Ry) =0, i.e. v € W*. Now by part (a), there is a
root 8 of &' with root vector R,+ B, B#0, so that 8|, = w|W;. We claim that the
projection of B on W* is w. Indeed, since B and w agree on W,, we only have to
show they agree on €. But since w(28;)# 0 B(W,), we have »(€)=p(€)=0 by the
Corollary to Proposition 16. Thus 8, =w ., and so by Proposition 18(b) w=p or
w=pRe*. Hence a root vector for v must be proportional either to R,+ B or to
—Ry+ B, B#0. Clearly R, does not have this property, a contradiction.

Suppose w is a root of ®’. Then &, the linear functional on $, which annihilates
Ry and € and agrees with w on 2B, is the projection on * of some root « of &,
by Proposition 19(a). In particular, @ € (B¥)s. Let W¥, be the rational span in
¥ of the roots of ®'. Then (W) ~=(WF)g. It is well known that dimg Wi,
=dimg BWF. Also dimg A* +dimg E* + dimg (W) ~ =dim,, HF =dimg H¥,=dimg A%
+dimg € +dimg (WF)y. Since dimg A* <dimgy AF, dimgy E* <dimp €¥ and
dimg (W¥) - =dimg (W¥)s , equality holds in these three inequalities. In particular,
dimg (F)s =dimg WF. Since w+—> @ is injective, we must have (W)~ =(W¥)g .

3. Automorphisms. In this section we use the root systems defined above to
study the groups G and I'. First, however, we recall some facts about automorph-
isms of Lie algebras which will be needed below. Let & be a semisimple Lie algebra
over @, $ a Cartan subalgebra of &, {«,, ..., o} a simple system of roots of £, and
{ei, fi, hi | i=1, ..., I} a canonical system of generators for £ [8, p. 275]. We wish
to describe the group of automorphisms of & fixing $ pointwise. Any automorphism
of & is determined by its action on e; and f, i=1, ..., /. An automorphism 5 of
which fixes $ pointwise stabilizes the root spaces of &; in particular, there exist
nonzero scalars 0y, ..., 6, such that e;n=6,e, for all i. Since [e;, f;]=h; and hn=1,
it follows that fin = 6;f. An induction on the level of roots shows that on the root
space of the root >, mo;, n is scalar multiplication by 6% - .67, Conversely, if
05, ..., 6, is any sequence of nonzero scalars, then there exists a unique auto-
morphism 7 of & such that e;n=b.e;, fin=0;f;, and hm=h, (i=1, ..., ). Indeed,
{0ie;, 07'f;, by | i=1, ..., [} is also a canonical system of generators of £, and so 7
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exists by the standard isomorphism theorem [8, p. 127]. The mapping (6;, ..., 6,
> 7 is thus a birational isomorphism of the /-dimensional torus (the direct product
of the multiplicative group of ® taken / times) onto the group of automorphisms
of & fixing $ pointwise; we conclude that the latter group is an irreducible linear
group.

We recall that an invariant automorphism of a Lie algebra £ is a product of
automorphisms of the form exp (ade L), where L € & is such that adg L is nil-
potent. We now return to the study of the Jordan algebra & and the groups G
and T

PROPOSITION 20. Any invariant automorphism of &' can be extended to an element
of [,.

Proof. We need only show that automorphisms of the form exp (adg’ L), where
L e ' and adg L is nilpotent, can be extended. Now by [8, p. 100], there exists
H e &' such that [ade' L, ader H]=2 adg' L. Since &' is semisimple the adjoint
representation is faithful and [L, H]=2L. But then [adg L, ads H]=2 adg L, which
shows that ads L is nilpotent [8, p. 44]. Thus exp (adg L) is an automorphism of &,
which clearly extends exp (adg’ L). It fixes R, since [R;, L]=0, and hence is in [ by
Proposition 4. Moreover, {exp adg AL | A€ @} is an irreducible set of automorphisms
of &; for Ar> exp adg AL is a polynomial map from @, an irreducible set, to T'.
This set contains exp ada 0-L=1 and so must be entirely contained in ;. In
particular, exp ada L € T'.

THEOREM 1. (a) If ne T, there exists a = € Ty so that ot stabilizes $.

(b) If n e T stabilizes ©, then n* (acting on $*) permutes the roots of & and per-
mutes the roots p such that p(R,)=1. Conversely, if n € Aut & stabilizes $ and if
n* permutes the roots p of & such that p(R,)=1, then n e T'.

(¢) If n e T stabilizes 9, then m € Ty if and only if 7* is in the Weyl group of R.

Proof. (a) Since n € I, 7 stabilizes €, and hence also stabilizes £ and €. Let
H:=91m; here 9, is also a Cartan subalgebra of 2'. By [8, p. 273] there is an
invariant automorphism =, of €' such that .7, =9,. Extend =, to re I, as in
Proposition 20. Thus ©,77= ;. Certainly €77 <€ (since n7 € I') and thus Hnr=9.

(b) Since 7 stabilizes $ then n* permutes the roots of &: in fact, if p is a root of
R, then K, 1=8,,. [8, p. 276]. If p(R,)=1, then by Proposition 6(b) ®,=3.
This means that &,,.=8,7"'<J and hence that (pn*)(R;)=1, again by Proposi-
tion 6(b).

To prove the converse, we note that if »* permutes the roots p such that p(R,)=1,
it also permutes the roots p such that p(R;) = — 1 and the roots p such that p(R;)=0
(the argument for this appears at the beginning of the third paragraph of the proof
of Proposition 11). In summary, (pn*)(R,)=p(R,) for every root p of &. Since the
roots of & span $*, we see that p(R;n)=(pn*)(R,)=p(R,) for every p € H*. This
certainly means that R,n=R,, and hence by Proposition 4 that € T".
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(c) Suppose 7 € T'. Then in particular 5 € Aut, &, which means (by the results
on Lie algebras described in the Introduction) that »* is in the Weyl group of $.

Conversely, suppose that n* is in the Weyl group of ®. Since p(R;)=1 implies
(pn*)(R;)=1, the second part of Proposition 11 implies that »* stabilizes ($F)"
and that »*|($¥)" =49, where v is in the Weyl group of 2'. By [8, p. 276] there exists
an invariant automorphism r; of ' which stabilizes $, and which satisfies
¥=v (in its action on ©¥). Extend =, to re Iy, using Proposition 20. Since
7= 8 and hence €r<€, 7 stabilizes . Also 7*|(9F) " =("; for if Ce€,
He $,, and « € ¥ then &(¥)(C+ H)=(ar¥)(C+ H)=ar¥(H)=oHr,) = HT)
=&(Cr+ H7r)=&(C+ H)7)=ar*(C+ H). By the first part of the proof of (c), 7* is
in the Weyl group of f. Certainly 7* permutes the roots p of & such that p(R;)=1.
The uniqueness assertion in the first part of Proposition 11 then shows that r* =»*.

Consequently (p7~1)*=1, which means that »=~! fixes pointwise. At the begin-
ning of this section we showed that the group of automorphisms of & fixing
pointwise is irreducible; this group is contained in T since in particular R, €
(using Proposition 4), and hence is contained in I';. We conclude that p=~t e T,
i.e. that n € Tyr =T, (since 7 e T'y).

COROLLARY. Let py, ..., py, &1, ..., & be a simple system of roots of & as in
Proposition 9. If n € T, then there exists € Ty such that nr stabilizes 9 and (n7)*
stabilizes the given simple system.

Proof. Choose , € T'y so that n, =77, stabilizes § (using Theorem 1(a)). Then
7, € I and so n¥ permutes the roots & of & (where « is a root of &'); for they are the
roots of ® which annihilate R,. Thus &n*-1=p, for some root 8, of £. Now
{B., ..., B} must be a simple system of roots of &'. For if « is any root of &', an¥ =8
(B some root of &’). There exist integers n,, ..., n, of the same sign such that
B=2me; then & =l§")’{= “r=2 nem¥ =2 npy.

Let v be the element of the Weyl group of &’ which maps {«,, ..., ¢} to
{Bi1, - - -, Bi}. Let w in the Weyl group of & extend 4, as in Proposition 11. Then wy¥
permutes {&, ..., &}, hence by the Corollary to Proposition 9 permutes
{P1> - - -5 Pr» &1, ..., &}. Let 7, be an automorphism of & stabilizing $ such that
7¥=w (7, exists by [8, p. 276]). Theorem 1(b) says that =, € I'; Theorem 1(c) then
says that =, € ['g. Thus v¥7¥ =(9,72)* =(y7,7,)* stabilizes the simple system.

This Corollary allows us to identify the components of I' by identifying the
components of I'. We recall from the Introduction that if n € Aut &, then there
exists 7 € Aut, ® such that »r stabilizes $ and (y7)* permutes the roots of the given
simple system. The inverse of this permutation of the simple roots, which can be
identified with an automorphism of the Dynkin diagram of &, gives the component

" of Aut & in which 7 lies. We now see that if 5 € T' then we can choose r € ['y. Thus
the resulting graph automorphism must permute the roots p,, ..., p, and also must
permute the roots &, ..., &. Conversely, if 5 is an automorphism of & such that 5
stabilizes $ and »* permutes p, ..., p, and also &,, ..., &, then »* permutes the
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roots p such that p(R,)=1 (all such p have the form p;+ &, o € ¥, by Proposition
8), and hence n € I'.

We conclude that the finite group I'/T', is naturally isomorphic to the group of
automorphisms of the Dynkin diagram of & which stabilize py, ..., p,. Here the
vertices of the diagram are the simple roots py, ..., py, &, ..., &.

We now try to analyse G in a manner analogous to the analysis of I' given above.
We note first that if o is a root of & such that se* =0 and if L is a root vector for o,
then Le= + L. For ®,¢6=8,, i.e. Le=AL for some A e ®; and the eigenvalues of
eare + 1. Since ¢ interchanges & and S and Le &, §, or £, we must have L € &',
If Le=L then L € D, whereas if Le= — L then L € Ry. Conversely, if Lis in Ry or ®
and L is a root vector for a root ¢ of &, then Le= + L and hence oe*=o0.

PROPOSITION 21. Let x be an element of T' which stabilizes © and such that y*
commutes with ¢* (in their action on $*¥). Let R, be a root vector for a root o of K.
Then R,x=R, for some be .

Proof. In any event, R,y is a root vector for the root ox*~1. And ox*~le*
=oc¥*y*~1=0y* 1. Thus a root vector for ox* ~! must belong either to Ry or to ®.
We prove that it belongs to Rs.

In any event y stabilizes 2. For y* commutes with &*, so that y|9 and |9
commute. If D € B, then Dye= Dey= Dy, which means that Dy € . This in turn
implies that x* stabilizes P (here P is as in the discussion following Proposition 12);
we know, of course, that x* permutes the roots p such that p(R;)=1; and if p(2W)
=0, then (px*)(TW) = p(Wy) = p(TW) =0.

Let ne ' be such that y=4. Let 1=>,. e, as in Proposition 13. If peP
then en~'=e,x ! € &,,,<U. This means that 1p~'=>,pem~* €A Hence
Ry,-1€ Ryc ®. But if x €A, then [R,, R,]=0(R,)R,=(0e*)(R,)R,=0(R,e)R,
=o(—R)R,= —o(R,)R,= —{R,, R,], from which we conclude that [R,,R,,-1]=0.

Now suppose R,y is a derivation. Then 0=(1)(R,x)=19"Rp=(1y"1.a)y and,
since 7 is nonsingular, 1yp~ta=0. Also a.(1p~)2=(1n"Y)Ry,-1R,=(In )R, Ry,-1
=(In"Y.@)R,,-1=0. Thus aU,, -:1=2(a.ly").1p"*—a.(1n~1)2=0. This means
that a=0 (since 15~ is invertible)—a contradiction.

PROPOSITION 22. Suppose n € I is such that 7 commutes with e. Then there exists
{ € G such that for every L€ &, {~*L{=n"'Ln.

Proof. Since 7 commutes with e, it stabilizes R3. Indeed, if L € Ry, then Lije
=Leij= — Lij and so Lij € Ry (similarly, 4 stabilizes D). Let { be the unique linear
transformation of J satisfying R,,= R,7j for all a € . It is clearly sufficient to prove
that { is an automorphism of &: for then R,,={"'R,{.

Let x € 3. Then (xn) ™ =xne=xije = xeij=Xij=(xn*~1)~. Hence n=7#"1. Let a,
b€ 3. Then 2(Rqp.0n— [Rans Ron])=[an, (bn)~]=Ian, bt~ 1= [a7, 5'7)] =la, 5]"7 =
2(R, vii— [Ra, Ry}i). Equating components in Ry and 9D, we find that

(l) Ra.bﬁ=Ran.bm
(ii) [R,, Ro]ij= [Ran’ Rbn]-
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Taking b=1 in (ii) we see that 0=[R,,, R;,], i.. since 7 is surjective, [R3, R;,]=0.
In other words, for all x, y € & the associator [x, y, 13] is zero. Taking a=b=1 in
(i), we get Ry =R;5j=Ry,1,, i.e. (19)2=1. In general, (i) is equivalent to (a.b){
=an.by. Finally,
@b)t = @b)t.(1n)y>=(an.bm).(17.1n)

= [(an.by).19).19 = [an.(bn.1n)].19

= (an.b0).1n = (bl.an).1n = bl.(an.17)

= bl.al = al.be.

{ is nonsingular since 4 is. Thus { is an automorphism.
We now prove an analogue to Theorem 1, (a) and (b).

THEOREM 2. (a) If n € G, then there exists 7 € G, so that j% stabilizes 9.

(b) If L € G is such that { stabilizes D, then {* (acting on H*) permutes the roots of
R, permutes the roots p such that p(R,)=1, and commutes with ¢*. Conversely, if w
is a linear transformation of $* which permutes the roots of R, permutes the roots p
such that p(R)=1, and commutes with *, then there exists a { € G such that {
stabilizes © and T*=w.

Proof. (a) ,7 is a Cartan subalgebra of ®’. Thus there is an element of Aut, D’
which maps 28,4 to 8,. By Proposition 5, we can choose 7 € G, so that B, %7 =28;.
Certainly €77=E, which means that 77=2. This implies that 7+ is a Cartan
subalgebra of € containing . We conclude from Proposition 1 that $ij7=$9.

(b) The first sentence is clear: { commutes with ¢ on ®—indeed,

(@a+b+R.+ D)el = (b+a—R,+ D) = bl+(al)” —R+{ D¢
= (al+ (D)™ + R+ L DDe
= (a+b+R.+ D){e.
In particular, { and ¢ commute on §, which means that {* and ¢* commute.

We now prove the converse. We will find an 5 € I such that 4j commutes with e,
stabilizes §, and satisfies 7* =w. This will be sufficient, in view of Proposition 22.
For'if { is the automorphism given there, then { and 4 agree on $< g, and hence
f* = ﬁ*.

Choose an automorphism ¢ of & which stabilizes $ and such that p*=w (p
exists by results in Chapter 9 of [8]). Let A=e"1p lep=cp~lep. Now since ¢*
and &* commute, ¢|H and ¢|$ commute. This means that A fixes $ pointwise and
hence that on each root space &, of &, A is multiplication by some scalar A, € .
Let p be a root of & and 0#Ke ®,. Then Kee &,,. and Ked= Keep~lep=
Ko~ lepee=KA *e=A;1Ke. Thus A,.=A; . Suppose p is fixed by *. We claim
that A,=1. There are two cases to consider.

Case 1. p has a root vector of the form R,, ae ¥ Then R,A=R,ep lep
= — R,p ™ 'ep. Theorem 1(b) says that ¢ € I', and Proposition 21 then shows that
Rt € Ry. Thus R, A= —(—R,p " Yp=R,.
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Case 2. p has a root vector of the form D e D. Then Dp~! e D. Indeed, since
po* is fixed by &*, the only other possibility is Dp~!=R, for some a€ G, i.e. R.p
=D, which contradicts Proposition 21. But then DA= Dep~lsp=(Dp ')ep
=Dp~lp=D.

Now let oy, ..., «; be a simple system of roots of &' stabilized by ¢* (Proposition
15), and let py, ..., p;, 84, ..., & be the corresponding simple system of roots of
® as in Proposition 9. As has been observed at the beginning of this section, for
any nonzero 6,, ..., 8, € ® (one scalar for each simple root) there is a unique
automorphism 6 of & which fixes $ pointwise and on the root space &, of each
simple root p is scalar multiplication by 8,. We choose a set of scalars as follows:

(i) If &e* =4, let 6, =1.

(ii) If &* interchanges & and &;, i <j, take 6, =1 and 6, =2,

(iii) For each p; there exist nonnegative integers ny, ..., n; (depending on p;)
such that p;e* = — p;— >{_ m,&,. Here we use Proposition 14. Take 6,, to be a square
root of (A, 031 - - 62))~ 1. Note that 0, ..., 0, have already been chosen.

Recall that on the root space of the root p=2 kip;+ >, m;&;, 8 is scalar multiplica-
tion by 6% ..67:=0,. Similarly, A,=A- - - AZ%

We claim that, for all roots p of &, A,8,=0,,.. We first show this for p a simple
root. If &e* =4, then Ay =1=0, = 6,,., and the result is clear. If ¢* interchanges
& and &;, i<j, then Ag0;=2A-1=2,=0; and Ay, =A5'A;,=1=0,. Finally, if
pie* = —p;—>i_1 nd, then

— fA-1lh-ni...H-™ — -29-n1,.,.0H-" —
op‘s‘ = eo‘ 0d1 1 0&: b= emem 041 * 061 b= on.)‘nn

by the way 6,, was chosen. Now let p=3 k;p;+ >, m;&, be any root. Then

0,1, = H 0’3: I—.[ 02‘1‘ ].—I Ng: ].—[ ’\g's‘

i i i i

= H (005)‘0;)“ ]_:I (Bd‘Adt ™
= H 0’;:8‘ I;[ 0:;‘:, = 008"

This last equality holds because p,e*, ..., p,e*, &,¢*, ..., &¢* is also a simple
system of roots and pe*=3 kip;e*+ > mae* (i.e. 0 is determined by its action on
the root spaces of the roots in this simple system). ‘

We now conclude the proof. 8 I since it fixes R, € ©. Also ¢ € I' by Theorem
1(b). Let n=¢f8 e I'. On $ 7 agrees with . Hence n*=¢*=w. Also ¢ commutes
with e on §, so » does. Let K be a root vector for a root p of & Then Ken~ley
=(Ke)0 rp~tepl=0,1Kep~lepf (since Ke is a root vector for pe*)=0,:A,K0
=0;12,0,K=K. Thus  commutes with ¢ on &,. Hence » commutes with ¢ every-
where on &, as desired.

Henceforth {«,, ..., &g} is a fixed simple system of roots of &' stabilized by &*,
and p,, ..., p, are as given in Proposition 9.
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PROPOSITION 23. Let w be a linear transformation of $* which permutes the roots
of ®, permutes the roots py, ..., p, and also permutes the roots &,, ..., &. Then w
commutes with £*.

Proof. Let n e’ be such that 4 stabilizes  and #*=w (here we are using
Theorem 1(b)). Choose x € § such that x is invertible and x-2= 1. This is possible
since 17 is invertible and the field is algebraically closed [10, p. 242]. Then 1yU;?
=x2U;'=1, and hence n, =9U; ' is an automorphism of . Also U, is in I'; (the
set of invertible elements of & is a nonempty Zariski open subset of &; hence it is
irreducible, so that its image under the polynomial map x+> U, is also irreducible).
Choose an automorphism € G, so that 7, 7 stabilizes $ (here we appeal to Theorem
2(a)). Thus p,=7U; 7 is an automorphism of & such that 7, stabilizes $. Now
n3m=7"1U,={is in T, and { stabilizes $. So by Theorem 1(c), (7j5 17)* = 7*7j% ~*
={* is in the Weyl group of ®. Note that since 7, is an automorphism of &, 7% !
commutes with e*. For brevity let 7%~ =0v. Then we have wo= {*, where w stabilizes
{p1> - - ., pr} and {&,, ..., &}, v permutes the roots p such that p(R,)=1 and com-
mutes with ¢*, and {* is in the Weyl group of ®. We show that {* commutes with
e*. Indeed, e*{*<* is in the Weyl group, since if w, is the symmetry of $* in the
direction of the root p, then e*w,e* =w,... Since w and &* stabilize {&,, ..., &}, we
have {&,, ..., &}e*{*e*{* " 1={ay, ..., &)e*woe*o w 1={a,, ..., }e*we*ov w1
={&y, ..., & e*we*w1={&, ..., &}. Le. *{*<**~! is an element of the
Weyl group of & which permutes the roots p such that p(R;)=1 and stabilizes
{81, ..., &}. By the Corollary to Proposition 9 it also stabilizes {p,, ..., p,}. An
element of the Weyl group which stabilizes a simple system of roots is equal to 1.
Le., [*=¢*7*e*. Thus w={{*v-1 commutes with ¢*,

If u is a linear transformation of W¥, we let & be the linear transformation of 33*
which fixes the points of €* and which for w € ¥ satisfies @it=(wu)~.

Let w be a linear transformation of $* which permutes the roots of &, permutes
the roots p such that p(R;)=1, and commutes with ¢*. Then w stabilizes ($¥)”™ and
w|(H¥)" =0 for some v € Homg (¥, H¥) which permutes the roots of & and com-
mutes with ¢*. So v stabilizes 2A* and W*, and v|W* permutes the roots of X ,.
Theorem 2(b) implies that there is a { € G such that { stabilizes § and [*=w.
Now { also stabilizes $, =9 N ’; we claim that p=_{* (acting on 9¥). In fact if
He 9, and « e 9F then («l*)(H)=o(H{)=&(H{)=al*(H)=at(H)=(av)"(H)
=av(H). Now since { is an automorphism of 3, { stabilizes Ry and D, hence also
Ry, €, and 2,. This means that {* stabilizes %*, €*, and (W¥)~: for example, if
a € G*, then (al*)(Ry +8;)=o((Ry +;)) =Ry + W,)=0, so that «l* € E*.
We conclude that v stabilizes A*, €*, and (BWF)~.

Suppose now that w is a root of D’; choose a root vector R, + B, B0, for a root
B of £’ such that |, =w (here we are using Proposition 19(a)). Now B(€)=0 by
the Corollary to Proposition 16. Hence B, =@. Now Bv=BZ* has a root vector
(Ro+B)"*={(R,+B), ' =Ry -1+{B{~'. Here 0 {B{~* € D. We use Proposition
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17 to conclude that (Bv)|2B; is a root ¥ of D'. Now §=(Bv), =((B++B-)).
=B,v=wv. We see that we have proven the following:

PROPOSITION 24. Let w be a linear transformation of $* which permutes the roots
of &, permutes the roots p such that p(R,)=1, and commutes with *. Suppose v is
the linear transformation of ¥ such that o=w|(9¥)". Then v stabilizes W*, €*, and
(W) ~, and also v permutes among themselves the elements & of (B¥)~, where w is
a root of ®'.

PROPOSITION 25. (a) If u is in the Weyl group of Z,, then u stabilizes €* and
(WF) ~ and permutes among themselves the roots of =, of the form &, w a root of ®'.

(b) If uis in the Weyl group of ®’, then u is in the Weyl group of Z..

Proof. (a) By the theorem of Steinberg cited following Proposition 15, there is
a unique element v of the Weyl group of & which commutes with ¢* and satisfies
u=v|BW*. By Proposition 11, there is a unique element w of the Weyl group of &
which permutes the roots p such that p(R;)=1, and which satisfies w|(HF)"~=4.
By Proposition 12, w commutes with ¢*. Hence Proposition 24 applies to w and v,
and the desired conclusion follows.

(b) It is clear that we need only prove this for u the symmetry w,, of ¥ in the
direction of a root w of ®'—for these symmetries generate the Weyl group of ®’.
We show in fact that (w,)~ =w,. These two linear transformations of * agree on
@€*; in fact they both fix it pointwise, the first by definition and the second because
(@, *>=0. We show they agree on (F)~. Let { , } denote the Killing form on
D’ and the associated bilinear form on W¥. If ¢ € W¥ then Jw,=(w,) =
J— 24y, w}/{w, w})@, whereas gw, = — (2, @)/{®, @))@. Part (a) of this proposi-
tion shows that w, permutes the roots & of 2, (¢ a root of D’). Thus (w,,) ™ |(W¥,) ~
and wg|(W%,)~ are two symmetries in the direction of the same vector @ which
stabilize a finite set of vectors spanning (¥5f,)~. By a lemma of Serre [13, V-2,
Lemme 1], we conclude that (w,) ™ =w;.

Since the mapping u+> # of Hom, (BF, BW¥) to Hom, (W*, W*) is injective
and an algebra homomorphism, the above proposition in effect embeds the Weyl
group of ®’ in the Weyl group of Z,.

We continue with w, v, and { as in the two paragraphs preceding the statement of
Proposition 24. Let u be the linear transformation of ¥ such that #|(W¥)-
=p|(W¥)~. Proposition 24 says that ¥ permutes the roots of ®’. Now { stabilizes
B, ; we claim that u=1{* (acting on W¥). Indeed, let w € W¥ and x e WA’, Ec G,
De®W,. Then (a({*) ) (R,+E+ D)=(wl*)~(Ry+E+ D)=(wl*)(D)=w(Dl)=
o({1DY)=w(Dl)=&(R+ E{+ D{)=(al*)(R,+ E+ D)= (av)(R,+ E+ D). Thus
av=a({*)" for all w € W¥, and {*=u.

Recall that the projection onto 28* of our fixed simple system «, ..., o of roots
of &’ gives a simple system, and hence an ordering, of Z,. In this ordering, positive
roots of &' project onto positive roots of Z,. We can define an ordering of the roots
of ®’ by the following rule: if w is a root of D’ then w >0 if and only if @ >0. The
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simple system of roots of ®’ associated with this ordering is the unique simple
system consisting entirely of roots w such that @ >0. Let w be a linear transforma-
tion of * which permutes the roots p;, ..., p, and the roots &;, ..., &. Then w
commutes with ¢* by Proposition 23, and permutes the roots p such that p(R;)=1.
Proposition 24 then applies to w: if w|(H¥)"™ =0, then v permutes the roots &, w a
root of ®’. Since v permutes «;, ..., «;, it permutes the positive roots of &'. This
means that v|28* permutes the positive roots of X, i.e. stabilizes the standard
simple system of X,. Finally if v|(B¥)~ =#|(B¥F)~ for u e Hom, (W, W), then
u permutes the positive roots of ®’; that is, if ® >0, then (wu) ™ =oi@=ov>0. We
conclude that # stabilizes the standard simple system of roots of ®’.

Let w, v, { be as in the two paragraphs preceding the statement of Proposition 24,
By the Corollary to Theorem 1, there is a € I such that {r stabilizes $* and
(£7)* stabilizes py, ..., py, &1, ..., & Now  stabilizes $* so = also stabilizes H*.
Hence Theorem 1(c) implies that * is in the Weyl group of f. Since {* and +*{*
commute with &* (the latter by Proposition 23), 7* commutes with ¢*. These re-
marks allow us to prove the following:

PROPOSITION 26. Let w be a linear transformation in ©* which permutes the roots
of R, permutes the roots p such that p(R,)=1, and commutes with *. Then there are
elements vy, v, of the Weyl group of & which commute with e* and permute the roots
p of & such that p(R,)=1, and such that v;w =wu, permutes the roots p,, ..., p, and
the roots &y, ..., &.

Proof. Choose v, {, = so that w, v, {, = are as above. Let v;=7* and v,
={*-17*0* Now v, is in the Weyl group and, since { is an automorphism of &,
{* is an orthogonal transformation of $* permuting the roots of ®. Hence v, is in
the Weyl group. The rest of the proposition then follows.

We now prove the following analogue of Theorem 1(c).

THEOREM 3. Let n € G. Necessary and sufficient conditions for v to be in G, are that
(i) » commutes with every E € €,

(ii) 5 € Auty D', and

(iii) 7 € Aut, K.

Proof. The necessity of these conditions was shown in Proposition 5 and in the
remarks preceding it. So suppose 7 satisfies these conditions. By Proposition 5,
there exists 8 € G, so that é=17. The automorphism 6~ of & satisfies (i), (ii), and
(iii) since both % and 6 do, and in addition commutes with all elements of ®’.
Since it commutes with all elements of € it in fact commutes with all derivations of
. Also it belongs to the same component of G as 5. Thus we may assume, replacing
n by n8~1, that for every D e D, n~1Dyn=D.

In particular »~1%n =, So H7 is a Cartan subalgebra of £ containing 2 ; by
Proposition 1, $7=9. Since 7 € Aut, &, %* is in the Weyl group of ®. Also 3
permutes the roots p such that p(R,)=1; we apply Proposition 11 to conclude that
7*|($¥)" =0 where v is in the Weyl group of '
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Now #* commutes with ¢* (since y € G). Also v=7* (acting on $¥), as in the
remarks preceding the statement of Proposition 24. So v commutes with &*. We claim
that v fixes W* pointwise. Indeed, if w € W*, x € A’ and D € W then (wv)(R, + D)
=w((R.+ D)ij)=w(R,,+ D)=w(D)=w(R,+ D) and so wv=w. The theorem of
Steinberg previously cited then implies that v=1. Proposition 11 in turn implies
that 7*=1: for 1 and 4* are both extensions of § to an element of the Weyl group
of & permuting the roots p such that p(R;)=1. This means that if p is any root of &
then &,7=8&,, and that 4 fixes $ pointwise. Our proof will then be complete if we
prove the following:

LEMMA. Let 1 be an automorphism of § which commutes with every derivation of
S and such that 4j fixes a Cartan subalgebra of & pointwise. Then 7 € G,,.

Proof. We first show that it is sufficient to assume & simple; to do this, we use
induction on the number of simple summands of J. Indeed, suppose =, @ I,
where the J; are nonzero ideals of & Then =8, ® &, and =K, @ K,; here
2;=2(3;)and &; = R(J;) (=1, 2). Let  be the Cartan subalgebra of fixed pointwise
by 7. Now 7 stabilizes &, and &,. To see that this is true, one observes that since
I is an ideal, [S;, ]=3:2<;; in particular, [$;, $]= S, so that §; is a sum of
root spaces of ®. Since 7 stabilizes the root spaces of &, n=7|J stabilizes ;.
Moreover, the hypotheses of the Lemma apply to & and 7|3;. Indeed, Der
=Der §; @ Der §, so that 5|3; commutes with every derivation of ;. Also
D=9 @ 9,3, where H;=9 N L, is a Cartan subalgebra of &;; and (5|J,)~ =7|®
fixes 9; pointwise. By induction we conclude that 5|J; is in Aut, . Since the
direct product of irreducible groups is irreducible, 7 € Auty, I, x Auty, Jo S G,.

We assume henceforth that & is simple. Since < & is a sum of root spaces, 7 is
a diagonal linear transformation of & (with respect to a basis of & consisting of root
vectors). Let A be an eigenvalue of 9. Then the A-eigenspace 3,(n) is invariant under
all derivations of &. Indeed, if xp=Ax and D €D then (xD)y=(xn)D=A(xD).
Now if n=1 we are clearly done. So assume n# 1. Then 7 has an eigenvalue A#1.
Sa(n) is thus a subspace of & invariant under D and disjoint from ®1. By a result
of Helwig [4, Theorem 4, p. 389], either the dimension of & is 3, or J(y) =3/, the
subspace of § spanned by all associators. We note that Helwig’s proof does not
use the classification of simple Jordan algebras.

Suppose then that dim §=3. Then as we have seen J is the Jordan algebra of a
two-dimensional vector space ¥ with a symmetric nondegenerate bilinear form
(, ). Let vy, v, be the basis of B given in the Lemma preceding Proposition 16.
Now 7 (indeed any automorphism) stabilizes 8 =" and fixes 1. If the matrix of 5
on B is (¢ 3), then from the fact that » commutes with derivations we see that

b )Cd-Cal )
(e -6 )
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This means that b=c=0. Also v;5.v,n=1 implies that ad=1. So »|®B has the
matrix (3 9-1). Now if A50 is any scalar, the linear transformation 7, of & which
maps 1 — 1, v, — Avy, v; — A~ v, is an automorphism of . The set of all 7, is an
irreducible set since it is the image of ®—{0} under the rational map A+ ,.
Hence all 5, are in Aut, §. This applies in particular to the given 7.

We can now assume that A#1 is an eigenvalue of n and that J,(n)=3’', where
=01 @ I’ (since & is central simple [4]). Thus F=P1 @ JFa(n), and 5 has only 1
and A as eigenvalues. If x and y are eigenvectors for A then x.y is zero or is an eigen-
vector for A2. This means that one of three things happens: A2=1, A2=), or &.&
=0. In the last case, ' is an ideal of &, which is a contradiction to the simplicity of
. Since A#1 the middle case is impossible and the first implies that A= —1.

This means that if x, y € & then x.y is an eigenvector for 1, i.e. is in ®1. For
each x, ye & let (x, y) € @ be such that x.y=(x, y)1. It then follows that ¥ is the
Jordan algebra of the vector space J'=% equipped with the bilinear form ( , ),
and that 7 is the automorphism pl +v+>ul—v, ue ®, ve B.

The action of 5 on & is as follows: 5: R, = Ry, R, > —R, if x€ B, D— D if
D e ®. Since 7 fixes a Cartan subalgebra $ of &, it follows that $< PR, @ D.
This implies (since R, is in the center of ®R; ® D) that H=PR, @ W where W
is a Cartan subalgebra of ©. We show that this situation is impossible if dim % is
odd. In any event the derivations of & are the linear transformations of & which
send 1 to 0 and which on 8B are skew with respect to the bilinear form. If dim % is
odd we can choose a basis vy, vy, .. ., vy of B with respect to which the matrix of
the form is

0 0
0 0 j
0 7, 0

Then a Cartan subalgebra 28 of ® consists of transformations which annihilate 1
and on B have matrices of the form

00 O
0 4 0},
0 0 -4

where A is an [ x [ diagonal matrix [8, pp. 138-139]. Now 2B annihilates the sub-
space ®1 @ v, of I so that the Cartan subalgebra of € containing 28 contains
Ro1@av, (see Proposition 1). Thus rank £ Zrank D+ 2, whereas the hypotheses on
» would imply that rank =rank ®+1.

Finally we show that if dim B is even, 7 is indeed in Aut, §. We choose a basis
vy, ..., U, of B such that (v;, v;)=38;;. For each i, ,=%(1+v,) is a primitive idem-
potent of I: since v;2=1, ¢, is an idempotent, and since & has rank 2, every idem-
potent of & not equal to 0 or to 1 is primitive. Now it is known (see Propositions
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1 and 3 of the Appendix) that if e, fare primitive idempotents of &, then U,, Uy, 4
€ Aut, J. Applying this here, and noting that Uy, _,=U,, we see from the fact
that n is even that U, U,,---U, € Aut, . Now 1U,,=1, »,U,,=v;®=(v;, v)v;=0;
and if i#j then v;U,,=2(v,.vy).v; — v;.0;?=0—v;= —v;,. This implies that 1U,,---U,_
=1 and that for each i, v,U,,-- - U, =(—1)*"'v;= —v;. Thus y=U,,---U,, and
7 € Aut, J, as desired.

This theorem, together with the preceding considerations, allows us to identify
the components of G. We denote by W(D’) the Weyl group of ®' and by W(Z,)
the Weyl group of Z,. We define a map i from W(Z,) to G/G, as follows: let
u€ W(Z,). Then by Steinberg’s theorem there is a unique v in the Weyl group of
Q' such that v commutes with ¢* and v|8* =u. By Proposition 11 there is a unique
w in the Weyl group of & such that w permutes the roots p of ® satisfying p(R;)=1
and w|($¥)" =0. By Proposition 12 w commutes with ¢*. By Theorem 2(b) there is
a { € G such that  stabilizes $ and {*=w. We let i(u) = {G,.

This map is well defined. Suppose {1, {, € G both stabilize $ and satisfy {F=w
(i=1,2). Then ({;{5Y)*=1. We show that if { € G stabilizes © and satisfies {*=1,
then { € G,; this will obviously be sufficient. It is clear that { € Aut, &. If w, v, u are
as in the paragraphs preceding Proposition 24 and following Proposition 25 (that is,
Tx=w, w|(9P)" =0, @|(WF)~ =v|(W¥)~) then clearly w=1 (acting on H*), hence
v=1 (acting on $¥), hence u=1 (acting on W¥). The remarks following Proposition
25 show that { stabilizes 28, and {*=u. Hence §'*=l and { € Aut, ®'. A similar
argument shows that the dual of {|@ can be identified with v|E* =1, so that { fixes €
pointwise. Theorem 3 now implies that { € G,.

The map i defined above is an anti-homomorphism. For suppose u;, u, € W(Z,)
and let v, w;, {; (i=1, 2) be as above. Then v,v, is in the Weyl group of &', com-
mutes with e* and satisfies v,0,|W* =u,u,. Also wyw, satisfies w,w,|(9¥) ™ =0,0,
=(v10)". Finally ({,0))* = {¥{% = wiw, 50 i(uys) = £8,Go = LG ol Go = i(us)i(uy).

We show that the kernel of i is (W(®’))~. Suppose u€ W(®'). Then choose
v, w, { so that v|W*=u, w|(9¥) =5, {*=w, as above. Of course { € Aut,  since
w is in the Weyl group of ®. We have seen that {* =u, so that { € Aut, '. As was
remarked above, the dual of {|€ can be identified with i#|€*, which is 1 by the
definition of #. Hence Theorem 3 implies that { € G,; we have shown that the
kernel of i contains (W(®'))~. Conversely, suppose u e W(X,), i(u)=1. Choose
v, w, { as above: { € Gy. Then {*e W(®’) and { fixes € pointwise. This means that
u fixes €* pointwise and on (¥)~ agrees with (Z*)‘; ie.ue (W@ .

We can therefore define an injective homomorphism j of W(Z,)/(W(D'))~ into
G/G, by the formula j(u(W(®'))")=i(u"*). We define a homomorphism p: G/G,
— I'/T, as follows: p(G;) is that component of I which contains G;. Our principal
result is

THEOREM 4. The sequence

0 WEY (WD)~ —L> GGy 2> TITy —> 0
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is a split exact sequence. Consequently the number of components of G is the number
of components of I times the index of (W(®"))~ in W(Z,).

Proof. To prove exactness, we need only show that the image of j (i.e., the
image of i) is the kernel of p, and that p is surjective. If u € W(Z,) and v, w, { are as
above, then £*=w is in the Weyl group of & and hence, by Theorem 1(c), { € T,.
This means that p(i(u)) = p({Go) = ("o =T",. Conversely, suppose G; is a component
of G with G,=T',. Choose { € G; so that I stabilizes § (Theorem 2(a)). Let w={*;
w is in the Weyl group of & (since { € I'y) and commutes with &* (since { € G). By
Proposition 11 w|($¥)" =5 where v is in the Weyl group of &’ and commutes with
e*, Steinberg’s theorem then implies that u=v|2W* is in W(X,). Clearly i(u)=G;.

We now define a homomorphism g from I'/T; to G/G, and prove that p(q(I';}))=
T, for all components I';. This will prove that p is surjective and that the sequence
splits. Choose 5 € I'; so that 4 stabilizes $ and 7* stabilizes our fixed simple system
of roots {py, ..., pys &1, ..., &}; here we use the Corollary to Theorem 1. Then by
Proposition 23 4* commutes with ¢*. We conclude from Theorem 2(b) that there
is a L € G such that { stabilizes © and {*=4*, i.e. ({f~1)*=1, so that {n~1eT,
by Theorem 1(c). We have shown that for each I'; there is a { € G N I'; such that
I stabilizes $ and {* stabilizes our simple system of roots. We let g(I';) = {G,. This
map is well defined: if {;, {, € G N T both have the above property then {,{;* € '
and (,Z; 1)* stabilizes the simple system. By Theorem 1(c) ({,{5¥)* is in the Weyl
group of &, hence equals 1. By our remark above, {;{;* € G,.

The map ¢ is a homomorphism: if {; € GN T, {; € GN T, are such that §
stabilize $ and {¥ stabilize the simple system, then {;{, € G N T',T', has the property
that {,Z, stabilizes 9 and ({,{;)* stabilizes the simple system. Le. q(I',Ty)=
0182Go=101Gol2Go=¢(T'1)q(I';). Finally, if Ty, { are as above, p(g(I))=p({Go)=
{Ty=T;since e T\.

The second sentence of the theorem clearly follows from exactness of the
sequence.

4. Fixed points. If 7 is a linear transformation of a vector space % over @, by
B,(n) we mean {v € B | v(n— Al)*=0 for some integer k}. B, (n) is the A-eigenspace
of %, and will be written B, if » is understood. Suppose ®B is an algebra and 7
an automorphism of ®B. Then B,B,<B,,; in particular, BB, =0 if Au is not an
eigenvalue of 5. Also, if B has an identity, then B, is a subalgebra of 8 containing 1.

If G; is an algebraic component of G=Aut 3, then by the index of G; we mean
the minimum dimension of J;(») as n ranges over G;. If 5 € G; and dim $,(x)
equals the index of Gj, then 7 is called regular. In these definitions we follow
Jacobson [9], as outlined in the Introduction. As in the case of Lie algebras, the
regular elements of G; form a nonempty Zariski open subset of G; [9, p. 304].

PrOPOSITION 27. If n€ G then () is a semisimple subalgebra of ¥. Also
RN=CP D1 Ja(n) is the orthogonal complement of J(n) with respect to the generic
trace t of 3.
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Proof. Let 5, be the semisimple part of n—i.e. if z€ 3, then zp,=Az. Then 7,
is also an automorphism. If ze $,, w e §,, A#1, then

1z, w) = t(z.w) = t((z.w)ns) = 1(zns, wne) = At(z, w).

Thus A#1 implies that ¢(z, w)=0. This proves that #(J;, )=0. Since dim N=
dim §—dim &, and since the generic trace is nondegenerate (see [10, p. 353] for a
proof of this independent of the classification theory), it follows that #=3+%.

From the above proven fact we see that ¢ restricted to &, is a nondegenerate
associative form. We can use Dieudonné’s theorem [8, p. 71] to prove that &, is
semisimple, provided we show that &, contains no ideals of square zero. If B is
such an ideal, let z € §;, w € 8. Then #(z, w)=1t(z.w)=0 since z.w € B and hence
(z.w)2=0 (here we use the fact that ¢ is zero on nilpotent elements of ). But now
we see that B33 N §, =0.

In the following theorem, we use results on idempotents which are proven in
the Appendix.

THEOREM 5. Let n be a regular automorphism of §. Then ¥, =34() is an associa-
tive semisimple subalgebra of 3, i.e. a direct sum of fields.

Proof. Suppose J; is not a direct sum of fields. By Proposition 27 it is a direct
sum of simple algebras, one of which is not a field. By standard results on reduced
simple Jordan algebras [10, p. 202], ¥, contains primitive orthogonal idempotents
e, fsuch that e and f are connected—indeed, since the field is algebraically closed,
strongly connected. Thus we have e, f, a € §; with e.a=f.a=1a and a®=e+f. Let
B=De+ Of+ Pa; B is a three-dimensional simple Jordan algebra. Let I(B) be the
set of primitive idempotents of 8. Since B is the Jordan algebra of a vector space
with a nondegenerate bilinear form, I(8) is an irreducible algebraic subset of B
(see Proposition 3 of the Appendix). Moreover, e, f, and 3(e+f+a) are in I(B),
since they are idempotents unequal to 0 or 1. We define a polynomial map
{: I(B) — G as follows:

Ug) = Use -1Uzq 175 for g € I(B).

Here R, is the semisimple part of 5. By Proposition 1 of the Appendix, U,, _,Us,_; €
G,. Also since the characteristic of @ is zero, any unipotent automorphism of $
is in Gy, so that in particular n; and » belong to the same component of G. Thus
L{I(B))<= Gon.

Let ¢ be as in Proposition 27. If x € J; and g € I(B) then xU,,_, =8(x.g).g —
8x.g+x €, (as in the Appendix). This shows that I,{(g)=S,; since automor-
phisms of & are orthogonal with respect to the generic trace, R{(g)=31{(g)=N.
L.e. {(g) stabilizes ¥; and N for any g € I(B).

We now define two polynomial functions on I(8B): if g I(8), then E(g)=
det [({(g)—DIN] and F(g)=({(g)—1)*|3:, where k=dim 3, and I is the
identity linear transformation of J. Thus E:I(8)— ® and F: I(B)—
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Homg ($41, I1). We claim that neither E nor F is the zero function. Indeed,
E(e)=det [(L(e)—I)|R]=det [(p;—I)|N]#0, since 1 is not an eigenvalue of 7|RN.
Let g=1(e+f+a); then F(g)+#0. To see this, we note that a.g=1(a/2+a/2+e+f)
=4(a+e+f)=g, which means that aU,,_,=8(a.g).g—8a.g+a=28g.g—8g+a=a.
Now aU,,_;=28(a.e).e—8a.e+a=2a—4a+a=—a. Hence al(g)=aU,,_,Us;_17;
=—an;=—a. So a({(g)—I)=—2a and finally a({(G)—I)*=(—2)a#0. This
shows that F#£0.

Since I(B) is irreducible, we can choose 4 € I(B) so that E(h)#0 and F(h)+#0.
Since E(h)#0, {(h)—1is nonsingular on N and thus J,({(h)) <= 31(x). Since F(h)+#0,
{(h)—1I is not nilpotent on J;, which means that J,({(#)) is properly contained in
4. But (k) € Gy, a contradiction to the fact that » is regular.

We now work toward showing the converse of Theorem 5. In Propositions 28
through 31 7 is an automorphism of  such that §,(») is associative, i.e. J;(n)=
De, @- - - @ Dey, whereey, . . ., e, are orthogonal idempotents and e, + - - - +e,=1.
As before R=P Jr.1 Ia(n). Let Do={DeD | , D=0}.

PROPOSITION 28. 7 fixes &, pointwise.

Proof. 7|3, is unipotent. It permutes the idempotents e, ..., e, and thus has
finite order. The group algebra of the cyclic group generated by 5|3, is semisimple
(by Maschke’s theorem and since @ has characteristic zero) and commutative,
hence contains no nilpotent elements. Thus the nilpotent part of 4|3, is 0, and

"7|31=1-

PROPOSITION 29. Every element D € D can be written in the form D= D, + D,—
1~ *Dgn, where D, € D, and Dy € D.

Proof. Let =@ >,<; 3i; be the Peirce decomposition of I with respect to
the idempotents e;,...,e,. Now e D=e>D=2e;.e,D, so that e,D e I .(e)=
@D Znsi Sin. Choose ay, € Iy, (n#i) so that e, D=3, ., a;,. Then if i #j,

0 = (e;.e)D = e;D.ej+e,.e,D = Z a.e;+e;. Z a;, = $a;;+3a,.
n#i n#g
Thus a;;= —a;;. Now let
E= 3 4[R,, R, ]eD.

n<m

Then for each i,

egE

z 4(ey.e,).anm— Z 4(e.anm).en

n<m n<m

Z 2aim— z Aim — Z Api
i<m i<m n<i
z Qim— Z am = z am = eD.

i<m m<i m#i

So D;=D—-Eec®, To conclude, we need only show that E is of the form
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Dy —n~1Dyn. For this we need only show that each [R,,, R,, ] is of that form.
Now if i#m, i#n then t(e;, a,n)=1t(€;.a,,) =1(0)=0; also t(e,, Gnm)=1(€;2, apm)=
t(en, en.a,,)=4%t(e,, a,,)=0 and similarly t(e,, a,,)=0. From this we see, since
N=31, that a,, e N. Now 1—n stabilizes N and is nonsingular on N, hence
surjective on R. Choose b € N so that b—by=ay,,. Then

[Re,.a Ra,,,,,] = [Re,,’ Rb] - [Re,.’ Rbrl]
= [Re,, Ro]—[Repn> Ronl
= [R.,, Ry]—[R., 7, Ryij]
= [Re,, Ry]—[R.,, Rlij
= [Re, Ry]—77[R.,, Ry]n.

Let H={re G| }17<%,}. H is clearly an algebraic group. Since H<G, it
follows that H,< G,.

PRrOPOSITION 30. (a) The elements of H, fix 3}, pointwise.
(b) The Lie algebra of H, is ®,.

Proof. (a) Let H,={re€ H,| xr=x for all xe%}. Then H; is a normal
algebraic subgroup of H,. Moreover, it has finite index in H,. Indeed, since &, is
a direct sum of fields, Aut &, is finite. Two elements of H, are in the same coset of
H, if and only if they agree on & ; since there are only a finite number of possible
actions on J;, [Hy: H,] is finite. This means that the component of the identity
of H, has finite index in H, and thus is the component of the identity of H,. Since
H, is irreducible, we see that H, = H,.

(b) We apply [2, Vol. II, Exemple IV, pp. 144-145; Théoréme 11, p. 171]. H is
the intersection of the algebraic group G—whose Lie algebra is D, since the
characteristic is zero—and the algebraic group {n € Hom, (3, J) | 1 is nonsingular
and §;m=3,}—whose Lie algebra is {E € Homg (3, J) | 31ES 34} Thus the Lie
algebra of H, which is the same as that of H,, is the intersection of these two
algebras, i.e. is {EF€D | ;ES ). But this is equal to D,. For since &, is a sum
of fields, every derivation which stabilizes &,; annihilates it. Indeed, if E€ D,
$HESQ,, then e, D=e2D=2e.e,D (i=1,...,k); hence ¢,D € ¢;. §; = De; and thus
e;D=2¢;D=0.

Let K={r"19{r | 7 € Gy, { € Hp}. Clearly K<2G,.

PROPOSITION 31. K contains a nonempty open subset of 7G,.

Proof. First we note that nH, is épais (i.e. is irreducible and contains a relatively
open subset of its closure). For it is the image of H,, an épais set, under a poly-
nomial map; here we are using [2, Vol. III, Proposition 20, p. 186; Lemme 3,
p.- 193]. We apply also the fact that every irreducible algebraic group is épais, and
that @ is algebraically closed.
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We consider the adjoint representation = +> ad = of G, acting on Hom,, (S, J):
x ad r=7"1x7 for x € Homg (3, ). The image ad Gy of G, under this rational
representation is an algebraic group, hence an épais group of transformations of
Homy (§, ). Hence K=(nH,) ad G, is an épais set (it is the orbit of an épais set
under an épais group). To prove the proposition we therefore need only show that
K is dense in 3G,

If x e yH,, then by [2, Vol. III, Proposition 2, p. 192], (K, x)=2x&(ad G,)+
F(nH,, x). Here I(K, x) is the tangent space to K at x and L(ad G,) is the Lie
algebra of ad G,. By [2, Vol. II, Proposition 6, p. 141], &(ad G,) is ad D, the set
of all mappings A — [4, D] of Hom, (3, J) into itself, for all D e ®. Thus we
see that

(K, x) 2 [x, D]+ZT(nH,, x) = [x, D]+ T(xH,, X)
= [x, D]+ xT(H,, 1) by [2, Vol. II1, p. 191]
= [x, D]+ x8(H,) = [x, D]+ xD,.
This holds for all x € nH,.

The proof of the Corollaire on p. 192 of [2, Vol. III] implies that there is a
nonempty Zariski open subset E’ of nH, such that every point of E’ is simple in
K (recall that this means that the dimension of the tangent space to K at a point
of E’ is minimal and is the dimension of K as an algebraic set). If { € H, then {
fixes &, pointwise so n{ fixes &, pointwise (here we use Propositions 28 and 30(a)).
Hence Rn{=N, as before. Let E"={x € nH, | J1(x) =J1(n)}. Now E"# & since
neE”; and E” is open in nH,, for E"={xenH,|det[(1-x)|N]#0}. So
E'NE"# @. Let o' belong to E’ N E”. Then

K, 7") 2 [v', D+9'Do = {n'D— Dy’ | D e D}+7'D,
= 7'[{D—%""1Dn' | D€ D}+D].

Now 7’ has J; as its 1-eigenspace. So applying Proposition 29 to n’ rather than 7,
we find that {D—»'"'Dn' | De D}+D,=D. Le. T(K, 1 )29'D. Thus dim K=
dim 5'®=dim D =dim 5G,, since 5’ is simple in K. Since K< 1G,, this means that
K is dense in 9G,.

THEOREM 6. If v € G is such that 3,(n) is associative, then n is regular.

Proof. Since the set of regular elements of G, is open, its intersection with K
(defined above) is nonempty. Let 7~ *n{r € K be regular. Then »{ is regular, since
S0 =:1(7~pl7)7 1. But since 5{ fixes J;, the fixed-point space of 7, n too must
be regular.

We note that A7, scalar multiplication in § by 0# A, is an element of I' and that
(AN#=AlL For (A)U,(A)=22U,=U,,=U,up,. Also A+ Al is a polynomial map
from ®—{0}, an irreducible set, to I'. The image of this map contains Z, which
implies that M e T',. For brevity we write A for (A/)~. Thus A€ Aut, & and if
a,beS, Lethen A: a+b+L— Aa+A~h+L.
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We can now prove the following principal result:

THEOREM 7. Let G; be a component of G. Let N be the index of G;, M the index
of the component of Aut & to which G, belongs, and P the index of the component
of Aut D’ to which G, belongs. Since for { € G;, { |€ is independent of { (Proposition
5), we can let Q be the dimension of &,({|G), the 1-eigenspace of this well-defined
action on G.

Then N=M—P— Q.

Proof. We first choose 7 € G; so that 7 is regular and 4 is regular (as an element
of Aut ®’). That this is possible we see as follows. We have seen that the set of
regular elements of G; is a nonempty open subset of G;. We show that {n € G, | 4
is regular} is also nonempty and open. Since G; is irreducible, these two open sets
will then intersect. Now if £ € G, then G;={G,. So G;={G,={ Aut, D' (by Prop-
osition 5). Thus G, is an entire component of Aut ®’. The set of regular elements
of G; is thus nonempty and open in G;. Since 5> # is a rational map and hence
open [2, Vol. IIl, Proposition 6a, p. 176}, {5 € G; | 4 is regular} is open in G;.

Choose nonzero A € @ so that neither A nor A~! is an eigenvalue of 7. Then
#A is in the same component of Aut & as 7. We find the 1-eigenspace £, = ®,(5}).

Since A € I', A stabilizes §, §, and . So R; =3,(7FAI1) @ $1FHAF) @ L.(7A| Q).
Now #A|S and 7A|§ do not have 1 as an eigenvalue: for if a € is such that
ajl=a, then Aan=a, i.e. an=A"'a, which is impossible by the choice of A.
Similarly, if @jA=a, then A~'ap=a, which means that an=Aa, again an impossi-
bility. We conclude that ®;, =Q. Now if R,+E+ D is an arbitrary element of £
(@ael, E€C, Ded') then (R,+E+ D)jA=R,,+ Eij+ Dij, where Eijje € and
Dij e ©'. Hence 8, = R3, oy + €, (| €) + D1(%).

We claim that R, is abelian. (7)) is abelian by the results on Lie algebras cited
in the Introduction and the fact that 7 is regular. Since €, (7|€) is contained in the
center of D, €,(7|€) +Di(7) is abelian. F;(n) is a direct sum of fields, say J;(n)=
De;, @---@ Dey, where e,,...,e, are orthogonal idempotents (here we use
Theorem 5 and the fact that 7 is regular). Thus [R,,, R, ]=0 for all i, j; this is
always true of orthogonal idempotents and follows from properties of the Peirce
decomposition. Hence [R3,n, R3,]=0. Finally, if D € €,(5|€)+ Di(%), then the
fact that ®, is a subalgebra implies that Rs,p=[R3,m> DIS R, o i-€. J1(n)D
<=X(n). Thus, as in the proof of Proposition 30(b), J,(n)D=0. This means that
[R5, €17 €) +D1(7)]=0.

Since ®; is abelian, 4A is regular, again by the results on Lie algebras cited in
the Introduction. Hence dim ®, =M. Certainly dim $(n)=N, dim €,(5|€)=Q,
and dim ®j(;)=P. This means that N=M—-P— Q.

COROLLARY. The index of G, is rank & —rank D.

Proof. The results on Lie algebras cited in the Introduction imply that if B is a
semisimple Lie algebra over @, then the index of Aut, B is rank B, i.e. the dimen-
sion of a Cartan subalgebra of 8. If { € G, then { fixes € pointwise and hence
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¢,({|&)=€. Also G,=Aut, D' and G, belongs to Aut, £. Thus in the notation of
Theorem 7, M =rank &, P=rank ®’, and @=dim €. Since P+ Q=rank D, by the
Lemma preceding Proposition 1, we are done.

We note that if G; is a component of G, then every element of G; fixes a subspace
of dimension at least index (G;). The proof of this uses the fact that a regular
automorphism 7 fixes J;(n) pointwise (Proposition 28), and is otherwise the same
as in the case of Lie algebras [9, Theorem 10, p. 314]. The above Corollary now has
the following infinitesimal analogue.

THEOREM 8. Let A be the minimum dimension of the kernel of a derivation of &
and B the minimum (for all D € D) of dim Jo(D), the 0-eigenspace of D. Then
A=B=rank & —rank D.

Proof. We first show that D contains elements which are regular in &, i.e. there
exists D € D such that y(ade D) is a Cartan subalgebra of &. As before = Ry +
W+ >, 8,, where the summation is over all roots of &’. Since for any root « of
', (W) 50 (by Proposition 15), we can choose D € B to be a nonzero of all the
roots of . If ae A, Ee W, L, € &,, then L=R,+E+ Y, L, is in 8(adg D) if and
only if for some n, L(ad D)*=0. But if n=1 then L(ad D)*=3, «( D)"L, which is
zero only if all L, are zero. We conclude that $=8y(adg D), and thus that D is
regular in g.

We now consider the following four sets of derivations:

(i) The set of D such that D is regular—i.e., such that ®y(adp D) is a Cartan
subalgebra of D.

(ii) The set of D such that D is regular in .

(iii) The set of D such that dim kernel D= A4.

(iv) The set of D such that dim Jy(D)=B.

Each of these sets contains a nonempty Zariski open subset of ®. This is well
known for the first [8, p. 61] and has been shown for the second: the second set
is nonempty and is the intersection of an open set of & with 9D, hence is open in D.
To see that the third set contains an open set, note that the dimension of the kernel
of D is dim §—rank D, so that the third set is the set of derivations of maximal
rank. If we choose a basis for & and regard Hom, (3, §) as a complete matrix
algebra, we see that the largest k such that there is a k x kK minor which is nonzero
on D is this maximal rank. The third set contains the nonzeroes of such a minor,
an open set. To see that the fourth set is open, let det (A/—x)=A"—o,(x)A" "1+
-+ - +(=1D"oy(x) for x a generic element of Homg (&, ) (see [10, p. 222] for the
definition of generic elements). Here oy,..., 0, are polynomial functions on
Hom, (8, ), hence on D. If o,, 0,_1,..., 0,_k+1 are all identically zero on D
but o, _, is not, then dim Jo(D)= B if and only if o, _,(D)#0.

Thus we can choose a derivation D which lies in all four of the above sets.
Since forae y, E€ D, (R, + E)(ad D)*= R,p»+ E(ad D)", it follows that 8,(adg D)
=Rz, +Do(adp D). That D is in the first and second sets shows that Dy(adp D)
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is a Cartan subalgebra of ® and y(adg D) is a Cartan subalgebra of . Since
Cartan subalgebras of & are abelian (recall that & is completely reducible),
[R3,p) Do(adp D)]=0. In particular, D € Dy(adp D), so Jo(D)D=0. Thus (D)
is the kernel of D and A=B. Finally, we note that dim §,(D)=dim L,(ad D)
—dim Dy(ad D)=rank & —rank D=rank & —rank D.

5. Examples. Our purpose in this section is to apply the preceding results to
the simple Jordan algebras over ®. We first make some general remarks. We recall
that if § is simple then € is one-dimensional and that €=0 unless J is three-
dimensional. Also, if each of the idempotents e,, p € P, is primitive then every root
of Z, is of the form &, w a root of ®'. To see this, suppose that « is a root of &’
such that «, is not @ for any root w of ®D’. Proposition 17 implies that a root
vector for o has the form R,, x € §. Since [R,,, Ry]=D N DR, clearly [R,, Ry]=0.
If p € P, let x=x; + Xx;,5+ Xo, Where x; € Ji(e,), the i-Peirce space of the idempotent
e,. Then ¢,[R,, R,,]=0, so that (x.e,).e,=x.e,; this implies that x, +}x,,=x;+
4x,/2, which means that x,,,=0. We conclude that if =P > J,, (Where the sum
is over unordered pairs of roots p, o € P) is the Peirce decomposition of & with
respect to the idempotents e,, p € P, then for each p e P, x € Jo(e,)+J1(e,), i.e.
that x € @ 3 cr 3yp- Since the e,’s are primitive, §,,= Pe,. Hence x € 5, e, =
A. Le. R, € RucS 9, a contradiction to the hypothesis that R, is a root vector of
2'. Thus if all e, are primitive the proof of Proposition 25(b) shows that (W(®'))~ =
W(Z,); in this case I'y N G=G,, by Theorem 4.

We now work our way through the classification of simple algebras (see [10,
Chapters 3-5] for details of the classification theory).

(I) § is three-dimensional, i.e. J=®1 & B, where B is a two-dimensional
vector space with a nondegenerate symmetric bilinear form ( , ). We choose a
basis {v,, v5} of B such that (v;, v,)=1 and (vy, v;)=(v,, v2)=0. Then with respect
to the basis {1, v;, v;} of §, D= consists of all scalar multiples of the matrix

00 0
E=|0 1 0]
00 -1

The kernel of this transformation is @1, so that A= ®1 and
$ = (R +wE | §, w € D).

By abuse of notation, we let {i), w} be the basis of $* dual to the basis {R;, E} of
9. We exhibit the root spaces of &: if H=¢R; + wE, then

[19 H] = ‘/‘l, [i’ H] = _'/'I,
[v1, H] = ($+w)vy, (01, H] = (—¢+w)dy,
[ve, H] = (y — w)vg, [02, H] = (—¢—w)?y,

[-Rvp H] = va,E = vap [sz, H] = _vaz-
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Thus the roots of & are +, +¢+ w, +w. Comparison with [8, p. 139] shows that
the root space of & is of type B,. Now &* maps ¢y > —¢ and w - w. =9, so
that ¥ =B*=E*=dw (identifying HF with (H¥)", as we shall in all these ex-
amples). Thus {w} is a simple system of roots of &’ stabilized by &*. Since (¢ — w)(R;)
=1, {¢ — w, w} is the corresponding simple system of roots of &. I.e. in the notation
we have consistently used, p; =¢— w and &, =w. The Dynkin diagram of & (with

p, circled) is
C="
| . A J
7

The number of automorphisms of this diagram is 1—ie. I'=T,. D=0, so
(W(D"))~ =(1). Since X, is of type A;, W(Z,) has order 2. Thus G has two com-
ponents. The component G, of the identity fixes E. The other component, G,
corresponding in the root space X, to the symmetry in the direction of w, maps
E to —E. Thus the index of G, is 2— 1=1, whereas the index of G, is 2—0=2.

In the remaining examples, €=0. So =28, and we can identify ¥ and W*.
We also identify $¥ and ()", as above.

(I) §=o1 @ B, where dim B=n=2/, /=2. Here D consists of linear trans-
formations of & which map 1 — 0 and are skew transformations on 8. We choose
a basis uy, ..., u, Uy, ..., v; of B with respect to which the form on B has matrix
(@, &); here I, is an /x/ identity matrix. We thus have the basis 1, u,,..., u,
Uy, ..., 0 of §. If a, b are elements of this basis, by E, , we mean the corresponding
matrix unit: the linear transformation of  which maps a to b and all basis elements
other than a to 0. Then if H;=E, , —E, ,, a Cartan subalgebra B of D is
{31 wH; | w; € D). A again is V1, so that H={YR, +>; wH; | , w; € D for all i};
as before we denote by ¥, wy,..., w, the corresponding dual basis of H*. We
exhibit the root spaces of &: if H=$R; +>; wH;, then

[1, H] = #1, (1, H] = —y1,
[, H] = p+wdu,  [i, H] = (—¢+w)ia;,
[vw H] = (p—w))v,, [0 H] = (—¢—w).
A basis for D consists of the transformations Hi, E,, .y, — E,, v, (i#)), Eyuy— E,, .,
(<)), Eyyo,— Euy o, (i<j). By [7, p. 141], we see that
[Evyu,— Eoop H] = (0 —@)(Ey 0~ E, ) @ # 7)),
[Evy— Evjup H] = (01t @)(Ey, 0 —E,, ) (URS))
[Eyjo,— Eupop H] = (—0i—w))(Ey 0, — Ey,0) (< ).

In addition
[Rup H] = wiRup [Rvp H] = _wiRv'--

Since A’ =0, W* = H¥. Thus all roots of &' are fixed by &*. The roots of & which are
roots of D’ are w;—w; (i#j) and + (w;+w,) (i<j). The additional roots of &' are
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+ w;. A simple system of roots of &’ is w; —wg, wy—wg, . .., w,_; —w,;, w, and thus
' is of type B,. The simple system of roots of D consisting of positive roots (see
the discussion preceding Proposition 26) is w; —wy, wg—wg, ..., w;_1—wy, w,_;+
w, (this last root is positive since w;_; +w;=(w;-; —w))+2w;). So D’ is of type D,.
W(Z,) is generated by the symmetries in the directions of the simple roots. The
first /—1 simple roots of Z, are roots of D’. The symmetry w,, fixes the roots
w;—w,y, ..., w;_y—w;_; and interchanges the roots w;_; —w; and w,_; +w,. Thus
the index of W(®') in W(Z,)= W(&') is 2; the two cosets of W(D') are W(D’) and
We, (D).

The roots of & are + ¢, + w;, w;—w; (i#)), + (w;+w;) (i<j),and + (¥ + ;). Thus
® is of type B,.;. The simple system of roots of & corresponding to the above
simple system of roots of & is y —w;, w;—w,, ..., w;_;—w;, w;: in our standard
notation, p;=¢—w; and {&,..., 4}={w;—w,, ..., w}. The Dynkin diagram of
& (with p; circled) is

So I'=T"y and G has two components. The index of G, is (/+1)—/=1. Since the
reflection w,, of the root space of &' has /—1 orbits in its action on the simple
system of roots of &', the other component of G has index (/+1)—(/—1)=2.

(III) =01 @ B, where dim B=n=2/+1. Again, D consists of linear trans-
formations of & which map 1 — 0 and are skew transformations on 8. We choose
a basis ¢, uy,..., 4, Uy,..., 0 of B with respect to which the form on B has
matrix

1 00
0 0 j
015 0

3 has the basis {1, #, uy, ..., W, Us, . . ., U}; E, is as in the preceding example. A
Cartan subalgebra of 2 is spanned by H,=E, ,,—E,,,. In this case A=D1 D
Ot=0L(1+1) ® ®3(1—1¢); here 3(1+1¢) and 4(1—1¢) are primitive idempotents.
We have seen that this means (W(D))~ = W(Z,).

We let Hy=R,. Then a typical element of $ is yR;+>}_, w;H;. A basis for D
is Hla LS} Hla Eu;,m_Ev‘,v, (l?é]), Evi,uj_Ev,,u, (l<])’ Eu,,v‘_Eui,v, (l<J)a Et,u,_
E, . (all i), E, ;—E,,, (all i). We exhibit the root spaces of ®: if H=y¢R,+
>t_o w;Hy, then

[142, H]l = [1, H]+[t, H] = (1 +wet) +(t+wol) = (f+wo)(1+1),
[I+17, H] = (—$—wo)1+1),
[I—t, H] = @—w)(1-1), [1—t, H] = (—$+w)(1-1),

[ub H] = (¢+w£)uia [ﬁi, H] = ("‘/"I'wi)ﬁb

[v, H] = (p—w)vy, [0, H] = (—$—w)5,.
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Using [8, p. 139], we see that

[Euj.ui_Ev‘.vp H] = (wi—wi)(Eu,,ug_Ev;,v,) (l ?é.l’ l,] 2 1)’
[Ev.v,u,_Ev,.u,a H] = (wi+wj)(Ev,,u,—Ev,.u‘) (1=
[Euj,vi_Eu‘,vp H] = (_wi_w])(Eu;.vi—Eu‘,v;) (l é i< ])

The same reference shows that [E,, —E,, Shoy o Hl=w(E,,,— E, ) and
[Eui.t_Et,vp Die1 wHj]= —wi(Eu,,z—Et,u.)~ Since [Ru,, Rt]=Ev(,t_Et,u, and
[R,, R]=E, —E,,, we have

[Ry+Eiy—Ey 1, H] = —wo(Eyy,— Ey, ) + iRy —woRy, +o(E,y y,— E,, 1)
= (_w0+wl)(Rug+Et,u(—Eu‘, t)9
[-R,+E ,,—E, . H] = (wo+w))(— R, + E, ,,—E,, ),
[Ry,+E, —Eiy, H] = (wo—))(Ry,+E,, s — E ,),
[~Ry,+E, —E,, H] = (~wy—w))(—R,,+E, ,—E, ,).

Thus the roots of & are +¢+w; (i20), +w;+ w; (i#)); this means that & is of
type D,, .. Since ¢* maps ¢ —> —i, wg —> —w,, and w; —> w; (1), we see that a
simple system of roots of &' (which is of type D,,,, since its roots are +w; + w;
(i#j)) which is stabilized by &* is w;—w;_1, ..., wg—w;, w;—wy, w;+wy The
projection of this simple system onto W* is w,—w;_1, ..., wg—w,, w,, Which is a
simple system of roots of 2, i.e. (in this case), of roots of ®D. The corresponding
simple system of roots of ® is y—w;,, w,—w;_1, ..., w;—wy, w;+wy. Thus K has
the Dynkin diagram

This diagram has two automorphisms, so [I':I',]=2. Also G has two components.
The index of G, is (I+2)—I=2 since ® is of type B,. The other graph auto-
morphism of the diagram of § corresponds to the identity automorphism of ®’,
since the roots w, —w, and w; + wq, Which are interchanged by this automorphism,
are both mapped to w; when the roots of &' are projected onto 28*. Hence the
other component G, of G has index (/+1)—/=1.

(IV) 3=9(P,), the algebra of symmetric n x n matrices, where n=2/, />2. ¥ can
be represented as the algebra of symmetric linear transformations of a vector space
B of dimension 2/ equipped with a nondegenerate symmetric bilinear form. We
choose a basis vy, . . ., vy for B with respect to which the form has matrix (§, §).
By E,; we mean E, , (in the above notation). Then ¥ consists of matrices of the

form
(au a12)
9
dg1 Qg
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where the a;;’s are /x/ matrices satisfying a,,=at,, als=a;,, ab,=a,;,. By [10,
p. 254], ® consists of all mappings X+ [X, Y], where Y is a matrix skew with
respect to the form on %, i.e. Y has matrix

(an 012)’

Az Qg

with a,, = —ab,, a;5= —al,, a;; = —ab,. We denote the derivation X+ [X, Y] by
ad Y. The mapping Y+ ad Y is injective.

A basis for I consists of the matrices Ey+E;,i,4+:i=Ki, Ej+Ei1;41 (#)),
Ei 1 j+Ei1: (<)) Eiv1o Ejiv1+Ei ;41 (1<), Eii41. A basis for the set of skew
matrices is Eii_El+£,l+i=Hi’ Eji_Ei+l,j+l (iiéj), Ei+l,i_Ef+l.i (i<j)’ EMH_
E, ;. (i<j). A Cartan subalgebra for ® is B={>!_, ¢; ad H, | §, € D, all i}. With
this choice of W, A=P Ji., PK,, so that H={3]_; w;-2Rx,+ 3}, i ad H; | w;,
J; € @, all i}. As before, we let wy, ¢y, ..., w, ¢, be the corresponding dual basis
of H*. We exhibit the roots of ®: if H=3}_; w;-2Rg,+ i, ¢; ad H;, then

[1<b H] = 2‘”!&)
[Esi+Eis1,41 H = (0t @+ =) Ei+Eiv1,540) @ # ),
[Eiv1j+Ejri H] =-(wi+o;+ i+ ) Eivr;+ Ejr) (=),
[Ej i1+ Ei o, H] = (0t w;— =) (Ej i+ E ;i) (0 S)),
[I?ia H] = _2wiK_'b
[Exi+E 154 Hl = (moi—w;+$i— ) Ei+ Ei 1540 ( #J),
[Eivis+Ejer H] = (—oi— o+ i+ ) Byt Ejrry) (S ),
[Ejisit+Ei g, Hl = (moi—w;— =) E; 111+ Eiy10) (S )).
Every element of Hom,, (%8, B) is uniquely expressible as the sum of a skew and a
symmetric matrix. Thus Hom, (B, B)~ L, where the isomorphism is X+ Y «»
2Ry +ad Y for X symmetric (i.e. in &) and Y skew. This is easy to verify and
allows us to find the roots of & whose root spaces lie in & more easily. For each
i, j let e; denote the element of & corresponding to E;; € Homg (B, B) under
the above isomorphism. Then 2Ry =ey+e,,i;+; and ad Hy=e;—e; 4.
Thus H=3]_; (w;+ ey +(w;—)e; 141 A basis for & consists of 2R, ad H,,
ey (i#)), €141 (7)), €415 @l 4, j), e ;4 (all 4, j). Then
les, H] = (i +4i—w;—))ey @ #J),
leisre0 H] = (0;—j—witd)eir 0 (@ # ),
leisrss H] = (w;+—wt+d)e ;@ # ),
leir1, H] = 2¢e 414,
lejon H] = (w;—s—wi—)e s (G #)),
leis Hl = —2iey 40
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We thus see that the roots of ®, listed in the same order as above, are

A. Roots p such that p(R))=1. 2w;=(w;+¢;)+(w; =), (w;i+:)+ (w;—;)
(i#7)s (@i i)+ (@,+1) (S)), (=) +(w,— ) ().

B. Roots p such that p(R)=—1. —2w;=—(w;—¢;) —(w; +¢;), —(w;—i;)—
(w;+4) (#)), —(wi—) = (w;— ) (£)), —(wi+)—(w;+$) (2)).

C. Roots p such that p(R,)=0. (w;+¢;)—(w;+¢;) (#)), —(wi—)+(w;—))
@#)), —(@i—)+(w;+4y) (#)), 2= — (@i =) +(wi+4), —(wit+4)+(w0;—;)
@#7)s — 2= —(wi+ ) +(w;— ).

Thus the roots of & are all sums and differences of w; +; and w; — ;. This means
that & is of type C,;.. The roots of &' are all differences of w;+y; and w; —;, so
that &' is of type A, _;. A simple system of roots of &' stabilizes by ¢* (which sends
w;— —w; and ¢ =) is (w1 +¢) — (w2 +ihs), (wats)—(ws+s), ..., (w1 +
o) — (o +), 2h=(or+)— (=), (=) —(@-1—%i-1), .. ., (Wa— ) —
(wy—1;). Here &* interchanges the first and last of these roots, the second and
second from last, etc. The corresponding simple system of roots of & adds to the
end of this simple system the root 2(w; —,;). Thus the Dynkin diagram of & is

This has only one automorphism, so I'=T',.

The projections of the roots of &' onto * are the roots +; + 4, (all i, j). Thus
Z, is of type C;. The roots of £, which are not roots of ® are + 2i;; for these are
the projections of the only roots of & whose root vectors have the form R,,
x €J. Thus D has roots +;+4; (i#j) and is of type D, The simple system of
roots of X, which we get from the above simple system of roots of &' is ; —is, . . .,
¥, _1 — i, 24, The corresponding simple system of roots of D is b —thg, . . ., Py —
¥y, 11+, As in example (II), we see that there are exactly two cosets of W(D)
in W(Z,): W(D) and w,,, W(D). The second coset corresponds to the automorphism
of the diagram of ® which interchanges ¢;_; —¢; and ¢;,_, +4; and fixes all the
other simple roots. Thus G has two components. The index of G, is 2/— /=1, while
the index of the other component G, is 2/—({—1)=I[+1.

V) §=9(d,), the algebra of symmetric nx n matrices, and n=2/+1, I=>1. §
can be represented as the algebra of symmetric linear transformations of a vector
space B of dimension 2/+1 equipped with a nondegenerate symmetric bilinear
form. We choose a basis vy, v, ..., vy for B with respect to which the form has
matrix
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As before, E;; means E, ,. Then J consists of linear transformations whose
matrices have the form

A u o u

u, ay; ag|,

Uy ay ai
where A € @, u,, u,, are 1 x ] matrices, and a;; are / x / matrices satisfying a,,=at,,
aq; =ab,. Also the skew transformations of 8 have matrices of the form

0 u 7
—uy ay a2 |
—uy ay —ai

where a;,= —a%, and a,, = —a},. D again consists of the mappings ad Y for Y
skew. A basis for & is Ko=FEq, Ki=Ey+E 141 (=1,...,0), Ez+Ei (14
((#754,j21), Eiviy+Ej 1S05)), Ejini+Eije (1Si5)), Eo i+ Eiy,0 (150),
Eio+E; ., (1£i). A Cartan subalgebra B of ® is spanned by ad H;, where
H,=(Ey—E;,1,1+1), i2 1. With this choice of B, A= J;_, PK;. Thus a typical
element of  is H=3}_, w;-2Rg,+ 3} ¥ ad H;. As before, we exhibit the roots

of ®:
A. Roots p such that p(R;)=1.
[K09 H] = 2w0KO’
[Ki, H] = 20K, = [(w;+ ) + (o, = $)]K; (1 =9),
[Ex+Eivry40 H] = [(i+$) +(w;— ) Ep+Eivry00) (G #J56,)2 1),

[Eis1,i+Ejiri H] = [(@i+$) +(@0;+$)E 1+ Ejrr,) (1 S0 2)),

[EiivitE e, Hl = [(0i— )+ (w0, —$)NE), i1+ Eije) (1 S0 5)),
[Eoit Eivi,00 H] = [wo+ (wi+4)](Eo,i+ Ei+1,0) 1=,
[Eiot+ Eois1, H] = [wo+ (wi—¥)](Ei 0+ Eoi+1) 1=

B. Roots p such that p(R,)= —1. (We obtain these by applying ¢* to the roots
listed above.) —2wo, —(w;— ) — (@i +¢) (1=1), —(w0i—¢) — (@, +4)) (i#); 4,2 1),
— (=) —(w;—9) (12iZ)), —(wr"‘/’i)—(wj""/'i) (1=ig)), —wo—(wi—¢)

(1=0), —wo—(w+¢) (1=0).
C. As before we have a natural isomorphism between Hom g (8, 8) and £

given by X+ Y < 2Rx+ad Y for X in J and Y skew. If e is the element of &
corresponding to E;; € Homg (B, B), then

1
H = woeqo+ z (wi+ ey + (0 —)es s, i 41
i=1
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and we can list the roots p of & such that p(R;)=0.

lesi, H] = [(wi+3) —(w;+$))]es I=si<)),
[essr541 H] = [— (@i =)+ (w;—))]ei 1,541 1 =i<)),
leis1, H] = [— (i =)+ (w;+$)]ei v, G#ji,jz 1),
[eisri H] = [—(wi— )+ (wi+¥)leii = 2hieis,s (1=,
leij e H] = [—(0i+ )+ (w;—4))]es 44 G#j55,jz 1),
lenivi, H] = [—(oi+) H(@i—P)leivr = —2hein (1 20),
leo,i» H] = [—wo+(w;+)]eo,: (1 =),
[ei,0, H] = [wo—(wi+1)]ei0 1=,
[ei+1,00 H] = [wo—(wi—i)]eis1,0 1=,
leo,i+1s H] = [—wo+(w;—)]eo i+ (1=

The roots of & are all sums and differences of wq, w;+¥;, w; —;. Thus & is of type
Cy+1. The roots of &' are all differences of these terms, so that L is of type Ag;.
A simple system of roots of ' stabilized by &* is (w;+¢;)—(wa+s),. ..,
(w1 +i-)— (o +4), (0+d)—wo, wo—(w =), (w—¢)— (-1 —-1), ...
(wy—3) —(wy—;). Here &* interchanges the first and last of these roots, the
second and second from last, etc. The corresponding simple system of roots
of & is obtained by adding 2(w;—3,) to the end of this list. Thus the diagram
of & is

Again I'=T,,.

The roots of X, are +y;+4; (i#)), £, +24;. So Z, is of type BC,. The only
roots of £, which are not roots of ® are +24;, since these are the projections of
roots of &' whose root vectors are of the form R,. Thus D is of type B,. The simple
system of roots of X, corresponding to the above simple system of roots of &’ is
Y1 —ta, ..., 11—, ;. These roots are also roots of D and since symmetries in
the simple roots generate the Weyl group, W(®)= W(Z,). Thus I'y N G=G,, and
G has only one component. The index of G, is 2/+1)—I=I+1.

(VI) 9$=®;, the Jordan algebra of all nxn matrices over ®. As before, D
consists of all mappings X — [X, Y], Y e ®,. We call this derivation ad Y. The
mapping of @, (the Lie algebra of all n x n matrices) onto ® defined by Y+>ad Y
is a Lie homomorphism whose kernel is the center of @, the set of scalar matrices.
If B is the set of matrices of trace zero, then Y+>ad Y is an isomorphism of B
onto ®. Thus a Cartan subalgebra ® of ® is spanned by ad h;, where A=
ad (e;;—enn), i=1, ..., n—1; here by e;; we mean the matrix with 1 in the ij-position
and O elsewhere. It is easy to see that with this choice of W, A=De,; B - - De,,;
since all e; are primitive idempotents of I, we will have W(D)= W(Z,), as above.
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Let H=37_; w;-2R, +2721 ¢, ad h; be a typical element of 9, and let y=37-1 4.
We exhibit the roots of &:
A. Roots p such that p(R;)=1.
[ew, H] = 2wiey = [(wi+)—(—w+¢)les (i < n),
[enm H] = 2w,ey, = [(wn_Y)—'(—wn_Y)]enn,

[eins H] = [(wn - Y) - ( —w;+ ‘/‘i)]ein (l < n),
[enss H] = [(w;+$)—(—wn—y)]en; (<n),
leis, H] = [(w;+3;) —(—wy—)]ey; (@i, j, n distinct).

B. Roots p such that p(R))=—1. —2w;=(—w;+¢)—(w;+) (i<n), —2w,=
(mon—y)=(w—y), (mwn—y)—(e+) (i<n), (—w;+)—(w—y) (i<n),
(—w;j+) —(w;+4) (i, j, n distinct).

C. Roots p such that p(R,)=0. It is not hard to check that

[2Re,,, 2R, 1 = ad [ey, ex] = (85— 8y) ad ey,
[ad ey, 2Rekk] = 2R[e,,,ek,,] = (Sjk_sik)ZReus
[2R.,,, ad (exx —e€nn)] = (—1—84)2R,,, (i, k <n),
[2R,,, ad (e —enn)] = (1+8)2R,,, Uik < m),
[2R,,;, ad (e —enn)] = (85— 811)2R,,, G #js6j,k <n),
[ad eir, ad (exx—€nn)] = (—=1-8y)ad e, (i, k < m),
[ad en;, ad (e —e€nn)] = (1+8;) ad ey (U, k < n),
[ad e, ad (exk—enn)] = (8;— ) ad ey (0 # j5 i, ), k < n).

Applying these, we see that

[2R.,+ad e, H] = [(w,—y) — (e +$)]2R.,, +2d ei) (i <m),
[-2R.,+ad e, H] = [(—w.—y)—(—w+4) (2R, +ad e) (i < n),

[2R.,,+ad e, H] = [(w;+;)— (0. —V)I2R.,,+2d e,)) (j<n),
[—2R.,,tad ey, H] = [(—w;+$)—(—w.—y)(—2R,,,+ad e,;)) (J < n),

[2R.,+ad e, H] = [(w;+ ;) — (w1 +4))(2R,,,+ad e,)) (@i, j, n distinct),
[—2R., +ad e, H] = [(—w;+¢¥)—(—w; +¢)(— 2R, ,+ad ey) (4, j, n distinct).

Thus the roots of & are all differences of w;+¥¢; (i<n), —w;+i; (i<n), w,—7y
and —w,—y. Thus & is of type A,,_;. The roots of &' are all differences of w;+;
(i<n) and w,—1v, together with all differences of —w;+¢; (i<n) and —w,—1y.
Thus £’ is of type A,_, @ A,_.. A simple system of roots of &’ stabilized by &*,
augmented in the usual manner to give a simple system of roots of &, is
(w1+41) —(ws+4s), . . s (@p_at¥n_2)—(@n_1+¥n-1),  (@a-1+Pn_1)—(wr—7),
(=)= (—w1+¥1), (—wr+d)—(—watds), ..., (—waatPhn_g)—(—wy_1+
Yn_1), (—wn_1+¢,_1)—(—w,—y). Here the root p, which has been added to
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the simple system of roots of &' is the middle root, (w, —y) — (—w; +4;). Thus the
Dynkin diagram of & is

h—.—qooc.—@—‘o“’-——’———‘

which has two automorphisms. This means that [I':T'y]=[G:G,]=2. In the above
list of simple roots, * interchanges the first and (n+ 1)th, the second and (n+2)th,
etc. The roots of X, (hence of D) are all differences of ¢;, ..., ¢,_;, —y; henceZ, is
of type A,_,. The simple system of roots of Z, obtained by projecting the above
simple system of roots of & is ¢; —ig, Yho—tha, . . ., Pp_o—Pn_1, Pn_1—(—7y). The
effect on this system of the nontrivial automorphism of the Dynkin diagram of &
(which interchanges (w;+4;)—(ws+1) and (—w,_ 1+, _1)—(—w,—y), etc.) is
to interchange ¢; — ¢, and ¥, 1, —(—7v), ¥o— 3 and ¢, _5—4, _;, etc. The number
of orbits of this automorphism of the Dynkin diagram of D is [n/2]. Thus the
index of G, is 2n—1)—(n—1)=n, while the index of the other component G, of
G is [2n/2]—[n/2]=n—[n/2]=[(n+1)/2].

(VII) §=9(D,,,J), n=3, i.e. ¥ is the set of 2n x 2n matrices symmetric under
the involution J: X — S ~1XS, where S=diag {Q, O, ..., @} (there are n Q’s here)
and Q is the 2 x 2 matrix (_? }). For purposes of notation, we divide matrices up
into n? 2x2 blocks. By I,; we mean the 2nx 2n matrix which has (} ) in the
ij-block and (§ ) elsewhere; thus we regard @, as the algebra of all n x n matrices
over ®,. We note that Q~'=Q' If X=3,; X;l;; (X;;€®,), then X' =
i O 1XEQL;. Also Q712 5Q=(_¢ ~). From these facts we can see that a
basis for & consists of I;, Pi;=( DI;+G DI (i#)), Ry=@ )I;+@ ~5)x
(i<j), Si=C DL;+(_9 NI (i<j). As before, D consists entirely of mappings
ad A4, where A € ®,, and 4’ = — A. The mapping 4+ ad A4 from the set of J-skew
matrices onto ® is a Lie isomorphism. A Cartan subalgebra for the algebra of
J-skew matrices is spanned by H,=("} DI; (i=1,...,n). Thus we can take
W={>r_,¢;ad H; | J; € ®}. It is not hard to see that A is spanned by all I,
which are primitive idempotents of 3. Hence in this case we will have W(®)=
W(Z,). We exhibit the roots of &: if H=2>7_, w-2R, + 2>}, ¢; ad H,, then we
have

A. Roots p such that p(R;)=1.

[P, H] = [(w;—3) +(w0;+)]Py @ #j)
[Rij, H] = [(wi+)+(w0;+ )Ry, @ <),
[Sij, H] = [(wi =)+ (0;— )18y @ <.

B. Roots p such that p(R))=—1. —(wi+)—(w;—;) (#)), —(w—P)—
(w;—%) (1<), —(wi+)— (w;+4,) (I<)).

C. As before, we have an isomorphism between @5, and £ given as follows:
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if X’=X and Y’=-Y, then X+ Y« 2Ry+ad Y. Under this isomorphism
H € & corresponds to

Lo(oi— 0

> Iy

i=1 0 wi+‘/’i

If E, is the element of & corresponding to (3 3, F; to (9 DI, I35 to G I,
132 to (§ )1y, IZ to (§ 9I;, and 122 to (§ 9)I;, then we have for the roots p such
[Ei, H] = 2HE; = [(wi+¢) — (0, —$)]E,
[Fi, H] = —24F; = [(w0i— ) — (s +)]F,
75 H] = [(w;—¢) —(wi—)UF (G #)),
(77, H] = [(w;+¢,) — (0= )17 @ # ),
(3, H] = [(w; =) —(wi+))UF (G # ),
[I7, H] = [(w;+¢) — (w0 + )1 F @ # -
Thus the roots of & are all sums and differences of distinct terms w;+;
and w;—;. Hence & is of type D,,. The roots of &' are all differences of these
terms, so & is of type Aj,_;. A simple system of {' stabilized by &* is
(wy +‘/’1)_(w2+l/‘2), s (wn—1+‘/’n—1)—(wn+¢'n)a (0n+n)—(wn—tn), (wn—3n)
—(Wp_1=Pn_1), .. .s (wg—1hs)—(w; — ;). Here * interchanges the first and last
roots, the second and second from last, etc. One adds to the list the root (w, — )
+ (w, — ;) to get the corresponding simple system of roots of &. Thus & has Dynkin

diagram

Since n23, 2n26 and this has only one automorphism. As a result, I'=T", and
hence G=G,. The roots of Z, (i.e. of D) are + ¢ +4; (i#)), +24;, so that D is of
type C,. The simple system of roots of ® derived from the above simple system
of roots of &' is ¥y — s, Po—hg, . . .y Y1 — ¥, 2¢,. The index of G, is 2n—n=n.

(VIII) §=9H(D3), the exceptional simple Jordan algebra of all 3 x 3 hermitian
matrices over the octonian algebra ©. We saw following Proposition 10 that & is
of type E;. Since the Dynkin diagram of & has no nontrivial automorphisms,
I'=T,. D is of type F, [7, p. 35]; since the Dynkin diagram of ® has no nontrivial
automorphisms, G=G,. Also the index of G, is 7—4=3 (this has been shown for
all characteristics #2, 3 by Smith [14]). It is known [7, p. 36] that U is spanned
by primitive idempotents. Thus X, is also of type F,.

A table summarizing examples (II) through (VIII) appears in [13, p. 503].

Appendix. In the proof of Theorem 3, we used the following fact: if e and f
are two primitive idempotents of J=®1 @ B, the (simple) Jordan algebra of a
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space equipped with a nondegenerate symmetric bilinear form, then U,,_,Uy,_, €
Auty §. In the proof of Theorem 5 we used similar facts about the three-dimen-
sional simple Jordan algebra B over ®: that the set of primitive idempotents of
B is an irreducible algebraic set and that if B is a subalgebra of a Jordan algebra
3, with e and f primitive idempotents of B, then U,,_,U,,_; € Auty §. These
facts are corollaries of the following:

THEOREM. Let & be a simple Jordan algebra over ®, an algebraically closed field
of characteristic p, where p=0 or p is bigger than or equal to the degree of I. Then
the set of primitive idempotents of & is an irreducible algebraic set.

This theorem was first proven by Helwig in [5]; his method was simply to examine
each of the simple Jordan algebras as given by the classification theory, using
special considerations for each. Our proof, except possibly at one point, will not
use the classification theory.

If & is a Jordan algebra, we let I(3) be the set of primitive idempotents of .
In general, if e2=e, then U,,_, € Aut 3. For U,,_, is in the structure group of
S and e—1)2=4e—4e+1=1, so that 1U,,_,=1. If x €, then

xUsze_; = 2(x.(2e—1)).2e—1)—x.(2e—1)2
= 8(x.e).e—4x.e—4x.e+2x—x
= 8(x.e).e—8x.e+x.

The next three propositions are sufficient for the applications in the proofs of
Theorems 3 and 5 cited above.

PRrROPOSITION 1. Let & be a Jordan algebra and B a subalgebra. Suppose that 1(8)
is an irreducible algebraic set and e, f € I(B). Then Uy, _,U,,_; € Auty 3.

Proof. We have seen that for e € I(8B), U,._, € Aut §. Fix e € I(8) and consider
the polynomial map of I(B) — Aut & defined by fi— Us,_,Us,—;. The image of
I(B) is an irreducible subset of Aut & which contains 1 (since Up,_1Us.—;=1).
Hence it is contained in Aut, §.

PROPOSITION 2. Let B be a vector space of dimension at least 2 with a non-
degenerate symmetric bilinear form ( , ). Let I(B)={v e B | (v, v)=1}. Then I(B)
is an irreducible algebraic set.

Proof. Choose a basis vy, ..., v, for B and let («;;) be the matrix of the form
with respect to this basis. If v=>7_, Av,, then v € I(RB) if and only if >, a;;AA;— 1
=0. Thus I(B) is an algebraic set. To show it is irreducible, we only have to show
that the polynomial F(A,, ..., A,)=2>7;-1 e;;AA;—1 is irreducible. Suppose other-
wise. Degree considerations show that proper factors of F(A) have degree one.
Thus we have assumed that F(X)=(/(X)+ «)(m(A)+ B) where /, m are nonzero linear
polynomials and «, B are scalars. Equating terms of degree zero, we find that
of= —1. If we replace /(A)+« by o~ }(/(X)+«) and m(A)+ B by «(m(X)+B), we see
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we may assume a«=1, B=—1. Then equating terms of degree one, we see that
0=I())—m(}). Equating terms of degree two, we get > o;;AA;=I(A)m(A)=I(A)%.
I.e. we have a nonzero linear functional / on 8B such that (v, v)=I(v)? for all v € B.
If we linearize this, we get (1, v)=I(u)l(v) for all u, v € B. Now dim B =2, so / has
a nonzero kernel. Choose 07#u € B so that /(u)=0. Then (¥, v)=0 for all ve %,
in contradiction to the nondegeneracy of the form.

PROPOSITION 3. If §=®1 @ B is the Jordan algebra of B (B as in Proposition 2),
then I(3) is an irreducible algebraic set.

Proof. Since  has degree 2, any idempotent not equal to 0 or 1 is primitive.
It is easy to see that a1l +v (e € @, v € B) is a primitive idempotent if and only if
a=% and (2v, 2v)=1. Thus the primitive idempotents of & are exactly the elements
of the form %(1+wv), where (v,v)=1. It is thus clear that I(J)={«l+v | a=14,
(v, v)=1} is an algebraic set. Also v+>3(1+v) is a polynomial map from I(B)
onto I(3). So Proposition 2 implies that I(J) is irreducible.

As we have seen, this suffices for our applications. We now proceed to the proof
of the theorem. & is henceforth a simple Jordan algebra over @, an algebraically
closed field of characteristic at least n=deg J. Let ¢ be the generic trace of §. We
will use the following facts, whose proofs appear to make use of the classification
of simple algebras.

1. Any complete orthogonal set of primitive idempotents has n elements.

2. The trace of any primitive idempotent is 1.

3. If e is an idempotent of trace 1, then e is primitive.

To verify these facts, let e be any idempotent. Choose a complete orthogonal
set {e,..., e,} of primitive idempotents such that e=e;+---+e, and 1—e=
e .1+ - - - +e,. The classification theory [10, pp. 202-205] shows that if m=1, then
F=01; if m=2, =01 @ B, the algebra of a space with a nondegenerate sym-
metric bilinear form, and e; =(1+7v)/2, e;=(1—0)/2 for some ve B such that
(v, v)=1; if m=3 then & is a Jordan matrix algebra with e; the diagonal matrix
units. In each of these cases the generic minimum polynomial is known [10, pp. 229-
233]; it has degree m, and hence m=n (which shows 1). Also t(e)=1, i=1,..., m.
This shows 2, if we take e to be primitive, i.e. e=e;. Finally, if 7(e)=1, then
r=1 (mod p), where p is the characteristic of ®. So p|r—1.If r—1#0thenp=<r—1
<m—1, a contradiction to p=n.

LEMMA. Let § be as above and e=e,, e,, ..., e, a complete orthogonal set of
primitive idempotents. For ye ®, x e Jy(e), let f=y?e+yx+x2(1—e). Then
Hf)=y2+3t(x?) and f2=1(f)f. Moreover, if t(f)#0 then t(f)~f is a primitive
idempotent of .

Conversely, if f is any primitive idempotent of & such that fU,#0, then there
exist y € ©, x € J,,5(e) so that f=y?e+yx+x2.(1—e).

Proof. Let @ J;<;3i; be the Peirce decomposition of § with respect to
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{er, ..., e}. Let xeyqe), say x=2;.;uy;, where u;;€J,; Then x2=
D> 1 Wity = 21 << 2Ug i+ 2 < U Now 2uy .y, € y; and ufy=3t(uf)(e, +e));
for by [10, p. 202}, if x;; € §y; then x;? =a(e;+¢,), and by taking the trace of both
sides we find that «=%#(x;?). Thus
x? = [ >, %t(uf;)]el + D> e+ D 2unyuy
i>1 i>1

1<i<j

tx?) = > %t(u1“3)+j§1 tud)+0= > t(us).

i>1 i>1

Since x2 € 3,(e) + Jo(e), the component of x2 in F,(e) is x-2.e and the component
of x2 in Jo(e) is x-2.(1 —e). Applying this to the above, we find that

€)) x2.e = 3t(x?e,
x2(1—e) = > ude;+ > 2uyuy,
i>1 1<i<jf

x2.(1-e).x = ,Zl H(usyuy,+ . Z , [2(u0000) 5+ 24y . 1y5) 0025,

= z H(uduy,+ z [fuys + i uy ).
j

i>1 1<i<

Here we have used a well-known identity [10, identity PD 10, p. 121] which says
that (xi;.315).25, = (X15.2)- Y15+ (P1,-Z5)- X5, Where the subscripts indicate the Peirce
spaces to which the elements belong; in this application we take j to be 1, i to be
J» ktobei, x;;=y,;;to be uy;in the term 2(u;;.u;;).uy;, and treat the term 2(u, ;.11;).uy,
similarly. Thus

(x2(1—e)).x = jZ tud)uy+ Z Uy
>1 i#7
= 121 ?tt(uf‘})uu+; 31(u?)(es +e)).uy,
=> %t(uﬁ)uu+i; HuRuy,

i>1
= ,21 it(uﬁ)ul,+jzl Z, H(uduy,
= ;1 121 (uduy; = &‘Zl 1(uf) ,21 Uy,
) (x2.(1—e)).x = }t(x?)x.

Using equation (1), we find that
(x2.e).x = 3t(xPe.x = }t(x?)x.
Adding this equation to (2), we obtain
x? = (x%)x = 2-3-(1(x?)x,

3) x3 = 3t(x2)x.



50 S. R. GORDON [January
Using (3), we find that
xt = x3x = 3(x?)x? = H(x?)x2.e+3t(x2).(x2.(1—e)).
Also, since Jq(e).3:(e)=0,
xt=x2x?=(x%etx2(1—e) %= (x2e)?+(x2(1—e))2%
We equate terms in Jo(e) to obtain
@) (x2.(1-e)? = 3t(x)x2.(1—e).
Now if fis as in the statement of the Lemma, then
2= yle+y*x2+(x2(1—€))2+2y%e.x+2yx.(x2.(1—€))+2-0
= yte+y x2.e+y2x2(1—e)+3t(x2)x2.(1 — ) +y°x+ 2y}t (x?)x;
here we have used (2) and (4). We apply (1) and collect terms:
f2 =7 +3(xA)le+[y* +3(x 2)x2.(1—e)+y[y? + 31(x?)x.

Now t(f)=y%+t(x2.(1—e))=y2+t(x-2) — t(x2.e) =9+ t(x2) —$t(x2) =2 + 31 (x ?).
Le. f2=t(f)f. Also, if #(f)+#0 then we multiply by #(f)~2 to get [#(f)~f]%=
t(f)~f. Moreover, t(t(f)"*f)=1, and so #(f)~f is a primitive idempotent.
We now prove the converse. Let f be a primitive idempotent; suppose f=f,+
Jfi2+/1, where f; € 3i(e). The hypothesis fU, %0 means that f; =ee, 0# « € ®. Since
® is algebraically closed, we can choose y € @ so that y?=a.

Since f is an idempotent, fo+f1a+/f1=fo+f 12 +/) 2= +fi+fi2+2fo. fr2+
2f112.f1+2-0. We equate terms in the various Peirce spaces:

®) Jo = f*+fik(1—e),
fi =i+ fie.
Since f; =vy%e, we have
y2e = yte+fih.e.
Now by (1), #(fi%.e)=31(fi%). Hence taking traces we find

© 31(fik) = ¥ -~
We equate the terms in Jy,q(e) of the original equation and get

2fo. frz+2f1-fuz = fuzs 2fo- fua+¥?f1i2 = frzs
™ 2fo-fuz = (1 ¥ fie

We apply another well-known identity [10, identity PD 5, p. 121], which says
(%15 919)-235=[(%13.2,)- Y15+ (015.245)-X15]e;. Here we take e, to be e, e; to be 1—e, x;
to be f1; and z; to be fo. We get

Sit-fo = QUfo-fu2)-fue)-(1—€) = (1—y)f; ifa-(1—e)
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by (7). So (fi%.(1—e)).fo=1—y®fik.(1—e), since J1(e).Fo(e)=0. This together
with (5) implies

[fo—y~*fif(1—0)].fo = f&*—y 21—y fife-(1-¢€)
= fo—fi-(1—€&)—y ?fik.(1—e)+fifa.(1—¢)
= fo—y~ ¥fif.(1—e).
[fo—y~*fife-(1=€)) fri2 = fo-frz—y 2lfil(1-0)]. f12
= 31—y fuz—y 23t(fik)fu2 by (2) and (7)
= 31 -y)fi2—r 2302 —v*)fuz by (6)
= 31— f12— 31 =y f12 = 0.

Furthermore, since J;(e).J0(e)=0, we have
Lfo—y ?fik(1-0)l.f = fo—y ¥fif-(1—e),

which means that fo—y~2fi%h.(1—e) e X(f)=Df (recall f is primitive). Say
Jo—y " *fif(1—e)=Bf=Bf1 +Bfu2+Bfo. Since fo—y~%ifh.(1—e) € Jo(e) and f,#0,
we see by equating terms that 8=0. So fo=y~%(i%.(1 —e). If x=y~f} 5 then clearly
f=y%e+yx+x2.(1—e), as desired.

Before giving the proof of the theorem, we make the following observation.
Let B be a vector space and U a subset of 8. Suppose U is the union of a family
{1} of irreducible relatively (in U) open sets, any two of which have an element
in common. We claim that U is irreducible. Choose a fixed I, in the family. We
show that I, is dense in U; this will be sufficient, for then I, = U is irreducible, and
so U is irreducible. Now let W be a nonempty open subset of U. Then for some
I, WnI,# @.Alsol, N I,# @.Thus W N I,and I, N I, are nonempty relatively
open subsets of I,, which is irreducible. So I, N I, N W+# @, which means in
particular that 7, N W+ @. This shows that I, is dense in U.

Proof of Theorem. We choose a complete orthogonal set of primitive idem-
potents {ey, . . ., e,} for & and apply Proposition 2 to the vector space B;=,(e;) +
$4/2(e)) for each i, where the bilinear form is given by

(ve+x, ye+x) = y*+3t(x?).

This is clearly a nondegenerate form since ¢ is nondegenerate on Jy,5(e;). The
above lemma says that the polynomial function from I(8;) to & defined by
yei+x — y2e;+yx+x2.(1 —e) maps I(B;) onto a set of primitive idempotents of
J containing the set I; of all primitive idempotents f of J such that fU,,#0 (since
t(y%e;+yx+x2.(1—e))=1 in this case, the image set consists of idempotents).
This means that J; is an irreducible set. For ; is an open, hence dense, subset of a
polynomial image of I(%;), which is irreducible by Proposition 2. If i#j, then
I, N I;# &. Indeed, e, and e, are connected idempotents. Choose a € 3, so that
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a?=e;+e,. Then 4(e;+e;+a) is a primitive idempotent in I, N I;:
[3(e;+e;+a)]2 = e +e+a’+a+a) = }(2e+2e;+2a)
= d(e;+e;+a),
t3(e;+e;+a)) = 3(1+140) = 1,
e +e,+a)U,, = 1e; # 0,
%(ei+ej+a)Uel = -}e, # 0.

Also every primitive idempotent f is in some ;. For if fU,, =«e; then 1=¢(f)=
> &, so not all «; are zero. We conclude that I(Y)=\J?-, L. This implies that I()
is irreducible, by the above remarks. I($) is certainly closed, since the conditions
x2=x, t(x)=1 are polynomial conditions.
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