TRANSACTIONS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 153, January 1971

A GENERALIZATION OF THE STEENROD
CLASSIFICATION THEOREM TO H-SPACES

BY
BYRON DRACHMAN

1. Introduction. The purpose of this paper is to show that the Steenrod classi-
fication theorem has the following generalization: If F is an associative countable
CW H-space with cellular multiplication then By, the Dold-Lashof classifying
space, classifies principal F-bundles. That is, if X is a countable CW-complex then
there is a one-to-one correspondence between equivalence classes of principal
F-bundles over X and homotopy classes of maps from X to By.

Since we are working with H-spaces instead of groups, we cannot expect an
F-bundle to be locally trivial. Hence we modify the definition of F-bundle so that
we have local triviality up to principal homotopy equivalence. Then we do not
have the bundle lifting property, but base maps can be lifted so that their projec-
tions are homotopic to the base maps. Hence we have to modify the definition of
equivalence, namely that the principal maps giving the equivalence do not lie over
the identity maps, but rather lie over maps homotopic to the identity maps.

One approach to the Steenrod Classification Theorem considers homomorphisms
of X into G (Curtis-Lashof [4]). In our generalization we forsake homomorphisms
in favor of strongly homotopy multiplicative maps, which turns out to be the
appropriate concept.

The essential step in the proof of this classification theorem is contained in the
author’s Ph.D. dissertation written under the supervision of Allan Clark, to whom
the author is deeply indebted.

The author also wishes to thank James Stasheff for an interesting discussion of
this material, and for his generous help in writing the final version of this paper.

2. Preliminaries.
2.1 H-spaces. By an H-space we shall mean a space X with a (continuous)
associative multiplication m: X x X — X and a unit element e € X so that

m(x, e) = m(e, x) = x forall xe X.

By a CW H-space we shall mean an H-space X that is a countable CW-complex
with cellular multiplication.
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2.2 Quasifiberings. A map p: E — X (onto) is defined [15] to be a quasifibering
if
Pxim(E, p~X(x),y) ® m(X,x) forallxe X, yep~i(x),i = 0.

Sugawara has proved the Almost Covering Homotopy Extension Property
(ACHEDP) for a quasifibering p: E — X with fiber F over the base point * of X:
Let (K, L) be a CW-pair, M a subcomplex of Kx [,and M'=M N (Kx (0) U L xI).
Suppose the following diagram is homotopy commutative

(Kx(0) v Lxl, M')—fl—>(E,F)

I i

(KxI, M) ——— (X, %)
n

that is y:pé'~q|(Kx(0) U LxI, M') and y(Ix M')<=(*). Then the map ¢ has an
extension ¢ such that Y:pé~y is a homotopy extending y, and Y(Ix M)<(%).

F— E— X is a principal quasifibering if (1) E — X is a quasifibering with fiber F
over the base point and if F is an associative connected H-space and F acts asso-
ciatively on E extending the multiplication in F. We assume (see [5, (2.2)]) (2)
{y}- HEF,=p~*(p(»)) and (3) U,: F— F,, U (h)=y-h induces U.:m(F)=xm(F,)
for all y and i=0.

If F—~ E;, - X; and F— E, — X, are two principal quasifiberings, a principal
map between the two principal quasifiberings is defined to be a fiberwise map
f: E; — E, which satisfies f(yh)=f(y)-h for ye E, he F. A principal homotopy
between the two principal quasifiberings is a map H: E x I — E, so that

H,;: E — F; is a principal map for all e I.

Two principal quasifibrations F— E; — X and F— E; — X are equivalent if
there exist principal maps f: E; — E, and g: E, — E; lying over maps homotopic
to the identity map of X such that fg and gf are both homotopic to the identity
maps, the homotopies being given by principal homotopies which lie over maps
homotopic to the identity maps for each value of z. This is a modification of the
definition of Dold and Lashof [5, p. 292]. For the definition of principal F-bundle,
see (3.6).

2.3 The Dold-Lashof construction. Let X be an H-space with unit e. The prin-
cipal universal quasifibering X — E,(X) — B,(X) for X is defined as follows [5]:

Let Eo(X)=X, Bo(X)=(e), and po: Eo(X) — Bo(X) be the projection onto the
base point. Then X acts on Eo(X), m: Ey(X) x X — Ey(X), by the multiplication
in X. Having formed the quasifibering X — E,(X) s B,(X) and an action
m: E(X)x X — E,(X), let E, .,(X) be formed from E,(X)x Ix X by identifying
(Pns t, x) With m(y,, X)=y,-x if t=1 and with x if t=0. E,,,(X) is given a
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stronger topology than the identification topology. Namely, if y,|¢|x represents the
class in E, ,,(X), the topology is the strongest such that the coordinate functions

t: Epi(X) 1, ytlx —1,
yx: 740, 1] = E(X), y|t|x — yx,
x:t70,1) = X, y|t|x — x,

y:t710, 1) > E(X), ylt|x—y,
are continuous.
B, . .(X) is constructed from E,(X) x I by identifying (,, ¢) with ee X if =0
and with p(,) € B,(X) if t=1. Letting [y|t] represent the class in B,.;(X),
B,.1(X) is given the strongest topology so that the coordinate functions

t:Bu+1(X)_>[0’ 1], [J’Iﬂ‘*t,
y:t7%0, 1) = E(X), [y|t]—»,
p(»):t740, 1] > By(X), [y[t]1—p(y),

are continuous.
Points in E,(X) may be written, in the notation of Dold and Lashof, as

Xo|ty| -« [ta|Xn, Where (21, ..., t) €I, (Xo, ..., X,) € X**1, and
xOIt1|‘ ‘ 'It,,|x,, = |xi|t“,1| cet |t,,|x,, if ti = 0,
= x°|t1|x1| . '|t,_1lX5_1inti_1| L |t,,|x,, lf tl = 1.

The action m: E,(X)x X — E,(X) is described by
m(Xo|ty| - - - |ta|Xn, X) = Xo|ta| - - - |ta|Xn- x.
Points in B,(X) are written as [x,|t,]- - -|¢,] and

[Xolta|- - - |Xn-1lta] = [Xs|tisa| - -[ta] if t; =0 (@ < n),
=e ift, =0,
= [xolts]- |t xic1xi|tisa] - - - |t if 8, =1(1 < n),
= [xoltll' * 'Itn-I] if tn = 1.

Pn: E.(X) — B,(X) is defined by

Pa(olta] - - - |ta]%a) = [Xo|ts]- - - |2a]-

Then we have Ey(X)<E(X)<---<Ey(X)<--- and By(X)<By(X)<---<
B, (X)<---. Let E,(X) and B,(X) be the corresponding unions. B,(X) is given
the limit topology, and E.(X) is given a stronger topology so that p.: E(X) —
B,(X) (the map induced by the p,) is continuous and X acts continuously on
E_ (X). pn: E(X) — B,(X) is a quasifibration [15] for all n, 0Sn<00. po: Eo(X)
— B,(X) is the principal universal quasifibering for X. It is principal since the
action Eo(X)x X — E,(X) is associative and extends the multiplication. It is
universal since m(E.(X))=0 for all i.
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3. Some fiberings and lifting properties.

3.1 DEFINITION [4, p. 238]. A continuous map p: E— B (onto B) is a weak
fibering with respect to a class € of spaces if it has the weak covering homotopy
property (WCHP) with respect to €. That is, given the commutative diagram

!

Xx(O)—-f—->E

o| b
XxI——>B
n
there is a map £: X x D' — E such that

pé(x,t) = n(x,0) for —1 =1t =0,
pé(x,t) =n(x,t) for0=t=1,and
f(x, —1) = €(x,0) (D' =[-1,1].

In other words, n: XxI— B can be lifted to a map X xI— E whose initial
position is vertically homotopic to ¢’. This condition is equivalent to saying that
p: E— B has the covering homotopy property (with respect to %) for all homo-
topies 7: XxI— B which are ‘“‘constant” on Xx[0, 4], that is, for which
7(x, t) = n(x, 0) when 0=¢<1.

3.2 Weak covering homotopy extension property (WCHEP).

DEFINITION. A map p: E — B (onto) has the WCHEP with respect to € if given
the pair (X, A4) of spaces in € such that X x (0) U 4 x I'is also in € and if given the
commutative diagram

4

XxOUAxI——§—>E

Xx]—— B
17
there is a map ¢: X x I — E such that

pé=7n and ¢£|Xx0 U 4xIis vertically homotopic to £'.

3.3 THEOREM. If p: E — B has the WCHP with respect to € then p: E — B has
the WCHEP with respect to €.

Proof. Suppose we are given the commutative diagram

U

Xx(O)UAxILE
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Let Y denote X x(0) U 4 x I. Define h: Y xI— B as follows:
h(x, u, v) = n(x, max (u,v)) if (x,u)e Yandovel.

Then we have the diagram

£o

Yx0——FE

b

YXI—h—)B

where £o(y, 0)=¢'(y). By the WCHP, there is a map : ¥ x D* — E such that

pp(y,t) = h(»,0) for -1 =t =0,
¥y, t) = h(y,t) for0 <t <1,and
Wy, =1 =&, ) =€)

Now define ¢: X xI— E by &(x, t)=4(x, 0, ¢) then pf=n and ¢|Xx(0) U A x [~
&', To see this, define a homotopy H: Y x I — E as follows:

H(x,u, t) = (x, u, 2t—1) if0st=14,
= P(x,u, (4t—2u) ifL=1r=3,
= (x, 4—4t)u,u) if3 <t=1.

H is a vertical homotopy, that is pH(y, t)=7(y) whenever y € Y.
Hence we see that given

’

Xx(O)UAxI—f—>E

| |

Xx] —— B
n

there is a map é: X xI— E such that pé=7 and £|Xx(0) U Ax I is vertically
homotopic to ¢'.

If F~EZX B is a weak fibering, then by Sugawara’s result [15] p: E— B
satisfies the almost covering homotopy property (ACHP) with respect to the
category of CW-complexes.

In this paper, we shall be constructing an infinite sequence of maps

{M,: QX x(Ix QX)* — F}

where F— E — X is a quasifibering and X is a countable CW-complex. Then QX
has the homotopy type of a countable CW-complex, but is not one itself in general.
Hence we shall modify Sugawara’s definition so that it be applicable to the spaces
we consider.
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3.4 DerFINITION. The map p: E — B (onto) with fiber F has the weak almost
covering homotopy extension property (WACHEP) for the pair (X, L) of spaces,
if whenever given the homotopy commutative diagram

(Kx(0) U LxI, M')_L(E, F)

| I

(KxI, M) ———> (B, %)
7

(with M’ =(Kx (0) U LxI) " M), that is, there is a homotopy
y:(Kx0ULxI, M')— (B, %)

such that y( , 0)=p¢ and y( , 1)=9|Kx(0) U L x I, then ¢ has an extension to &,
giving the homotopy commutative diagram

(£, F)

P

(KxI, M) e (B, %)

and the homotopy Y: (KxIxI, M xI)— (B, ) satisfies

Y(w,s, z) = Y(w,s,2z) if (w,8)e Kx(Q)ULXI,0=2z <4,
= 9(w, §) if (w,s)e Kx(O)ULxI,3 <z=1.

3.5 THEOREM. Let F— E 2 X be a quasifibering. Suppose X is a countable
CW-complex.
Let K=QXx(Ix QX)" and

L =KN{(Aost1, A1y ...ty Ay) | i€ I for some i, 1 < i < n}.
Then p: E — X has the WACHEP for (K, L).

For the proof see the appendix.

We now give our modified definition of an F-bundle:

3.6 DEFINITION. A principal F-bundle is a (almost) locally trivial principal
quasifibering F— E — X, i.e.

(LT) for every X € X and neighborhood W of X there is a neighborhood U(X)
with ¥ € U(X)< W and a local cross section s: U — E (ps=id) such that the principal
map

Yu: UxH—>p~Y(U), du(x, h) = s(x)h
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is a homotopy equivalence with homotopy inverse ¢ : p~1(U) — U x H a principal
map (H acts on the second factor of U x H). We assume

p“l(U) lu——) UxH

N,

is a commutative diagram where p, is projection on the first factor. We assume
also that ¢, o py~id and ¢y o py~id, both homotopies being principal homotopies
(see 2.2).

4. Strongly homotopy multiplicative maps and induced maps on classifying spaces.

4.1 Definition of n-homotopy multiplicative maps of H-spaces, and relevant
notation.

NotaTtioN. The following notation will be useful in dealing with n-homotopy
multiplicative maps.

Let X be an H-space. Let J=[0, a] be an interval. For each integer n=0 define
X,=Xx(Jx X)"

Define the maps #: X, —>J, x;: X, — X, 8: Xo—> Xo_1, (0,8): Xp—> Xp_o
(«=p) as follows:

If w=(xq, t;, Xi5 . . ., tyy Xn) € X, let

Ww)=1t (1 =isn),
x(w)=x (0=i=n),
8i("") = (xo, tl, ceey ti—l, X, —1X3, ti+1, ey tm xn),

(e, B) = (&, B) (@) = (Xg5 tas1s - - - Ls> Xp)-

DEFINITION. Let Y and Z be H-spaces. Let n be a positive integer or +00. An
n-homotopy multiplicative (n-HM) map from Y to Z is a sequence of maps
{Mo, My,..., M} and each M;: Y, —>Z (i =0, ..., n) satisfies

M(w) = M;_,(3(w)) if t(w) =0,
= M;_(we,j-1) Mi_fwyy) if t(w) = a.

(In the above Y,=Y x(Jx Y)" where J=[0, a].)

An co-HM map from Y to Z is also called a strongly homotopy multiplicative
(SHM) map from Y to Z. This definition is a modification of the definition given
by Sugawara [16, p. 259].

If a map from Y to Z is 1-HM, then this corresponds to the usual definition of
a homotopy multiplicative map. Also, if J=[0, 0] then the map M, is multiplicative.

4.2 Compositions of n-HM maps.
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THEOREM (CLARK [3]). Let H, K, and L be H-spaces. Let {M,, ..., M,} be an
n-HM map from H to K and {N,, . .., N,} be an n-HM map from K to L.
Then there is an n-HM map {P,, . . ., P,} from H to L.

Proof. We are given maps and intervals

Jy = [O, a], Jp = [09 b]a
M,-:Ht'—>K, Oéién, N,:Ki—>L, Oéién,

where H;=H x (J, x H)' and K;=K x (J; x K)!, 0<i<n. Now let J;=[0, a+ b] and
H/=Hx(J;x H)!, 0si<n. Define P,=N,M,. Now define, for 1=m=n,
P,: H, — L: Given w € H,,, suppose a=t(w)<a+b whenever i=j, ..., j, and
0=<t(w)=<a whenever i#jy, ..., j,. Then define

P,(w) = Ni(2o, t;(w)—a, ..., t;(w)—a, z)
where

Zy = ij +1—-7y- 1(w(fu.fv +1— 1))'

Then using this result, given {M,, ..., M,} and {N,, ..., N,}, we define the com-
position {Ny, . .., NJ{M,, ..., M,} to be the map {Py, ..., P,}.

Fuchs [17] points out that composition of n-HM maps is not associative.
However, by introducing the interval J instead of the unit interval, we now have
that the composition is associative. This is analogous, of course, to choosing the
associative Moore loop space, where a loop can have any length, rather than the
nonassociative loop space where loops have length 1.

In order to define homotopies between n-HM maps, which can have different
lengths, we first normalize n-HM maps in the following way:

4.3 Homotopies of n-HM maps.

4.3.1 DEerFINITION. Let H and K be H-spaces. Let {M,,..., M,} be an n-HM
map from H to K. Then, by definition, for some interval J=[0, a], we are given
M;: Hx(Jx H)— K, i=0, ..., n. Define the normalized n-HM map {M,, . .., M,}
from H to K by defining, for each i,

M,: Hx(Ix H) - K (I = unit interval),
M(xo, 11, . . s ti, i) = M(Xo,t1-a, ..., ti-a, X)) if (xo, 11, ..., 5, ;) € Hx(Ix H).

We can now define homotopies between n-HM maps.

4.3.2 DEFINITION. Let H and K be H-spaces. Let {M,, . .., M,} be an n-HM map
from H to K, and also let {N,,..., N,} be an ~-HM map from H to K. Then
{M,,..., M} and {N,, ..., N,;} are homotopic if there is a sequence of maps
{ho, ..., ho}, by: Ix H(Ix H)! — K satisfying, for toe I, w € Hx(Ix H)},

hi(tO’ w) = A_l,(w) if to = 0,
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and also satisfying, for each ¢, € I, the requirement that {hy(2,), . . ., h.(to)} is an
n-HM map from H to K, where h(t,): Hx (Ix H)' — K is defined by h(to)(w)=
hi(to, ») when toe I, we Hx(Ix H).

We shall from now on assume that any SHM map is already normalized, that
is, J is chosen to be the unit interval.

4.3.3 Induction of maps on projective spaces. The motivation for the definition
of an n-HM map is the next theorem.

4.3.4.1 THEOREM (SUGAWARA [16, p. 260]). Let X and Y be H-spaces. Let
M={M,, ..., M,} be an n-HM map from X to Y. Let X — E,(X) — B,(X) and
Y — E(Y)— B,(Y) be the nth stages of the Dold-Lashof constructions of the
universal principal quasifibrations for X and Y. Then {M,, ..., M,} induces maps
E,(M): E(X)— E\(Y) and B,(M): B,(X) — B,(Y) so that E,(M)| X= M, and the
diagram

E(M)
En(X) B En( Y)

an()l

M
B (X) ——> By(Y)
is commutative.
For example, if n=1, writing M,=f,
Ei(M)(xo]t1]x1) = f(x0)|211] f(x2), 0=y
= Mi(x0,2—2t;,%1), 3 =1,

By(M)[xo|t;] = [f(xo)|21] if0 =1, =4,

IIA A

To give one more example, if n=2,

Ey(M)(xo|t1|x1]ta]%5) = f(x0)|2t1] f(x1)[222] f(x5) if0 <t <%and0 <1, < 4,
= M(xo,2—2t;, x1)|2t| f(xz) if3 <t <1and0 =1, <4,
= f(x0)|2t:| M1(x1,2 23, x5) IfO=<t; <}and} =<t =1,
= My(xo, 2—2t;, X1, 2—2t5,%x5) if4 <t £1and

1=, =1;

By(M)[xo|t1|x1|t2] = [f(x0)[281] f(x1)[28] ifO=<t; <4and0 =2, S 4,
= [Ml(xo, 2—2t1, x1)|2t2] if‘i‘ é t]_ é 1 al‘ld 0 é t2 é %,

= [f(x)2t;] fOSt =%andi 24 =1,
= % if%§t1§land%ét2§.1'

These two examples show clearly why the conditions on the M; in the definition
of an n~-HM map were chosen as they were. (At least for n=2.)

Notice that only M,=f was used in defining B;(M) and that {M,, M,} was used
in defining By(M).
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Sugawara then continues this process by induction. His argument actually
shows that if {M,, ..., M,} is an n-HM map from X to Y, there are maps

E(M): E(X) — E(Y),
Bn+1(M): Bn+1(X) g Bn+1(Y)'

The concept of homotopies between n-HM maps is important because of the
following theorem:

4.3.4.2 THEOREM. Let {M,, ..., M,} and {N,, ..., N,} be n-HM maps from X to
Y, where X and Y are H-spaces. Suppose {M,,..., M,} and {N,,..., N,} are
homotopic (in the sense of 4.3.2). Then

B, y(M): By 1((X) = By 1(Y) and
B,.:(N): B, .(X)— B,..(Y) are homotopic.

4.3.5 n-equivalence of H-spaces.

DErINITION. Let X and Y be H-spaces. Let {M,, ..., M,} and {N,, ..., N,} be
n-HM maps from X to Y and from Y to X respectively. Associated with the
identity maps Iy, Iy of X and Y are n-HM maps {l,, ..., I}, {I,, ..., I;} from X
to X and from Y to Y respectively. (For example, I;: X x (I x X)! — is given by
I(w)=xXo(w) * X1 (@) + - - -+ X(w).)

Suppose {M,, ..., M,}{Ny, ..., N} and {Ny,..., N;K{M,, ..., M,} are (n-HM)
homotopic to {I;, ..., I} and {I,, . . ., I,,} respectively. Then X and Y will be called
n-equivalent.

Later, (8.3), we shall show that if X and Y are CW H-spaces, then X and Y
are n-equivalent if and only if B,,,(X) and B,,,(Y) are homotopy equivalent.

We now proceed to the essential step in the classification theorem:

5. The SHM map QX — F for a principal quasifibering F — E — X. We shall
construct a SHM map {M,,..., M,,...} from QX to F using certain maps
{Hy, Hy,..., H,,...}; the maps {H,, H,, ..., H,,...} will be emphasized since
they play an important role in the classification theorem. Throughout §5, F — E —
X is a fixed principal quasifibering with X a countable CW-complex.

We first construct H,.

5.1 THEOREM. There is a mapping Hy: QX x R* — E such that Hy(A, |A|) € Fand
PHy(A, )~ Xs) for 0=s=|A|. (|A| =length of A.)

Proof. Let

K=QX=the associative Moore loop space,
10 Kx I — X given by no(A, s)=A(|A| -s),
M=Kx0lI,

M'=(Kx0) N M, and
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£6: Kx(0) — F<E given by £y(A, 0)=e € F.
Thus we have the commutative diagram

4

(KXO, M’)i)(E’F)

L

(KxI, M) — (X, *)
n

Then by the WACHEDP, £; can be extended to &, and the following diagram is
homotopy commutative:

(E, F)
.

(KxL M) —— (X, %)

that is, there is a homotopy Y,: (KxIxI, M xI)— (X, *) where Y ,0)=pé&,
and Yo( , )=1.
Now define Hy: QX x R* — E by
Ho(A, 5) = €A, s/|A]) if|A] #0and 0 £ s < |A,
= &A1) if|A] #0and s 2 |A,
=e if|A] =0.
Then pHy(A, s)~ A(s) for 0=s=< ||, the homotopy being given by
Wo(A, s, u) = Yo(A, s/|Al,u) if|A] #0and 0 < s < ||,
=« if|A] #0ands = |A|, orif s = 0.
Thus H, satisfies pHo(A, 0)=e € F and pHy(A, |A|) € F.
The next lemma is the inductive step in constructing {M,,..., M,,...} and
{Ho,..., Hy,...}.
5.2 LEMMA. Suppose n is a positive integer, n>2, and for each nonnegative

integer k<n, there are maps Hy: (QX),x R* — E, M,: (QX), — F, and homo-
topies Wy.: (QX), x R* x I - X such that

M(w) = M, _,(3(w)) ift(w) =0,

M = My_y(@(0, i—1)) - My (i, K) if t(w) = 1;
Hyw,8) =e ifs=0,

(22) = M) ifs2 |ol,

(2b) = Hy_1(8(w), s) if ty(w) =0,

(2c) = H,_y(w(i,k),s) ift(w)=1and0 <s < |w(i, k)|,

@d) — Hy_y(@(0, i—1), s~} K)]) - M_ (i, k) if 1(w) = 1 and

|w(i’ k)l Ss= le;
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Wk(w, S, u) = ka(w, S) l:fu = 0’
3) = (@) - - A(w)(s) ifu=1and0 = s = |o),
=% ifs 2 |of;

Wiw, s, u) = Wi_1(8(w), s, u) ift(w) =0,
Wi (w(, k), s,u) if tw) =1and0 < 5 £ |(, k)|,
Wl—l(w(o’ l_ 1)’ §— |w(i’ k)l’ u) lfti(w) = 1

and |w(i, k)| £ 5 £ |w|.

@

Then the statement holds for n+1.

In the above, if w=(A, 1, ..., Iy, &) € (QX),=QX x (Ix QX)*, then

8(@)=(Aos t1s .o s tim1 Amay By o v o5 B i),

w(a’ B = las1s- -5 g, AB),

|w|=3¥_o |\(w)| =the sum of lengths of the loops appearing in w.

Proof. Let

K=(QX),=QX x (Ix QX)",

L=K N {w:t(w) € oI for some i},

M=Knal,

M =Mn (Kx(0)V LxI).

We will get H,,,; by using the WACHEP. We know what H,,, should be
when t(w) € dl. To get H,,, for all values, we define a normalized version of
H,,, restricted to these values, as follows. Define ¢,: Kx(0)ULxI—E
as follows:

t(w,8) =e ifs=0,
= H,_1(3(w), s-|w]) if t(w) =0,
©) = H,_y(w(i,n), s |o|) ift(w) =1and0 = s-|w| = |w(, n)|,
= H;_1((0, i—1), s |w| = |o(i, n)]) My _(w(i, n)) if tw) = 1
and |w(, n)| £ 5 || £ |o|.

Equations (2) guarantee that &, is well defined.
Construct a homotopy y,:pé;—n|Kx(0) U L x I as follows:

yn(a” S, u) = Wn—l(si(w)’ s |wI, u) if tt(w) = 09
) = W,_(w(i,n),s,u) ift{w)=1and0 £ s = |w(i, k)|,
= W;_1(w(0, i—1), s-|w(, k)|, u) if t(w) =1
and |w(i, k)| £ s £ |o|.

(Equations (4) guarantee that y, is well defined.) Then y, gives a homotopy
between p¢, and 5| Kx0 U L x I. That is,

Yot (Kx Q) U LxI)xI, M' xI)— (X, %),

ya( 5 0)=n,

yn( ’ l)=p§r'v
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Hence by the WACHEP, ¢, extends to ¢, and the following diagram is homotopy
commutative

(E, F)
B
(KxI. M) = (X, %)

That is, there is a homotopy

Yo: (KxIxI, MxT)— (X, %),
Y( 30) = pé, and Yn( s 1) =1

Yo, s, 2) = yp(w,s,22) if (w,s5)e Kx(0)ULxIand0 £ z £ 4,
= n(w,s) if(w,s)eKx(Q)ULxland4 <z = 1.

Now returning to variable lengths, define H,:(QX),xR* —E and W,:
(QX),x R*xI— X by

H(w,s) = éw,1) if |w] #0and 0 = s £ |o),
™ = £w, 1) if |o| #0and s 2 |,
=e if |w| =0and seR*;

Walw, s, u) = Yy(w,s/|o|,u) if|w] #0and0 = s £ |wl,
=% if o] =0andseR* orif 0 # |w| < s.

This completes the inductive definition of H,, W,, and M,. By the way they
were constructed, H, and W, automatically satisfy equations (1)~(3). To check
equation (4), if w=(Aq, 13, . . -, Iy Ayy 8) € Kx (0) U L x I, then (for |w|#0)

Wiw, s, u) = Yy(w,s/|o|, u) = yy(w, s/|o|,2u) f0<u <3,
= 7w, s/|lw|]) f3=<us<l

Now if 0<u<%, then equation (6) tells us that (4) is satisfied for k=n. If
3=<u=l, then
Walw, s, u) = n(w, s/|w]) = Qo(w)- - - A(w))(s)

and so (4) is satisfied in this case too.
Then using this construction, we have

5.3 THEOREM. Given the principal quasifibering with X a countable CW-complex
F— E— X there is a SHM map {My, M,, ..., M,, ...} from QX to F.

Proof. Construct {H,, H,,...} as in 5.2 and then define for each n, M, (w)=
Hy(w, |o]).
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6. Classification of principal F-bundles. In this section we will show how the
maps {My, M,,..., M,,...} and {Hy, Hy,..., H,...} used in constructing a
SHM map from QX to F for a principal F-bundle F — E — X can be used to
classify the fibering.

Before carrying this out, it should be pointed out that Stasheff [12] has proved
a classification theorem for fiber spaces F— E — X (F is the fiber over the base
point of X, not an H-space) in terms of A4.-actions of QB on F. The fiber spaces
are classified up to fiber homotopy equivalence. Some of the techniques in this
classification theorem are the same as Stasheff’s. Stasheff defines, for an associative
H-space Y, an A ,-action of Y on a space F to be a collection of maps

{0,;: (YxI)~"*x YxF— F}
such that

0(Yos t1s Y15+ o s i1, Vie1s f)
=0_1Vos - s L1, Vi-1Vp tisrs o - > s, Yo, f) if 8, =1,
= 0(Yos - s tj=1V5-1, O f(¥ps tys1s o ., tio1, Vi1, ) if 1, = 0.

He then defines, for a fiber space p: E — X, a transport to be an 4,-action {6,}
of QB on F (the fiber over the base point of X) such that for each A e QB,
0,7, ): F— Fis a homotopy equivalence. Stasheff proves

THEOREM A. Given a fiber space E — X, there is a transport (constructed in a
nontrivial way). Given a transport, there is a corresponding fiber space (E; — X).

Given a fibre space F— E— X, there is an associated principal fiber space
H(F) — Prin E — X where E=Prin E={p: F— p~(x) | ¢ is 2 homotopy equiva-
lence} and H(F)={p: F — F | ¢ is a homotopy equivalence}. We construct a SHM
map {M,, ..., M, ...} from QX to H(F). We shall see that this classifies Prin £ —
X. Stasheff could obtain his transport by defining

O, t1, Ay oo tim, Ao, f) = MR, 1=y, .., 1 =15, 2 )(f);

this would classify E — X. In fact, this point of view can be used to show that
there is a one-to-one correspondence between the set of equivalence classes of
fiber spaces and their associated principal fibrations. An alternate approach
appears in §7.

6.1 The induced fibering. Given a classifying map X — By one does not directly
take an “induced” fibering. In general one does not take an induced quasifibration
and it is not known if one could in this special case. So instead one considers
X — By as a map By — By which corresponds to a SHM map QX — F.

In §5, we showed how to construct the SHM map {M,, M,,..., M,,...} from
QX to F for a given principal F-quasifibering F — E — X. We will now show how
to construct a principal F-bundle F— E;,— X when given a SHM map
{Mo, My, ..., M, ...} from QX to F.
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The motivation for this definition comes from the construction of the
SHM map {My, M,,..., M,,...} from QX to F in §5. That is these maps
{Mg, My, ..., M,,...} were defined in terms of maps {H,, H,,..., H,,...}
which satisfied equations (1)-(4). Now given a SHM map {M,, My,..., M,,...}
from QX to F we will form a space E, so that E is the union of an increasing
sequence E,cE,<-..-<E,=-..-- where each E, is an identification space
(QX),x R* x F/~ so that if g(w, s, f) is the class in E,, the ¢,’s satisfy the same
equations as do the H,’s.

6.2 The construction of F — E, — X. Suppose X is a countable CW-space (with
base point %) and F is an (associative) countable CW H-space and that
{Mo, My, ..., M;,...}is a SHM map from QX to F. Define Ey=Fand py: E, — X
to be the projection of F onto the base point of X. Define E; to be the identification
space from QX x R* x F by identifying

(Ao, 5, f) with f if =0,

(o, 8, f) with f- Mo(Xo) if 2 |A|.

We will write the equivalence class represented by (Ao, s, f) as (Ao, s, f). Define
pi: E, — X by
P, 5,1)) = Ao(s) if0 =5 = [A,
=x if |A] £ s

In general, for n=1, E,,, is the identification space formed from

(QX),x R* x F 2> E, ,,
with the following identifications:

q(w,s,f) =feF ifs=0,
= q(3y(w), s,/ € E(X) if t(w) =0,
= (0, i—1), 5= [(i, m)], f- My_ iy m))) € Fi_o(X)
if t(w) = 1 and |w(@i, n)| £ s £ |o),
= g(w(i,n), s,f)e E,_14(X) if t(w) =1and 0 £ s £ |w(i, n)|,
=f-Mfw)eF ifs = ||

Define p, ,1: E, +1(X) - X by

Pr+1(g(w, 8, 1)) = Ao(w): - - Ay(@)(s) if 0 = s £ |wl,
=x ifs 2 |o|

We may consider E,<E,;<-.-<E,<--.. Let E, be the union of the E, (with
the limit topology) and let p: E); — X be the union of the p,.

6.3 THEOREM. F — E,; — X is an F-bundle.

We show “local triviality . For x € X, choose an open cell U(x)in S. Let(w, s, f) €
(QX), x R* x F so that pq(w, s, f)=x. Thus Ay(w)- - - A (w)(s)=x.
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Now let y € U(x). Let d(x, y) be the distance from x to y in the cell U(x). Let 7,
be the path in U(x) starting at x and ending at y in time d(x, y), along the line from
x to y in U(x).

What we do is replace the loop in which x lies by a loop which takes a deviation
to y, then back to x again, and then continues along itself as before. More pre-
cisely, if 0= s=<| A (w)|, let j=n. If s> |w|, let j=—1. Otherwise, choose j so that
jw(j+1, m)| £55 [w(, n).

Case 1. j# —1. Define a loop ,A; with length |A;| +2d(x, y) by

M) = M1) if0st<su,
C=0M—w) fu st S utdx,y),
= Au+2d(x,y)—t) fu+td(x,y) <t = u+2d(x,y),
= M(t—2d(x,y)) fu+2d(x,y) <t £ |N|+2d(x, ),

where u=s—w(j+1, n).
Case 2. j=—1. Let ,A_, be the loop defined by

Aa(t) = A),  0=1=dyx,y),
= AQ2d(x,y)=1),  dx,y) =t = 2d(x, ).

Now define s: U(x) — Ey by

s(y) = q(o’, s+d(x, y).f) ifj# —1,
= gGA-1, 5— o, My(w)-f) ifj= -1,

where o’ represents w=(Ay(w), t1, . . ., t,, A(w)) with A; replaced by ,A;.
Then s gives the desired local cross section, and we have the map ¢y : p~Y(U) —
U x F given by

q(w’ 8f)— (AO(“") v An(w)(s)9 Mn(AO(w), Ly ooy By Ag(@))-f).

One checks directly that the homotopies involved are principal.
We now state one form of the main theorem of this section:

6.4 THEOREM. Let X be a countable CW-space and F a countable connected
CW H-space. The equivalence classes of principal F-bundles over X are in one-to-one
correspondence with (SHM) homotopy classes of SHM maps from QX to F. The
correspondence is given by constructing the SHM map {My, M,, ..., M, ...} from
QX to F when given a principal F-bundle F — E — X as in §5.

The proof will follow the next several theorems. To show the correspondence
is well defined, we prove

6.5 THEOREM. Suppose F— E* — X and F — E? — X are equivalent principal
F-bundles. Let M*={M§{, M%,..., M},...} and M?*={MZ M3,..., MZ, ...} be
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the SHM maps from QX to F constructed for the two fiberings as in §5. Then M* and
M?2 are (SHM) homotopic.

Proof. Recall that in the construction of M and M2 (§5) we had, for k=
0,1,2,..., maps Hi: (QB), x R* — E* (i=1, 2) and homotopies in the base space
Wi (QB)xR*xI—-X (i=12)

so that

Hi(w,s) = Hi_y(w(0,j—1), s—|w(, k)|)- M- («(, k)) if t{w) =1 and
(@, B = s = |((0, k),

= Hi_(w(j, k),s) ift(w)=1and0 = s = |w(j, k)|,
= Hi_1(8(w),s) if tw) =0,
= Hiw, |0]) ifs 2 o],

and W} is a homotopy between pH(w, s) and Ao(w)- - - A (w)(s). That is,

Wiw, s, u) = pHi(w,s) ifu=1,

= M) - - Afw)(s) ifu=0and0 = s < |w|,
=% ifs 2 |o|.

Since F— E'— X and F— E? — X are equivalent, there are principal maps
g': E* — E? and g?: E? — E* such that g%g*~id and g'g?~id, both homotopies
being given by principal homotopies. We now construct maps {i;} similar to the way

{H§, Hi, ..., HE, ..}
were constructed: Define ¢5: Ix QX x(0) U 0Ix QX x R* — E? by

Po(tos Ao, §) = e if s = 0 (e € F = E? is the base point of F),
= Hi(Ay, 5) ifto =0,
= ng(]j(Ao, S) lf to = 1.

Also define Gy: Ix QX x R* — X by

Go(to, do, 5) = Wi(ho, 5, 2(10—%)) if2 =151,
Wi, 5,23 —10)) if0 =1 =4

By normalizing G,, we get 7o: I x QX x I — X defined by
10(to, Aos §) = Go(to, Ao, 8- |A|).
Also, by normalizing, we get ,5: Ix QX x (0) U oI x QX x I — E? defined by
Po(tos Aos 8) = Potos Ao, 5+ | Ao]).
By applying the WACHEDP, as before, we get an extension
ot (Ix QXX I, Ix QX x 8I) — (Ey, F)



70 BYRON DRACHMAN [January

and a homotopy between p, ., and 7,, that is
L2 (Ix QXX IxQXxol)—(X,*) for0 <t =1

such that ,Z9=p, .4, and ,Z3=7,. (ps: E2 — X is the projection in the fibering
F— E? — X.) Now returning to variable lengths, define ¢,: Ix QX x R* — E2 by

Polto, Ao, 8) = wolto, Ao, 8/|1A]) if [Ao] # 0and 0 < 5 < | A,
=e if |A| = 0and seR*,
= n'l’o(to’ AOa 1) if lA()l # 0and s = |A0|~

2Z? yields a mapping Z?: Ix QX x R* — X in a similar way.

ho: IxQX — F is defined by ho(to, Ao) =0o(fo, Aos |A0])- ho is a homotopy
between MZ(X,) and ME(A,).

By induction, and arguing almost identically to the proof of 5.3, it follows that
for each n there is a mapping ¢,: Ix (QX), x R* — E? such that y,,(t,, w, |w|) e F
and

Yn(to, w,5) = e ifs =0,
= i, _1(to, 8(w), s) if t(w) =0,
= ‘/’i—l(tOs w(09 i—1),s— Iw(ia n)|)'¢n-i(t0a w(i’ n), Iw(i3 n)l)
if tw) = 1 and |w(i, n)| £ s £ |«(0, n)|,
= . _(to, w(i,n),s) ift;,=1and 0 £ s = |w(i, n)|,
= Hiw,s) ift, =0,
= g'H}(w,s) ift, =1,
= Pu(to, w, |w|) ifs 2 |wl'

It also follows that for » there is a homotopy Z?: I x (Q2X), x R* — X such that

Z?(th w, S) = Pz'/‘n(to, w, S) ift = 1,
= A(@)- - - A(w)(s) ift = 0.

h, is obtained by setting h,(to, w) =¢,(to, @, |w|).
Then h={hg, hy, . .., hy,, ...} is a (SHM) homotopy between

M ={M;, M},...,M;,...} and M?={M3 MZ: . .. 6 M2. .1}

Having shown that correspondence from equivalence classes of F-bundles over
X to (SHM) homotopy classes of SHM maps from QX to F is well defined, we
show that the correspondence is onto:

6.6 THEOREM. Suppose X is a CW-space and F is an associative CW H-space.
Suppose M={My, M,,...,M,,...}isa SHM map from QX to F. Let F— E,;, —~ X
be the principal F-bundle induced by M (6.2). Let M'={My, M3, ..., M,,...} be
the SHM map from QX to F induced by the principal F-bundle F— Ey — X
(see 5.3). Then M={M,,...,M,,...} and M'={My,..., M,,...} are (SHM)
homotopic.
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Proof. For each n, define H,:(QX),xR*—E, by Hy(w,s)=q(w,s,e).
(Recall g(w, s, e) is the equivalence class containing (w, s, €).) Because of the
identifications in E,,, we have the equations

H(w,5) =e ifs=0,
= My (w) ifs 2 ||,
= H;_1(«(0, i—1), s—|w(i, n)|)- M, _(w(i, n)) if t(w) = 1 and
lw(i, n)| < 5 £ |o,
= H,_(w(i,n),s) ift(w)=1and 0 = s £ |(w(i, n))|,
= H,_1(8(w)) if t(w) = 0,
= Hy(w, |o|) ifs 2 |ol,

and pH,(w, §)=Ag(w)- - - A,(w)(s). By the construction of M’, in E,, we have maps
H;: (QX),x R* — E, satisfying the same equation as above, except with primes
on the H’s and M’s. And

PHy(w, 5) = Ag(w)- - - An(w)(s).

For all n, ¢,: Ix(QX),x R* — E,, are constructed by induction exactly the

same way that maps #,: Ix(QX),x R* — E2 were constructed in 6.5, the only

* difference being that HZ(w, s) is replaced by H,(w, s) and g'H}(w, s) is replaced

by H.(w,s). As before, h,(t;, w)=,(to, w, |w|) gives the required homotopy

between M and M. To complete the proof of the classification theorem (Theorem
6.4) we need to show that the correspondence is one-to-one, that is

6.7 THEOREM. Suppose F— E* — X and F — E? — X are principal F-bundles.
Let M*={M} M%,..., M} ...} and M>={M3 M?,...,M?, ...} be the SHM
maps from QX to F constructed for the two quasifiberings F— E* — X and
F— E? — X respectively (5.3). Suppose M* and M? are (SHM) homotopic. Then
F— E'— X and F — E? — X are equivalent.

This theorem follows from the next two theorems.

6.8 THEOREM. Suppose F — E' — X and F — E? — X are principal F-bundles.
Let M*={M}, M},..., M}, ...} and M?>={MZ M2, ..., MZ ...} be the SHM
maps from QX to F constructed for the two principal F-bundles F — E* — X and
F— E% — X respectively. Suppose M* and M? are (SHM) homotopic. Then the
two principal F-bundles F — E\» — X and F — E,2 — X are equivalent.

6.9 THEOREM. Suppose F— E — X is a principal F-bundle. Let
M={M0,M1,...,Mg,...}

be the SHM maps from QX to F constructed from F—E — X. Then F—~E — X
and F — Ey — X are equivalent principal F-bundles.

In the preceding three theorems, X and F are assumed, as usual, to be countable
CW-complexes, and F is assumed to be connected.
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Proof of 6.8. Recall that elements of E,: are written in the form g(w, s, f)
where w € (QX), for some n, se R*, fe F. We will now write these elements as
q*(w, s, f). Similarly, elements in E,2 are written in the form ¢*(w, s, f) where
w € (QX), for some n, s € R*, and f € F. Recall that because of the identifications
in Eya, g(w, 5, f)=f My(w) if w € (QX),, s=|w|, and f€ F.

Since M! and M? are (SHM) homotopic, there is a sequence of maps
{hos h1y ...  hny ...} where h,:Ix(QX),—F is such that h,(0, w)=M}i(w),
h,(1, w)=M2%(w), and for each t, € I, the sequence h,(t,, ): (QX), — F forms a
SHM from QX to F.

Recall that E,, is the union of an increasing sequence

F=EpcEjpcEjrc...c Elnc...C Epp.

(Ejp is the set of g*(w, s, f) such that w € (QX), where 0=k <n.) We will define a
map by induction from E,;: to Eye2.

Define £;: IxQXxR* — Ey2 as follows: First define ,£&:Ix(QX)x(0) U
(0) x (QX) x oI — Ey2 by

nfi(to, A0, S) =e lfS = 0, to EI, AOG QX,
= qz(Ao, S‘|A0|, e) if to = 0,
= ho(to, Ao) ifs = l.

M Ix QX xI— X is defined by

a(tos Ao, 8) = Ag(s | Aq)).

By the now familiar use of the WACHEP, ,¢; is extended to ,&,: IX QX X I — Eye2
and hence £ is extended to £;: Ix QX x R* — Ey2. In particular, £,(1, A, 0)=e
and

fl(l, '\09 |’\o|) = ho(l, ’\o) = Mg()‘o)'

Hence ¢, induces a mapping g,: Eip — Epy2 by defining
81(q' (R0, 5, 1)) = &(1, Ao, 5)-f.

By induction, arguing as before, (5.1), it follows that for each n, there is
£, IX(QX),_1 X RY — Ey2 so that

E(ty, 0,8) = e ifs =0,
— g¥(w,s) ifty =0,
= fn—l(to’ 8i(‘”)5 S) if ti(“’) =0,
= £ o, (i, n—1),5) ift(w) = 1and 0 < s < |w(, n—1)],
= &_1((0,i-1), s~ lw(ia n— l)l) €n-i(w(i, n—1), Iw(i’ n— l)l)
if t(w) = 1 and |w@, n—1)| £ s £ |w(0, n—1)|,
= hy_1(to, w) ifs = |w(0, n—1)|.
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The inductive argument is almost identical to that used before. &, is defined for
values s=0, s=|w|, t(w)eo(I""?), and t,=0 by the above equations. ¢,, as a
function of s, has projection homotopic to Ay(w)---A (w)(s). Then a map
7: Ix(QX),-; xR* — X is defined. By normalizing, using the WACHEP, and
returning to variable lengths, ¢, is extended to &,.

Having thus defined {¢,, &, .. ., &, ...} the maps g,: E} — E,2 are defined for
all n, and g, ., is an extension of g, for all n. g, is defined by

gn(ql(w’ S’f)) = f,,(l, w, s)f if w E(QX)n—l’ S€E R+,f€ F.

Thus the maps {g1, ..., g, - . .} induce g: Ey;r — Ej2 which is a principal map.
Similarly there are maps {¢1,..., &, ...} giving g: Exz— E,» and hence
g Ey2 — Eyp.

To finish the proof, one can show, using the same type of arguments, that gg’
and g'g are homotopic to the identity mappings, the homotopies being principal
homotopies lying over the identity.

Proof of 6.9. Recall that the SHM map M={M,, M,, ..., M,,...} from QX to
to F was defined in terms of maps {H,, Hy, ..., H;, ...} where H;: (QX);x R* — E
and also that given the SHM map M={M,, M, ..., M,,...} from QX to F, the
identification space E, was formed so that representative elements g(w, s,f)
satisfy the same kind of equations that the H(w, 5)-f satisfy (see 6.2 and 5.1).

Thus we have a principal map g: E,, — E, where

g(g(w, s, 1)) = Hyw, s)-f if we(QX),, se R, feF.

Since pH,(w, s)=Ay(w)- - - A(w)(s) if we(QX),, se€ R* and pg(w, s)=Ao(w)- -+
A(w)(s), we see that g does not lie over the identity mapping of X, but lies over a
map that is homotopic to the identity mapping.

If F— E—> X and F — E,, — X were principal F-bundles in the original sense of
Dold and Lashof, we could finish the proof by merely quoting 5.2 and 5.3 [5].
Fortunately, 5.2 and 5.3 are still true with our new definition of F-bundles, except
that the maps in the bases are not the identities, but instead homotopic to the
identities. More precisely, we state

5.2" PROPOSITION. Let F— E'— X be principal F-bundles (see 3.6) for i=0, 1, 2,
with a CW-complex X as common base, and with F a connected CW H-space as
common fiber.

Suppose we have the commutative diagram

E! S E? /° E°
P1l le Pol
X X X

I fe
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where f* and f° are principal maps. Let f* be a homotopy between f° and f*. Then
there exists a principal map f: E° — E* lying over a map which is homotopic to the
identity.

f can be chosen so that f°~ff by a principal homotopy D!: E°— E* and
pDI~fip°.

5.3’ COROLLARY. Let F— E' — X and F — E°® — X be principal F-bundles with
X and F CW-spaces and F connected. Let g: E — E° be a principal map lying over
a map which is homotopic to the identity map. Then there exists a principal map
S+ E° — E* such that fg~id and gf~id. By ~ we shall mean there exists a principal
homotopy between the two maps D* such that for each value of t, D' lies over a map
homotopic to the identity.

The proof of 5.3’ is now the same as the proof of 5.3 [5] since we have made the
necessary modifications in the meanings of principal bundle and =~.

We shall now indicate the necessary modifications in the proof of 5.2.

Take a cellular subdivision of X so fine that each cell V is contained in some
neighborhood U over which the bundles are “almost” trivial. We now start at the
top of p. 299.

Let x° be a vertex of B. i: H— p~(x,), x, € U for some neighborhood U over
which the bundles are “almost” trivial. Then we have the maps s;: U — p; }(U),
pis;=id, and

i i
UxFY% pryw) 2% UxF
for i=0, 1, 2. Consider the map F 2, D4 Y(x,) defined by j(e)=s(x,) where e is the -
unit in F, and j(f)=s,(x,)-f for all f€ F.
We also have the map i: pg *(x,) — F defined by the composition
2
pii(x0) —> pg'(U) —> UxF—>F

where U x F — F is projection onto the second factor. Consider the diagram

© —— 2

,X
l fcr” 11’2

I — X

‘)7
£0) =G, () = Fxo).

Then ¢ has an extension to a map ¢ and pé~». Furthermore, we may assume
p&(N)=n(1).

The lifting ¢ may be chosen by covering the path 7(¢) with neighborhoods over
which we may take coverings lying over the segments of 7() in the neighborhoods.
Since we do not have transition functions, we cannot patch together the liftings
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over each neighborhood. However, by choosing points in the intersections of the
neighborhoods, and since the fiber is connected, we can patch together these par-
tial liftings by running along the fibers.

Since fi} : mo(p1 1(x0)) = mo(pz }(f1(x0))) is an isomorphism, ¢(1) can be assumed
to be f1(y,) for some y, € E. (At least it is connected to f(y,) by a path in the
fiber.) Then we define f: pg 1(xo) — E* by f(»)=»'-i(p).

Define H(y, t)=§&(t)-i(y) € E*.

Then H(y, 1)=£(1)-i(y)=/*(y1)- i) =" i) =S(»).

H(y, 0) = £0)-i(y) = f°(j(e)- i(»))
But since
(1) 0
) B ur 2 i)
is homotopic to the identity, we have y~j(e)-i(y).

Hence we connect f°(j(e)-i(y)) to f°(y) by a principal homotopy. Thus we have
D: p5*(xo) — E*' a principal homotopy between f° and ff, and we have p, D'~
Jpo. Let fand D be defined over the n-skeleton of X.

The inductive step follows in a corresponding manner. That is, one identifies
(po)~Y(V'x F) with ¥V x F by means of the map #9. One has the homotopy com-
mutative diagram

1
Vx0UaoVxl — E2

x
.
-
.
J L JPz
.
.
.
.

VX[—,)'—"X

where
£1(x, 0) = fo(P¥(x, e)) if XeV,
&z, t) = D'(Y¥(z,e)) ifze S = oV,
7(x, 1) = f(2).

We have a homotopy commutative diagram and by the ACHEP, we can extend
£ to amap d: VxI— E? and pd~n.

It is now easy to finish the proof, using exactly the arguments on p. 299.

Now we restate the classification theorem as follows:

6.10 THEOREM. Let X be a countable CW-space and let F be a countable CW
H-space (associative). There is a one-to-one correspondence between equivalence
classes of principal F-bundles over X and homotopy classes of maps from X to B, (F).

Proof. We have just proved that there is a one-to-one correspondence between
equivalence classes of principal F-bundles over X with fiber F and SHM homotopy
classes of SHM classes of maps from QX to F.
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But there is a one-to-one correspondence between SHM homotopy classes of
maps from (QX) to (F), and homotopy classes of maps from B,(QX) to B.(F).
Since B, (Q2X)~ X, we have finished.

7. Classifying fiber homotopy equivalence. Dold and Lashof [5, §7 in particular]
have shown how to classify fiber bundles with respect to homotopy equivalence in
terms of principal fiberings. Briefly, let F— E 2 X and F— E’ ?s X’ be fiber
bundles. (Here a fiber bundle is taken in the sense of Steenrod [14] but not neces-
sarily with structure group.) A fiberwise map

f

E——>E'

|

X—_>X'

A

is admissible if for every x € X, f,: p~'(x) — p’ ~*(f(x)) is a homotopy equivalence
where f,. is f restricted to the fiber p’(x) over x. A homotopy d: ExI— E’ is
admissible if d, is admissible for each ¢ € I (d(y)=d(y, t)). Now let X=X". A fiber
homotopy equivalence between E — X and E’ — X is a pair of admissible maps

ELE' E'——f——>E
X— X X—X
id id

such that ff~~id and f~f~id, both homotopies being admissible homotopies
leaving the base space fixed.

Now let F— E 2> X be a fiber bundle (in the above sense) with locally compact
fiber F. Let H be the space of all homotopy equivalences from F to F (compact-
open topology). Composition of maps forms a multiplication turning H into an
associative H-space. Let E be the set of all continuous mappings ¢: F— E
(compact-open topology) such that ¢(F) is contained in some fiber p~(x) and
¢: F— p~(x) is a homotopy equivalence. H — E% Xisa principal H-bundle.
po=pp(F). H— E 2, X is the principal H-bundle associated to the fiber bundle
F—>EZX B

Dold and Lashof have proved:

THEOREM 7.1. Two fiber bundles F— E s X and F— E' 5 X over X with the
same locally compact fiber are fiber homotopy equivalent if and only if their associated
principal H-bundles are equivalent (in the sense of principal bundle equivalence).
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Let LF(X) be the fiber homotopy equivalence of fiber spaces p: E — X with
fibers of the homotype of F. Here fiber space is in the sense of [12, Definition 2.1].
That is, we are not assuming any local triviality, and homotopies may be vertically
lifted. Then Stasheff (Classification Theorem 1) has proved LF(X)= X, B(H(F)).
Using this and our classification theorem, we see that there is a one-to-one cor-
respondence between equivalence classes of principal H(F)-bundles (in the modified
sense) and fiber homotopy equivalences of fiber spaces over X with fiber F.

8. n-equivalence and the hometopy type of B,(X).
8.1 The homotopy equivalence of X and B, (QX).

8.1.1 THEOREM. Let X be any space. Then there exists a map ¢: B,(QX) — X
such that Hy(p): Hy(Bo(QX)) — Hy(X) is an isomorphism of singular homology.
If X is a countable CW-complex then ¢ is a homotopy equivalence.

(The proof given here is that of Theorem 9.1 (Stasheff [13, p. 305]), and is
included here for the sake of completeness.)
Proof. Define inductively

¢1:B1_1(QX)‘—>X, ¢t:E¢_1(QX)—>AX, Bi: C(Eg_l(QX))%AX,

where AX is the path space of X and C(E;_,(2X)) is the cone of E;_,(QX) as
follows:
Let ,: QX — A X be the inclusion. Then the formulas

0,1, 2)(s) = ¢i(2)(ts) for z € E;_,(QX),

(Pi(t’ Z) = ‘”oi(t) Z),
¥, +1(2|t]|A) = 6,(t, 2)-A  (the usual action of QX on AX)

define 6,, gy, 3, ., inductively for all i, inducing ¢: B,,(QX) — X and : E,(QX) —
AX. Then the diagram

id
QX — QX

E(QX) oy

p ™

) )

Bo(QX) —> X
¢

is commutative, and respects the action of QX on p and =.
8.2 The strongly homotopy multiplicative equivalence of QB.(X) and X.

8.2.1 THEOREM. Let X be any H-space. Let n=2 be an integer. Then there is an
(n—1)-HM map from X to Q(B,(X)).
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Proof. We first remark that Sugawara [16, p. 262] proves (Lemma 4.1) that
there exists a SHM map from X to QB for a principal universal bundle p: E — B
for the H-space X. He inductively defines, for (¢4, . . ., ;) € 8I", N,(xq, t1, . - .5 tny Xn)
€ QB, and N,(xo, t1, . - ., ta, Xn) € AE covering N(Xo, t1, . . ., ta, X»). Then using the
contractibility of AE, N(xo, t1, ..., ta, X,) is defined for all (¢, ..., t,) € I* and
hence N,(xo, t1, - - ., tn, X,) is also defined. This type of argument could be used to
prove 8.2.1. That is, one could construct Ni(xo,..., t, x)) € AE(X) covering
Ni(xo, t3, . . ., 8, X;) for values of (¢,,...,1)€@l', and then using the fact that
E(X)is contractible in E, , ,(X), extend N, to be defined for all values of (¢, . . ., ).
However, it is possible to define {N,, N;, ..., N,_,} directly, which is done here.

Define Ky: X — AE;(X)< AE,(X) by letting, for each x € X, Ky(x) be that path
in E;(X) of length 1 given by Ky(x)(s)=4g(x, s, e) if s € I. (Recall that g(x, s, ) is
the class in E;(X) represented by (x, s, e).)

In general, for 1 Sm=<n-—1, define K,,: X,, - AE, ,,(X)< AE,(X) by letting, for
each w € X, K(w) be that path of length 1+ #(w)+ - - - + t,(w) given by

Ku(w)(s) = g(xo(w), 1 =11(w), . . ., 1 —tp(w), Xn(w),5,€) fOSs=1,

= q(xo(w)a I-f(w),..., 1 —tm—l(w)’ 5—tn(w), Xm(w))
1 25 = 14+t(w)
= g(xo(w), 1 =ty(@), . . ., 1 =t _3(w), X, - 1(w),
§—(tn(@)+tn-1(@)+ - - - + (), X((w)* - - Xp(w))
if 1+t @)+ +Hin(w) S 5 S T+H4(@) + - - +1n(w)
andZ<i=<m-1,
= g(xo(w), s—(ty(w) + - - + +1n(w)), X2(@) -  Xn(w))
if 1+t(w)+ - +tp(w) £ 5 2 1+t (w)+ - - - + tp(w).

Then define N,,: X, — QB,(X) by defining N,=ApK,, where AE,(X) i’} AB,(X)
is induced by the projection p: E(X) — B(X).

- 8.2.2 THEOREM. Let X be a CW H-space. Let n>1 be an integer. Let N=
{No> N1, ..., Ny_1} be the (n—1)-HM map from X to QB,(X) constructed in 8.2.1.
Let {My, M,, ..., M} be the co-HM map from QB,(X) to X for the principal
quasifibering X — E(X)— B,(X) constructed in 5.3. Then the (n—1)-HM map
{Mo, My, ..., M, _1}-{No, N1, ..., Ny_1} is homotopic to the (n—1)-HM map
{Io, I, ..., I,_} formed by the identity map of X.

N M
X—> QB (X)— X.

Proof. (The proof is very similar to the proof of 5.3.) Recall that X, =X x
(Jx X)* where J=[0,2] and I;: X; — X is given by I(w)=x¢(w)- - - xi(w). Also
recall that in 5.3 the maps {M,,..., M,,...} were constructed in terms of maps
{€0s €1y v s bny. . }={Ho, H,, ..., H,,...}. Let

K=1IxX, L=20IxX,
M =IxXx0l, M=Mn(Kx(@0)uLxI),
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and define maps g, vo,

Kx(©) U LxL, M) —2 s (B,X), X)

| I

(KxI, M) ——— (B(X), *)
Vo
Yo(t, x,s) = e ifs=0,
= Ko(x)(s) ift=1andsel]
= £o(No(x),s) ift=0andsel
vo(t, X, 8) = No(x)(s).
Now by 5.2 there is a homotopy Y,:(QB(X)xIxI, QB (X)xoIxI)—
(B.(X), *) such that :
Yo(A, s, u) = péo(A, 5) ifu =0,
= X|A|-s) fu=1,
= % if s e ol
Thus there is a homotopy v,: po~ve|K x (0) U L x I, that is
vo: (Kx(0) ULXI)xI, M'xI) — (B,(X), *)
is given by
vo(t, x, 8, 2) = Yo(No(x),s,2) ift=0,0=z
No(x)(s) ift=1,0=<x
=e ifs=0.

1,
1,

A IA

Then by the ACHEP for quasifiberings, since X is a CW-complex, ), extends to i,
and the homotopy v, extends to Vy: (KxIxI, Kx&IxI)— (B,(X),*) so that
Vo:po=~vq.

Suppose inductively that i, ¢, .. ., ,_, are defined for 1 Zi<m—1 so that
i (Ix Xy x I, Ix Xy x 0I) — (E,(X), X) satisfies

ll't(to, w, S) =e ifs= 0,
= P_1(to, 8,(w), 8) if tfw) =0,
= ¢;_[to, w(j, 7),2s) ftfw)=1and0 =<s =<4,
= 'l’!-i(to’ w(()’j_ 1)9 2(5—‘}))"/%—1(’0, ""(j’ i)r l) if tf(w) =1
and3 <s=1,
= Kfw)(s) ift, =1 (see IV.2.1),
= fk(zo, 2(t11(w) —”})’ ey 2(t!k(w)_'})a Ziy S) if to = 0
where 0 < t,(w) < 3 whenever u = jy,. . ., ji»
and ¥ < t,(w) < 1 whenever u = jy, ..., ji
and z, = Nj,41-4, -l(w(.ivyj'v+1_ 1)),
and ¢, is H, normalized (see IIL.1).

We will call the above equation (1).
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Let v;: (Ix X; x I, Ix X;x &I) — (B,(X), *) be given by
¥)) v(to, w, 8) = Ni(w,s) (= Nfw,s) normalized).

Also assume V;: (Ix X;x I, Ix X;x&l) — (B(X), *) is a homotopy between py,
and ; satisfying

Vi(t09 w, S, u) = Vi—l(to’ Sj(w), s, u) if tj(w) = 03
(3) = Vi—f(th w(j, l)’ 2s, u) if tj(w) =1land0=s = %’
= V;_1(to, w(0,j—1),2(s—%),u) iftfw)=1and} =s=1.

Now let K=IxJX,, L=0Ix X; U Ix X; N {w|t(w) € oI for some i}. M=Kx I,
M'=(Kx(0)uULxI)n M. Then
Yn: (Kx0U LxI, M) — (E,(X), X)
is determined by equation (1). Equation (3) determines a homotopy
U (KXOULXIXI, M’ xI)— (B(X), %),
Om: P¥m ~ vp| Kx(0) U LX L
That is, by definition

Unlto, @, 5, U) = Vp_1(to, 3(w), 5, ) if tw) = 0,
= Vpu_i(te, w(0,i—1),2(s—%),u) ift(w)=1and0 = s =1,
=v(w,s) ifty=1,
= Yu(w, s,u) ifto=0and0 = s =<4,

where in the above equation, y,, is the homotopy between pé,, and 5 given in 5.2,
that is

ym(w’ s, 0) = Pfk(zo, 2([}((0)—-%), cees 2(tfk(w)_%)’ Zys S),
ym(w, s, 1) = 77(207 2(’7(‘0)—%)’ sy z(tjk(w)—%)a Zy S)

= (2o - -2)(s- 120" - - 2i|]) = viml(w, 8).

Then by the ACHEP i,, extends to ¢, and v, extends to V,: p,~v,, giving the
homotopy commutative diagram

(Ex(X), X)
2
(KXI, M) T (Bn(X)’ *)
This completes the inductive definition of g, ¥y,..., ¥,_1. Then h={hg, hy, ...,

h,.,} is a homotopy between {ly, I;,..., I,_;} and {My, My,..., M,_.}-{N,,
Ny, ..., Nn—l} where hi(th w, S)=l/’1(to, w, 1)'
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8.2.3 THEOREM. Let X be a CW H-space. Let {Ny, N1,... N;,...} be the
o-HM map from X to QB,(X) constructed in 8.2.1. Let {My, My, ..., M,, ...} be
the co-HM map from QB (X) to X for the principal universal quasifibering
X = E(X) = Bo(X) constructed in 5.3. Then the composition {Py, Py, ..., P;, ...}
={No, Ny, ..., Ny ...}-{Mo, M,, ..., M;, ...} is homotopic to the co-HM map
{Iy, I, ..., L, ...} formed by the identity of QB (X),

M N
QBo(X) —> X —> QB (X).
Proof. Recall that by 5.1 there is a mapping, &y: QB,(X)xI— E,(X) so that
Eo(A, 8) = My()) ifs =1,
=e ifs =0,
and there is a homotopy
Yo: (QBo(X)XIXI, QB,(X) x dIx I) — (Bo(X), *)
so that

Yo(A, 5, u) = péo(A,s) ifu =0,
= Xs-|A) ifu=1

Define gg: Ix QB(X)x 0l U 8l x QB(X)x I — E(X) by

Po(tos A, 8) = Mo(D) when s = 1,
=e when s = 0,
= §O(A’ s) When to = 0,

= Ko(Mo(A)(s)) whenty = 1.

(Recall that {K,, ..., K,, ...} was defined in 8.2.1.) Since E,(X) is contractible,
po extends to @o: Ix QB (X)xI—> Eo(X). Then pg, provides a homotopy
between p&o(A,s) and NoMy(A)(s). Since pé&o(A, s)~A(s-|A]), we get A(s)~
NoMy(2)(s). More precisely, define Aq: I x QB (X) — QB4(X) by
ho(tos ) = Wo(A, s, 2t,) if0=# =4,
= 2(to—1), A, 5) if3 =t =1,
where Wy(A, s, )= Yo(A, s/|A|, £) if |A|#0 and wo: Ix QB,(X) — QB,(X) is
defined by Yo(to, A)(s)=Ppepo(to, A, 5).
In general, A, is defined in terms of W, and ¢, as follows. A,: I X (QB4(X)), —
QB,(X) is given by
h,,(to, w, S) = Wn(w, S w, 2to) if 0 é to =< ‘5‘,
= §2to—1%), w,5) f1 =121,
where W, is the homotopy between pH,(w, s) and Ag(w)- - - A,(w)(s) defined in 5.2

and ¢, is defined inductively in a way similar to the way that i, was defined. That
is, having defined ¢, ¢4, . . ., ¢, 1, Where

@it (Ix(QBo(X)) x I, IXx (QB (X)), x &) — (Eo(X), X),

A1l
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define inductively
g IXLX T U 0Ix (QBo (X)) x T U Ix (QBo(X))s x 9T > Ew(X)
by
on(te, w,8) = e ifs =0,
= pn-1(to, 8(w), 5) if tw) = 0,
= q’n—i(w(ia n)’ 2S) lf ti(w) =1 and 0 é S _—<_ %,
= @;_1(0(0,i—1),2(5—%)) pn_i(w(i,n),1) ift(w)=1and} <s =1,
= fn(wa S) if t, =0,
= gk(ZOa 2(t.11(w)_%)9 ey 2(t1k(w)_%)’ Z/k)(S) if tO = 19
= Ki(zo, 2(t;,(w)—3), . . ., 2t (@) = 1), 2, )(1) if s =1,

where, as before, z,= M, .1 _;,_(@(jy jo+1—1)) and $Zt(w) =1 when i=jy, .. ., ji
and 0=t(w)<% when i#j,,..., j,. Also we recall that in the above formula,
L=QB.(X) N {w|t(w) € oI for some i}. £, is defined in 5.2, K, is K, normalized,
and {K,, ..., K, ...} is defined in 8.2.1.

Since E.(X) is contractible, ¢; extends to

@n: (I (QBo(X))n X I, IX (QB(X)), % 8I) — (Ex(X), X).
Then ¢,: Ix QB,(X) — QB,(X) is defined by

'/‘n(to, w)(S) = p(Pu(to, w, S), 0ss=1

This completes the inductive definition of {¢, ..., ¥, ...} and {ho, ..., A, ...}
Then {ho, hy, ..., h,, ...} forms a homotopy between {P,, Py,..., P,, ...} and
{I, I,...,I,...}

Combining Theorem 8.2.3 with 8.2.2 (with n=00), we get

8.2.4 THEOREM. Let X be a CW H-space. Then X is co-equivalent to QB ,(X).
8.3 The homotopy type of B,(X).

8.3.1 THEOREM. Suppose Y and Z are n-equivalent H-spaces. Then B, ,,(Y) and

B, .1(Z) have the same homotopy type. (The case n=1 has been proved somewhat
differently by Stasheff [11, p. 744].)

Proof. Since Y and Z are n-equivalent, there are n-HM maps {M,, M, ..., M,}
from Y to Z and {N,, ..., N,} from Z to Y such that {M,, ..., M,}{N,, ..., N,;}
and {N,, ..., N;JXM,, ..., M,} are (n-HM) homotopic to the n-HM maps induced
by the identity maps of Z and Y. Writing M={M,, ..., M,}, N={N,, ..., N},
and I={I,, ..., I,} where I is the n-HM map from Z to Z'induced by the identity
map of Z,

Bn+1(M)Bn+1(N) = Bn+1(MN) = Bn+1(1) jal idB,H.l(Z)'

Similarly B, , ,(N)B,.(M)~idg,_, (Y).

8.3.2 THEOREM. Let Y and Z be CW H-spaces such that B, .,(Y) and B, ,.(Z)
have the same homotopy type. Then Y and Z are n-equivalent.
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Proof. Let f: B,,,(Y)— B,.1(Z) and g: B,,1(Z) — B,.:(Y) be maps such
that fg~id and gf~id. We construct ~-HM maps from Y to Z and Z to Y as
follows:

Y— QB,, (Y)— QB,,(Z2)—>Z, Z—> QB,.(Z)— QB, ,,(Y)— Y.

Since Z — E, . (Z) — B, ..(Z) is a principal quasifibering, by 5.3 there is a SHM
map M={My, M,,..., M,} from QB,.,(Z) to Z. Similarly there is N from
QB,..(Y) to Y. By 8.2.1 there is an n-HM map P={P,,..., P,} from Y to
QB, .(Y) and also @={Q,, ..., Q.} from Z to QB,,(Z). Theorem 8.2.2 showed
that the compositions NP and MQ are (n-HM) homotopic to the (n-HM) maps
from Y to Y and Z to Z, respectively, induced by the identity maps of ¥ and Z
respectively. Qf: QB,,,(Y)— QB,,.,(Z) and Qg: QB,,,(Z) > QB,.,(Y) are
multiplicative hence induce #-HM maps T={Qf=T,, T,...,T,} and U=
{Qg=U,, Uy, ..., U,} from QB,,.,(Y) to QB,,:(Z) and from QB,.,(Z) to
QB, . ,(Y) respectively. The compositions of n~-HM maps

P T M
R:Y—> QB, .(Y)—> QB,.,(Z) — Z,

0 U N
S:Z— QB'n+1(z) —_— QBn+1(Y) —Y

form n-HM maps R from Y to Z and S from Z to Y. Since gf: B, ,1(Y) — B, .1(Y)
is homotopic to the identity, UT is (n-HM) homotopic to {[,, ..., I,,}. Since QM
is (n-HM) homotopic to {Iy, ..., I,} and NP is (n-HM) homotopic to {I,, ..., I,},
then SR=NUQMTP~{I,, ..., I,} where in the above formulas, {I,, ..., I,} is the
n-HM map induced by the identity map of the appropriate space. Similarly
RS~{l,, ..., I,}. Thus Y and Z are n-equivalent.

8.3.3 THEOREM. Suppose X and Y are CW H-spaces. Suppose
M= {Mo,Ml,...,M‘,...}

is an o-HM map from X to Y, and that N,: Y — X is a homotopy inverse to M.
Then X and Y are co-equivalent.

Proof. In the diagram

E«,(X)MEAY)

\

B,(X) m B(Y)
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the top two horizontal maps induce isomorphisms in homology and so by the
Moore Comparison Theorem [2, 3-04] the map B, (M) does also. Hence B, (X)
and B,(Y) have the same homotopy type and thus X and Y are co-equivalent.

Appendix.
Proof of Theorem 3.5. Suppose we are given a quasifibering F — E — X, where
X is a CW-complex, and we are given the homotopy commutative diagram

!

Kx(O)uLxI—§—>(E, F)

L

(KxI, M) ——— (X, %)
n

where

K=0Xx(IxQX)"=(QX),,

L=K N {w|ty(w) € 8] for some i},

M=Kx3I,

M=MnKx0)uULxIand

the homotopy y between p¢’ and 5|Kx0 U L x I satisfies y(M' x I)<(x).

To construct ¢ and y, since X is a CW-complex, QX has the homotopy type of a
CW-complex X [8). Thus we have X %> QX s X so that ji~id. Now define the
homotopy commutative diagram as follows:

_ o
(KxQULxI,M)——> (E, F)

| |

(KxI, M) ———> (X, %)
'q

K=XxUxX"=(X),, L=Kn{w|t(w)es’Ifor some i},

M = Kxal, M =Mn(Kx©0)vLxlI),

fl(w: S) = gl(i(w)’ S), ﬁ(w, S) = n(i(w)a S)’

J:pE ~ G Kx(Q)ULxI, yo,st)=yi(w),s t) ifO=<t=1,

where in the above formulas, if w=(Ay, t1, Ay, ..., lyy Ay), by i(w) we mean
i(w)=(@(Ao), t1, i(Ay), . . ., tn, i(A,)). Then by the ACHEP (for CW-pairs), £ extends
to & (KxI, M) — (E, F) and 7 extends to Y:pé~7 and Y(Ix M)<(x), so we
have the homotopy commutative diagram:

(E, F)

P

(KXI, M) ? (Xa *)
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Now define ¢": (KxI, M)—(E,F) by ¢(w,s)=¢£&(j(w),s) where if w=
(AOa tl> A1, RIS tna )‘n),
_](w) = (j()‘o)a ST tmj()‘n))°

Now ¢” is not an extension of £, but £"|Kx (0) U L x I is homotopic to ¢, which is
all that we will need.

The geometric idea of what we will do now is this: For fixed A, . . ., A, and s, we
may consider ¢’ as a function defined on éI". For fixed A, .. .,A,, and s, we may
consider ¢” as function defined on I™. However ¢, considered as a function on oI™,
is homotopic to £” restricted to oI, considering & as a function on I™. Thus we
may define £ on I™, then enclose I™ in a larger copy of I, and pass from £ to & by
the homotopy.

To be more precise, let J*=[—1, 2]" Let (¢4, ..., t,)eJ". If (¢ts,..., ) e I", we
say the distance from (¢4, ..., t,) to I" is zero. Otherwise consider the straight line
passing through the center of I", (4, .. ., ), and through (¢,, .. ., ¢,). The segment
of this line containing (#,...,t,) between oI and 0J" meets dI" at a point
(t1,...,t}) and &J" at a point (¢2, .. ., t?). Let u(t,, . . ., t,) be the ratio of the dis-
tance from (¢y,.. ., t,) to (¢, . . ., t;) to the distance from (¢4, . . ., ;) to (¢5, . . ., t.).

Define £": QX x (J x QX)*x I — E by letting, if o=(A, t1, ..., l;, A,) € QX X
IxQXx),

&"(w,s) = E(w,8) ift=C(y,... t)el"
= 'fl(hu(t)()‘o), tL hu(t)(A1), ey trlb hu(t)(/\n), S) lf te Jn_In’

where in the above formula, 4 is the homotopy between ij and id. That is, hy=ij
and A, =id. We note that if ¢, € oI for some i, then

f”(wa S) = é(j(w), S) = él(j(w)’ S) = fl(l(f(w))a S)
= E(hup(o), 5 . . ., 13, Bu(Xn), 8)

so that these two functions are patched together correctly.

Now consider the homeomorphism stretching I" onto J" along radial lines,
sending t=(ty, ..., t,;) into v=(vy, ..., v,) €J" so that in particular if ¢ € oI then
vedJ" and v'=(vi,...,v})=¢. Using this mapping, we now define £: QX x
(Ix QX)) xI=KxI— E by

g()‘Oa STI S Am S) = fm(/\Oa Uy, A1, S /\na S).
To see that ¢ is an extension of &', suppose ¢, € &I for some i. Then v € 8J" and

t=v' and u(v)=1, and

f(AO, By ooy tny Am S) = fm()‘Oa Uy, A1’ ey Upy An’ S)
= &' (huw(R0)s V1, huy(A1)s - - -5 V3, Buny(M1))
= f,()‘Os ST~ Am S)-

If (w, s) € M, then s € I and by tracing through the various stages of the con-
struction of £, we see that &w, s) € F.
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To finish the proof, we need to construct a homotopy Y: (KX IxI, MxI)—
(X, %) satisfying

Y(w,5,2) = Y(w,5,2z) if0=Sz23if(w,8)eKx0ULXI,
= p(w,s) f+=2s=1.

This seems reasonable, since p¢ is defined in terms of p£¢” and p£’, both of which are
homotopic to .

To begin the construction, we write down the formulas for p¢. Suppose
w=(Ag, 5. .., In, Ay) € K. Then

PE(w, 8) = pE'(Aoy U1y v o5 Uy Ay, ) if 0 = (vy,...,0,) €I,
= pE'(huw(R0), V1, Bu(Ar)s - - -5 Bue(Aa), 8) ifveJ*—1T7,
= pé(](AO)) vl,j(Al)’ cey vmj(Aﬂ): S) lf veE In’
= p_‘g”(h.,(,,)()«o), vl .. Buw(M),8) ifvedr—In,
= Y(j(Ao); V1, - - -5 Uns J(Ap), 5, 0) fvel™,
= Y(uy(No), V1, . . .5 VL, Buy(An), 5, 0) if veJr—TI"

So we let W be a homotopy defined as follows: If w=(Ay, t;, ..., ty, Ay) € K,
sel,andzel
Wi w,s, z) = Y(j(Ao), V15 - - -5 Un, j(A), 8, 2) if v T,
= J’(hu(n)('\o), Ui, ceey hu(v)(/\n), Sy Z) ifoeJr—Im
To see that W is well defined, if v € oI" then v=o* and u(v)=0, so
7(]()‘0), [ PRI vn’j(An), S, Z) = .}7(.]()‘0), Uiy oo ey vmj(an)’ S, Z)

= Y(U()‘O), Viseevs Upy S, Z)

= y(hu(v)()‘o), 0}3 DEY v}u hu(v)(An)’ S, Z).
Thus W*! gives a homotopy between p¢ and the function = defined as follows: Let
w=(A09 tl’ LR ] tn; /\ﬂ) e K.

7w, 5) = G((A0)s V15 -+ +» Vs J(Aa), 8) if 0 €T,
= ﬂ(hu(v)()‘o), v%, ce ey U;Ii, hu(v)(An)’ S) lf v eJn_In.
Then by the definitions of 7 and h we have
T(w, ) = 9(i{j(Ao)s V15 . - -5 Uy (Ay), 8) if vET™,
= ﬂ(hu(v)()‘o)» vll.’ ey vrlu hu(o)(/\n), S) ifve J’l_ln,
= ')(’j()‘o), UL DR vrln hu(v)(An), S) ifve I,
= (huwy(Ao), V1s - . .5 Uns Bun(An), ) If v ET*—T"
Then we define a homotopy W2 between = and 7 as follows: Let
w = (/\o, t19 ceey tn, Aﬂ) GK,
sel,andzel.
W¥w, s, 2) = n(ho(Ao)s V1, - « .» Un, h(As), ) ifvE T,
= ﬂ(hm)('\o)a via LS ] hﬁ(z)(An)’ S) lf veJr—1I"
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In the above formula, B(z) =u(v) + z(1 —u(v)).
Then finally we define the homotopy Y by

Y(w,58,2) = WYw,s,2z) if0=z=514,
= W¥Hw,s,2z—1) if{1<z=1.
Then Y:(KxIxI, MxI)=(X,*) satisfies Y( ,0)=p¢ and Y( ,1)=%. Now
suppose (w, s) € Kx (0) U Lx I. Then, if o=(X, ty, ..., I, A),
Y(w,s,2) = Wlw,s,22) = p(dg, 01, Ay, ..., 03, Ay, 5, 22)
= Y(w,s5,2z) f0=<z=Z4,
Y(w, s, z) = Wz(“” $,2z— l) = n(hﬁ(2z—1)(A0)a vi, ... vrlu hB(Zz—l)(An)s 5)

= 1(A0s V1, . . -, Uns Ag, )
= 7](’\0’ By e oo tns ’\ms) lf%‘ =z= 1.

Thus
Y(w,s,2) = Y(w,s5,22) if0=<z=<4,
=q(w,s) f3szsl.
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